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Abstract

A notion of localized splitting is introduced as a further extension of
the splitting notions for iterated monotone maps introduced earlier by
Dubins and Freedman (1966) and more generally by Bhattacharya and
Majumdar (1999). We will see that under quite general conditions, local-
ized splitting theory is a natural extension of the Doeblin (1937) minoriza-
tion theory, Harris (1956) recurrence theory, splitting theory of Nummelin
(1978) and regeneration theory of Athreya and Ney (1978), under which
we can prove the existence of a unique invariant probability. By way of in-
troduction we also provide a natural coupling proof of the ergodic problem
for Markov processes on general state spaces under Doeblin’s minoriza-
tion condition which seems to have heretofore gone unnoticed. The paper
is concluded with some new applications of splitting theory to random
iterated quadratic maps.

1 Introduction and Some Background Results

The focus of this paper is the ergodic theory of Markov processes on a general
state space viewed as actions of iterated random maps. There are a couple of
ways in which Markov processes {X,,}52, on a measurable state space (.5,S)
may be viewed as naturally arising from iterations of i.i.d. random maps. In
the case that S is a Borel subset of a Polish space a Markov process with
arbitrarly prescribed transition probability p(x,dy) and initial state = € S may
be represented means of a sequence of i.i.d. random maps «,,n > 1, on S into
S, defined on some probability space (2, F, P), as:

Xo=2z, Xi=oz,..., X =0y - -o1z,n>1. (1)
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Here ay,(w) is a map on S for w € 2 whose value at z € S is denoted o,z
under the usual probability convention of suppressing w. Also ay, - - - 1 denotes
the n-fold composition of the maps a,,, ..., a;.

Although the representation is not unique, the familiar “inverse distribu-
tion function method” used to generate simulations from a given distribution on
the real number line lies at the heart of this representation; see Kifer (1986)
or Bhattacharya and Waymire (p. 228,1990). However another way in which
Markov processes on a general state space with such representation occur, and
which need not involve topological conditions on the state space, is simply as a
model in some specific context, eg. linear/nonlinear autoregressive and ARMA
models, Markov Chain Monte Carlo, Bayesian statistics, economics, temporal
discretization of diffusion, fractal image compression, etc. For an expository
orientation to the breadth of applications accommodated by this viewpoint see
the excellent recent article by Diaconis and Freedman (1999), as well as Bhat-
tacharya and Waymire (1990), Bhattacharya and Waymire (1999). The article
by Diaconis and Freedman (1999) differs from the present approach in exploiting
contractive properties of the maps on average, whereas our focus is on certain
splitting properties of the maps which occur with positive probability.

So one may either assume at the outset that S is a Borel subset of a Polish
space, or assume that one is given a Markov process on a measurable state space
(S, S) with the representation (1). It is most convenient to exposition to simply
make the former assumption, which we will set as the framework for this paper.

Let us now attempt to give some background from the general ergodic theory
for Markov processes for perspective on the framework being developed here.
The reader is referred to Meyn and Tweedie (1993) for a thorough and state
of the art account of general minorization and small set theory, to Diaconis
and Freedman (1999) for the contractive mapping theory, and to Bhattacharya
and Majumdar (1999) for the recent splitting theory which spawned the present
work.

When applicable Doeblin’s minorization condition provides a powerful ap-
proach to check for the existence of a unique invariant probability, which also
gives uniform exponential rates of convergence in total variation distance. In
fact, Doeblin’s minorization is also necessary for uniform exponential rates in
total variation distance; see Nummelin (Theorem 6.15, 1984), Tierney (Proposi-
tion 2, 1994), Meyn and Tweedie (Theorem 16.2.3,1993). Doeblin’s minorization
requires a probability measure v on (5, S), a positive integer N, and a positive
real number § such that

p™N)(z,B) > 6v(B),z € S,B €S, (2)

where p(™) (z, dy) denotes the m-step transition probability defined inductively
by

POz, dy) = 6.(dy), p"™D(z, B) = / Dy, BYp™ (2, dy)m > 0. (3)
X
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We give a proof below using another powerful idea introduced by Doeblin (1938)
for the ergodic problem of finite state Markov chains, namely coupling. The
proof also illustrates the backward iteration method of Furstenberg (1963) which
has found wide ranging applications in the study of random iterated maps, e.g.
see Diaconis and Freedman (1999) and references therein, and Bhattacharya and
Lee (1988), Bhattacharya and Rao (1993), Bhattacharya and Waymire (1990),
Bhattacharya and Waymire (1999).

Theorem 1.1 (Doeblin’s Minorization). Under Doeblin’s Minorization condi-
tion there is a unique invariant probability m on (S,S). Moreover

p™(z, B) — n(B)| < (1 - 6)IF] n>1.

Proof. By viewing the process {X,,}22 jat times 0, N,2N,..., one may regard
pv) (z,dy) as a one-step transition probability. By this device one may restrict
attention to the case N = 1. First observe that Doeblin’s minorization is equiv-
alent to the existence of a representation by i.i.d. maps ag, s, ..., of the form
(1) such that «, is constant on S with probability p, for any 0 < p < 4. For
clearly if such a map exists then

p(z,B) = P(ayz € B) > P(ay € T'¢,anz € B) > pP(ayx € Blay € T,),

where I'. denotes the collection of constant maps on S. Conversely, if Doeblin’s
minorization holds then define i.i.d. random maps as follows: At time step
n, with probability p and independently of ay,k < n, select a random point
distributed as v and define «,, as the constant map with this value, or with
probability 1 — p select «,, as the map such that «,z is distributed as (1 —
p) " (p(x,dy) — pv(dy)). Then by construction

p(z,dy) = Playz € dy),z € S.

Now, since a constant map will occur among the i.i.d. sequence ay, as, ... with
probability one, and since, for each n, the backward and forward iterations have
the same distribution, the a.s. limit of the backward iteration exists and is given
by

lim o -apr =ar---ox,
n—oo

where
T:=inf{n>1:a, €.}

One may readily check that the distribution 7 of this limit is an invariant prob-
ability. Now, with the minorized representation defined above one has a natural
coupling of the processes with transition probability p(z,dy) started in state
xz € S and initial distribution =, respectively, given by {(X,,Y,)}52,, where
X, =an -z, Y, = a, --a1Yy,n > 1, with Y, distributed as 7 indepen-
dently of the a],s. In particular it follows that

p™(x,B) —7n(B)| < P(T >n)<(1—p)*, z€S,BeS.
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Since 0 < p < § is arbitrary the asserted rate follows. |

The notion of small set Ay provides a localized minorization condition defined
by a subset Ay € S of the state space S, a probability measure v on (Ag, AgNS),
a positive integer N, and a positive real number § such that

see Meyn and Tweedie (1993) for a treatment of small sets. These are also the
so-called C-sets in Orey (1971). We simply refer to (4) as local minorization on
Ap, where we will assume further that this occurs on a recurrent set Ag in the
sense that

P, Uy [Xn € Ag) =1, x €8S. (5)

It was pointed out to the authors by K. B. Athreya (personal communication)
that local minorization on a recurrent set is an equivalent condition for Harris’
familiar notion of yp-recurrence whenever S is countably generated; neccessity is
proved in Orey (1971) and sufficiency is straightforward to check.

A formulation in terms of iterated maps may be obtained along the lines
introduced by Athreya and Ney (1978) to identify regeneration structure in
locally minorized Markov processes on a recurrent set Ag.

Proposition 1.1 (Local Minorization). The local minorization condition (4)
on a recurrent set Ag is equivalent to the existence of a representation by i.i.d.
maps aq, Qa, - .., of the form (1) such that o, is a constant on Ay into Ag with
probability p = 0.

Proof. By the device noted in the proof of Theorem 1.1 one may restrict
attention to the case N = 1. First observe that if such maps exist then for
x € Ag, B € S, one has

p(z,B) = P(ayz € B) > P(ay € Te,anx € B) > pP(ayx € Blag € T,),

where I'. denotes the collection of constant maps on Ay into Ag. Conversely,
suppose that local minorization holds on a recurrent set Ag. Let «, be a repre-
sentation by i.i.d. maps and define an alternative representation by i.i.d. maps
Bn,n > 1 constructed as follows: Toss a coin with probability p = § of heads. If
head occurs then select a random point in Ag distributed as v and define Sz
as this constant value for all x € Ag, but if tail occurs then for each z € Ay let
Bz be distributed as (1 — p)~(p(z,dy) — pr(dy)). If x € S — Ao, then define
b1z = aix. Now let 3, be an i.i.d. sequence of maps distributed Then by such
a construction

p(z,dy) = P(Bpx € dy),z € S.

We leave the detailed construction of the probability space etc to the reader; or
see Bhattacharya and Waymire (2001). a

The following theorem is a centerpiece of general Markov process theory
based on various notions of Harris recurrence by Orey (1971), regeneration by



Rabi Bhattacharya, Edward C. Waymire 5

Athreya and Ney (1978), or so-called Nummelin splitting by Nummelin (1978);
see Meyn and Tweedie (1993) for a proof and comprehensive treatment.

Theorem 1.2 Assume the local minorization condition (4) on a recurrent set
Apg. In addition assume that

sup E;74, < 00,
rE€Ap

where E, denotes expectation when Xy = x, and
Ta, =inf{n >1: X, € Ap}.

Then there is a unique invariant probability m on (S,S). Moreover for x € S,

1 — 17 (m) _ . .
Is;é[yan 1"p'"™(z, B) — n(B)| — 0 as n — oc.
Remark. The finiteness of the expected time to renew a visit to Ay may
often be checked by the extensions of Foster’s drift conditions, or equivalently,
stochastic Liapounov conditions; see Meyn and Tweedie (1993).

Finally let us record a generalization of the Dubins and Freedman (1966)
splitting condition for monotone maps given by Bhattacharya and Majumdar
(1999). This condition is defined by a sub-collection A of S, a positive integer
N and a positive real number § such that

Play---aj'A=Sor()) >4 foral Ac A (6)

We will refer to this condition as full splitting and to the parameter N as a
splitting scale. The sub-collection A of S will be called the splitting class of
sets.

With a remarkably simple proof, Bhattacharya and Majumdar (1999) ob-
tained the following theorem. Denote by ) the distribution of a; on an appro-
priate space I' of measurable maps ~ of S into S.

Theorem 1.3 Assume the full splitting condition (6). Assume that (P(S),d)
is a complete metric space under

(i) d(p,v) = sup |[u(B) —v(B)|,u,v € P(S),
BeA

where P(S) denotes the space of probability measures on (S,S). Also with N as
the splitting scale, assume that for each measurable map v : S — S

(ii.) dpoyn -y woyn -t < d(p,v), p v € P(S).

Then there is a unique invariant probability = on (S,S). Moreover

sup  |p™(z, B) — n(B)| < (1 — 8)¥].
rzeS,BeA
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Remark. It is known that the sufficient condition in Theorem1.2 is necessary if
the process is aperiodic (Meyn and Tweedie 1993, p. 384). Also, in the aperiodic
case one may replace the Caesaro mean %Z?ﬂ:l p("™ (x, B) by p™(z, B) by
making use of the renewal theorem.

This is the starting point for the present paper. The remainder is organized
as follows. In section 2 we introduce a localized version of splitting and state
our theorem asserting the existence and uniqueness of an invariant probability
under localized splitting conditions. This is followed by the proof of existence.
The proof of uniqueness is taken up in section 3. In the end we have a gener-
alization of Theorem 1.3. Also, Theorem 1.3 and/or the Dubins and Freedman
theory have found interesting applications to random iterations of (nonmono-
tone) quadratic maps, eg. see Bhattacharya and Rao (1993), Athreya and Dai
(1999), Dai (1999). These results are essentially obtained by finding an invariant
set on which the maps are monotone, but may involve some delicate consider-
ations of a splitting class of sets. This is illustrated with the introduction of a
notion of strict splitting in the context of quadratic maps to extend previously
known results there.

2 A Localized Splitting and Existence

Let us begin by introducing a localized version of the splitting condition (6).
Definition 2.1 The Markov process {X,,}52, on (5, 8) is said to have a locally
splitting representation by 4.i.d. maps a1, as, ... if there is a recurrent set Ay €
S, a sub-collection A of S, a positive integer N, and a positive real number §
such that for each A € Ag = Ay N A,

P(AgNan---ay Ag = Ag, AgNan --ay ' A= Ag or ) > 6. (7)

The parameter N is referred to as the local splitting scale, and the collection Ag
is the local splitting class.

One may easily check that from Proposition 1.1 it follows that local mi-
norization on a recurrent set Ag implies local splitting on Ay with A = S, i.e.
with local splitting class Ag = Ag N'S. We will consider a localization of split-
ting which generalizes this framework. Nonetheless, we will require the local
splitting class to

Ao =A9NS

for this generalization. Under this condition, then, the space P(Ap) of proba-
bility measures on (Ag, Ao N'S) is a complete metric space under

dO(/IJa V) - Bsél};\) |N(B) - I/(B)|,‘LL,I/ € P(AO) (8)
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Theorem 2.1 . Assume the local splitting condition (7) with local splitting
class Ag = AgNS. If for allx € S

sup E,; 74, <00, Pp(14, <) =1,
rE€Ap

then there is a unique invariant probability = on (S,S) and

n—1

1 .
lim |~ U)(z,B)—7w(B)| =0,z € S,B € A.
ngwlnE pY(z, B) — n(B)| z

Jj=0

As has been our practice in the previous section, we will continue to restrict
attention to the case N =1 in the proofs. To prepare for the proof define

TX) =0, TXSJFI) = inf{n > TX? +1:X,€ A4}, n=0,1,2,.... (9)
Also we write 74, = 71(410). The process viewed only on its returns to Ay will be

denoted R
Xn:X(n), n:1,2,.... (10)

Define the kernel pa,(z, B),z € S, B € S, by

Pao(x,B) =Y Pu(X, € B, Xy € Af 1 <k <n). (11)
n=1

It is well-known that the process {X’n};’f:o is a Markov process with transition
probabilities obtained from pa,(z, B) by restricting = to Ag, and B to SN Ay
(e.g. see Orey (1971)).

It will be important to observe that for each « € S, the kernel B — p4,(x, B)
defines a measure on the sigma-field S. The probabilistic interpretation is the
expected number of visits to B € S prior to revisiting Ag. In particular under
the assumption

sup E, 74, < 00, (12)
xEAQ
one sees that
Pay(x,S) =E,7a, < 00,z € Ap. (13)

Remark. One may check that if p(x,dy) satisfies local minorization (4) on
Ap then pa,(x,dy) x € Ay, will satisfy Doeblin minorization (2) on A as a
warm-up exercise to Lemma 2.1.

Lemma 2.1 . Under the conditions of Theorem 2.1, the process {Xn}ff’zo,
started at Xo = x € Ay, has a unique invariant probability w4, on (Ao, AgNS).
Moreover,

sup |p5£))(x7B) —ma,(B)| < (1— 5)[%],71 > 1.
z€Ag,BEAy
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Proof. In view of Theorem 1.3 it suffices to show that the process {X,}%,,
started at Xy = z € Ao, has a full splitting representation on Ag. For this first
let {a,}22, denote a localized splitting representation of {X,,}72 . Define a
random map (1 on A as follows: For w € Q, f1(w) : Ag — Ag by

Br(w)y = oy (y)(w) (@) - a1(w)y, y € Ag.

Now let 31, Ba, ... be an i.i.d. sequence of maps. This provides a representation
since both {f(n};’f’:o and the process generated by the i.i.d. maps (1, 02, ... are
Markov processes with the same transition probabilities. To see that this is a
fully splitting representation on Ag simply note that

P(B7 A = Agor 0) > P(AgNagtAg = Ag, AgNajtA= Ay or §) > 4.

The other required conditions for Theorem 1.3 follow immediately from the
conditions of Theorem 2.1 since A = S. O
Remark. One may notice from the proof of Lemma 2.1 that it is the condition
(ii) of Theorem 1.3 that is the reason for our restriction on the local splitting
class. Nonetheless, as will be seen, this localization significantly extends the
applicability of Theorem 1.3. An often quoted specific example from queuing
theory which illustrates the nature of this extension in concrete terms is the
random walk on the half-line [0, 00), defined by

Xn+1 = (Yn+1 + Xn)+7 n > 07X0 =z 20, (14)

where {Y,,}22, is an i.i.d. sequence with EY; < 0. Of course, this is more
generally illustrated by the broad class of locally minorized Markov processes.

With Lemma 2.1 the proof of the existence part of Theorem 2.1 is now easily
completed by spreading 74, to S by defining

m(B) = C/A pa,(z, B)wa,(dz), B € S, (15)

where
¢ =Eqr, Ta, >0, (16)

and E, o denotes expectation when Xy has distribution m4,. Note that on
Ap, ™ = cma,. Now the existence is completed by virtue of the following straight-
forward lemma. For x € Ag, B € SNAy, pE:O) (z, B) denotes the n-step transition
probability for the process on Ay (with one-step transition probability p4,). For
general B € S, we will write pfﬂfl)(x,B) for on DA, (y,B)pE:('))(x,dy)(n > 1),
with pa,(y, B) as defined in (11).

Lemma 2.2 . Under the conditions of Theorem 2.1 (15) defines an invariant
probability on (S,S) for p(x,dy). Moreover for x € Ay, B € S,

ep S (@, B) = w(B)] < (1 - 8)1¥],n > 1.
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Proof. Let B € §. Then using Lemma 2.1,
[ v Byntan)
s
= /p(y,B)C/ pa, (2, dy)ma, (dz)

S A()
c/ / > ply, B)Po(Xy, € dy, Xy, € A5l < k < n)ma, (dz)
SJA

0n=1

c/A ZPQC(X”H € B, Xy € A1 <k < n)ma,(dx)
0n=1

=c [ {pa,(z,B) = p(x,B)+ Y Pu(Xnj1 € B, X,, € Ag, Xz € Afl <k < n)}ma,(dz)
n=1

Ap

—n(B) ¢ /A Dl By () +c /A 0 /A P B)pa o, s, ) = (),

In addition note that for z € Ag,B € S,
|epao (@, B) — ma,(B)]  =c /A p(y, B (z, dy) — m(dy)}|
0]

< /A 1) (2, dy) — 7ay (dy).
0

So the convergence follows from Theorem 1.3. O

3 Localized Splitting and Uniqueness

Let us suppose that 7 is an arbitrary invariant probability. The uniqueness
problem is a bit of an issue because of the nonstationarity of the process viewed
as it revisits Ag under Py; nonstationarity is made transparent by considering
the simple 3-state Markov chain on {1,2,3} with p=pa1 =1—pa 3,7 =p12 =
1—p13,p32 =1,40 = {1,3}. However the following lemma will be useful for
extrapolating from stationarity on Pr, .

Lemma 3.1 . Suppose ma, is the unique invariant probability for the process
{Xn}22, on Ag. Also assume (12) and (18) hold. If w is any invariant proba-
bility for p(x,dy) then m = cma,,c = 7(Ap), on AgNS. In particular,

Pi(E) > Py, (E),E € F.

Proof. In view of recurrence it follows from Meyn and Tweedie (Theorem
10.4.7,p. 243,1993) that 7 restricted to Ag is invariant under pa,(z, dy). Thus

(17)
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the first assertion follows from the uniqueness of 74,, and the second by

P.(E) > /A Py(E)n(dy) = ¢ /A Py(E)may(dy) = Pr, (E).

0

O
Proof of Uniqueness in Theorem 2.1. Without loss of generality assume that
is an ergodic invariant probability; else, in view of the topological structure of
S, one may take an ergodic component in the ergodic decomposition. The idea
for proving uniqueness is to use the ergodic theorem to show that for bounded
measurable functions f : S — R, f g fdm is determined by f and expected values
with respect to m4,. In particular, first note that by ergodicity of the process
{X,}22 , under P, one has Pr—a.s. that

1 n
lim — f(X; —>/fdﬂ'. 18
i 32506~ | (18)
In particular, taking f = 1[Ag], one has P,—a.s.
N,
lim — = 7(4y), (19)
n—oo N
where .
N, =Y 1[X; € A] (20)
j=1

denotes the number of visits to Ay during [1,n]. Now, for arbitrary bounded
measurable functions f : S — R we have P,—a.s.

n N.
1 N, 1 -
— E X)-—=. E Zm — 0 21
nj:1 f( j) n N" m=1 ( )

as n — 0o, where, for times 7(™) := TX:) defined by (9),

r(m)

Ly 1= Z f(X;),m>1. (22)

j:T(er—1)+1

It follows from (18) and (21) that the limit lim,, o NL ZZ":1 Z, exists Pr—a.s.
and is given by ﬁ fs fdm. But {Z,, }77_ is a stationary process under Py, ,

and therefore the sequence {4 Zzzl Zm 3~y will converge Pr, —a.s. and in
L'. On the other hand, in view of Lemma 3.1, these imply that Pr,, —as.

1 & 1
lim — S Z,= —— : 2
leéozvn; 7(Ao) /5de (23)
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Hence one may take expectations in (23) to get

N
1 . 1
m/sfdﬁ = ngnoo E»,TAONm:1 Zm = EWA0Z1’ (24)
Taking f =1 in (24) identifies w(Ag) as
(o) =c= 5 (25)
™ =c=—=—.
0 EWAO TAO
Thus we finally arrive at the unique determination of 7 via the formula
/ fdm = cEr, 71 (26)
s
for all bounded measurable functions f on S. |

4 Applications to Quadratic Maps.

In this section Theorem 1.3 is applied to iterations of i.i.d. quadratic maps
an = Fp, (n>1), where 6, (n > 1) are 4.i.d. random variables taking values in
the parameter space [0,4] and, for each 6 € [0, 4],

Fo(zx) =0z(1 —2),0<z<1. (27)

Since 0 is a common fixed point of all Fy, the Dirac measure dp is always an in-
variant probability for the Markov process X, (x) := o, - - - apz(n > 1), Xo(x) =
x, on the state space [0,1]. We focus on the existence and uniqueness of an in-
variant probability other than dy. The appropriate state space is then S = (0, 1)
left invariant by all Fjp.

We begin by recalling a few basic facts about the quadratic family {Fy : 6 €
[0,4]}, shared by other unimodal families as well; see Collet and Eckman (1980)
and Devaney (1989) for proofs and further properties. It is easily checked that
for 0 < 0 < 1 the map Fy has the unique attracting fixed point 0. For 8 > 1, 0
is repelling for Fy and a new fixed point pg = 1 — % appears, which is attractive
for 1 < 6 < 3, and repelling for & > 3. A period two orbit for Fy appears
for § > 3, which remains attractive for 3 < # < 1 + /6, becomming repelling
for # > 1 + /6, at which point a period-four orbit appears. In this manner
period-doubling bifurcations take place for all periods 2™(n > 0). Beyond this,
other periods appear each with a period doubling sequence of its own.The last
to appear is a period-three orbit. A well-known theorem of Sarkovskii says that
a continuous map with a period-three orbit has periodic orbits of all periods.
Beyond the period-three regime, there are 6 values which have no attractive
periodic orbits, and chaos sets in. Although the set of 6’s for which Fy has an
attractive periodic orbit is dense in [0,4], the set of §’s for which Fj is chaotic or
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even has an absolutely continuous invariant probability, has positive Lebesgue
measure.

Turning to the Markov process X, := a, - - - @1 Xo(n > 1), with X, indepen-
dent of {a, = Fy, : n > 1}, the following lemma allows one to extend earlier re-
sults of Bhattacharya and Rao (1993) and Bhattacharya and Majumdar (1999).
In order to state it, we will recast the splitting class as A = {[¢c,z] : ¢ < z < d}
for the case of i.i.d. monotone maps {a,, : n > 1} on an interval[c, d] as follows.
The Markov process X,,(z),(n > 1), Xo(x) = x,z € [c¢,d] is said to have the
splitting property if there exists § > 0,z € [¢,d], and an integer N such that

P(Xn(x) < xoVx € [¢,d] or Xy (x) > zoVz € [¢,d]) > 0. (28)

It is shown in Dubins and Freedman (1966) that (28) implies the existence and
uniqueness of an invariant probability 7 on [c, d]; i.e. Theorem 1.3 holds. If the
inequalities ‘< xg’and ‘> x¢’appearing within parenthesis in (28) are replaced
by strict inequalities ‘< zg’and ‘> xzy’, respectively, then the above property
will be referred to as a strict splitting property. Note that (28), or its strict
version, is a property of the distribution @ of ,,. Denote by Q™ the (product)
probability distribution of (61,...,0y).

Lemma 4.1 . Let 6y < 03 and m > 1 be given. (a). If, for all 0" € {61, 02},
1 < i < m, the range of Fgr--- Fpm on an interval Iy = [uy,v1] is contained
in Iy = [ug,vq], then the same is true for all 0° € [601,02]. In particular, if
Fy1 -+ Fym leaves an interval [c,d] invariant for all 8° € {61,02},1 < i < m,
then the same is true for all 0° € [01,0:],1 < i < m. (b). Suppose, for all
0t € {01,602}, 1 <i <m, Fpi--- Fym leaves invariant an interval [c,d]. Assume
also that the strict splitting property above holds, with N = km a multiple of m,
for a distribution Q = Qo whose support is {01,02}. Then (i) Fg1 - -+ Fym leaves
[e, d] invariant for all 0° € [01, 03], and (i) the strict splitting property holds for
an arbitrary @ = Q whose support has 01 as the smallest point and 0y as its
largest.

Proof (a.) The proof is by induction on m. The assertion is true for m = 1,
since in this case uy < min{Fy, (y) : y € [u1,v1]} < Fp(x) < max{Fy,(y) :
y € [ug,v1]} < v, for all © € [ug,v1]. Assume the assertion is true for some
integer m > 1. Let a = min{Fyz - -+ Fym+1(z) : 0° € {01,02},2 <i<m+ 1,z €
[u1,v1]}, and b = max{Fyz --- Fpm+1(x) : 0" € {61,62},2 < i < m+ 1L,z €
[u1,v1]}. By the induction hypothesis, for arbitrary 62,...,0™"! € [0, 05], the
range of Fyz - -+ Fygm+1 on [ug,v1] is contained in [a, b]. On the other hand, ug <
min{Fp, (y) : y € [a,b]},va > max{Fp,(y) : y € [a,b]}. Hence, for arbitrary
O, ..., Mt € [61,05], the range of Fyi--- Fymi1 on [ug,v1] is contained in
[uz2, v2], thus completing the induction argument.

(b)(ii.) Suppose a strict splitting property holds with § > 0,zq, N. Define
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the continuous functions L, on [0y, 6] by

L(AY,...,0N) := max Fp---Fyn(z), 1(6,...,0N) = I<niI<1dF91 - Fyn (2)

c<z<d
(29)

By hypothesis, the open subset U of [0;,62]" defined by U := {(8',...,6") €
[91,92}1\’ : L(Gl, ceey GN) < 1:0}7 includes a point (96, . ,9(])\]) S {91,92}1\[.
Therefore U contains a rectangle R = R; X --- X Ry where R; is of the
form R; = [0;,0; + h;) or R; = (62 — h;,0s] for some h; > 0(1 < i < N),
depending on whether 6 = 6; or ) = 6. By the hypothesis on Q7 6y =
QN(R) = Q(Ry) --- Q(Ry) > 0. Hence the first inequality in (28) (with * < 2’)
holds with d; > 0 in place of ¢. Similarly, the second inequality in (28) holds
(with ¢ > x¢’) with some 2 > 0 in place of §, since V := {(#%,...,0V) €
[01,02) - 1(6,...,0N) > x0}, is an open subset of [0, 0], which includes a
point (63,...,0{) € {01,02}". Now take the minimum of d1,dy for § in (28).
Finally, the invariance of [c, d] under Fy: - -- Fyn for all 6° € [01,05],1 <i < N,
follows from (a). a

In Examples 1 - 4 below the invariant interval [c,d] is either contained in
(0,1] or in [$,1) to insure monotonicity of a,, = Fp,, so that the theorem of
Dubins and Freedman (1966), i.e. Theorem 1.3 with A = {[c,z] : ¢ <z < d},
can be applied to the process {Yj := Xy, }72,. The distribution @ of 6, in the
case m = 1 in Lemma 4.1, or Q™ in case m > 1, is assumed to have support
with 61,6, its smallest and largest points, respectively. This generalizes the
case of support precisely {61,602} considered in Bhattacharya and Rao (1993)
and Bhattacharya and Majumdar (1999). It is also true in these examples that
the probability of reaching [c,d] in finite time, starting from any x € (0,1) is
one. One may then show, in a manner similar to (but simpler than) the proof
of Theorem 2.1, that there is a unique invariant probability on S = (0, 1).
Example 1. Take 1 < 6; < 03 < 2,m = 1. Then Fy, has an attractive fixed
point py, =1 — gi(z = 1,2). Here [c,d] = [ps,,po,] C (0, %], 20 € (c,d), and N is
a sufficiently large integer such that Fé\lfpez < xg, and Fé;/pgl > xg. The Markov
process on S = (0,1) then has a unique invariant probability 7 and X, (x)
converges in distribution to 7 geometrically fast in the Kolmogorov distance, as
n — oo, for every x € (0,1).
Example 2. Take 2 < 6; < 03 < 3,m = 1. Then Fp, has an attractive fixed
point pg, =1 — gi(z =1,2) and [c,d] = [py,,ps,]) C [,1). The same conclusion
as in Example 1 holds in this case as well.
Example 3. Take 2 < 6; < 3 < 6y < 145,06, € [ﬁ,@g),m = 1.
Then Fy, has an attractive fixed point pg, =1 — %, and Fy, has an attractive

period-two orbit {gi,q2},q1 < go. The interval [c,d] = [3, %] is invariant under

Fp,(i = 1,2), and strict splitting occurs with xg € (pg,,g2) and N a sufficiently
large even integer. Also with probability one, the Markov process {X,,(z)}>2,

reaches [1, %] in finite time, whatever be z € (0,1). Thus there is a unique
invariant probability = on S = (0,1) and X, (z) converges in distribution to 7



Rabi Bhattacharya, Edward C. Waymire 14

as n — oo, for every z € (0,1).

Example 4. Take 6; = 3.18,0; = 3.20,m = 2. Then Fj, has an attractive
periodic orbit {q14, g2:}, ¢1: < g2:(i = 1,2). One may choose [c, d] = [ga1 —€, gao +
€] with € > 0 sufficiently small and show that Fyi Fyz(0° € {61,62}) leaves [c, d]
invariant, and a (strict) splitting occurs for 2y € (ga1, ¢22) and N a sufficiently
large even integer. Also with probability one, the Markov process { X, (z)}>2,
reaches [¢,d] in finite time, whatever be € (0,1). Thus there is a unique
invariant probability 7 on S = (0,1). Examples 1-4 may be derived as special
cases of the following result. As before, () denotes the common distribution of
the i.i.d. sequence 6,(n > 1) and X, (z) = Fy, -+ Fp,z(n > 1).

Theorem 4.1 Let 01,05 denote the smallest and largest points of the support
of @, 1 < 61 < 02 < 4. Assume that Fy, has an attractive periodic orbit of
period m; > 1(i = 1,2). Assume that {q1,q2} are points of the attractive orbits
of Fy,, Fy, with the following properties: (i) There is an interval I containing
{q1,q2} which is contained either in (0, %] or in [%,1) such that Fg" leaves I
invariant for some multiple m of both my and my(i = 1,2), (ii) Fy™I — {q;}
as k — oo(i = 1,2), and (iii) Py(11 < o0) = 1 for all x € (0,1). Then the
Markov process {X,}22 has a unique invariant probability on S = (0,1).

Proof. By Lemma 4.1(a), the Markov process {Y; := Xy, } 72, may be defined
on the state space I, on which it is generated by 4.i.d. monotone maps [y :=
Qkm *** Ok—1ym+1(k > 1). Let zo belong to the interior of the line segment
joining g1, g2. Then the (strict) splitting condition (29) holds, with Yy in place
of Xy, if N is sufficiently large, by virtue of assumption (ii). Hence there
exists a unique invariant probability mo, say, of {Y3}72, on I. Under Py, by
considering the proportion of times spent in a set by {X,,}22 in the first M
stationary blocks (X(x—1)ms X(k=1)m+1,--+> Xem-1),1 < k < M, as M — oo,
one obtains an invariant probability = for {X,}52, on S given by n(B) =
1 Z;nz_ol P, (X, € B). In view of (iii), the invariant probability = is unique.
On may also mimick the proof of Theorem 2.1, however the steps are much
simpler here. O
Remark. Given any integer n > 0, there exists 6; < 02 so that Fy,, Fp, have
periodic orbits of period 2. One may choose 61, 65 sufficiently close so that the
largest points in their orbits, g1, g2, say, have no other periodic (or fixed) point
of Fy, between them (i = 1,2), and so that g1, g2 both lie in (%, 1) (or, (0, %),
and in some cases with n = 0). The hypothesis of Theorem 4.1 hold in this
case.

Suppose next that @) has a density component. Then under broad conditions
one can show the existence of a unique invariant probability on S = (0,1), as
the following theorem shows.

Theorem 4.2 Let 1 < u < A < 4. Suppose Q([u, A]) =1 and Q has a nonzero
absolutely continuous component with a density which is strictly positive on some
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open interval (1, po) (1 < pe) containing a parameter value 6 for which Fy has
an attractive periodic orbit of some period 2™(n > 0). Then the Markov process
has a unique invariant probability on S = (0,1).

We first need a preliminary lemma.

Lemma 4.2 . Let 1 < p < A <4. Let u=min{l — 1, F,(3)},v = 3. Then for
every 0 € [u, A, [u,v] is invariant under Fy.

Proof We need to prove that (i) max{Fp(z) : u <z < v} < v for 0 € [u, \] and
(i) min{Fp(z) : u < z < v} > u for § € [u, A]. The first of these follows from
the relations max{Fy(z) : u < z < v} < max{Fy(z) : v < z < v} < . For
(ii) note that by unimodality, min{Fy(z) : v < z < v} = min{Fp(u), F| (v)} >
min{F),(u), F,, (v )}Ifuzl—l<F(’\) then the last minimum is Fj,(u) =
1—f—u If u=F, ( )<1—f then min{F},(u), M(%)}:FM(%)—U, since

(0 1- ﬂ) Fu(z) > . O
Proof of Theorem 4.2. We will sketch only the main ideas behind the proof.
Under the hypothesis there exist n > 0 and an interval [01,d2] C (p1, p2),
v1 < 72, such that for every 6 € [y1,72] Fp has an attractive periodic orbit
of period m = 2™. For simplicity assume that Q) is absolutely continuous with
a continuous density h which is strictly positive on [d1,ds]. Let ¢1,g2 be the
largest points on the attractive orbits of F,, and F,, respectively. One may
choose 71, 2 sufficiently close to each other so that (1) there is no other periodic
(or fixed) point of F,, in the line segment joining qi,g2, and (2) there is an
interval I containing {ql,qg} which is left invariant by F"" and F,fmI — {q:}
as k — oo(i = 1,2). It follows from Lemma 4.1(a) that I is left invariant by
Fy1 -+ Fym for all 0 € [y1,72],1 <i < m.

The m-step transition probability density p(™) (z,v) of the Markov process
{X,}22, is easily shown to be given by

_ 1 Y
p(@,y) = z(1—x) h(:c(l — :E))7

n _ 1 Y n
P = [ e (2, @say <o)

Here u,v are as in Lemma 4.2. Using the fact that Fj*q = ¢ for a point ¢ on
the attractive 2"— periodic orbit of Fy, with 6 € [y1,72], one may show that
p™) (x,y) > 0 for all 2,y € I (if 1,2 are sufficiently close). This implies that
the restriction {X,}22, of the process {X,}°%, to I at times of visits to I
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satisfies Doeblin’s local minorization. Also, using the compactness of [u,v] and
the fact that every point in [u, v] belongs to an interval of attraction to a point
in the attractive orbit of some Fp with 6 € (71,72), one can show sup{E,7; :
x € I} < co. Similarly one proves P, (77 < o0) =1 for all z € § = (0,1). a
Remarks.

(1)It has recently been shown by Dai (1999), generalizing an earlier result of
Bhattacharya and Rao (1993) (Remark 4.1.2), that if @ has an absolutely con-
tinuous component with a positive density on a subinterval of (1,3) then the
Markov process is Harris recurrent and, therefore, the invariant probability is
unique. One may arrive at this by an application of Theorem 1.2.

(2.) Lemma 4.2 corrects an oversight in Bhattacharya and Rao (1993) and in
Dai (1999), where u is taken to be 1 — .

(3.) Finally, in a recent article Athreya and Dai (1999) has proved the ex-
istence (but not uniqueness) of an invariant probability on S = (0,1) un-
der the assumption that EIn6; > 0,E|In(4 — 01)] < oo. Athreya and Dai
(1999) also have shown that ‘Elné; > 0’is a necessary condition for the exis-
tence of an invariant probability 7 on (0, 1), by using the functional equation
Xnt+1 = On11X,(1—X,,) to point out that an invariant = must satisfy the equa-
tion — [In(1 — z)7w(dz) = Eln6;.

(4.) In view of Theorem 4.1, and the density of the set of §’s such that Fy has an
attractive periodic orbit, one may conjecture that if the Athreya-Dai sufficiency
condition holds and @ has a nonzero absolutely continuous component with a
density which is positive on some interval (1,4), then there exists a unique in-
variant probability on S = (0, 1).

(5.) Although we have no example for which there exists more than one invari-
ant probability on S = (0,1), we believe that there are lots of @’s for which
there are more than one invariant probability.
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