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Abstract

Complicated stochastic evolution systems on bounded domains are
often dominated by slow modes near a change of stability. We approx-
imate the evolution of the system by stochastic ordinary differential
equations describing the amplitudes of these dominating modes chang-
ing on a slow time-scale.

We focus on equations with quadratic nonlinearity and give ap-
plications to the Rayleigh-Bénard problem and a model from surface
growth. The unique existence of global solutions is not necessary.
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1 Introduction

Bifurcation points play a central role in the theory of evolution equations
given by deterministic partial differential equations (PDEs). At these points
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the dynamical behavior of solutions changes drastically, one standard exam-
ple being a pitchfork-bifurcation, where the number of stable fixed points
of the evolution changes from one to two. But for stochastic systems the
question how a bifurcation occurs and what is an analog to a deterministic
bifurcation is not completely settled even for stochastic ordinary equations
(see e.g. [Ar98, Sec. 9] or [CF98]).

Our approach will describe the transient dynamics of some in general
very complicated system of stochastic PDEs near a deterministic bifurca-
tion. In that case a natural separation of time-scales is present, which allows
to separate finitely many dominating modes from the infinite-dimensional
problem. Moreover the dynamics is completely described by these finitely
many degrees of freedom. The method presented could also be referred to
as an approximate center manifold. Nevertheless the vector space given by
the dominant modes is only a first order approximation of the true invariant
manifold.

A related result is [FvE03], where the stochastic flow of a stochastically
perturbed gradient system is investigated on a slow time-scale in some slow
manifold, which is finite-dimensional. Moreover in [K01] envelope-equations
for noise induced oscillations in delay-equations are derived by multi-scale
analysis. But neither result contains a rigorous proof of the reduction.

The approximation of stochastic PDEs in a neighborhood of a change of
stability by a set of simple stochastic ODEs or SPDEs is on a formal level
well-understood (see e.g. [H83] or [W97]). Despite of that, the mathematical
theory was rigorously only developed for cubic type nonlinearities (see [B03,
BMSO01]). Moreover, the theory for general odd nonlinearities, which was not
investigated, is completely similar to the cubic case. The main advantage in
both cases is a simple separation of dynamics, where the dominating modes
decouple easily from the fast modes.

In contrast to that even nonlinearities like the quadratic one in the Navier-
Stokes equation are much more involved, as they tend to mix modes much
stronger. We will see that the main problem to overcome is the fact that the
nonlinearity does not act directly on the dominant modes, but only influences
them through non-dominant modes.

In our abstract setting we consider equations of the following type:

Oru(t) = Lu(t) + * Au(t) + B(u(t),u(t)) + " ¢(t), u(0) =uo. (1)

The equation is considered in some Banach space X, where L and A



are some (unbounded) operators, B is a bilinear mapping, and ¢ is some
Gaussian noise, both in space and time, where the correlation in time should

be fractional noise with Hurst-parameter H € [%, 1). This means we have
(for H > %) formally

E(t,x) =0 and  EE(ta)€(s,y) = calt — s|*q(a,y)

where ¢ 1s the kernel of the corresponding covariance operator, and c¢g some
constant depending only on H > 0. The case H = 1 corresponds to white
noise in time (see e.g [B02| for further references).

In [B03, BMSO01] the scaling of the noise and the deterministic perturba-
tion e? Au should be of the same order, to get an interesting stochastic ap-
proximation. But if we increase the time-regularity of the noise, the scaling
allowing the noise to show up in the amplitude equations becomes different.

Our major examples will be the Rayleigh-Bénard problem. Therefore,
we omit cubic or higher order terms in (1) for simplicity of presentation.
Nevertheless we can simply deal with that. Cubic nonlinearities will give
a contribution to the amplitude equation (like in [B03]), while higher order
nonlinearities give no contribution at all, at least not on the time-scale of
interest. It is even possible that (1) is unstable and exhibits blow-ups in
finite time, but if the amplitude equation is stable, this will happen only
after a very long time.

The main observation for our abstract system is that the projection onto
the kernel N(L) of L lives on a much slower time-scale, as it is not subject to
an exponential decay on a time-scale of order O(1). We can now perform a
simple formal calculation. Denote the projection onto N(L) by P, and define
P,=1-P.

Consider the ansatz u(t) = e®.(e?l) + e*,(t), where ®. € N(L) and
s € P;X. Let us just remark, that the ansatz u(t) = e®.(e*t) is not
appropriate, as the nonlinearity usually maps N(L) into P, X. The approach
leads just to a linear equation, which cannot be justified rigorously. The
higher order corrections are necessary, although in the final result, they play
no role, as the approximation error will be of order O(e?).

Using (1) we obtain in lowest order in ¢ the following system of formal
approximations. First of order O(e?) on the fast time-scale in P;X.

O(l) = Liu(l) + P.B(D(), 0u(0) + 21T PED). (2)



Secondly we get in N(L) in order 2
P.B(®.(T),®.(T)) =0 (3)
and in order 3
O (T) = PAD(T) + 2P.B(®.(T), 5(c>T)) + P.E(T), (4)

where T = &t is the slow time-scale and f(T) = *=2¢(e72T) is a rescaled
version of our noise, 1.e. both stochastic processes posess the same distribu-
tions.

Now (3) simply leads to an Assumption on B, (cf. Assumption 2.5). The
other two equations are on one hand a dominating equation (4) on a slow
time-scale coupled to an equation (2) on the fast time-scale.

Equations with a similar structure are treated in [PS03a, PS03b] where
tracers in a fast moving velocity field are considered. Moreover, the problem
is similar to the averaging principles. See e.g. Khasminskii or Krylov [KKO01]
for a recent reference or Freidlin [Fr96] for Hamiltonian systems. Nevertheless
the structure of our problem is slightly different, as we want to get an effective
equation for the slow component completely independent of the fast modes.

In order to simplify (2) and (4), rescale (2) to the slow time-scale T' by
defining 95(t) = ®,(e*t). We obtain

20 (T) = L®,(T) + P,B(®.(T), ®,(T)) + e P,E(T)

Noting that L is invertible on P; X, we get in lowest order of ¢ that ¢(¢7*T') =
—L7'P;B(9.(T),®.(T)). Plugging this into (4) we end up with a single ap-
proximation equation for the amplitudes of the slow modes.

®'(T) = P.AD,(T) — 2PCB('I>C(T), L‘lPsB(CDC(T), <I>C(T))> + PET), (5)
Surprisingly, this equation involves a cubic nonlinearity, although the non-
linearity in the original equation was quadratic.

Our main results will show that these formal calculations can be made
rigorous. First the attractivity result (Theorem 2.13) justifies the ansatz for
small initial conditions after a short time of order O(In(¢™")). This involves
basically only exponential decay on the fast modes.

The approzimation result (Theorem 2.18) is more involved. It verifies the
formal calculation for a solution u of (1) Provided u(O) = é‘a(O) -e 4+ 0(62)
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then u(t) = 5a(€2t) e+ (’)(62) on a time-scale of order 0(5_2), where e =
(e1,...,€y) is a basis of N(L) and the amplitudes ¢ € R™ fulfill a stochastic
ordinary differential equation given by (5).

There are numerous examples of equations of type (1) in the physics
literature. One example is the growth of rough amorphous surfaces, which
(after rescaling to the right dimension free quantities) is described by

Oh = —A%h — vAh — A|VA|? 4 2+ ¢ (6)

Here h = h(t,z) is the height profile of a growing surface over = € [0,27]?,
d = 1,2. See for example [RLHO1, RM+00] for physical derivation, and
[BGRO2] for the existence of global solutions. We suppose periodic boundary
conditions for simplicity. The noise ¢ is gaussian space-time noise, which
has to be ideally space-time white, but we will have to specify regularity
conditions later on. The model is known to exhibit an instability for large v
leading to the growth of hills (see e.g. [RLHO00]).

This model was already proposed in [SP94] for the growth of crystalline
surfaces. Another related model is the well-known Kuramoto-Shivashinski
equation, where the term A|Vh|? is replaced by |VA|*. This model originally
describes the propagation of flames, but was recently also proposed to model
surfaces obtained by ion-sputtering (see e.g. [CB95, FB402]).

Our main example is the Rayleigh-Bénard problem (see Subsection 5.2)
which is the paradigm of pattern formation in convection problems. Tt is
described by the Navier-Stokes equation coupled to a heat equation (see e.g.
[Ge98, WI7]). For simplicity we consider the equation only in a strip. The
full three dimensional problem is more technical, but the result is similar.
For the set of equations see (45) - (47). One main problem arises due to the
fact that the linearized operator L is not self-adjoint.

Let us finally comment on some limitations of our approach. The mean
values of solutions or correlation functions can also be approximated by this
method, but this will not be covered in this article. Nevertheless, the power
of the presented approach is that it still works, if equation (1) exhibits blow-
ups in finite time, and statistical quantities are no longer defined. This
can also be the case in both our examples. For surface growth in dimension
d = 1,2 and Bénards problem for d = 3, we do not know uniqueness of global
solutions. Therefore our result uses only the stability and global existence of
unique solutions for the amplitude equation.

Our approach neglects all the other modes, apart from the dominating
ones. Therefore it is limited to bounded domains. The main drawback is the



following. Our proofs rely heavily on the existence of a spectral gap between
the first non-zero eigenvalue and 0 (w in Assumption 2.3). It is well-known
in most examples that this gap shrinks to 0, if the domain size is large, hence
leading to a blow up of constants. (See e.g. the proof of Theorem 2.13,
where we use a constant fooo T™%77%dr.) Another example is the timescale
of attractivity, which is - In(e™2).

Therefore the presented approach is limited to bounded domains only,
and the validity of the theory is restricted to ¢ € (0,eq), where g — 0
for domain-size to infinity. For unbounded (or just very large) domains, we
would need modulating equations like in e.g. [KSM92, S93] or many other
works by these authors. This will be the topic of further research.

The paper is organized as follows. Section 2 contains a rigorous formula-
tion of our problem, the assumptions that are necessary, and the statement of
the main results. Section 3 provides the proof of the attractivity result, and
Section 4 the proof of the approximation. In Section 5 we present two ap-
plications. The final Section 6 establishes technical results used throughout
the proofs of the main results.

2 Notation and Formulation of the Problem

Let X be some Banach space with norm || - ||. For the linear operator L in
(1), we assume the following:

Assumption 2.1 (Linear Operator) Suppose L is an unbounded linear
operator on X. Denole the kernel (or nullspace) of L by N, and suppose
that n := dim(N) < oco. Define by e = (e1,...,¢,) € X™ a basis of N.

Definition 2.2 (Projections) We fiz a projection onto N by P.. One com-
plementary projection to P. is then given by Py .= I — P,.

As the dimension of A is finite, it is well-known that both P, and P, are
bounded linear operators on X (cf. [W80]), i.e. P, P, € L(X). Later on we
will restrict the choice of P, by further assumptions.

The second assumption on L, which induces the separation of time-scales
is the following:



Assumption 2.3 (Semigroup and the space Y) The operator L from
Assumption 2.1 generales an analytic semigroup {etL}tzo of linear operators
on X such that there are constants w > 0 and M > 1 with

HetLPs;cH < Me™||z|| for all t >0, z € X, (7)

Suppose there is a second Banach spaceY | such that X is conlinuously imbed-
ded into Y. Assume el can be extended to a semigroup on'Y, and for some

a € [0,1) we have
| PPyl < M(1+1=)e™™||y|ly  for all t >0, y €Y. (8)
Moreover suppose that P, and hence P, commutes with e'".

As e is also a semigroup on Y we can also extend L' to a continuous
operator from PY to P;X, e.g. by writing L' = fooo e Pydr.

As N C X CY, we can extend P, and hence P, to projections in the space
Y, which are both still continuous linear operators (i.e., P, Ps € L(Y,Y)).

As L = 0 on N it is easy to verify that e’ = Id on N for all t > 0.
Therefore, we can assume without loss of generality that M is large enough
such that

HetL:L‘H < M|z|| forallt>0, € X.

Moreover, as N is finite dimensional the norms || - || and || - ||y are equivalent
on N. Hence, we can also assume that M is sufficiently large such that

e’ Py|| < M||P.y|ly forallt >0,y €Y.

For the stochastic perturbation let the following assumption be true. For
a detailed discussion of ()-Wiener processes and stochastic convolutions see

for white noise [dPZ92] and for fractional noise [DPM02].

Assumption 2.4 (Noise) Suppose thal the fractional noise process £ is the
generalized derivative of some fractional Q)-Wiener process {W(t)}i>0 with
Hurst parameter H € [3,1) on some probability space (Q, F,P) such that the
stochastic convolution

Wi(t) = /Ot =LA (1) (9)

is a well-defined stochastic process with continuous paths in X .



To be more precise, we assume that there is a basis of X consisting of
eigenfunctions fr of Q with Qf, = a2fx, and W(t) = 322, a3 (1) fx,
where B] are i.i.d. real (fractional) Brownian motions with Hurst parameter
>t

We say that the noise (or W) is of trace-class, if tr(Q)) < oo.

The case with H = 1 corresponds to white noise, and we will obtain a
lot of technical difficulties for that case. Therefore we will discuss this case
usually separately. Some results will also apply to H < %, but we will not
focus on that.

Note that due to scaling properties e W (c=2t) is a version of the frac-
tional Wiener process W for all ¢ > 0.

As the projections commute with the semigroup, it is straightforward to
verify that

P, [Wr(1)] = /te(t‘T)LdPSW(r) and  P.[Wr(1)] = P.W(1).

0
Assumption 2.5 (Bilinear Operator B) Suppose B: X x X =Y isa
bilinear and conlinuous mapping which is symmetric, i.e. B(u,v) = B(v,u)
and there is a constant Cg > 0 such that | B(u,v)|ly < Cgllull|v]|-
Denote B(u) = B(u,u), PsB(u,v) = Bs(u,v), and P.B(u,v) = B.(u,v).
The key assumption on B is B. =0 on P.X, which means B.(P.-, P.")
0. This was already indicated in (3) in the formal calculation.

Assumption 2.6 (Linear Operator A) Suppose we have a continuous
linear operator A : X — Y, i.e. there is a constant C'y > 0 such that
lAuly < Calle].

Define A, = P,A and A, = P.A, which are both still bounded linear
operators from X loY.

It is possible to consider a different Y here that also fulfills the conditions
in Assumption 2.3. It does not make any difference for the proof.

To give a meaning to (1) we will always consider mild solutions. The
following Assumption is mainly for convenience. Under the previous As-
sumptions it is usually easy to verify it.

Assumption 2.7 (Mild Solutions) We assume that for all (stochastic)
inttial conditions vy € X equation (1) has a mild local solution u. This
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means we have a stopping time t* > 0 and a stochastic process u such that
w:[0,t*] = X is P-a.s. a solution of

i
u(t) = e'ug +/ ell=m1 {62Au(r) + B(u(r))|dr + > Wi (1) for t < .
0

(10)
Moreover, either t* = oo or ||u(t)|| — oo fort — t*.

The proof of existence of unique local solutions is standard under our
assumptions. See e.g. [dPZ92] for a textbook. For LP-theory with application
to Navier-Stokes eq. see e.g. [BP99, BP00]. Moreover there are results on
Kuramoto-Shivashinsky (see [DJ01]) and the surface growth equation from
(6) (see e.g. [BGO3]). Note that most of the above cited articles do not use
fractional noise, but as everything is done pathwise, the results usually carry
over to our case. Only regularity of the stochastic convolution Wy, is needed.

We can split the variation of constants formula (10) into two parts:

t

¢
Pu(t) = etLPSuo—{—/ elt-7)L {52A5u(7)+35(u(7))}dT+€2H+1/ e(t_T)LdPSW(t)
0
(11)

and
P.u(t) = Poug + /0 {62Acu(7) + BC(U(T>>:|dT + €2H+1PCW(t). (12)

Definition 2.8 We call uy(t) = Psu(t) fast modes, as they are subject to
a deterministic exponential decay on a time-scale of order O(1). Moreover
u(t) = P.u(t) will be the slow modes.

2.1 The amplitude equation

The amplitude equation is a SODE (or a system of SODEs) that describes the
essential dynamics of mild solutions of (1) near 0. It was formally derived
in (5). Here we state the rigorous formulation. First we introduce some
notation.

Definition 2.9 For a € R" denote a - ¢ = EZ=1 ageg. Define the canonical
projection I1 : X — R" by Il(a-e+4z) = a for all a € R” and z € kernel(P.).



As the spaces N and R” are finite dimensional, we easily obtain that II is
continuous, i.e., there is a constant Cr > 0 such that |[II(z)| < Cr|z|| for all
z € X, where | - | denotes the standard euclidean norm on R™

We discussed after Assumption 2.3 that L, := P,L is invertible on P, X,
as N(L;) = {0}. Hence, the mapping L;'B;(+) : P.X — P; X is well-defined.

Definition 2.10 Define the cubic nonlinearity I' : R* — R”™ by

INa] = =2I1{B, (a - e, L;lBs(a . e))}
= —2 Z aiajakHBc ((iz', LS_IBS(GJ', (ik))} (13)
2,7,k=1

and the linearity v : R™ — R”
v(a) =T{A(a €)} =) aTl{A(e)}. (14)
1=1
Definition 2.11 Define the amplitude equation by

a(T)=a(0)+ /0 via(s))ds + /0 I'a(s)]ds + B(T) (15)

where {B(T)}r>0 is a fractional Wiener process in R™ given by B(T) =
2 HTI(W (72T)).

Remark 2.12 The distribution of 3 is actually independent of ¢ due to the

scaling properties of a fractional Wiener process (see e.g. [DUQQ]) Hence,
the distribution of solutions of (15) is independent of ¢.

2.2 Main results

Our main results are the attractivity (see Theorem 2.13) and the approxima-
tion (see Theorem 2.18). The main ingredient for proving the attractivity is
the existence of a spectral gap w (see Assumption 2.3) leading to an expo-
nential decay in P, X.

Theorem 2.13 (Attractivity) Suppose all assumptions of Section 2 are
true. Fiz the time t. = L1n(e™?) with w from (7). We can wrile the mild
solution of (1) as

u(t.) = ea. - e+ c*R.
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with a. € R™ and R. € P;X such that for sufficiently small € € (0, 1]

{Huol\sée, wp [Wa(t)] < =, HPSWL(ts)HSCw}OG)

t€[0,te]

= {laer < Co(M5+2), R <K +1}, (17)

where K = M(l + CBD)D fooo(l + T_o‘)e_WdT + Cly.

Note that the constant K and the time t. defined in the previous theorem
both blow up for w — 0.

Remark 2.14 For a resull stating that (17) is true with high probability, we
have to bound the probability of the event in (16) from below.

The first condition depends only on the initial condition. We just have
to suppose small initial conditions to get a nice bound. Next P(||P,Wi(t.)| >
C.) ts arbitrarily small for large C,, independent of ¢, as the law of || PsWr(1.)||
converges to a unique measure for t. — oo (see [DPMO02, Prop. 3.4]).
W] > &) for H > % available
in the mathematics literature, but it is straightforward to use the factorization
method similar to [DPM02, Prop. 3.2] to establish an analog to the well-

known case H = %

There are no bounds on P(supte[o’ts]

Define now the approximation e by

ep(t) i= e a(et) - e +e*hy(1) (18)
——’
=u)e(t)
where @ is a solution of the amplitude equation (15) representing the slow

evolution on the slow modes, and ¢, is the correction on the fast modes
satisfying

ps(t) = eapy(0) + 2P WL (1) + /0 t =By, (7))dr. (19)

Note that B(y.) € P;X by Assumption 2.5. Hence no projection is needed.
As discussed during the derivation of the formal calculation in the intro-
duction, the term v is a higher order correction, in order to deal with the
coupling of modes in N to modes in P, X due to the nonlinearity.

The residual of v is given by
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Res(eq))(t) = —etp(t)+ePeh(0)+ /0 t e[ Ay (1) 4+ B(e (7)) ]dr+& W (1).
(20)

In order to show that et is a good approximation of a solution u of (10), we
have to control the residual. This basically involves showing that the formal
calculation in the introduction can be done rigorously. We do this in two
steps. First we will discuss P.Res(e), which involves the use of (15). The
second step uses (19) and bounds Ps;Res(et). It is crucial for our result, that
the latter bound is much better than the first one.

Fix some 1 > k > 0. For H = % we will need & > 0, but for H > 1 we

29
can simply choose k = 0. Given (', §, C, > 0, and a time Ty > 0 define

B. = B.(C\,9,Ca, Ty) = { sup  |PWL(1)|| € Coet =2,

tE[O,Toa_Q]

To
[ IR < Cuy ) <6 sup () <G 21

TE[OvTO]

Remark 2.15 Let us now briefly comment, why we expect the probability of
B. to be large. On ||¢4(0)|| < 6 we will comment after Theorem 2.18.

The term supsepo 1ye—21 |[PBsWL(E)|| was already discussed in Remark 2.14.
Note that for H = % and k = 0 we have P(SuptE[O,Tos—2] |PWL()|| < Cu) —
0. Hence, k > 0 is essential for P(B.) to be large.

A wvery simple large deviation resull for ||a||pe o, was already verified in
[B03] for white noise. Nevertheless, that result did not use H = %, and car-
ries immediately over to amplitude equations driven by fractional Brownian
motion, using large deviation results for the lalter.

The probability of the integral being bounded is high in C,/Ty. This
Jollows eastly from the fact that the distribution of P;Wi(l) converges, as
t — oo.

For 0 < g < H fixed later define furthermore the following sets, which
are additional bounds used only for P.Res(e)).

D, := {Hal\cq([o,m) < Ca} (22)
D i= {lallcwmn < G IPWE)cnpax < Cus™ ] (23)
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Here C?([0,To]) denotes the space of Holder-continuos functions from [0, 7p)
to either R™ or R with Holder exponent g.

Remark 2.16 Large deviation results for HaHC‘I([O,To]) are much more in-
volved than the ones in L°°([0,T0]), but it should be straightforward to carry
them over from analogous results for the fractional Brownian motion. Nev-
ertheless, it is well known that due to the reqularily of a and 3 we can choose
q € (%, H) for fractional noise with H > %, but for white noise we need g < %
Nevertheless, in this case we can choose q arbitrarily close to %
Note that we have ||[W(e™*)||ca(o,m,x) 4) 6_2HHWHC«1([0,T],X) in law, due
to the scaling invariance of the noise. Hence, the bound in D is natural,
and is fulfilled with high probability, if C,, is large.

Hence, P(D.) and P(D) are near one, provided, we choose the right q
and make the constants C, and C, large.

Theorem 2.17 (Residual) Suppose all assumptions of Section 2 are true.
For constants 6§,Cy,Cy, > 0, g € (0,H), some small 1 > k > 0, and some
time Ty > 0 consider the sets B, defined in (21) and D.=7D. orD. = D
for trace-class noise, where the sets are defined in (22) and (23), respectively.

Then there exist positive constants Cr(gg and Cr(ess) such that for sufficiently
small ¢ > 0 we oblain for all solutions a of (15)

B.nB. = { sup  [[PRes(u(n)] < COET +e),

res
1[0, Tye=2]

sup || PRes(eo(1))]| < c<s>53-ﬂ}.

res
1[0, Tpe—2]

For q > L1 in D., the exponent for the general case is v =2H > 1, and

v* = max{3 —2H,2H} > 2 for trace-class noise. For q < 1 and lrace-
class noise we have v* = 2 —n(q), where n(q) — 0 for ¢ — % We have

n(q) ~ 31/5 —q forq— 3.

For g < %, we could also use the general case, but a bound of order O(¢) is not

—_

sufficient for proving the approximation result. Nevertheless, it is possible to
improve v* for noise with tr(Q)) = co when we have certain bounds on the
eigenvalues of (). This is much more involved, as we need more knowledge
of the space, in which W is defined (e.g. some fractional power spaces of L),
and we do not treat this here.
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Theorem 2.18 (Approximation) Suppose all assumptions of Section 2
are true. For constants § >0, Cy,Cy, >0, g € (0, H), some small1 > r >0,
and some time Ty > 0 consider the sets B. defined in (21) and D. =D. or
D, = D for trace-class noise, where the sets are defined in (22) and (23),
respectively.

Then there is a constant Cyyy > 0 such that for sufficiently small ¢ > 0
we obtain for all solutions u of (10) and all solutions a of (15)

BN D. N {|[P.uo — e (0))]| < 8%, || Pyl — e(0)]] < 67 |

= sup lu(t) — e ()] < Carele” +7),
t€[0,Tye=2]

where the constant v*(H) was defined in Theorem 2.17.

Remark 2.19 The conditions || P.(ug — ey0(0))|| < d¢2, || Ps(uo — €(0))]| <
§e%, and ||vs(0))|| < de? from B. are easily assured if we suppose inilial
conditions which are given by the altractivity result and define e*15(0) = Psug
and et.(0) = €a(0)-e = P,ug. Moreover, we have to choose § > 0 in Theorem
2.18 larger than the two bounds in (17)

Note that we have to be careful, when doing a timeshift, as our processes
are for H > % not Markovian. Nevertheless, we can apply the attractivity
on [0,1.] and the approximation on [t.,{. + Toe~%] Combining both results a
sketch of the typical dynamics is given in Figure 1.

Let us finally remark that we can give estimates for the stopping time ¢*
from Assumption 2.7, as t* > T.e~% with high probability. This is especially
important, as the solutions of our examples do not exhibit unique global
solutions. Here we obtain, that the unique local solution will exist for a very
long time with very high probability.

The O-notation is used in the following way. A term G. = O(g.) if
and only if there are positive constants g9 and C' depending only on other

constants such that |G.| < Cg. for all € € (0, &¢].

3 The Attractivity

This section follows basically the proof of analogous results in [B03]. First
we establish a bound on mild solutions u of (10). Using straightforward
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Figure 1: Two typical trajectories of mild solutions of (1)

estimates, we show in Lemma 3.1 that solutions with initial conditions of
order O(¢) stay of order O(¢) on a large time-scale of order O(e™!). Tt is
not trivial to extend this result to time-scales of order O(e7?). We need the
approximation result for this.

Lemma 3.1 Suppose all assumptions of Section 2 are true. For all times
t. < e7' and all constants § > 0 and Cyp > 0 we obtain with D = Mé§ + 2
and ¢ € (0, 1] sufficiently small that

{sup Wo <7 Juol <6} = sup lu()] < De.  (24)

t€[0,1] te[0,te]

Proof: By Assumptions 2.5 and 2.6 we easily show

1B(v) +*A(v)|ly < & Calloll + Callo]* (25)

Define the exit time 77 := inf{7 > 0 : |lu(7)|| > De}. Hence, as long as
7 < 77 we obtain

| B(u(7)) + e*A(u(r))||y <e*(Cac+ CpD)D. (26)

15



Now we derive from (10) for all ¢ < min{t., 7}

i
lu@)Il < Ml\%olHM/(1+(t—T)‘“)I\B(v)+€2A(U)HY(JT+€2H+1HWL(UH
0

te
< [M6+ e + Me*(Cae + CD)D / (14 r=*)dr
0
2 B 2

< [M<S-|—1]a-|—M(CAa-|—CBD)D1 e
-«
< De
for ¢ > 0 sufficiently small. This yields immediately 7 > . on the set on
interest, which finishes the proof. O
Proof: (Theorem 2.13) Define ca. = (u(t.)) and e*R. = Psu(t.). By
Lemma 3.1 all we need to show is a bound on Psu, as |ea.| = |I(u(t.))] <

C,De with C, from Definition 2.9.
Using (11) and then (7) we obtain

IPeute)ll < Me™"[fug|| + | LWL ()

“”AYl+m—wr%€m”wmmwv»+3wvmww.

As 7 <1, <e land ||u(r)|| € De (by Lemma 3.1) we use (26) to finally end
up with

|Pyu(t.)|| < M3 + M(Cae + C5D)e?D / (14 77)e™™dr + CpetH+1.
0

This implies the result. O

4 Residual and Approximation
On the set B. from (21), we readily obtain bounds for ¢, and . from (18)
The proof of the following lemma is straightforward.

Lemma 4.1 Suppose all assertions of Section 2 are true. Then for all con-
stants C'y, 6, Cy > 0, 1 > k > 0, and all times Ty, there are constants C.
and Cy such that for sufficiently small ¢ > 0

B { s el <0 s ol <c. [T ol<c).

T T
€0, tef0,2
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Let us now turn to the residual from (20) of our approximation ey. Split

Res(ey)(t) = P:Res(e)(t)+ PsRes(ey)(t). Projecting (20) with Ps we obtain

PSReS(Ew)( )
= —cqp (1) + e, (0) + 2T PWL(1)
+Aew”[gA{waﬂ+quﬂ)+B%wuﬂ+fwwﬂﬂdf
_ 52{—¢3(t)+e%5(0) 1P Wt )+/ (=1L B, (1he(r ))]dT}
+2¢° /Ote(t‘T)LBs(%(T) ))dr + & / A (r)dr
et [ () + Bl

Define -
K..= / (14 77%)e “"dr. (27)
0

Using (8), Assumptions 2.5 and 2.6, Lemma 4.1 and (19) to cancel terms of
order %, we readily obtain:

Lemma 4.2 Under the assumptions of Lemma 4.1
B.= sup |[PRes(cy(t))]| < OLle®

tE[O,TOE_ ]

with C = Koo M| Py|| ) [2C:C.Cs414C 4 C] provided e(CaCy+CpC2e=x) <
1.

For P.Res(ev(t)) the bound is a little bit more involved. First we obtain
from (20)

P.Res(eh)(t) = —etbo(t) + epo(0) + 2T PW (1)
+/0 {52140(611%(7') + 52¢s(7)) + B, (677/)0(7-) + 52%/)5(7'))}d’r.

Using B.(1.) = 0 from Assumption 2.5 we derive
P.Res(ev)(t)

(¢<m velt) + 2HP»V<>+e{Atpa@%v>+234¢47x¢xr»}h)
(7)) + Acthy(r) | dr. (28)

17



For t < T.e™? the last term in (28) is bounded by O(¢*~*%) due to Lemma
4.1. Using the substitution T' = ¢ to the slow time-scale and (15) to cancel
out most O(¢e)-terms, we derive

P.Res(ev)(t) = 2€/OT{BC (a(s)-e, ¢s(55—2>>-|-BC (a(s)-e, L‘lBs(a(s)-e))} ds-l—O(g?—ZH)

Inserting the definition of ¢, from (19) we obtain
T
/0 B. (a(s) - e, {77/}5(86_2) + L™ By(a(s) - e)Dds (29)
T
= /0 B, (a(s) . e,ess_zL@bs(O))) ds (30)
T
—{—/0 Bc(a(s) : e,ezH_lPSWL(se_Q)Dds (31)

n /0 B, (a(s) e, / i%-ﬂﬂgswc(ﬂ)w + L‘lBs(mpc(s)))ds. (32)

0

Now we have to bound the terms in (30) - (32) separately. The main formal
idea is e=2Le®* L — §oI for ¢ — 0, where 4y is the Delta-distribution in
time. Unfortunately, we do not have enough regularity, to preform this limit
in a simple way. For the current proof we postpone details to forthcoming

Lemmas 4.4, 4.5, and 4.6.
First by Lemma 4.4 we obtain for 7' < Tj

IO < Cellalleomll¥s(0)]] < Ce*Cad = O(e),

where we used B..
For the third term we derive for ¢ > 1 by Lemma 4.6 using D. and T < T

132)]] < Ce*llallcaom = O().

For g < 1 there is, again by Lemma 4.6 some n(q) with n(q) — 0 for ¢ — £,
such that

132)]| < Ce*"D|lallcao,ry = O(*77@),
where we can easily establish the asymptotics for . For (31) we establish
two bounds. The direct estimate gives

T
1B < 052H‘1|\a|\Loo([o,T])/0 | PsWr(se™2)||ds = O(*F ).

18



But for small H and trace-class noise, we get a better bound by Lemma 4.5.
Aslongas ¢> Jand T < T,

1BV < Ce|lallcago,rpll PsW (62 [[cao,m,x) = O(272).
Moreover, for g < % and T < Ty we derive again by Lemma 4.5
IGDI < e alugorpll W (™ ooy = O,

where 7(q) as above.

Hence, we can bound (29) for g > % by O(e?7=1). If additionally tr(Q) <
oo, then we derive the bound O(¢*=2). For ¢ < 1 we get roughly the same
result, only our exponent is slightly smaller by some 7(q).

We finally proved the following Lemma 4.3.

Lemma 4.3 Under the assumptions of Theorem 2.17

B.ND.= sup ||[P.Res(co(1))|| < CL(e7 4 27%) (33)

res
tE[O,ToE_2]

where CX) is some sufficiently large constant. For H € (%, 1) the exponent is
either v* = 2H > 1 for the general case or v* = max{3 —2H,2H} > g for
trace-class noise. For H = % and tr(Q)) < oo we have v* = 2 — n(q), where
o(a) > 0 for g — 1.

Proof: (Theorem 2.17) Combining the previous Lemma 4.3 with Lemma
4.2 immediately yields the result. a

Before proving Theorem 2.18, we establish some lemmas used in the proof
of Lemma 4.3.

Lemma 4.4 Leta:[0,7T] — R" be @ measurable function such that ||a||5~ =
SUPsepo,7) la(t)| < oo. Let Assumptions 2.3 and 2.5 be true. Furthermore fix

e=(e1,...,6,) € X" and define |le]|* := Y_r_, ||e:||*. Then for all w € X

T o)
I Beatr) e T arl < M Cy [ e dslals el ol
0 0
Proof: This is a straightforward estimate. Note that the left hand side is

obviously bounded by MCpg fOT Ha(r)-e”e_”_%’dTHwH. Now Cauchy-Schwarz
inequality and the substitution 7/ = 772 gives the claim. O
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Lemma 4.5 Suppose that L as in Assumption 2.1 generates an analytic
semigroup, as in Assumption 2.3, and W is a fractional Wiener-process as
in Assumplion 2.4 with H > % and tr(Q) < oco. Then for q > % and all
Holder continuous a : [0,T] — R”

| [ 8atr) e Paare=) ) | < Callengoa | PV e

=:Ty

Moreover, for all r > 1 we obtain for some constant C,. > 0

92— 3r+1
1ull < Coe™ 70 laf| 3 ([o,T],Rn)“ WM bty (0,77.X)

Proof: First we establish a straightforward estimate using Assumption
2.5 and the fractional integration by parts from Lemma 6.4.

H/ ( ) e, P, Wy (re ))dT
_ HZB (e/ (r)PyWy(re™? dT)H

T T
? _
< CBHPCHC(X)ZH@H-H/O ai(v)a—T/O PWi(oe™)dodr |
=1
1
H/ PSWL(TS_2>dT
0

< Cllallgao,m) -

4
ca([0,T],X) (34)

for g > ' -
For trace-class noise, it is well-known that W (t) exhibits Holder continu-
ous paths in X. Hence, we obtain using integration by parts

t
/PsW%(Té‘_Z)dT
0
= / / ~AP,W (o)dr
13 Te2 _2
= /PSW(T6_2)dT+LS// elre _J)LPSI/V(O')dO'dT
0 0o Jo

£ £ T
= / PW (re™%)dr + 6_2Ls/ / 7= P W (ge™?) dodT
0 o Jo

1
- / == P (0e™)do, (35)
0
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where we used Fubini in the last step. The previous equation (35) can also
be seen by integrating the equation d(P;Wr) = L P,Wrdt + d(P,W).

Now (53) of Lemma 6.2 with h = P,WW(c™?) together with (34) and (35)
gives the first result.

For the second result choose some small a > 0 fixed later and fix some
large > 0. Then by applying Lemma 6.4 with p; = % —af(r +1) and
Py = % + 2a/(r + 1) we change (34) to

Il < Cllall

1+ 2a
C2TTFL([0,T],X)

e / PWi(re)dn
0

=71 (o,7)

Now (35) together with Corollary 6.3 implies

1| < Ce*mmm 2o JIPW (2|

Ha”c%—ﬁ [0 T] C%_a([O,T],X)

Choosing a =

% gives the assertion. An easy calculation shows that the

condition r > 1 1s obviously necessary to apply Corollary 6.3. O

Lemma 4.6 Let Assumplions 2.1, 2.3 and 2.5 be true. Fora € C([0,T],R")
define

-2

T te
J = / B. (a(t) : e,/ IR (a(e?r) - e)dr + L7 By(a(t) - e))dt.
0 0
Then for q > % we obtain
]| < C€2HGH%Q([O,T])-

Moreover, for r > 1 and g = % —1/(4r(r + 2)) we derive

171l < 02765 T |l
CF T (fo,1))

Proof: Inserting a-e= 5"

j=1 @j€; we obtain

LizLATz%(a@)-@g—{Zfé**ﬂf”B@MT)-@d74-L;134a@)-@)dt
= Z Bc(ei,LS_1 /OTaZ-(t) [E_ZLS /Ote(t_T)LE_QBs(ej‘,€k>a]‘(7'>ak(7'>d7'

+ Bs(e;, ek)aj(t)ak(t)} dt)
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Hence,

n T s
/] < C Z HA a;(s) L7 {5_2L/ et~ B (e, en)ai(T)ag(r)dr

i k=1 0

+ Bs(e;, ek)aj(s)ak(s)} ds

< 0 Y lailloagolleiliorgorpllarlior qo.ry

i k=1

by Lemma 6.5, where p € (1 —g, 1) arbitrary. The main idea of Lemma 6.5 is
to rewrite the sum of the two terms as a derivative of a convolution integral,
and use fractional integration by parts. Note that constants depend on p and
g. Choosing p € (1 — ¢, q], we derive

I/ < CSZHCLH%Q([O,T])'

Moreover the second result of Lemma 6.5, immediately gives the second

assertion of this lemma. O
Proof: (Theorem 2.18)
Define
u(t) —ep(t) = *R = e’R. + €°Rs, (36)

where as usual R. € N and R, € P,X. Our aim is now to prove that R., R
are of order O(1). Our result will be slightly worse, but nevertheless sufficient
for the proof. Taking the difference of (10) and (20) yields immediately

R(t) = etLR(O) + & /Ot e(t_T)LA(R(T))dT — 6_2Res(€¢)(t)
+e7? /Ot e(t_T)L[B(u(T)) — B(ey(r))]dr. (37)

Asu =ey +&’R,

B(u) — B(ey) = 2B(ep. + &, R, + &’ R,) + B(e*R. + &’ R;)
= 2e°B(. + s, Re + €Rs) + ¢*B(R. + ¢Ry).

Projecting (37) to P.X and expanding the quadratic terms we obtain
t
R.(t) = R.(0)+ 62/ AR, + eR,)dr — e *P.Res(c¢))(t)
0
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t t
—{—252/ [B:(¢e, Rs) + Bc(¢5,RC)]dT+54/ B.(Rs)dr
0 0
t
+53/ [B.(¢s, Rs) + 2B.(R.., R,)]dr, (38)
0
where we used that B. = 0 on P.X by Assumption 2.5. Analogously,
t
R(1) = eTR,(0)+¢ / e""IA (R, + cR,)dr
t 0
—|—2/ e(t_T)LBs(t/)C + etps, R 4+ e Ry)dr
0
t
+e / "B (R, + ¢R,)dT — e > P,Res(ct))(t).  (39)
0

Define the stopping time
mho=inf{t >0 : |Rs(t)]| > ™" or |R(t)] >e7} (40)

Now we use Lemma 4.1 and Theorem 2.17 to obtain for ¢ < min{r5, Toe™%}
first

IR(D)] = ||R(0)]| + O™ + 772
+052/0 {HRC(T)H(l + |[0s(7)|]) + HRS(T)H}dT, (41)

where we used Assumptions 2.5 and 2.6. Note that for k > 0 we do not have
a uniform O(1) bound on t,. Therefore, we have to leave this terms in (41),
in order to get the right estimate by Gronwall inequality.

Analogously we obtain,

IR = < IR0)] + O
+C / (1+ (= 7)7)e = [ Ru(r)]| + €| R0l dr, (42)

where we additionally used (7).
Now the claim follows from the generalized Gronwall inequality of Lemma

6.1 with y(¢) = 14]|1s(7)]| and Lemma 4.1 to bound &* fOTOE_Q y(r)dr = O(1)

appearing in the exponent. O
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5 Applications

5.1 Surface growth model

Consider the surface growth model from (6) with fractional noise of trace-
class with Hurst parameter H € [£,1).
Oh = =A% h — vAperh — Aper| VA|? + 2 H1¢ (43)

per

Here Aper is the Laplacian w.r.t. periodic boundary conditions. Suppose
initial condition ~(0) = 0 corresponding to an initially flat surface, and as-
sume for simplicity of presentation that h is a 2m-periodic height profile of
the surface over [0,27]%, which nevertheless corresponds to the full three-
dimensional problem.

Let Hser = H;er([O,QW]Q) = D((1 - Aper)sﬂ) for s > 0 be the standard
fractional Sobolev space, and consider Hyj to be the dual of H,,. Define
L, =A%

per
main D(L,) = H;élp. We could also choose the Sobolev space W([0,27]?)
as X. Nevertheless, we want to work in an Hilbert space setting, where the

+ vAper. We consider £, as an operator on X = Hs({f with do-

assumptions are easier to verify.

Obviously, there is an orthogonal basis {ey }rez2 of eigenfunctions of both
L, and A, given by ex(z) := e’** for k € Z2. We use complex functions
for simplicity of notation. To obtain a real basis, we could simply consider
products of sin(k;z;) and cos(k;z;).

The corresponding eigenvalues are given by

Me(v) = [k]*(v — |k]?) for ke Z”

Obviously, Ao(r) = 0, and Ag(v) = 0 for |k| = 1 iff v = v, := 1. Moreover,
these A; all change stability at v.. Hence, we have a bifurcation.

We can apply the general theory to two different regimes. First for v < v,.
Here N' = span{1}, and we obtain a SODE for the mean value of the solution,
but we will not focus on this example. The result is just, that the mean
behaves like a rescaled fractional Brownian motion, as in this case it is easy
to see that Bs(1,-) = 0 and A.(1) = 0 leading to I' = 0 and v = 0 in the
amplitude equation. It could be seen also directly from the equation, that
the constant mode decouples from the rest of the equation.

More interesting is the case when v &~ v. and the distance from bifurcation
and the noise strength are of a comparable order, for example v = v, + %14
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for some 1 € [—1,1]. Now

. _ A 2 / . /
Li=L, =A% —Aper, A= —1pAper

per

It is standard to verify that Assumptions 2.3 and 2.6 are true, if we choose
for instance Y = Hp_e2r' Moreover, we obtain N' = sp{e; : |k| € {0,1}} and
Assumption 2.1 is fulfilled with n = 5. With a slight abuse of notation, we
fix a real basis of N

e = (cos(zy), sin(zq), 1, cos(zy), sin(zy)).
The bilinear operator B is given by
B(u,v) = —=Aper(Vu - Vo).
It is easy to check, that B fulfills Assumption 2.5. First B. = 0 on P.X is
straightforward, and the other assumptions follow from the continuity of the
following mappings

X — W0, 2x1%) 5 12([0,241) 25 72 (0, 241%).

per per

Assumption 2.7 is for instance verified in [BG03] for noise that is white in
time, which nevertheless carries immediately over to our case, as we need only
enough regularity of the stochastic convolution. Furthermore Assumption 2.4
is true for trace-class noise with H > 1. (see e.g. [DPM02]). We already
have Wi,(t) € H],,.

Using the definitions from (13) and (14), it is an elementary but long
computation to derive the amplitude equation (15) explicitly. First

1
Pla] = — (ar(a? + a3), aaad + a), 0. asfad+ad), as(ad+a?))

and v(a) = wo(ar,az,0,a4,as). It is an interesting observation, that in
the deterministic part the equations decouples into three independent equa-
tions. One describing functions constant in z-direction, another constant in
y-direction, an the last part describing the constant itself.

The amplitude equation is now given by

da(T) = voa(T)dT + T[a(T)dT + dB™(T), (44)

where 37 is a fractional Brownian motion in R® with Hurst parameter H
and covariance matrix ¥ € R™*” determined by the covariance operator () of
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the original noise process. Here ¥ = IIQII*. We remark without proof that
in case of spatially homogeneous noise this covariance matrix is diagonal (cf.
e.g. [BO2] for H = 1).

Note that we obtain a stable equation for a, where large deviation es-
timates are no problem. The main results are now the following. The at-
tractivity is trivial with {. = 0, as 2(0) = 0, and the approximation states
that we have with high probability h(t) &~ ea(e®t) - € on a time-interval of
order O(e7?), where u is a solution of (44) with a(0) = 0. We refrain from
reformulating the precise abstract result for this case.

5.2 Rayleigh-Bénards problem

We consider the two dimensional Bénard problem in a strip, where a fluid
is heated from below. The three dimensional problem in a box is treated
similarly, but the notation is much more involved.

In the following denote by (v,w) the velocity field of the fluid in (y,z) €
D := [0,27] x [0, 7], where z is the vertical direction. Hence, the fluid is
heated at z = 0. Let p be the pressure and 6 the normalized temperature,
which means that # = 0 and (v, w) = 0 is heat transport without motion.

In dimension free quantities the governing Navier-Stokes and heat equa-

tion are given by (see e.g. [Ge98] or [W97])

O(v,w) + ((v,w) - V)(v,w)) = =Vp+ (0,1)§9+A(U,w) (45)
0 — v+ ((v,0) - V)I = %A& 42 (46)
div(v,w) = 0 (47)

We suppose periodic boundary conditions in y both for § and (v, w). More-
over J,v = w = 0 = 0 for z = 0, 7. The noise £ is trace-class fractional noise,
corresponding to fluctuations in the temperature. We could also incorporate
fluctuations in the velocity field, but we neglect this for simplicity.

In order to rule out motion of the whole fluid in the y-direction, we
suppose vanishing mean flux foﬂ vdz. We use the following constants: R is
the Rayleigh number, P the Prantl number, and the quotient p = R/P is
the Reynolds number. The Rayleigh number is a dimension free measure of
the heat difference between top and bottom of the strip, while the Prantl
number depends only on the properties of the fluid.
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Consider the following operator

A 0 0 0 00 Av
Lu = 0 A 0 u+ |1 0 0 p Ju= Aw + pb
0 0 %A 010 %AH-{- v

with domain

D= {(v,w,@) € H*(D,R?) : 2m — periodic in y,

d,v=w=40"for z=0,m, div(v,w):(),/ vdz:O}.
0

Let @ be the L*-projection onto the functions that are divergence free in the
first two components, and fulfill the boundary conditions of the problem. It is
easy to check, that Q projects to the space {(v,w) € H*(D,R?*): (v,w,0) €
D} which is spanned by the following orthogonal basis of eigenfunctions of
the Laplacian:

(57 Chimtrarsmtion ) oo et

for k,m € N. Hence, @ and A commute, and

A 0 0 000
QL= 0 A 0 +Q1 0 0 p
0 0 %A 0 10
Define furthermore for u = (v, w, 6)
Bo(u, ) == —=Q[(vdy + wd,)a] and B(u,u) = %Bg(u,ﬁ) + %Bo(ﬁ,ﬂ).

(43)
Now the equations (45) - (47) are given as an equation in D by

diu = QLu + Blu,u)+¢*(0,0,¢)

Determine now the eigenfunctions of QL and the projection P.. The major
difficulties arise due to the fact that QL is in general not self-adjoint. Hence,
the eigenfunctions are not orthogonal. Consider for k € Z and m € N

k? s(s + /\i)

o (k,m)e™ = ( —ikcos(mz), ——sin(mz), —

Sin(mz))eiky
m pm
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where s = k2 + m? and

A= — st/—L 4=

2P S 4

1+ P k%p 1<1_P>252
7 :

In the beginning we use complex valued functions for simplicity of notation.
It is easy to check, that ¢*(k, m)e™ is divergence-free and fulfills the bound-
ary conditions. Moreover, it is an eigenfunction of QL to the eigenvalue \*.
We obtain a basis of eigenfunctions, if we include the functions (cos(mz), 0, 0)
corresponding to eigenvalues —m? for m > 1.

For the other eigenvalues it is now easy to see that always A= < 0, and
AT < 0 as long as p < s*/Pk?* . Tt is well know that the critical Reynolds
number for the unbounded domain is p. = 27/4 P with unstable wavenumber
s = £1/V2 & Z (se e.g. [Ge98]). As we have a bounded domain with s € Z
our result is slightly different. We obtain:

8

pe= 5 R.=8, and (m.k.)=(1,£1).

Now define p = p. + &?pg with py € [—1,1] and

A 0 0 00 O 00 O
L= 0 A 0 +Q1 00 p. |, A:=Q| 0 0 po
0 0 %A 01 0 00 O

Hence, N' = span{pT(1,1)e?, ot (1,—1)e”¥} = span{e;, ey} fulfilling As-
sumption 2.1 with

cos(z)sin(y) — cos(z) cos(y)
e 1= — sin(z) cos(y) and ey := — sin(z) sin(y)
—Psin(z) cos(y)/2 —Psin(z)sin(y)/2

We now define the projection P. to A as a projection along the other
eigenspaces. This ensures, that P. and L commute. It involves the dual
basis of eigenfunctions of the adjoint L*. The main advantage we obtain
is that Assumption 2.3 will be very easy to verify, as all operators P., L,
and ' are all given as explicit series expansions with respect to the same
eigenfunctions.

For simplicity, we use the space X = D with high spatial regularity. It
should be easy to relax this constraint significantly. Now D(L) = H*(D,R*)N
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X and Y = L?(D) is the closure of X in L?*(D,R?3). Now Assumption 2.3 is
easy to check due to the explicit basis of eigenfunctions.

Next it is easy to verify Assumption 2.6 is true. Moreover, as e; is
divergence-free and Q and the Laplacian commute (i.e., they exhibit joint
invariant eigenspaces), it is an easy calculation, to verify that

P P
Ae; = %H——Pej for 7=1,2. Hence, v(a)= %H—Pa.

Obviously, B from (48) fulfills Assumption 2.5, where it is elementary, but
rather lengthy, to verify P.B(ey,€;) = 0. Note that the nonlinearity without
Q does not map into the right space.

It is an interesting observation, that P B(eg, ex) = —%(0,0,SiH(QZ)) and
P;B(eg,e1) = (0,0,0) for & # [. Hence, all the coupling of the dominant
modes is done via the heat equation.

Using L(0,0,sin(2z)) = —5(0,0,sin(2z)) it is now straightforward to
compute —2P.B(e;, L7 PsB(eg, €;)), and we end up with (cf. (13))

1\/5132\/8+—P2(a? ) (a1>

Fla,a2) = 55— p 2

ay

Hence, the amplitude equation is given by

P 2P%\/8 + P2 A
o () =t (M) DI VREVEE R ey (1)
a9 8 P+1 a9 32 1+P as

where f is some fractional noise in R?, which is derived from ¢ by projection
and rescaling of time.

Let us now comment on the remaining assumptions. First Assumption
2.7 1s standard, as soon, as we have enough regularity of the stochastic convo-
lution, which is assured by Assumption 2.4. The latter is also easy to verify,
as the stochastic convolution with respect to L is just (0,0, Wa,). Where
W is the Wiener process in H*(D,R) corresponding to the noise &, and Ay
is the ordinary Laplacian in L?(D,R) subject to boundary condition of the
temperature equation. Hence, we do not have a vector valued stochastic
convolution, and especially the probability estimates are well known for that
case.
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6 Technical Lemmas

This section provides technical lemmas needed in the proof of the main the-
orems. The first lemma is a generalized Gronwall-type estimate.

Lemma 6.1 Suppose we have two functions b,d : R — R and a posilive

5_2
Junction v : R — R with & OTO

some positive constants w, C;, Cy and Cyq and o € [0,1) we have for some

>0 and all t € [0, Tye™?]

y(t)dt < K.,. Suppose moreover that for

0<d(t) < Cé? /t[d(r)(l + (7)) + b(7)]dT + C4 (49)
0<b(t) < /t(1 + (t = 7))~ d(7) + eb(7)]dr 4+ Cy. (50)

Define K, ., = fooo(l +77%)e™dr. Ife < 1/(2C,K, ) then

sup |d(t>| < [Cd + 20[)ClTo]eclTO(I{’Y-I-ZOQI{‘%W)
t€[0,Toe—2]

and

sup  |b(t)] < 20y + 20, K, o [Cy + 2C,Cy Tp|eCr1 1o +202Ka )
tE[O,Toa_Q]

Proof: Define Sy(1) := SUDPe[o,4] b(s) and similarly S;. From (50) we
obtain

b(t) < Cy+ C2 Ky [Sa(t') + S,p(1')]
forall 0 <t <t <T.e7? . Hence

(1 = C2Kawe)Sh(t) < Cy+ Cy K, 084(1),
and for ¢ < 1/(2C2K, )
Sp(t) < 2Cy + 203K, .,54(1). (51)
Now for ¢ < Tye™?

(49)
dit) <

t
it Cre? / (Sa(r)y(r) + So(r))dr
0
(51) !
S Cd + QCbclTo + 0152] . / (’7(7‘) + 202[(‘1,w)5d(7)d7'
0
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As the right hand side is monotone in ¢, we obtain

i
Sd(t) § Od + QCbclTo + 0162 . / ('7(7') + 202[X,a,w)8d(7-)d7--
0

Now Gronwall implies for ¢ < Tpe™?2

Sa(t) < [Cq+ 9204, ToeCr Fr+202KauTo),

Using (51) the claim follows. O

The following lemma gives Holder estimates for convolutions with the
semigroup of L. Similar results are well-known (see e.g. [1.94, Prop. 4.2.1]).
Nevertheless, we give a simple proof, as we need explicitly the dependence
of the constants on e.

Lemma 6.2 Consider L as in Assumption 2.3. Then for all h € L>([0,T], P,X)
and p € (0,1) we obtain

"
HH / e(t_s)Ls_zh(s)ds
0

and for all h € C*([0,Te?], P;X) with h(0) =0

HH / e(t_s)Ls_Qh(s)ds

t
0

< O bl 52
ooy = €5 Il @nx, - (52)

< Cellhlles : 53
cr([0,7T],X) - € || HC ([0,T],X)) ( )

where the constants depend only on p, w, and M.

We can also prove an intermediate result, which is useful for Hurst pa-

rameter H = ' -,

2

Corollary 6.3 Under the assumptions of Lemma 6.2. For all a € (0, i) and
p € (0,(1 —4a)/2a) we obtain for all h € CP([0,Te™?], PsX) with h(0) =0

¢
Htr—>/ e(t_s)La_Qh(s)ds
0

CFH T ([0,7],X) N [
k) k)

CZ([0,T],X)
(54)

where the constant depends only on p, o, w, and M.
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Proof: Define § = = — a and v = % + a(p + 2), which are both
n (0,1). Then we can use the followmg obvious interpolation formula for
Holder-norms:

AT
[0 T],X) 2” HC5 ([0,7],X) H Hcv ([0,1],X)
Now the claim follows immediately by using (52) and (53). 0

Proof: (Lemma 6.2) First by (7) it is straightforward to verify

H/ tss2 dS

This is the L>®-bound. Let us now turn to the Holder semi-norm. Consider

forn >0 and t € [0,7] such that t + n <T

t

H/ elttn=—s)Le 2h(s)ds—/ e(t_s)Ls_Qh(s)ds
0
t

< H/ elttn—s)Le™ h(s)ds (e”LE_2 —1)/ e(t_s)Ls_zh(s)ds
0

t+n _2 n B 4
S MHh”L‘X’([O,T],X) |:/ e—(75+77—8)w5 ds + M/ S—1+pe—sws dS/S_ —swe™ ds}
! 0

—2

ne 00
< M|l [o,T],X)[/ "swds—q-M/ sP~ 1ds/ swds:|
0 0

< O] e oy )

< Me? / e~ dt|| | Lo (fo,11,x)-
0

+

This easily implies the first assertion.
The second result is proven similar. First the L**-bound in C°([0,T], X)
is completely analogous. Moreover, as h(0) =0

t+n 5 t 5
/ elttn=s)Le” h(s)ds —/ elt=s)le™ h(s)ds
0 0

= A elt=s)Le™ [h(s+n)— h(s)]ds + /07’ eltn=s)Le™ [h(s) — h(0)]ds.

Now 1t is straightforward to verify the second assertion. d
The following lemma relies on fractional integration by parts and it is
very useful to bound integrals:
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Lemma 6.4 For p; € (0,1) let ¢ € CP([0,T],R) and ® € C'([0,T],X).

Then
H/ s)ds

with py + pa > 1, where the constant C = C(T, p1,pa2) grows monotone in T.

< Cllgller ol @]l vz (fo,71,x)

We do not give a detailed proof of this lemma, as it is straightforward. We
can for example first use the fractional integration by parts formula (see e.g.
[Za98]). This is to our knowledge only developed for real-valued functions,
but it is easy to generalize this to our case by first applying an arbitrary
element of the dual of X to the integral. Estimating the integral like for
instance in [MNO02] we obtain first fractional Sobolev norms, which then, by
crude estimates on the fractional derivatives, give the Holder norms.

Lemma 6.5 Let Assumption 2.3 be true. Given f € CU([0,T],R) and g €
C?([0,T], PY) with g+ p > 1, we obtain

e N e GO D
g Ou Hf“Cq [O,T] Hchp [O,T],Y)'

Forr > 1 define p= 1+ —1/(4r(r+2)) and g = %— (r+1)/(4r(r +2)). Now

J < O r‘r+1 7LTT 1 :
H 2“ g 6 HfH TT+2 ([O,T]R HgHOQ 4r(r42 ([O,T],Y)

Proof: As g € C([0,7],Y) and hence L™'g € C?([0,T],X) we know
(e.g. [L94, Thm. 4.3.1]) that fret=0T== [=1g(s)ds is in C7([0,T], D(L))
and in C'*7([0,T], X). We obtain

[ swa. [ = 1= gsyasar
[ s, [ = 1 gte) —golasan) (53
H [ stwa, [ = o), (5

where we induced g(0) to apply Lemma 6.2. As

1 1
_ —2 —2 —2
at/ e(t s)Le ds = at/ esLs ds = eth ’
0 0
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the second term is easily bounded by

(56) < Cllf oo,y - NlgllLee(ro.nv) et / e dt.
0

For (55) we use fractional integration by parts (see Lemma 6.4) to obtain

1
55) < ooy o [ e 01" glo) - g(0))ds
0

< CeY|flleaqom) - N9ller o,y

cr([0,T],X)

by Lemma 6.2, and the first claim follows.
The second assertion is analogous. In the application of Lemma 6.4 we

useq=1-—2_andp= % + % and then we Corollary 6.3 to obtain

2 r+1

1 _g,rt2
I all < O 75 Ml s c2r 0y~ N9l eto oy

The claim follows by fixing o = (r + 1)/47“(7“ + 2). The condition r > 1
ensures that all conditions of Corollary 6.3 are fulfilled. O
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