AMPLITUDE EQUATIONS FOR LOCALLY CUBIC
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Abstract. For systems of partial differential equations (PDEs) with locally cubic nonlinearities,
which are perturbed by additive noise, we describe the essential dynamics for small solutions. If the
system is near a change of stability, then a natural separation of time-scales occurs and the amplitudes
of the dominant modes are given on a long time-scale by a stochastic ordinary differential equation.
We consider applications to dynamic pitchfork bifurcation, pattern formation below the threshold of
stability, and transient dynamics of stochastic PDEs near this deterministic bifurcations.
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1. Introduction. Amplitude equations are well-known in the physics literature
(see e.g. [H83] or [WI7]). They usually describe some order parameter for the system,
which evolves on a much slower time-scale. This separation of time-scales occurs for
example very naturally in a small neighborhood of bifurcations, where a change of
stability occurs.

Amplitude equations can be used either for spatially extended systems, where
they are stochastic partial differential equation (SPDEs), or for systems on bounded
domains, where they are given as stochastic ordinary differential equations (SODEs).
This paper will focus on the second case, where a SODE describes the dynamics of
the amplitudes of dominant modes evolving on some slow time-scale. On the other
hand all non-dominant modes evolve rapidly on a fast time-scale, but they stay much
smaller than the dominant ones. The modes in our context are given by the Fourier
series expansion with respect to the eigenfunctions of the corresponding linearized
operator.

For deterministic systems the theory is rigorously understood even for spatially
extended systems (see e.g. [KSM92, vHII] for the first results). But there is a
lack of results for stochastic systems. The only rigorous example being [BMS01]
for a stochastic Swift-Hohenberg equation with periodic boundary conditions on a
bounded interval. In this example a complex-valued SODE was derived describing
the amplitude of the dominant mode in a standard complex Fourier series on a very
long time-scale.

Our main theorems will extend the results of [BMS01] to a large class of SPDEs
and systems of SPDEs. Moreover our applications will demonstrate the power of this
approach, when describing transient dynamics of stochastic equations.

We consider the following differential equation

(1.1) Oeu(t) = Lou(t) + fe,u(t),t) +%€(t), u(0) = uo

in a real Banach space X with norm || ||x. Equations like this arise, for example,
when considering some SPDE (or systems of SPDEs) on bounded domains.
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The stochastic perturbation is given by the (generalized) stochastic process ¢,
which is the derivative of some cylindrical @Q-Wiener process W in X. Therefore, we
can treat additive noise that is white in time, but we allow correlations in space.

The main assumptions on the operator L. will be that it generates a Clp-semigroup
{etL=}t20 on X, and that the nullspace N' := N(L.) of L. is independent of & and
finite-dimensional. In applications this operator is usually some differential operator
equipped with suitable boundary conditions.

The nonlinearity f depends not only on u(t), but it could also involve derivatives
of u. The important property is that f contains a small part that is linear in u, but
no quadratic term in u. For example f(g,u) = c?u — u® or f(e,u) = eu — u(dyu)*

The fact that the linear part is small will reflect that the unperturbed determin-
istic system is near a change of stability. Moreover the reason for neglecting the much
more complicated quadratic terms is the following. If we want to separate the dynam-
ics of the dominant modes from the other modes, a cubic nonlinearity helps a lot. In
contrast to that quadratic nonlinearities tend to mix the dynamics of different modes
much stronger. In many examples quadratic nonlinearities map the dominant modes
completely onto non-dominant ones, allowing complicated interaction of dominant
and non-dominant modes. This will be the topic of a forthcoming paper [B03].

One typical example, we have in mind, is a stochastic PDE such that the unper-
turbed deterministic PDE exhibits a pitchfork-bifurcation. In a specific example this
was already treated in [BMS01]. To be more precise, f should depend on an additional
parameter v such that in the absence of noise there is a bifurcation at v = 0 in the
deterministic equation. One goal of the presented approach is then to describe the
dynamics of the SPDE near this deterministic bifurcation, where the time-scales of
the dynamics for stable and unstable modes separate. We sketch briefly some results
in Section 6.3. We can identify regimes of the bifurcation parameter v, where the
transient behavior of the SPDE is for instance almost deterministic or independent
of v.

In contrast to the deterministic setting the stochastic bifurcation is not that well
understood. There are at least two main concepts. The first is a phenomenological
bifurcation, where a qualitative change in the unique invariant measure of the cor-
responding Markov semigroup occurs. The second concept of bifurcation considers
changes in the number of invariant measures for the corresponding random dynamical
system. Moreover, this second concept is also related to structural changes in random
attractors. See for instance [Ar98, Section 9] for precise definitions and discussions of
both concepts. One of the major drawbacks of stochastic bifurcation theory, is that
only for one-dimensional SODEs (i.e., state space R) there is a complete picture of
possible bifurcations (see [CIS99]).

Note that we call the second concept simply bifurcation, instead of dynamical
bifurcation as in [Ar98]. The reason being that this terminology also exhibits a com-
pletely different meaning (see Section 6.1). We denote by dynamic bifurcation the
situation, when the bifurcation parameter is slowly moved through a deterministic
bifurcation point.

In our example of a deterministic pitchfork bifurcation perturbed by additive
noise it is, at least for simple examples, known that there is only a phenomenological
bifurcation (see e.g. [CF98]). In the general SPDE case the shape of the of the
invariant measure for the Markov semigroup is in general unknown, and the precise
structure will be the topic of forthcoming research.

The approach presented does not describe the stochastic bifurcation, as we only



AMPLITUDE EQUATIONS 3

characterize typical transient behavior on long time-scales, in contrast to the behavior
for time to infinity, which is usually not accessible in real-world experiments. Our
results are on one hand related to phenomenological bifurcations, as we could draw
conclusions about the structure of invariant measures, but on the other hand the
approach reaches far beyond that, as it is capable to describe the evolution in time of
typical trajectories on very long transient time-scales.

For multiplicative noise the picture is much more complicated, as in this case bi-
furcations can occur easily (see e.g. [CLR01]). We did not try to apply the machinery
of amplitude equations to these equations, but it is possible, at least on a non-rigorous
level, to reduce the dynamics to SODEs in some of the typical examples.

Our main results can be on a formal level described as follows. We make an ansatz
of the type

(1.2) u(t) = ca(et) - e + O(e?)

where € = (e1,...,€,) is some basis in N'= N(L.). Then in many physical examples
a well-known formal calculation shows that plugging Ansatz (1.2) into (1.1) yields a
system of SODEs for the amplitude a of the dominant modes corresponding to the
basis e. This is the amplitude equation, and it will be universal in the sense that it
is actually independent of €. The classical example arising in many applications is
the so called Landau equation @’ = va — cala|? + 3, where [)’ is some noise and ¢, v
constant coefficient matrices.

The main theorems of this article are first the attractivity (cf. Theorem 3.3)
justifying the ansatz (1.2) for some initial time, which is not to big. Secondly, we
obtain the approzimation (cf. Theorem 4.3) showing by rigorous estimates of the
error, that (1.2) remains true on a very long time-scale of order O(¢~?), where a is
given by the amplitude equation. In the proofs we will follow the strategy to reduce
the probability of events giving approximation and attractivity to large deviation
estimates for various random fields like the stochastic convolutions and the amplitude
a. These are usually easy to derive and treated in the applications.

Another interpretation of the main results is the following. We describe a de-
terministic approximate center manifold given by the vector space N. For small
solutions of order ¢, where £? denotes the noise strength, we show (up to small er-
rors) that A locally attracts solutions of (1.1) with high probability. Moreover in an
O(g?)-neighborhood of A" most solutions of (1.1) are described (up to small errors)
by a SODE on A. This is in contrast to the concept of random invariant manifolds
(cf. e.g. [DLS03]). There one can describe the transient dynamics of all solutions as
a flow on the manifold, but the manifold is allowed to move in time. Nevertheless,
the presented result can be used to estimate probabilities how the random invariant
manifold evolves in time.

Our theory describes solutions with small noise strength, but in contrast to the
well-known Freidlin-Wentzel theory (cf. [FW98]) we consider small coefficients in the
equation, too. Therefore we approximate the solutions of (1.1) by the solutions of a
stochastic ODE, and not by the solutions of the unperturbed PDE. This is motivated
by the fact that we want to describe a perturbed deterministic pitchfork-bifurcation,
when the noise strength is of comparable order than the distance from the bifurcation.

The paper is organized as follows. In Section 2 we give the main standing assump-
tions valid throughout the whole paper and the formulation of the abstract results.
Sections 3 and 4 provide the proofs of our main results, first for the local attractivity
of N and then for the approximation of solutions by the amplitude equation.
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The last two sections are devoted to applications. Section 5 summarizes simple
large deviation results necessary to estimate various probabilities occurring in the
application of the main results. In the final Section 6 we discuss examples. First we
consider a dynamic pitchfork bifurcation, which was discussed for a one-dimensional
SODE in [BG02]. Note again, that this is not the concept introduced in [Ar98]. In our
case dynamic bifurcation means that the bifurcation parameter is time-dependent and
moved slowly through the bifurcation. Problems like this are for SPDEs still the topic
of active numerical and experimental research (see [MG99, GMO03] and the references
therein). In an example we carry over the results of [BG02] to some SPDEs allowing
to describe the transient behavior of solutions very precisely.

Then we focus on pattern formation below the threshold of instability, where due
to the presence of noise pattern appear in an otherwise stable deterministic system.
This effect is also well-known from experiments (see e.g. [SR94]) and for instance in
the context of convection problems still subject of recent experimental investigation
(see [SA02]). Nevertheless the problem is not fully understood and there is no rigorous
mathematical verification of the pattern being present (see e.g. [HS92] or [SA02] and
the references therein). We present a method giving for an example a first step into
that direction.

2. Notation and Formulation of the Problem. This section summarizes
standing assumptions valid throughout the whole article. For the linear operator L.
in (1.1), we assume the following:

AssuMPTION 2.1. For all e > 0 suppose L. is some, possibly unbounded, linear
operator on X. The kernel (or nullspace) of L. is denoted by N := {v € D(L.) :
L.v = 0} and it is assumed to be independent of ¢. We denote a projection onto N
by P., and define n := dim(N).

Later there will be further restrictions on the choice of the projection P,. The
typical example we have in mind is the spectral projection onto A, and a lot of
assumptions would be automatically fulfilled in that case.

One complementary projection to P. is given by Ps := I — P.. As the dimension
of N is finite, it is well-known that both P, and P, are bounded linear operators (cf.
[W80]).

The second assumption on L. and P. is the following:

AssuMPTION 2.2. We assume that L. from Assumption 2.1 generates a strongly
continuous semigroup {e”“!}tzo of linear operators on X which is exponentially stable
on P;X. To be more precise, there are constants w > 0 and M > 1, independent of
g, such that

(2.1) ||etL‘PS$||X < Me ™|z||x for allt>0, z € X.

To deal with the nonlinearity suppose there is a second Banach space Y, such that X
is dense and continuously imbedded into Y. Assume that et*= and P, can be extended
to operators on'Y, and for some o € [0, 1) we have

(2.2) ||PsetL‘y||X <SMA+t=e™™|ylly forallt>0, yey.

Moreover suppose that P, and hence P, commutes with ¢!l on X and Y.

Let us briefly comment on the previous assumption. First the assumption that
P, commutes with e**< is always true for the spectral projection of L. onto N. For
self-adjoint operators L. in Hilbert spaces we can for instance simply choose the
orthogonal projection.
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Moreover under the other assertions of Assumption 2.2 the spectral projection
can be extended to a continuous linear operator from Y to N (i.e., P. € L(Y, N)).
The main ideas are first to use (2.2) to verify that the residual of L. isin £(Y, X), and
second the Dunford calculus giving a representation for P, in terms of the residual
(see e.g. [K95]).

One typical example for Y that we have in mind is an interpolation space between
the dual of D(L) and X, for instance the dual of fractional power spaces in the case
when L. generates an analytic semigroup.

As L. =0 on N it is easy to verify that ¢!’ = Id on N for all + > 0. Therefore,
we can assume without loss of generality that M is large enough such that

Hethl,HX < M|z||x forallt>0, z€ X.

Moreover, as N is finite dimensional, we can also assume that M is sufficiently large
such that

e Peyllx < M[Peylly for all t >0,y €Y.

For the stochastic perturbation the following assumption is true. For a detailed dis-
cussion of -Wiener processes and stochastic convolutions see [dPZ92].

AssUMPTION 2.3. Suppose that £ is the generalized derivative of some Q- Wiener
process {W(t)};>0 on some probability space (2, F,P) such that the stochastic convo-
lution

(2.3) Wi, (t) = /Ot = Leqwy (1)

is a well-defined stochastic process with continuous paths in X. As Pyells = ¢tle P,
it is straightforward to verify that

P Wi (1)] = /Ote(t_T)LEdPSW(T) and  P[Wr.(1)] = PV ().

To give a meaning to (1.1) we will always consider mild solutions.

ASSUMPTION 2.4. We assume that for any (stochastic) initial condition ug € X
equation (1.1) has a mild local solution u. This means we have a stopping time t* > 0
and a stochastic process u such that u : [0,t*] = X is P-a.s. a solution of

¢
(2.4)  u(t) = eFrug -|-/ e(t_T)L‘f(E,u(T), T)dr + Wi, (t) for t < ¢*.
0

The existence of local solutions is standard, if we consider locally Lipschitz-continuous
nonlinearities (see e.g. [dPZ92], and for LP-theory with application to Navier-Stokes
eq. see e.g. [BP99, BP00]).

We can split the variation of constants formula (2.4) into two parts:

t ‘ t
(2.5) Psu(t) = etL‘PsuO—i—/ e(t_T)L’Psf(E,U(T),T)dT+62/ e(t_T)L‘dPsW(t)
0 0
and

(2.6) Pou(t) = Poug + /t Pof(e,u(r), 7)dr + e2P.W (1),
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We call u,(t) = Psu(t) fast modes, as they are subject to an exponential decay
on a time-scale of order O(1). Moreover u.(t) = P.u(t) will be the slow modes.

For f we suppose the following:

AsSuMPTION 2.5. There is an g9 > 0 such that f defines a family of (nonlinear)
operators f(e,-,t) : X =Y for all ¢ € (0,e0] and t > 0, where Y was defined in
Assumption 2.2.

Suppose we have the following Taylor expansion for f with respect to u

(2.7) fle,u,t) =2 fi(e, t)u + fg(a,t)[u]3 + g(e,u,t)

where fi(g,t) € L(X,Y) is a continuous linear map that leaves N invariant (i.e.,
fi(e, )N CN), and f3(e,t) € L3(X,Y) is a continuous trilinear operator.
Suppose there are constants all denoted by Cy such that

(2.8) sup lg(e, u,t)lly < Cyllullx  for [Jullx < o, & € (0,e0].
te[0,The—2]
(2.9) sup ||fi(e, t)][cx,y) < Cp  for e € (0,¢0].
t€[0,Toe—2]
(210) sup ||f3(6,t)||ga(x7y) < Cf for e € (0,60].
t€[0,Toe —2]

There are functions v : [0,Ty] = L(X,Y) and p : [0,Ty] = L3(X,Y) and ann > 0
such that

(2.11) sup  ||fi(e,t) — w(e%)||cx.v) < Cye" for e € (0, 20].
t€[0,The—2]

and

(212) sup ||f3(6,t_) — IU(EZZL)”La(X7y) S CfEn for e € (0,60].

t€[0,Toe~?]

ExAMPLE 2.6. The simplest examples fulfilling Assumption 2.5 are for some
given constants 7 € R and 79 > 0

(2.13) fle,u,t) =ve’u—u® or fle,u,t) = ve*(t — oe ™ ?)u — u®

for example with X =Y = C°([a, b)), which is the space of continuous functions from
[a,b] to R. We will use these nonlinearities in our examples in Section 6. Note that
we can take n > 0 arbitraridy large and g = 0.

REMARK 2.7. We will see later in the proof that the assumption on fi(e,t) to
leave N invariant is important to decouple the dynamics of (2.6) for the slow modes
from the dynamics of the fast modes. The assumption is for example true, if fi
commutes with L., which in turn is obviously true, if f1(e,t) is just multiplication by
a scalar.

The time-dependence of v and p (cf. (2.11) and (2.12)) reflects the fact that the

slow modes should change on a slow time-scale T = €*t.
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2.1. The amplitude equation. The amplitude equation is a (system of) SODE
that describes the essential dynamics of mild solutions of (1.1) near 0. Some constants
in this equation depend heavily on the choice of some basis ¢ in A'. One can try to
simplify the structure by changing e.

Consider some basis ¢ = (e1,...,€e,) of N with |lex||x = 1 forall k =1,...,n.
For a € R™ denote a - e = ZZ:1 arer. Moreover define the canonical projection
II: X 5>R"by (a e+ z2) =a for all a € R™ and all z € kernel(P.). As the spaces
N and R™ are finite dimensional, we easily obtain that IT is continuous, i.e., there is
a constant Cr > 0 such that |II(z)| < C||z|| for all z € X.

We define the cubic nonlinearity p.(7)[-]* : R™ — R" for T € [0, Ty] by

n

(2.14) pe(Ta)® =T{p(T[a- e’y = > aajaeT{u(T)[ei, e, ex]}
ijk=1

and the linearity v.(7T) : R” —» R”

n

(2.15) ve(T)a = TH{v(T)(a-€)} = Z a; T{v(T)e; }.

I3

The amplitude equation is now given by

T

T
(2.16) a(T) = ag + /0 ve(s)a(s)ds +/0 ,ue(s_)[a(s_)]sds + 8(T)

where {3(T)}r>0 is a Wiener process in R” given by 3(T) = eIl(W (¢72T)).
ReEMARK 2.8. The distribution of 8 is actually independent of ¢ due to the
scaling properties of a Wiener process. Hence, the distribution of solution of (2.16)

is independent of €.

2.2. Sketch of the results. Our main results are the attractivity (see Theorem
3.3) and the approximation (see Theorem 4.3). In the following we sketch these main
results.

For the attractivity result assume that the initial condition is of order O(e) and
we have large deviation bounds on the stochastic convolution. Then there is a time
t- = O(In(¢71)) such that with high probability for all mild solution of (1.1) we have

u(te) = ca. -e+ ¢?R. with lac|r= = O(1) and ||R:||x = O(1).

For the approzimation result consider some solution a(7") of the amplitude equation
(2.16) and define the approximation ev(t) := ca(¢%t) - e. Assume that we have nice
large deviation bounds on the stochastic convolution and on the solution a(7) and fix
some small 0 < k < 7. Then we obtain for all mild solutions u of (1.1) that

(2.17) sup_lu(t) — ew(t)|[x < Const.- (27" 4 +17%)
t€[0,Toe—2]

with high probability provided [|u(0) — e¢(0)||x = O(e?~% 4+ &'*7~*) with high prob-
ability. The optimal bound in (2.17) would be @(¢?). Nevertheless for technical
reasons, we are by some k slightly smaller than that. The constant n > 0 was defined
in (2.11) and (2.12), and we expect > 1 in many examples.
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gagp
ea(l
e
Attractivity . Appr‘oximation
time-scale O(In(e71)) time-scale O(¢7?)
- >

O(e*=r + gltn=r)
Fia. 2.1. Two typical trajectories of solutions of (1.1)

Combining attractivity and approximation result, we get a good description of
the typical trajectories of (1.1), once we have a good control on various probabilities.
A sketch of the typical dynamics is given in Figure 2.1.

Moreover we can give estimates for the stopping time ¢t* from Assumption 2.4 like
t* > T,e~? with high probability.

The O-notation is used in the following way. A term G. = O(g.) if and only if
there are positive constants g and C' depending only on other constants such that

|G| < Cyg. for all € € (0,¢q].

3. The Attractivity. First we establish a bound on mild solutions u of (2.4).
We show that solutions with initial conditions of order O(¢) stay of order O(¢) on a
large time-scale of order Q(c71).

LEMMA 3.1. Suppose all assumptions of Section 2 are true. For all times t. <
e~ all constants 0 < k < 1,6 > 0, and D := 2MJ there is an gg > 0 sufficiently
small such that for all ¢ € (0,£q] we obtain

(3-1) { sup [|We, (8)[lx < e, [Juollx < 55} = sup |Ju(t)[|x < De.
te[0,t.] tef0,t]

REMARK 3.2. The bound €=* on the supremum of the stochastic convolution
looks strange at first glance, nevertheless it is natural. In general we expect (cf. Sec.

5)

P( sup [|PsWir.(t)||x < Cw) — 0 fort, — oo.
t€[0,te]

Moreover, for the Brownian motion P.W = P.Wi,,

B sup [PW(0)]x < Cu) = O(/%%) for t. and Gy > 0 large.
te[0,t.]
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Proof. Using the Assumption 2.5 on f for £¢D < §y we easily show, that there is
a constant still denoted by C such that for ||v||x < De and 7 < t.

(3:2) 1£(e; v, 7)lly < CpEllollx + loll%)-

Define the stopping time 77 :=inf{7 > 0 : [Ju(7)||x > De}. Hence, as long as 7 < 77
we obtain

(3.3) 17, u(r), Plly < Cye*(1+ D?)D.

Now we derive from (2.4) for ¢t < min{t., 7}

lu()llx < Mlluollx + M/O (14 (&= 7)) (e, u(r), 7)llydr +&*[[We. ()]l x

te
< [MS+ e e+ MCie?(1 + D2)D/ (1+77%)dr
0

2—a

< [Mé+e' " e+ MCy(1 + D2)D1

—
< Deg

for ¢ sufficiently small. This yields immediately 77 > ¢. on the set on interest, which
finishes the proof. O

THEOREM 3.3. (Attractivity) Suppose all assumptions of Section 2 are true.
Fix the time t. = %ln(e_Q) with w from (2.1) and some 0 < k < 1. We can write the
mald solution of (1.1) as

u(te) = €a. -e+ e?R.

with a, € R™ and R, € P, X such that for all § > 0 and Cy, > 0

{llmllsée, sup [|Wr, (t)]| <e", IIPsWL,(ta)llst}
te[0,te]

= {Joc ke < 20 M3, ||Re|| < 2C, |
for sufficiently small ¢ > 0.
Proof. Define ea. = M(u(t.)) and ¢’R. = Psu(t.). By Lemma 3.1 all we need to
show is a bound on Psu, as |ea| = |[[I(u(t.))| < Cr De with Cr from Subsection 2.1.
Using (2.5) and (2.1) we obtain
[|Peute)llx < Me™|luolx + e[| PsWr, ()| x
te
M [0 = )7 e (o), )y
0
As 7 < et and ||u(7)|| € De by Lemma 3.1 we use (3.3) to finally end up with

|Psu(t.)]|x < Mée® + MCye?(D + D3)/ (14+77")e ™ dr + Cye?.
0

This implies the result. O
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4. Approximation. For a solution a of (2.16) we define the approximation £y
depending on a slow time-scale T' = 2t by

e(t) == ea(e?t) -e.

The residual of €1 is given by

(1.1) Res(e(0) = —e4(0) + e'Pre0(0) + [ e e, (), )+ W (1),

In order to show that €y is a good approximation of a solution u of (2.4), we have to
control the residual.

TueoreM 4.1. (Residual) Suppose all assumptions of Section 2 are true. Fix
0 < k < n and constants Cy,Cy > 0. Then there exists a constant Cres > Cy such
that for sufficiently small € > 0 we obtain for all solutions a of (2.16)

{ sup lallse < Coe™", sup [P Wllx < Coe)
s€[0,To] t€[0,Toe 2]
= sup ||Res(6¢(t))||X < Cres(61+n_ﬂ —+ 52_”).
t€[0,Toe=2]

REMARK 4.2. The results of Theorem 4.1 obviously remain true, if we replace
Sup, efo.mp la(s)| < Cae™/* by sup,cpo ypla(s)| < Ca.

Proof. Let T = &%t be the slow time. Now (2.7) and e'l= = Id on N, readily
imply

(4.2) Res(ey(t)) = e?P,Wr,(t)

(4.3) —za(T) e +¢ca(0) - e +* P.W (Te™?)

(4.4) + /OTE_2[€2f1 (e, 7)(ca(er) - e) + P fa(e, )[ea(e?r) - €])dr
(4.5) +/0te(t_T)L‘Psfg(E,T)[Ea(é:zr)~e]3dT

(4.6) +/0t6(t_T)L‘g(6,6a(62r)~e,r)dr

Now (4.2) is bounded by C,e2* by assumption, and Cres > C,, is necessary. We
choose Cres > 3C,,. Using (2.8) we obtain for ¢ < The2

18l <31 [ (14 (6= 1)) lg(escalen) -7y dr

¢
< MCf64 sup ||a(627') ~e||f§(/ (I+(@t—7)"%)dr
7€[0,Toe—2] 0

T —-2\1-a
< MC; sup |a(s)|*n? <T06_2 + &>
s€[0,To] l—a

T.
< MCyCin*T, (1 +1 0
—

— 2_k
> LelTR < %Crese "
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which gives us a second condition on Cles. Note that for all @ € R™ |ja - e||x <
ST lai] < n'/?|alg~ (as ||e;||x = 1). Using (2.10) and (2.1) we analogously derive

t
|(4.5)||x < MCn3/? sup |6(1(627‘)|3/ (14 (t—=7)"%)e ""dr
0

T€[0,t]

< Mcfn3/203/ (1 +T—a)e—(t—7)wd7_.53—3rc/4.
0

This can be also bounded by %Crese2_”, which implies a third condition on Cles.
For (4.4) recall that N is invariant under fi(,7) by Assumption 2.5. Using the
substitution s = 27 together with (2.11) and (2.12) we obtain

(44) = /0 [ { fi(e,e7?s)a(s) - e + fa(e, e ?s)[a(s) - €]} - €] ds

:EA [ve()(a(5)) + pe(5)[a(s)*] - ds

+eToCrCye - [nl/QC’ae_"M + n3/2035—3n/4}
T
= 5/ [v.(s)(a(5)) + pe (s)[a(s)]?] ds - € + O(e1H777).
0

Now we can use the amplitude equation (2.16) to cancel out the remaining terms in
(4.3) and (4.4). This yields a fourth condition on Cl.s, if we compute the O-terms
explicitly.
We finally derive ||Res(et)(t))|| < Cres(e1T77% +£27%) for all t € [0, T0e~%]. 0
THreorEM 4.3. (Approximation) Suppose all assumptions of Section 2 are
true. Fix the constants Cres, To, Ca,d > 0 and k € (0,1). Then there is a constant

Clatt such that for sufficiently small ¢ > 0 we obtain for all solutions u of (2.4) and
all solutions a of (2.16)

{lluo = 0 @)llx <3¢*, sup Ja(s)len < Can™'/?,
s€[0,Tq]

sup [[Res(e9(t))|lx < Cres(e?™" + 51+’7—ﬂ)}
te[0,Toe—2]

= sup |lu(t) —e(t)||x < Cans(e' 775 4275).
t€[0,Toe 2]

Proof. Define e? R(t) := u(t) — e¢(¢). Now (2.4) and (4.1) imply

(4.7) R(t) = e R(0) + e~ ?Res(e3)(t))

+e7? [ T f (e u(r), 7) = fle,ed(r), T)]dr.

|
S~

Taylor expansion of f from (2.7) yields

f(Ea “(7—)) T) - f g, 6¢(T), T)
=e*fi(e, T)R(T) + fale, T)[ed(r) + €*R(7)]* — fale, m)[eo(7)]?
+y(e, +62R(T), ) —g(e,ep(r), 7).

~— T
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First expand the trilinear form to cancel [e9(7)]®. Then using the bound on a(s), it

is easy to derive ||¢(7)||x < C,. Therefore, as long as ||R(7)||x <&~ ',

(e, ulr),7) = f(e,ev(r), T)lly
< EYR(T)[IxCr + e*|R(T)|x C;[BCT 4 3Ca + 1] + Cpe*([Ca + 11 + C7)
< 3Y|R(7)||x Cf[Ca + 1)% 4 2*C¢[Ca + 1]*.

By assumption ||R(0)||x < . In a first step we prove that ||R()||x < e~! for all
t € [0, Toe=?]. Therefore we further split

R=R.+ Rs; = P.R+ P,R.
Hence, as long as [|R(t)||x < e~! and ¢ < Toe™?, we obtain from (4.7)
[R:()llx < MI[R:(0)lx + Cres(e™" + ™ +77%) || Pl x)
+e*M /000(1 + 77" e ™ dr[3e™! + 2]C¢[Ca + 11| Pl cx)
(4.8) < 2Cves(e7" + 7)1 Pyl x)
L

(4.9) < g

Additionally we obtain

for sufficiently small ¢ > 0.

[Re(t)][x < M[|Re(0)][x + Cres(e™" + &7 F775)[| P2

£(X)
t

0/ [Ca+ PPy [ [IR() xdr +0(1).
0

Now we use || R(t)||x < ||Re(t)]|x +O(e~*+e~1+7=%) by (4.8) and Gronwall inequality
to obtain

(4.10)  [[Re(t)llx < O(e™" + e *77%) - exp{3C;[Ca + 1*To M | Pell2(x) }

1
4.1 < —e N
(.11 e
Hence, for sufficiently small ¢ > 0 we obtain from (4.9) and (4.11) first that | R(¢)||x <
e~ forall t < Tpe™2.
Moreover, (4.8) and (4.10) imply SUDy [0, Tpe—2] IR()|lx = O(e=% + e~ 1*71=%). 0

5. Large deviation results. This section provides large deviation results to
control the various probabilities that arise in our application of the abstract result
to SPDEs. First we provide estimates for solutions of the amplitude equation (2.16).
Then we discuss the stochastic convolution Wr, in C%([a,b]), where the operator L is
a differential operator.

5.1. Amplitude equation. Consider any solution a(T) of (2.16). Without the
cubic nonlinearity or with Lipschitz-continuous nonlinearities there are numerous re-
sults. Especially for small noise strength (see e.g. [FW98]). Nevertheless, for our
examples we provide an elementary result, which is based only on a-priori estimates
and large deviation results for Wiener processes. In our cubic case we have to distin-
guish between the case of a stable or unstable cubic nonlinearities.

THEOREM 5.1. Suppose Assumption 2.5 is true and fiz some solution a(T) of
(2.16). Then there is a constant ¢ > 0 depending only on the covariance matriz of 3
such that the following is true:
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1) The unstable case:
For all constants Cy, > 0 and all Ty € (0, Tp] with Ty < (2C¢(1+ C2))~! we obtain

IE”( sup |a(s)| 2 Ca) < P(|a(0)| > ca/4) + dnemcCa/Tin,
‘56[07T1]

2) The stable case:
Suppose that p.(T)[b]? - b < —C.|b|* for all b € R™. Then there is a constant C' > 0
depending only on Cy and C. such that for all constants T € (0, Tq], and all C, > C,
we obtain

]P’(ses[lolgl] la(s)| > Ca) < ]P’(|a(0)| > Ca/Q) + 4nexp{ — ﬁ

REMARK 5.2. Unfortunately the unstable case has serious drawbacks. High prob-
ability is paid by validity of the result only on small time-intervals. Although this still
gives us for the original equation a time-scale of order O(e72).

Proof. Using (2.10) and (2.12) we easily obtain that there is a constant also
denoted by Cf such that

(5.1) lpe(T)[a)®] < Cylal® forall a€R™ T €l0,Ty,

where C} actually depends only on Cr, n, and the constants in Assumption 2.5.
Analogously we obtain

(5.2) |ve(T)[a]| < Cyla] forall acR™ T €[0,Tp).

Using (5.2) and (5.1) we obtain from (2.16)

a(T)] < |a(0)] + C / (la(s)] + la(s)P)ds + 18T

Suppose |a(0)] < Ca/4 and suppepg 1,7 |B(1)| < Co/4. As long as |a(1)] < Ca we
obtain

la(T)] < Ca/2 4 C;T(Ca + C3) < Cf,

as long as T' < 1/(2C¢ (1 4+ C2)). Hence,

p( sup Ja(s)| < ca) ZIP(|11(O)| < C./4,  sup |B(s)| < 00/4)

s€[0,T1] s€[0,T4]

To finish the proof of the unstable case use e.g. [DZ98, Section 5.2]. As f§is a
Brownian motion in R9 we easily obtain the existence of a constant ¢ depending only
on the covariance matrix of g such that

(5.3) ]ID( sup |B(s)| > C’a/4) < dpe=cCalTin,
s€[0,T4]

In the stable case define b = a — 3. Hence

be Ol with drb = velb+ 8] + pelb + 8.
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In the following we denote all constants depending only on C; or C, simply by C.
Using (5.2), the assumption on ., and Young’s inequality, we obtain

1
Lo < €y lb-+ Bl + o+ B b
<-Spl*+ 18t +C
Suppose |3|* < R and |a(0)] < 6. Then Lemma 5.3 implies

VRV 41
IB(T)[? < max{6?, c%}.

Hence,
la(T)] < SC(R*+ 1)H* 44

for all T'> 0.
Define R* = (C,/C)* — 1 and § = C,/2 then for all 77 and all C, > C

P sup a(s)| < Ca) 2 B(ja(0) < Caf2, sup 13(s)] < (C/O) —1)

SE[O7T1] 3E[O7T2]

By (5.3) we easily finish the proof. O
LEMMA 5.3. Suppose for some constant d,c > 0 we have a real valued function
y such that y(0) > —c/d and y' < —d?*y* + ¢*. Then

y < max{y(0), ¢/d} forall ¢>0.

Proof. A comparison principle (see e.g. [Ha80]) yields y < z with x(0) = y(0)
and ' = —d*z? + ¢%. For the proof we just have to use first that #c/d are the only
stationary solutions for z and then that « is growing, if and only if || < ¢/d. O

5.2. Stochastic convolution. There are many general results for exponential
tail estimates for stochastic convolutions in Banach or Hilbert spaces. One of the first
results is [CM90] for recent results see for instance [BP00b] and the references therein.
A recent new approach relying on Zygmunds interpolation inequality is [SS02].

For our applications we need estimates for sectorial differential operators in the
space of continuous functions. We need especially the dependence of the constants on
the time-interval [0, 7] which is frequently not covered. For simplicity we will basically
apply the results of [P92]. This is not optimal, but sufficient for our examples.

ASSUMPTION 5.4. Suppose Assumption 2.2 is true and let L be some non-positive
self-adjoint differential operator of order 2m subject to suitable boundary conditions on
some sufficiently smooth bounded domain G C R? (e.g. L = p(A) for some polynomial
p of degree m). Suppose that Assumption 2.1 is true with P. as the L*-orthogonal
projection onto N' = N (L), and that L generates an analytic semigroup {e'};5q on
L?(G) and therefore also on H = P;L?(G), where Py = I — P. as before.

Define F = P,C"(G), where C%(G) is the standard space of continuous functions
with sup-norm. Then it is easy to verify that the assumptions (E.1) and (E.2) of [P92]
are fulfilled (see e.g. [L94, Section 3]). Also Assumption 2.2 is true with X = E =Y.
Note that the I.2-orthogonal projection P, is still the spectral projection for I, defined
on F.
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Suppose W is a ) Wiener process as in Assumption 2.3. Then we can write
W(t) = QW (t) with W(t) = Yoy Bk (t)fr, where {Bi}ren is some family of
i.i.d. real-valued Brownian motions, and {fi }xen is an orthonormal basis in L*(G) of
eigenfunctions of Q.

For all 4o € (0,1/2) and pg > 1 define as in [P92]

T
(5.4) Kg:iétwrwwawgmmm
t
5.5 T = Su =204 (QY 2P, 2L QY2 dr
n P
te[o,71J0

Provided kr and 5y are finite, then [P92, Theorem 1.1] implies

—42
P PWrL(t)|le, > 6) < O(T, ,
(2up 1772 0le, 28) s O exn { 0}

with C(T, po) = 4Texp{(4Tn0!)1/”°} and ng = [po(2po — 2)_1] + 1.

For s > d/2 we easily check using Sobolev imbedding of F into H*(G) that
Assumption 2.2 is also true with X = E| Y = H, a = s/2m, and some w > 0 which
is some spectral gap to the first non-zero eigenvalue of L. Now for u € H

e ulle = | PuePullen < M (> 4 1)e™Jul] 2.

We easily obtain kp < Cy for all T > 0 with some constant C,, > 0 (depending only
on s, m, po, Yo, and w), if and only if (1/po — 14+ 70)2m > s. If we choose py near 1
and g near %, then we will always find such an s > %, provided 2m > d. Moreover,
if y0 = %, we will always find s provided m > d.
If tr(Q) < oo, then tr(Q'/?Pe?"Q'/?) < tr(Q)Me~2%7. This implies the exis-
tence of some constant €, depending only on ag and w such that 5y < C,, Mtr(Q).
For () = I we obtain

¢
(5.6) nr = sup /7'_27”
tef0,7] Jo

1 /OO
2T Ak —27v0 ,—2s
g e dr < E _— s e “*ds.
= |Ak|1—2'yu 0

AxZ0 Ak Z0

As )y is proportional to —k2m/d (cf. e.g. [EE8T7]), we obtain that (5.6) is finite, if
and only if 2m(1 — 27y0) > d. Which in turn is true for yo = % and m > d.

Applying the results of [P92] we immediately prove:

THEOREM b.5. Let Assumption 5.4 be true and let W be a ) Wiener process as
in Assumption 2.3. Fiz some arbitrary small { > 0 and suppose either tr(Q) < oo
and 2m > d or Q@ = I and m > d.

Then there are constants c1,cy > 0 such that for all T,§ > 0 we have

E( sup [IPWL(t)l|co > 6) < exp{erT — 2%},
te[0,7T]

We remark without proof that the condition m > d is not optimal for () = I, here
2m > d should be also true.
Using a result similar to (5.3) for P.WW we obtain the following:
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COROLLARY 5.6. Let the assumptions of the previous theorem be true. Then
there are constants ¢; > 0 such that for all T, Cy > 0, we obtain

P( sup [[Wr(t)]|co > Cw) < czexp{—caC2 /T} + expl{eiT¢ — c2C2 1.
te[0,7T]

For sufficiently large ¢ > 0, and all § > 0 it is well-known that
(5.7) (1P Wi (t)lleo > Cu) < caexpi{—esC2}

This is for example easily proven by using the imbedding of C? into H* for s > d/2 and
by calculating that for some small A > 0 the exponential moment Eexp {h||P; W, (t)||%. }
is uniformly bounded with respect to .

6. Applications. In our applications we consider for simplicity of presentation
only examples which are restricted to scalar SPDE in one space dimension d = 1.
Moreover we will only consider examples, where the amplitude equation is only a
SODE in R. We could treat systems of SPDEs in higher dimension or higher dimen-
sional SODEs as amplitude equation, but we want to keep the notation as simple as
possible, in order to demonstrate the main ideas of our applications.

Let us fix some notation needed in the sequel. Suppose W is some @-Wiener
process either with tr(Q) < oo or @ = I. Define L = —(1 4 §2?)2, which is a self-
adjoint operator on L?([0, 7]) subject to zero Dirichlet boundary conditions for u and
O2u.

It is well-known that the fourth order differential operator L generates a bounded
semigroup on Y = X = C%([0, n]), which fulfills Assumptions 2.1 and 2.2 with N =
span{sin} and @ = 0 in (2.2). Therefore we fix P. to be the L?-orthogonal projection
onto N, which coincides in this case with the spectral projection of L defined on X.
It is also easy to check that Assumption 2.3 is true.

Moreover we have the L%-orthogonal basis of eigenfunctions eg (z) = sin(kz) in X
with |lex||x = 1. Note that Assumption 5.4 is true with m = 2 and p(z) = —(1 +2%)%
Therefore we can apply all large deviation results of the previous subsection.

6.1. Dynamic pitchfork bifurcation. The dynamic pitchfork bifurcation is a
well-studied experimental effect (see e.g. [BK99, ME87, GMO03] and the references
therein). It refers to a system which is moved slowly though some deterministic
bifurcation point by slowly changing the bifurcation parameter with time. This leads
to hysteresis-type effects, where the solution stays near the unstable equilibrium after
passing through the deterministic bifurcation point. This result was studied rigorously
for the deterministic and the stochastic equations (see [BG02] and the references
therein), both in an ODE setting. We will describe how the latter result can be
immediately carried over to SPDEs by the results presented in the previous sections.

Consider as an example the scalar SPDE

(6.1)  Opu(t) = Lu(t) + 1764(t — T()E_Z)u(t) — u?’(t) + aezatW(t), for t>0

subject to zero Dirichlet boundary conditions on [0, ] and initial condition u(0) = ug.
Here v and 7y are some constants fixed later on. It was already discussed in Example
2.6 that Assumption 2.5 is true with X =Y = C°([0, n]).

As obviously /' = span{sin} the corresponding amplitude equation describes the
amplitude a € R of the sine. It is given by an easy calculation (cf. Section 2.1):

(6.2) d'(T) = (s — mo)pa(T) — Za®(T) + o' (T) for T >0
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where 3(T) = (eW(Te~?),sin) 2 is a real-valued Brownian motion.

We will first state rigorous results that verifies u(t) ~ a(¢?t)sin. After that we
briefly comment on the dynamic pitchfork bifurcation. Note that (6.2) exhibits exactly
the same structure as the equations discussed in [BG02]. Therefore an analog of their
result for (6.1) follows immediately.

THEOREM 6.1. Attractivity There are constants ¢; > 0 such that for any choice
of 0 >0 and v, 0 € [—1,1], all mild solutions u of (6.1), and all solutions a of (6.2)
we obtain:

Fort. =In(e™") we can write u(t.) = ea. sin +e*R. with

P (jac| < 26 M6, ||Relloo < 2Cu)

> P(HUOHCO < 65) — cle_CEE_l B 63@_0403,

for all Cyy, 0 > 0 and sufficiently small € > 0.
Note that the probability bound on the right hand side is in general only positive for
¢ small and C, large.

Proof. Straightforward application of Theorem 3.3 together with Corollary 5.6
and (5.7) to bound the probabilities. O

THEOREM 6.2. Approximation For all Ty > 7 > 0 and 0 < k < 1 there are
constants ¢; > 0 such that the following is true:

Given § > 0, Cy > 0, Cy > 0 there is a constant Cay > 0 such that for any
choice of 0,0 € [—1,1], all mild solutions u of (6.1), and all solutions a of (6.2)

(6.3) P( sup lut) - za(*) sin o < Cans® ")
' t€[0,Toe—2] ' '

> 1= (|Juo — za(0) sin o > Cue)

—P (la(0)| > Ca) — cle—cze_"‘ _ 63€_C4C§/TU

for sufficiently small ¢ > 0.

Proof. Application of Theorem 4.3 and 4.1 together with Theorem 5.5 and 5.1 to
bound probabilities. O

We can further bound (6.3) in Theorem 6.2 by Theorem 6.1. Summarizing both

theorems, we can write with high probability all mild solutions u of (6.1) with [|u(0)|| =
O(e) as

(6.4) u(t) = ea(e?t) sin +0(27%)

for all t € In(e™1) + [0, Toe~?], where a is a solution of the amplitude equation (6.2)
with initial condition ag = e~ !Tlu(t.), where the projection T was defined in Section
2.1.

Now we can immediately apply the results of [BG02] first to (6.2) and then via
(6.4) to solutions of (6.1). Hence, for ¢ sufficiently small, (6.1) exhibits the same
dynamics as the 1-dimensional dynamic pitchfork-bifurcation, but on a much slower
time-scale. To keep the presentation short, we refrain from restating the elaborate
description of the transient dynamics from [BG02]. Note finally, that it is essential
to derive a one-dimensional kernel A, as the results of [BG02] are only valid for
one-dimensional amplitude equations.
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6.2. Pattern formation. The formation of pattern below the threshold of a
change of stability is a well-known experimental phenomenon. See for example [SA02]
or [SR94] for noise-induced convection rolls below the onset of convection in Bénards
problem. In this case the system is slightly below a change of stability in the unper-
turbed (deterministic) system, which undergoes a pitchfork bifurcation.

Unfortunately, this problem is out of reach for the presented approach, as it
consists of a 3-dimensional Navier-Stokes equation which is coupled to a heat equation.
We could treat systems of SPDEs on 3-dimensional domains, but we cannot treat the
quadratic nonlinearity, with the method presented in this article. This will be the
topic of further research (see [B03]).

We sketch a simple problem, which exhibits pattern formation below threshold
of stability. Let us consider the well-known Swift-Hohenberg equation, which is in
the theory of convection frequently used as a simplified model for the first convective
instability. It is similar to the equations of the previous section:

(6.5) Oru(t) = Lu(t) + 1/62u(t) — us(t) + 623tW(t) for t>0

subject to zero Dirichlet type boundary conditions on [0, 7] and initial condition uq =
0, where L and W are given in the beginning of Section 6, and v is some parameter.

The pattern in our toy-model being just the sine representing the convection roll
in the full problem. Due to the special size of the domain, we only have one period
of the sine. If we would consider large domains, we would get several periods of the
pattern depending on the size of the domain. Nevertheless for sake of simplicity we
stay with this very simple model.

For the unperturbed deterministic equation it is well-know that it undergoes a
pitchfork bifurcation at v = 0. There sin € N(L) gets unstable. For v < 0 the
homogeneous solution u = 0 is the only stable solution, and for v > 0 we end up
with a stable pattern that is a small deformation of the sine. To verify this result
is a lot of work, but standard, using for instance the celebrated theory of Crandel
and Rabinowitz. In contrast to that, we will see that also in the case of v < 0 due
to additive noise the pattern appears and sustains for long times, although it should
decay due to the stability of the homogeneous solution u = 0. In the following we will
verify a result like the probability P( pattern visible for "most” ¢ € [0, Tpe~?]) is near
1, where Tj is just some arbitrary constant.

Let us first apply the main results of this paper to (6.5). Due to u(0) = 0 it is
obvious that the assertion of the attractivity result readily hold with £, = 0, a. = 0,
and R, = 0.

Moreover, an easy calculation (see Section 2.1) establishes that the corresponding
amplitude equation is

(6.6) a =va— 3%(13 + 4

where B(T) = (eW(Te~?),sin) > as before in Section 6.1. Now we can easily verify
an approximation result as in Theorem 6.2 to obtain

(6.7) u(t) = ea(e?t) sin +O(e27) uniformly for all ¢ € [0, T,e™?]

with high probability for all ¢ € [0,¢q]. We are free to choose any Ty > 0 we want,
but we have to pay for that with g9 > 0 small. We refrain from restating the precise
result, as it is completely analogous to Theorem 6.2.

To prove a pattern result, we can for example verify that |a(7)| > Cell? for 7a
lot of” times T" € [0, Tp]. In the sequel we give a short argument for this.
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First define
1(T) == {s €[0,7] : la(s)| < /?}]

This is the "bad” set of times, where we possibly do not see the pattern. But we will
definitely see the pattern for all times in [0, Toe=%] — . (Ty). The following remark
summarizes the result, which is now possible verify. We refrain from stating an
abstract theorem.

REMARK 6.3. For a main result on pattern formation, we will verify

(6.8) P(L.(Ty) > %) < ce'/iT,

for Ty large and € small enough.

Hence, the probability is high to see the pattern on a set of times with measure
(To — 061/4)6_2 for any choice of the bifurcation parameter ?v, provided for example
pl< 1.

Note finally that there is nothing special about dimension one. Similar results wall
apply in case n = dim(N') > 1, where N is then some space of pattern. The only thing
we rely on are some technical assumptions for the existence of an invariant Markov
measure for the amplitude equation.

To establish (6.8) first recall that the distribution of @ is independent of € by Re-
mark 2.8. Moreover, it is well-known under certain assumptions on the noise (e.g. full
rank of the covariance matrix) and the stability of the cubic nonlinearity, that there
exists a unique invariant Markov measure P* for the amplitude equation. Moreover,
the Lebesgue-density p* := dP*/d\ of this measure is continuous.

By the definition of [,

IFJE(T):/O P(la(s)| < e'/?)ds.

Now the celebrated Birkhoff ergodic theorem (cf. e.g. [dPZ96]) for invariant Markov
measures implies
1
= (T) = P*([—e/2,eY?) for T — 0.
Moreover, we obtain %6“1/219*([—61/2, £'/%]) — p*(0) by the continuity of the density.
Furthermore by Chebychev inequality

PL(T) 2 £'/%) < e V4EL (T) » 25T (0),

and it is straightforward to establish (6.8).

6.3. Bifurcation. In this section we briefly sketch transient stochastic dynamics
near a deterministic pitchfork bifurcation. As mentioned in the introduction, we
will not describe the whole bifurcation, but rather focus on examples of parameter
regimes, where we can establish the amplitude equation describing finite time behavior
of solutions.

As we will see, there are different scenarios depending on the ratio between noise-
strength and bifurcation parameter. This will give another indication to the well-
known fact, that a stochastically perturbed bifurcation leads to a soft transition of
the transient dynamics (cf. e.g. [Ar98]), in contrast to the sharp separation in case
of a deterministic bifurcation.
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Consider the same type of equation as in the previous section, which is for ¢ = 0
a classical example of a pitchfork-bifurcation in a PDE.

(6.9) Oru = Lu + pu — u® + 20, W

subject to zero Dirichlet-type boundary conditions on [0, ].

We can distinguish between three different regimes, and in the following we just
give the corresponding amplitude equation and discuss the transient dynamics that
we expect. Moreover, in the end we sketch the basic ideas how to modify our results
to derive the amplitude equations for the different cases. Note that we do not specify
the constant ¢ appearing in the equations, as it depends on the normalization of the
function e spanning A

1. Case |p| ~ 02 ~ 2.

Fix 02 = ¢? and p = ve?. Amplitude eq. a’ = va —ca® + .
2. Case |u| € 02~ ?

Fix 02 = ¢? and |p| < &3). Amplitude eq. ' = —ca® + 3.
3. Case 0% < |p| ~ &2

Fix ¢? = |u| and o < . Amplitude eq. a’ = sgn(p)a — ca

Case 2. corresponds to the case when we are very near to the deterministic bifur-
cation point. The amplitude equation and the dynamics is independent of the bifur-
cation parameter in this case. Hence, the deterministic bifurcation point is widened
to a longer interval.

Case 3. corresponds to the case when we are far away from the bifurcation. Here
the dynamics is essentially given by the stable equilibria of the deterministic equation.
The stochastic nature of the original SPDE is only seen in small fluctuations around
these fixed points.

3

In Case 1. we have an intermediate regime, when we are of order noise-strength
away from the bifurcation. Here the amplitude equation is stochastic, and the dy-
namical behavior interpolates between the deterministic behavior (Case 3.) and the
bifurcation regime (Case 2.).

Let us finally comment on how to rigorously derive the amplitude equations in
the previous statements. Case 1. was already discussed in the previous sections. The
second case 1s rather easy. We can for instance follow our proofs of the approximation
result to see that all v-dependent terms are now of lower order. Hence, they disappear
into the error terms and there will be no contribution to the amplitude equation. For
Case 3. we can also follow our approach. This would give an amplitude equation of
the type a’ = sgn(p)a — ca® + o*c~ 2@, Then we can add a Freidlin-Wentzell type
argument to eliminate the noise term, as o2~ — 0.
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