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Abstract

This paper investigates the robust stabilization of relative equilibria.
The motivating example is that of a heavy top. For the heavy top condi-
tions which ensure the robust stabilization of the system are derived and
discussed. These conditions generalize previous results for the rigid body.
These conditions are then examined in the case of structured uncertainty
in the mass and inertia properties of the top. Bounds are obtained for
the family of stabilizing feedback gains and the corresponding error in the
rotation axis is investigated. These results are then applied to the specific
example of a heavy top with a mass imbalance spinning below critical

velocity.
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1 Introduction

Relative equilibria characterize the dynamics of many mechanical systems
including spin stabilized spacecraft, guided ordnance, and autonomous
underwater vehicles. Relative equilibria give rise to steady motion in me-
chanical systems. In stabilizing such motions the application of standard
methodologies for the design of feedback control is complicated by the
fact that relative equilibria are invariant sets in the phase space of the
dynamics. In the present paper a method for the robust stabilization of
such systems is investigated in the context of stabilizing a spinning top
which is spinning below a critical rotation rate.

Relative equilibria correspond to dynamic solutions which are also
group orbits. They appear as steady motions in mechanical systems.
Such motions are a consequence of symmetries in the system and the
stability analysis of such motions has long been an important topic. Mo-
tivated by the work of Arnold [1] and [2] researchers in the last decade
have developed methods for investigating the stability of relative equi-
libria based on ideas from geometric mechanics. Two important energy
methods have been developed in the context of Hamiltonian mechanics.

The energy-Casimir method [3] and [4] appends to the energy functional



1 INTRODUCTION

a conserved quantity known as a Casimir function. The analysis occurs
in body coordinates on a reduced space where such functions exist. An
alternative method is the energy-momentum method introduced in [5]
and further developed in [6] and [7]. This method is formulated in the
unreduced phase space of the system. The energy-momentum method is
the basis of the control design in the present paper.

The research described in the present paper formulates the problem
of robust stabilization of relative equilibria from the point of view of
Hamiltonian systems with symmetry. In this work the energy-momentum
method of stability analysis is used. The motion of stability in this case
is that of orbital stability on an unreduced phase space. Fundamental to
this viewpoint is the identification of conserved quantities which combine
momentum and control. Feedback control is used to scale or shift the
Hamiltonian in a desired fashion. Parametric uncertainty is viewed as a
family of Hamiltonian functions defined on the phase space of the system.
Robust stabilization corresponds to identifying the subset of this family
which is stabilized by feedback control. It is our belief that the energy-
momentum method on the unreduced phase space is the natural context
in which to understand the design of robust, stabilizing feedback control
of uniform rotation.

This present paper generalizes the form of feedback which was used
in the robustness analysis of Zhao and Posbergh [8], [9]. This includes
the form of feedback used in Bloch and Marsden [10] and Bloch et al.
[11]. These papers used a form of quadratic feedback to stabilize rotation
about the intermediate axis of inertia of a rigid body. In Posbergh and
Zhao [12], quadratic feedback was used to stabilize rotation about an
arbitrary axis of rotation of the rigid body. An interesting feature of
these control laws is that they correspond to families of control laws.
The work in [13] is also related.

Our approach is related to Lyapunov methods for robust stabilization
of ordinary equilibria. Much of this work is summarized in recent text-
books on the subject such as [14], [15], and [16]. The existing literature
on robust stabilization of invariant sets deals with a very general class of

invariant sets and fails to exploit the rich geometric structure which is
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found in the dynamics of mechanical systems with symmetry.

In the remainder of this paper we first review the kinematics and dy-
namics of a class of uniformly rotating systems. The notation used is that
of Marsden and Ratiu [4]. We consider systems with nonzero potential
energy, such as a heavy top. We then examine how the Hamiltonian is
modified by the introduction of feedback and how parametric uncertainty
can be modeled. These results clarify and extend those developed in [12].
In particular, the earlier results are extended to a system with potential
energy and illustrated with the problem of stabilizing a top. In section 4
conditions for robust stability are obtained and discussed. The material
in sections 4 and 5 are applied to the example of the robust stabilization
of a heavy top. In practical applications the top is in many ways a more
meaningful and illustrative application than a rigid body having both
kinetic and potential energy. The differences between the two systems
are discussed in the last section of conclusions. Finally, we have included
an Appendix A which uses the geometric machinery of Hamiltonian me-
chanics to compute the equations of motion for the open and closed loop
systems. This is for the benefit of readers which may be unfamiliar with

this material.

2 Preliminaries

In this section we outline the kinematics and dynamics for a rigid body
fixed at one point. Our development is in the context of the modern,
geometric framework of mechanics. This material is developed in detail
in Arnold [17], Abraham and Marsden [18], and Marsden and Ratiu
[4]. A more classical treatment can be found in Whittaker [19]. In the
remainder of this paper our notation is based on that in Marsden and
Ratiu [4].

2.1 Kinematics on SO(3)

The configuration space of a rigid body free to rotate about a fixed point
in space is described at any time by an element of SO(3), the special

orthogonal group. This group can be identified with the set of all 3 x 3
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orthogonal matrices having determinant equal to one. The group SO(3) is
a Lie group. Physically one thinks of the matrix A € SO(3) as describing
the orientation of a reference frame fixed in the rigid body with respect
to inertial space.

Associated to any element A € SO(3) we have the tangent space,
TASO(3). The Lie algebra of SO(3), the tangent space at the identity, is
the set of all 3 x 3 skew symmetric matrices which we denote by so(3).
(See Abraham and Marsden [18] or Arnold [17] for details.) Our notation
and definitions are consistent with those in Simo, Posbergh, and Marsden
[5]. Denoting by hat the isomorphism ~ : R* — so(3) we have for ¢ € R3,

I 0 —XI3 Z9
= |zo| —m &= z3 0 —Z1| - (21)
xs3 —XI9 Il 0

This relation allows the identification of any element of the Lie algebra
so(3) with the corresponding vector in R3.
Elements in the tangent space TASO(3) are identified with so(3) by

two isomorphisms:

(i) Left translations. Given ® € so(3) and A € SO(3) we define
(A,B) — ©4 € TASO(3) by setting

Op: =Ti,Lpr-© = (A, AQ). (2.2)

Thus O, is the left invariant extension of ©. The element © is a

body element.

(ii) Right translations. Given @ € so(3) and A € SO(3) we define
(A,8) — 65 € TASO(3) through right translations by setting

Oa: =Ti,Rr-60 = (A,0A). (2.2')

Thus @4 is the right invariant extension of @. The element 8 is a

spatial element.

This notation is consistent with that of continuum mechanics; uppercase

letters are used for the body variables and lower case for the spatial
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variables. Frequently, the base point is omitted and we simply write A®
and QA for @4 and 6 A, respectively.

The dual space to so(3) is identified with R® by using the standard
dot product:

1 AT A
H-G::?ﬂHTGL (2.3)
This extends to the left-invariant pairing on TASO(3) given by
1 T | RN A
(IIA,©47) = Etr[HAGA] = Etr[ﬂ O =II-06. (2.4)

We can therefore write elements of so(3)* as II, where IT € RR?, (or &
with = € R?®) and elements of T SO(3) as

IIx = (A, AII), (2.5)
for the body representation, and for the spatial representation,
A = (A, TA). (2.6)

We usually omit the base point and write AIT and #A for ITx and = A,
respectively. If (2.5) and (2.6) represent the same covector, then

# = ATIAT, (2.7)
which coincides with the co-adjoint action. Equivalently we have

7 = AIL (2.8)

2.2  Dynamics

A motion is a curve in configuration space parameterized by time. The
velocity vector A is a tangent to the configuration at A. The spatial
angular velocity is the element @ € so(3) such that A = WA and the body
angular velocity is W € SO(3) such that A = A W. By the pairing (2.3)
two covectors in the dual space are defined. The element # € so*(3) dual
to @ we call the spatial angular momentum and the element II € so*(3)

dual to W we call the body angular momentum.
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The phase space P = T*SO(3) is a symplectic manifold endowed with
the symplectic two-form

w((801,71), (802, 73)) = 67y - 601 — 6wy - 60y — - (60; x 603). (2.9)

This is viewed as a trivialization of 7*SO(3) via right reduction (the
variables are spatially referenced). By left reduction a similar form can
be obtained in body coordinates.

The Hamiltonian function H : P — R corresponds to the total en-
ergy of the mechanical system. For a rigid body in a potential V' the
Hamiltonian is of the form kinetic plus potential energy. Thus, in spatial

coordinates
1
H= En-rlmuV(A,w). (2.10)

Here I the time dependent inertia tensor in spatial coordinates. This
tensor is defined as I = AJAT, where J is the constant inertia tensor

given by
J :/p(X)(||X||13—X®X)d3X. (2.11)
B

The integral in (2.11) is over B C R3, the configuration of the rigid body,
and p: B — R is the mass density.

A Hamiltonian system consists of a phase space, a symplectic struc-
ture, and a Hamiltonian. Let 2 = Xy (2) denote the evolution equations
of this system, z = (A, 7). Denoting by w the symplectic two-form the

equations of motion can be found from the identity
dH(z)-v =w(Xg(z),v) (2.12)

for all v € T, P. See Marsden and Ratiu [4] for further discussion.

We distinguish two orthonormal coordinate systems in what follows.
Spatial quantities are described in terms of the unit vectors ey, e, and
e3 fixed in inertial space. The vectors e; and ey span the horizontal
plane while the vector eg is vertical. The unit vectors E1 E5 and E3 are
body coordinates fixed in the top and chosen to lie along the principal
axes of inertia. Consistent with the discussion of the previous section we
note that e; = AE;, 1 =1,2,3.



2.2 Dynamics

For a top the rigid body moves in a uniform gravitational field. Let
g = ges be the gravitational vector and define m = AM as the spatially
referenced mass vector. Let m be the mass of the top and £ the distance
from the center to the fixed point. The vector M = m{E3 is a body
fixed vector from the fixed point to the center of mass and scaled by the
mass. This is shown in figure 1.

7 .

Figure 1: A Heavy Top

The Hamiltonian for the top in spatial representation is given by
1
H= o™ I'r+g-m. (2.13)

Using (2.13) and (2.9) in (2.12) and equating coefficients of 4@ and o=
then yields the equations of motion for the heavy top in spatial coordi-
nates. These equations are

w=1I"'7, (2.14)
T =g Xm, (2.15)

where A = @wA. For various other forms of these equations see [20].
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2.3 Conserved Quantities

Group invariance of a dynamic model corresponds to symmetry and im-
plies the existence of conserved quantities. A top with distinct principal
moments of inertia has a single S'-invariance corresponding to rotations
of the configuration about the vertical axis. the generator of this action
is given by & = £es. The moment map associated with this action is

given by
T(€)(ma) = 3ul(EA)7A] = o5 . (2.16)
From the relation J(&)(wa) = (wa,€g1(A)) there follows
J(mwA) = e3- . (2.17)

which is the vertical component of the spatially referenced angular mo-
mentum.

It should be noted that in the case of a symmetric top for which J; =
Jo an additional material symmetry corresponding to rotation about the
axis of symmetry of the top exists. This is associated with an additional
conserved quantity. See Lewis et al. [20] for further discussion.

In more general situations the symmetry group may be difficult to
identify. However, construction of the energy-momentum functional re-
quires that all of the symmetries and corresponding conserved quantities
in the problem be identified and appended to the energy-momentum
functional. In such situations standard methods can be used to find the
symmetry groups in the problem. A discussion of the methods can be
found in [21] and an overview of the software which implements these
methods in [22].

3 A Methodology for Feedback Stabilization

In what follows we will use feedback control to stabilize the rotation of
a uniformly rotating top. In spirit, the method is similar to Lyapunov
methods of feedback control design (see for example Khalil [14].) How-
ever, in contrast to Lyapunov design our problem is concerned with the
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stabilization of a particular invariant set, the set of relative equilibria,
corresponding to uniform periodic motion. Moreover, in what follows
the mechanical structure of the system is exploited.

Stabilization of relative equilibria represents a problem which has im-
portant features which distinguish it from the problem of stabilizing or-
dinary equilibria. Fundamental to the existence of relative equilibria
are the existence of symmetries in the dynamics. Such symmetries are
responsible for the existence of conserved quantities related to steady
motions of such systems. Moreover, such symmetries lead to difficulties

in directly applying classical stability criteria.

3.1 The Closed Loop System

For a rigid body the three eigenvalues of the inertia matrix are identified
with the principal moments of inertia of the body. The corresponding
eigenvectors define the principal axis coordinate system. Relative equi-
libria for the rigid body fixed at a point but free to rotate correspond to
uniform rotation about the three principal axes of rotation. It is a clas-
sical result that only rotation about the axis of maximum or minimum
principal moment of inertia is stable [19], [3].

In the presence of a gravitational potential the rigid body fixed at a
point other than the center of mass and free to move becomes a top. In
this case the gravitational potential reduces the number of symmetries in
the problem. In the case of a heavy top with distinct moments of inertia
rotation about the vertical corresponds to a relative equilibrium [23], [20].
Stability of this relative equilibrium depends on both the inertia of the
top and its angular velocity.

In this section we consider the introduction of feedback with the objec-
tive of robustly stabilizing the relative equilibria of the top. This is done
by finding conditions that the nominal or design system must satisfy to
ensure stable rotation for a class of systems parameterized by unknown
but bounded parameters. In the context of Hamiltonian systems with
symmetry this amounts to choosing feedback which modifies the original

Hamiltonian, moving the critical points of the amended potential, and

10
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ensuring they are stable.
3.2  Stabilization of a Top

For a heavy top, the equations of motion in spatial coordinates are given
by

w=Ttm, (3.1)
T=gxm+u, (3.2)

where 7 is the spatially referenced angular momentum vector and w the
corresponding angular velocity. See Appendix A for a derivation of these
dynamics using the methods of section 2. Note that A = wA. Here w is
a physically meaningful quantity which can be measured and 7 conforms
to the usual notion of angular momentum with definition implicit in (3.1).
Finally, u represents a moment which may be applied to the top.

Now consider the introduction of feedback of the form u = (Agw +
b) x w — Agw into (3.2). Feedback of this form is discussed in [12]
and [9]. Such feedback modifies the dynamics and leads to a new set of

equations of the form

w=(I+Ag) (7 —b), (3.3)
T =g xXm, (3.4)

where w is the same angular velocity vector in (3.1) but the momentum =
now corresponds to a new momentum vector implicitly defined by (3.4).
This new momentum is different from that of (3.1) and (3.2) and is not
necessarily a physically meaningful quantity. In [8] and [9] it is referred
to as a “shifted” momentum although in the present context it is both
both shifted and scaled. This new angular momentum, along with the
configuration variable A, coordinatizes the “closed-loop” system. We
have the following;:

Proposition 3.1 The dynamics of (3.3) and (3.4) correspond to a Hamil-
tonian system with phase space P = T*SO(3) endowed with the sym-
plectic form

w((¢§01,ﬂ-1), (5@2,7‘&'2)) = 571'2 . 501 — 57’1’1 . 502 — T - (501 X 502) (35)

11
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and Hamiltonian given by

H(A, ) = %(wr B) (I+Ag) '(m—b)+g-m  (3.6)

Proof. The proposition is verified by direct computation using (3.5) and
(3.6) and the fact that the dynamics satisfy

dH(z) v =w(Xg(z),v) (3.7)

for all v € R? with z = (A, ) and Xy (z) = (WA, 7). [

The Hamiltonian is perhaps more obvious in terms of angular veloci-

ties, i.e.
1
H(A,7r)ziw-(I+As)w+b-w+g-m. (3.8)

Elements of Ag and b are chosen to ensure particular relative equilibria
are stable. This corresponds to modifying the Hamiltonian (3.6) or (3.8)
to ensure that the dynamics of the system have desirable properties.
For systems with relative equilibria this task is complicated by the fact
that relative equilibria represent nontrivial invariant sets corresponding
to fixed values of H.

To address the difficulty in stabilizing the dynamics in (3.3) and (3.4)
one first identifies the symmetries in the system. Standard methods can
then be applied to assess the stability of the relative equilibria. The
method of stability analysis used in this paper is the original version of
the energy momentum method of stability analysis [5].

Relative equilibria correspond to critical points of the amended Hamil-
tonian [3] which we denote by H¢. For the general case of a heavy top
the amended Hamiltonian is constructed by appending the scalar mo-
mentum map given by (2.17) to the Hamiltonian. In what follows we let
Ic =1+ Ag and set b = 0 for simplicity. We then form the functional

1
Hg(A,ﬂ'):iﬂ'-Ialﬂ'—l—g-m—g-ﬂ', (3.9)

where £ = £e3 is a spatially fixed vector. One can view this vector as a

Lagrange multiplier which appends the constraint of constant momentum

12
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about the vertical axis to the Hamiltonian functional. The relative equi-
librium theorem then asserts that stationary points of the first variation
of H¢ correspond to relative equilibria of the system.

For the first variation we compute

DHe(m,A) - (6w, 6A) = [Itw — Ees) - 6w + Il x m+ m x g] - 86.
(3.10)

In this expression A = 80A with 60 € so(3) the element in the Lie
algebra obtained by right translation of d A to the identity. Stationarity

requires
oim = Ces, (3.11)
I\ xm=gxm. (3.12)

These can be put in a more classical form by letting g = ge3 and using

(3.11) to eliminate the momentum terms from (3.12). This yields
(gm — % ces) x e3 = 0. (3.13)

Since the cross product of these two vectors is zero they must both be

along the es direction and there must exist a scalar A such that
EIces — gm = 2 )es. (3.14)

The quantity £2 has been introduced on the right-hand side of (3.14)
to ensure that when g = 0, A has the dimensions of inertia. In this case
A is the corresponding eigenvalue and in the absence of the control gain
matrix Ag it corresponds to a principal inertia.

Definiteness of the second variation restricted to an appropriate sub-
space is used to assess stability of particular relative equilibrium. Starting
with (3.10), a straight forward computation yields

D2H§ = I(_JlAw om + [Ial(ﬂ' x A@) — Ialﬂ' x AQ] - o
+ I 7w x Am — 7w x I Ax] - 660

+[m x (I'm x AQ — I ' (m x A8)) + g x (m x AB)]- 60
(3.15)

13



3.2 Stabilization of a Top

which is conveniently rewritten in the form of the quadratic

D2H§(A,7r) -((60,0m), (A0, Arw)) =

(5 T 50T) IE’I E’lﬁ- - (Ialﬂ')A
™ -1 A=l ar—1 v  Ar—1n~ A A
(Igny—7ly «(Igw)—xl x+ gm

AT
A6)
(3.16)
Here (67,00) and (Am, A@) are independent variations.

To assess stability of the second variation we restrict the matrix to

the space of admissible variations given by
S={(0m,00) |dm-e3=0and 60 L e3}. (3.17)

This ensures that directions for which the second variation may be zero
are prohibited. See [5] for further discussion.

Denote the matrix in (3.16) by Q. Partitioning Q into (the obvi-
ous) submatrices the second variation can be rewritten as the sum of
two quadratic forms. This is done as follows; first, in terms of these

submatrices

D?H¢(A, =) - (56, 7), (A6, Ar))

onT
_ T T
= (6" 467)Q (50T)
=0l QAT + 07 Q12A0 + 50T Qo AT + 607 Qe AS.
(3.18)

The matrix Q11 = Ial can be assumed invertible. Moreover, Q12 = QI
at a relative equilibrium. We can complete the square by adding and
subtracting the term 50TQ21Q1_11Q12A0 to this last expression. The

second variation is then
D*H¢(A, ) - ((60,07), (A8, Ar))
=0T QAT + 77 Q12A0 + 6607 Qo1 AT + 667 Q01 Q' Q12 A0
—307Q21Q,'Q12A0 + 667 QA0
= (677 + 867 Q21Q1)Qui (AT + Q1 Qi1286)

+66" (Q22 — Q21Q1'Qu2) AS.
(3.19)

14



3.2 Stabilization of a Top

Since Q11 = IEI > 0 the only way the matrix Q restricted to the
space of admissible variations S can be definite is if it is positive definite.

This is ensured by requiring

Q22 — Q21Q77 Qi2 > 0. (3.20)

As we will now show, this last reduces to a particularly simple condition
in the present case.
Setting g = ges, solving for m in (3.14), and using (3.11) we compute
at equilibrium
gm = (Ig'wy & — MIg m)y I w). (3.21)
Thus
Qo = 7(I ' wy — 7l 7 + (I w) 7 — MIg w) (I w). (3.22)
From which
Q22— Q21Q1; Qu2
= w(Igtwy — #I 7w + (Igtw) & — ANIG w) (It
= (TG Y = &Il 7 — (T )]
=#(Ig'wy — #Ig 7w + (I w) & — ANIg ' w) (Ig w)
— Ity 7+ A )y e (I )y + 71 7 — w(T )
= (Ig'n) (Io — Ms)(Ig ).

Here we have used the expressions for Q11, Q12, Qo1, and Q2o implicit

(3.23)

in (3.16), expanded and canceled terms. Noting that the transpose of
(Iélw)A is —(Ialﬂ')A it is easily seen that definiteness of Q restricted to

the space of admissible variations requires
Ic—M3<0 (3.24)
on the space §. The present situation is summarized in the following:

Proposition 3.2 . For a top in uniform rotation about a vertical axis
the rotation is stable if the feedback gain matrix Ag = I — I is chosen
to satisfy

E2Ices — gm = 2 es. (3.25)

15



4 ROBUST STABILIZATION

and

I — 13 <. (326)

Proof. Follows from the conditions derived for the first and second vari-

ations. [

In the case of a rigid body in uniform rotation (for which g = 0)
we note that the condition given by (3.25) becomes Ices = Aes. In
this case Ag must be chosen to ensure that the axis e3 coincides with
an eigenvector of I and A is the corresponding eigenvalue. The second
condition (3.26) is then satisfied if A corresponds to the largest eigenvalue
of Io. However, in the case of the rigid body this last is sufficient but
not necessary to ensure stability. This is because in the case of the rigid
body the space of admissible variations is smaller and the first term in
the quadratic, restricted to the space of admissible variations, is zero.
Thus in the case of the rigid body definiteness of the second variation is
ensured by requiring Qoo —Qo21 Ql_llng to be positive definite or negative
definite.

4 Robust Stabilization

For a physical system there always exists some degree of uncertainty in
the parameters of the model. In addition to stabilizing our system, the
feedback control should be capable of stabilizing models which are nearby
in parameter space. For a system with relative equilibria these uncertain
parameter values may introduce significant uncertainty in the reduced
space. To avoid this we work in the unreduced space in the presence
of uncertainty and introduce appropriate error estimates. In doing this
we naturally find ourselves working in a framework similar to that found
in [24]. For robust stabilization of relative equilibria we obtain a family
of stabilizing feedback controllers. The parameter which distinguishes

members of this class is orthogonal to the reduced space. In the case of

16



4.1 Robust Stabilization

rotation it can be identified with a velocity or momentum in the direction
of ignorable coordinates.

4.1 Robust Stabilization

Consider a system having parametric uncertainty which is structured
to the extent that the parameter value is known to lie in a bounded
set. Such a system may have separate responses for each value of the
parameter. The robust stabilization problem is to find a feedback control
which stabilizes the family of systems corresponding to all possible values
of the parameter.

Let us quantify this problem by recasting it in the framework of [24].

We consider a system of the form

(t) = f(x(t); d(1)), (4.1)

where x(t) € R" and d(t) € D where D € R™ is a compact subset of R™.
It is assumed that the vector field f is continuous and locally Lipschitz
in ¢ uniformly on d. Here x(t) is the state of the system and d(t) is a
vector of (possibly time varying) parameters.

We say that the set A is an invariant set for (4.1) if, for all p € A
and all time varying parameters d the solution z(¢,x(,d) € A for all
future time. For the current system we will say that the system (4.1) is
robustly stable with respect to A if, for any € > 0 there exists a §(¢) such
that |24 < d0(e) and ¢ > 0 implies

|z(t, o, d)| 4 < d(e). (4.2)

for all d. Note that we define |§| 4 := inf;c 4 d(§,m) where d(-,-) is the

measure of distance.

The Heavy Top.

To clarify the framework introduced above we consider the case of a
heavy top for which there exists uncertainty in the inertia and the mass

vector. In the context of the present paper our invariant set corresponds

17



4.1 Robust Stabilization

to the set of relative equilibria of the top. Geometrically this is a cylinder
embedded in the phase space P = T*SO(3), i.e.

A={(A¢,me) €EP | Aes = e3, and 7w, = {Ice3 }. (4.3)

We consider the parametric uncertainty as arising from a mass imbal-
ance in the top with d = (I, m). Nominal parameter values are denoted
by d¢ = (Iy, mg) so that if AT and Am represent bounded uncertainty
then d = (Ip + AL, mo + Am) € D.

For this system we will use the following definition of robust stabi-

lization. This is based on a similar definition in [8].

Definition 4.1 For the system

a(t) = fla(t), d(t), u(t))

depending on the uncertain parameter vector d € D = { (Ip + AI, my +
Am) | ||AI|| < 71,||Am| < v }, a family of feedback control laws
u(t) = g(x(t), do, A) is said to robustly stabilize a point x, over D if there
exist Ao(7y1,72) such that:

(i) for every fized d € D and fized X > \o there is a stable equilibrium
x; for the closed loop system &(t) = f(z(t), d, g(x(t), do, \)), and

(ii) limy_,o & = @, , where x, is the equilibrium of the nominal system

(t) = fla(t), do, g, do, A)) -

Note that the equilibrium ., does not depend on A. Note also that the
possible time dependence of d(t) allows the time varying inertia matrix
to be modeled in this framework.

How should we choose the matrix A g to ensure that rotation is stable
for all possible values of the parameters?

For the nominal or design system we ignore the uncertainty and con-
sider the nominal parameter values Iy and mg. For this system the

dynamics are of the from

woy = (Io + As)_lﬂ'o, (44)

T =g X m,
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4.1 Robust Stabilization

where the subscript o denotes a solution corresponding to the trajectory
of the nominal system. Relative equilibria for this system satisfy

£02(Ip + Ag)es — gmg = & o es. (4.6)

A stabilizing feedback matrix A g for this system is one that satisfies the
conditions of proposition 3.2 for the nominal parameter values.

Assume now that the inertia and mass vector are known only to lie
in a set containing the nominal values of these parameters. That is, we
let I =1y + Al and m = my + Am where AI and Am are unknown
but bounded such that |AI|| < é; and ||Am| < ;. Let

D ={(To+ AL mo+ Am) | [|AI| <y, [[Am]| < 72 }- (4.7)

We tacitly assume also that I is symmetric and positive definite and the
eigenvalues of I remain distinct unless stated otherwise.

For this system the dynamics are given by
w=(I+Ag) ' n, (4.8)
T =g Xm. (4.9)

Here each element d(t) € D parameterizes a different solution to (4.8)

and (4.9). Relative equilibria for this system satisfy
2(Ip + AT + Ag)ez — g(mo + Am) = €2 )es3. (4.10)

What conditions ensure that for any d(t) € D the solution to (4.8)
and (4.9) remains stable?
Returning to proposition 3.2 we require for stability that the equilib-

rium conditions hold and
I+Ag—)A13<0 (4.11)

restricted to the space of admissible variations. For both the nominal and
uncertain systems the space of admissible variations is perpendicular to
the axis of rotation. This is due to the fact that the only symmetry in
the case of the heavy top is about the vertical due to the presence of
gravity.
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4.1 Robust Stabilization

Define the subspace of admissible variations, Sy C &, for the configu-

ration variables as
89:{w6R3|:1:-63:O} (4.12)
For any vector & € Sy rearranging (4.11) we find
2T (Ip + Ag)z < &7 (—AI + \)z. (4.13)
Using the bound on AI and dividing through by ||z||?> we obtain the
inequality

(BT(IQ + As)m

<-m+A. (4.14)
l=]?

The term on the left is Rayleigh’s quotient with an upper bound being
the maximum eigenvalue of Iy+ A g. This is summarized in the following:

Proposition 4.1 The class of systems with dynamics given by (4.8) and
(4.9) and with ||AI|| < 71, ||[Am| <y and & > & is robustly stabilized
over the set D in (4.7) if the feedback gain matrix Ag is chosen so that

€2(Tg + As)es — gmy = E2Nges, (4.15)
and

max { eig(To + Ag)} < —y1 + X. (4.16)

€Sy

Note that uncertainty appears in the expressions on both sides of
(4.14). The vector  lies in the horizontal plane in the case of rotation
about a vertical axis. However, because of the presence of uncertainty the
nominal (EY, EY)-plane is tipped out of horizontal. Denoting by 6 the
angle between the nominal rotation axis EY and the actual vertical axis
of rotation E3 in the body it is not difficult to see that the largest possible
value of the right-hand side is the maximum inertia in the (EY, E)-plane
plus an additional term which is sin? 0(Js + Asg — Jo — Aga).

On the left-hand side of (4.14) the uncertainty appears explicitly in
the form of a bound on AI. In addition the constant A which satisfies
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4.2 Auxis of Rotation Error

(4.10) must be bound in terms of the uncertainty. In doing this we will
find terms containing cosf#. Thus, to evaluate both sides of (4.14) it is
essential that we obtain estimates for this axis of rotation error. This is

done in the next section.

4.2  Amis of Rotation Error

Equations for the nominal equilibrium are most naturally expressed in
body fixed coordinates. This is the reference frame in which sensors and
actuators are fixed. In what follows we will work in a body fixed frame
and estimate the error in the equilibrium arising from uncertainty AJ
and AM in the inertia and mass vector respectively. We assume this
uncertainty is bounded such that |AJ|| £ v and |[AM| < 7,. Here | - |
and || - || denote the vectorial Euclidean norm and the induced norm of a
linear operator respectively.

For a given nominal angular velocity equilibrium W9 and mass vector
M? the body referenced feedback matrix A = (A%)TAgA” is specified
by (4.6) in body coordinates as

(A+IOW? — gioMO =W, 0= W, (4.17)
where the superscript © is referred to the nominal system. The form of

equation (4.17) allows us to write
A=-Jy+R+ NS, (4.18)

where R and S are symmetric and subject to conditions SW? = W?
and RW? = E%M 0. In a right orthonormal basis E?, ES and E3 so that
Eg = Wg/{o and M° = MlE(l] + MgEg + MgEg, these conditions yield

St Si2 0 Ri1 Ry rM;
S=|[S12 S» 0|,R=|Ri2 Ryp rM|, (4.19)
0 0 1 rMy rMy rMs

where r = g/(£%)2.
The equilibrium W, of the uncertain system with the feedback matrix
A given by (4.18) is determined by

(R+)\OS+AJ)W6—§(MO+AM):)\We, £=|We|, (4.20)
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4.2 Auxis of Rotation Error

where A € R! is a free parameter. The solution to this equation is a
family of equilibria W () depending on A. Because of uncertainties we
do not know the value of A, however, we can measure some component of
W .., for instance the vertical component W3 £ (W - ES) which can also
be chosen as a parameter specifying the family of equilibria. By means
of this parameter we can measure the error in the axis of rotation with
the length of W+ 2 W, — W3Eg which is a vectorial component of W,
in the plane of EY and ES.

In what follows we assume a reasonably “small” error and conse-
quently take W3 > 0. Let W+ 2 |W+| be the error and W3 2 W3E}
so that W, = W3 + W+,

The procedure for deriving the error estimate is the following. Project-
ing equation (4.20) onto spaces V3 £ span[EY] and V* £ span[E?, EJ]
will yield two equations. The first one doted with W3 will yield an ex-
pression for A, which when substituted into the second equation gives
a vectorial relation between W?2 and W+ from which we then obtain a
bound on W+ in terms of W3, 71, 72 and the nominal parameters MY,
WY and \°.

For this procedure we need the following definitions.

Definition 4.2 For two vector spaces V' and V? such that R® = V'@ V?
and decomposition of a linear operator Q = Q' + Q?, Q! the linear
operator[Q?] is called the projection of Q onto V' [V?] if Q'W € V!
[QQW € VQ} for any W € R3.

The linear operator Q} [Q%] is called the restriction of Q on space
vt [V?] if Ql = (PYHT [Q3 = (P?)T], where P' [P?] is the projection
of (QY)T [(Q*)*] onto the space V' [V?].

It easy to show that ||Qi| < |IT| [IIQ3]| < |IT||], where T is any linear
operator such that TW'! = Q'W'! [TW2 = Q2W2] for any W' € V!

(W2 eV,
We will need the following decompositions of R, S, W, and M?.
R =R® + R', W, =W3+WwW+, (4.21)
S =s%+8+, M =M3 + M (4.22)
AJ =AJ3 + AT+, AM =AM3 + AM*, (4.23)
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4.2 Auxis of Rotation Error

where RY, S and AJ' are projections of R, S and AJ onto V1,
R3, 8% and AJ? are projections of R, S and AJ onto V3, respectively,
{Wt, M+, AM*} € V!t and {W?, M? AM?} € V3. Also, de-
note restrictions of R, S and 13 on the space V- by Ry, Sy and 1o,
respectively.

First we express A by projecting equation (4.20) onto space V3 and
doting it with W3

A= /\°-|-—[( r— HMB +r(Wt . ML)
3 (4.24)
+HAPW, - BY) - %(AM3 B,

where Wt = |[W|, W3 = |W?3|, M+ = |M*|, M3 = |M3|, and ¢ =
vV (WL)2 + (W3)2. Then we substitute (4.24) into (4.20) projected onto
V1 and obtain the relation between W+ and W3

a-shw' =5 (U+3). (4.25)
where
a [WP o[ (B3MO)
@_g[(w 5] [M ws ]
+RLWL—W(WL MYHYW
(4.26)
2]2AT'w, — gAML

Taking absolute values of both sides of (4.25) and using the triangle
inequality on the right-hand side yields an inequality

Wt W
wt g{‘w% - g‘ [ML + M3 WS] [||R2L|| Mt W3] wt
1
+ [715 + g’m] (1 + %) }/{)\O|min[eig(12 —S5)] ‘} -
(4.27)

Recall that W+ is the error. The right-hand side of this inequality is an
upper bound on the error which is also some nonlinear function F(W+)
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4.2 Auxis of Rotation Error

of the error. Expanding this function in a Taylor series we estimate W+

as follows
Wt < |F(0)] + 2|F'(0)|W, (4.28)
which solved for W yields an estimate W+ < % or
Wt <a(X0,W?),
(N, W?) =(AM* + B)/{)\O‘min [eig (12— S7)] | (4.29)
—2 [(AM3 +B) /W3 + ||R2L||] }

where A = ‘W3r — (g/W3)‘ , B =yW3+ (129/W3) and M* =
M2+ M .

The estimate in (4.29) shows that the equilibrium error W+ = O(1/)?).
This estimate involves two free parameters, W2 and A\°. The parameter
W3 is a component of the equilibrium in the nominal direction.

Next, on the basis of estimate (4.29) we estimate a lower bound on
A0 to ensure stability of systems with uncertainty. The stability of the
equilibrium W, of the system with uncertainty in the form of AJ and

AM is ensured by satisfaction of
(Jo+AT+A-2A13)X-X <0, (4.30)

where (compare with (4.12)) X € Sy ={X | [X|=1 and X L W,}.

Decompose X into two components (see figure 2)
X = X+ 4 X3 sothat Xt eVt and X3 € V3. (4.31)
Then, recalling (4.18) and (4.24), from (4.30) and (4.31) we obtain an
inequality in \°
I X317 (rM° +2%) + Ry + A%83) X - X+ + 2R X3P X+
+AJX - X — %[(W?’r — DM (W MY) (4.39)

+HATBPW, - E}) — Z(AM? - E})] < \°.
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4.2 Auxis of Rotation Error

Figure 2: Decomposition of X.

To satisfy (4.32) we take A° sufficiently large and require ||Sa || < 1, since
all terms, except \°S* X~ . X, in the left-hand side of (4.32) are of
order O(1).

To estimate A\’ we bound the left hand side of (4.32) from above with
a majorizing function ¢ which with z £ | X?3| takes the form

$(X0,2) = 2*(rMs + X°) + Ry + A7 [|(1 — 2)
V1— 22

z V1— 22

1
+ + :
Vi—z "Vioz  IPwep

L s °
where we have used |X*| = V1 —22, Wt = VY L and § = \/%

Finally we obtain a nonlinear equation in A%, whose largest root is the

+7‘MJ'

i

lower bound on \°

max (A0, 2) = A0,
0<2z<B(A0) ( ) (4.34)

where B(A\°) = sin[tan™! (a(\0)/W3)].

We summarize results (4.29) and (4.34) as

Proposition 4.2 Given the nominal heavy top mechanical structure
specified by the body-referenced equilibrium W9, inertia tensor J° and
mass-vector M° :
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4.2 Auxis of Rotation Error

(i)

(ii)

(iii)

The required body-referenced feedback matrix A is prescribed by
A=-J"4+R+ s, (4.35)
where X is a free parameter, R and S are subject to

SW?=W? and RW? = §%M0 : (4.36)
where £° = |[WY|.

With bounded uncertainties in the body referenced inertia tensor
and mass vector |AJ|| < 1 and |[AM| < 79 and specified vertical
component W3 £ |(W, - EY)|, where E} & W2/|W?|, of the per-
turbed equilibrium W ,, the orthogonal error W+ £ |W, - W3E})|,

is estimated as follows

Wt <o\, W),
a(A2, W) :(AML + B)/{)\O‘min[eig(lg —S7)] ‘ (4.37)
~2[(ans*+ B/ + R4}

for sufficiently large \° so that the denominator of the latter is
greater than 0. Here A = ‘W3r— (g/W?3) |, B =y W3+ (y29/W?),
r=g/(?% M? = (B} - M°)|, M+ = |M° — M3E}§|, and Ry,
Sy, and 1, are the restrictions of R*, St and 13 on space V*+ £
span[EY, EY], where R+ and St are the projections of R and S
onto V.

Provided ||Sy || < 1, the estimate \g,p1e of a minimal value of \°
ensuring stability of W is given by the largest root of the equation
N0 z) =)0 4.38
0 o P(A%; 2) = A7, (4.38)
where
¢(\°,2) = 2°(rMz + \°) + | Ry + A8 ||(1 — %)
V1—22
+2||RJ—||z\/1 — 224y — (’r—gW)]\J3 (4.39)

z V1— 22

1
MJ_
+r —l_zQ—l-’)q ,—1_z2+g’)’2 (W3)2 )
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4.2 Auxis of Rotation Error

and B(\%) = sin[tan~1(a(A?)/W?3)].

Note that the linear operators Sé‘ and Ré- or entries S;; and R;j;, 1,5 =
1,2 in (4.19) are not specified. This circumstance is an additional freedom

for improving stability and weakening assumptions on uncertainties.

Ezxample

In this section we compare the motion of an uncertain heavy top with
estimates (4.37) and (4.39). For this purpose we integrate differential
equations (4.8) and (4.9). In body coordinates these equations are

W =JJIW)x W + G x M|

) (4.40)
G=GxW.

Here J. = AT(I+ Ag)A and M = AT(mg + Am)A are a body refer-
enced feedback augmented inertia and mass vector, respectively, and G
represents the direction of the gravity vector as seen from the body.

We choose ¢ = 10 and nominal parameters mg = 10, £ = 1, & =
10 and My = ATmoA = mo#{0,1/+/2,1/4/2} in nominal coordinates
E?, EY and EY and simulate the uncertainty with a point-mass imbal-
ance with mass m; = 3 such that y» = 1 and AM = AT(Am)A =
Y2{cos 45° cos 45°, cos 45° sin45°,sin45°} in {EY, i = 1,2,3}. For this
type of uncertainty (see Appendix B )

AJ = AT(AT)A = —(1/m)AMAM

and v, = 73 /ma.

We put S11 = S22 = S12 = R1o = 0 and Ry1 = Ros = max(rMIQ/Mg,
rM2/Ms3), for which the feedback matrix A takes the simplest form in
the coordinates {EY,i = 1,2,3}.

For A\¢p = 0.1 and 7.0 we computed trajectories starting near W,
such that (W, - E3) = &. Results are shown in figures 3 and 4, where
the motion of the uncertain system is presented in the nominal reduced
space.

Using (4.38) we compute Agap1e = 6.2.

For Ao = 0.1 < A%;.p1e , shown in figure 3, the motion in the nominal

reduced space does not satisfy to the basic notion of stability: “the closer
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Figure 4: Motion in (EY, E9)-plane for Ay = 7.

initial conditions to the equilibrium, the smaller deviation of the motion
from the equilibrium”.

For A\g = 7.0 > Agapie (see figure 4) the notion of stability is not
violated for initial conditions sufficiently close to the equilibrium.

In figure 5 we give a graphical comparison of left-hand and right-
hand sides of inequality (4.37). As A\° increases the value of the estimate
approaches W+ from above. In the limit A’ — oo they both are zeros.
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5 EXAMPLE: STABILIZATION OF A SLEEPING HEAVY TOP

error and estimate of the error versus lam0
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Figure 5: Comparison of the error W+ to the estimate for W? = ¢0°.

5 Example: Stabilization of a Sleeping Heavy
Top

In this example we derive the stability criteria for a heavy top spin-
ning uniformly about a vertical axis. The stability criteria were first
determined in the last century and are found in Routh [25]. A more
recent derivation from a geometric point of view is found in [20]. A ref-
erence for the geometric approach to mechanics is Marsden and Ratiu
[4]. The method of assessing the stability developed below is based on
the energy-momentum method introduced in [5]. This differs from the
reduced energy-momentum method used in [20]. The reduced energy-
momentum method exploits the structure in the block diagonalization of
the second variation to simplify the criteria for stability.

5.1 Nominal System

Recall that a heavy top is one for which the three principal moments
of inertia have distinct values. The triad of orthogonal unit vectors, FE,
E,, and E3, is aligned with the principal axes of inertia. This body fixed
coordinate system is related to the inertial coordinates ey, es, and eg
by the rotation matrix A which describes the configuration of the top
at any time. Denote the spatially referenced angular momentum vector

by = and let I be the corresponding inertia matrix. Define the vector
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5.1 Nominal System

m = mfE3 as the vector from the fixed point of top to its center of
mass times the mass m of the top. This vector has length £ and lies
along the third principal axis of inertia of the top. Let g = ges be the
gravitational acceleration vector with g its magnitude and es a spatially
referenced unit vector in the vertical direction.

For the present example we will assume that b = 0 and seek a matrix
A s which will stabilize a sleeping top spinning below the critical rate of
rotation. In this case we can assume that both I and Ag are diagonal
and the matrix Q at the relative equilibrium corresponding to the top in

uniform rotation about a vertical axis takes the form

I E(JZIS — 13)és

= 5.1
@ [fé?(J;Ial—lg) é3T[52J§‘(J§‘Ial—13)—mg€]é3] (&)

where 13 represents a 3 x 3 identity matrix and we have denoted J; =
J3 + Asz3. The é3 term can be pulled out of the matrix and the second

variation put in the form

~ A
D*H; = (57rT (e3 X 50)T) Q (63 y A0> (5.2)
where
5| I §(51G" — 13) 53
@ L(J;Icl —13) EJ5(SI5 — 13) —mglls (53)

Pulling back to body coordinates, restricting to the space of admissible

variations, and writing this explicitly we find

Q‘s -
J*
- 0 &% —1) J*o
1
J*O 7 . 0 (% -1)
§F# -1 0 L I3 (F — 1) —mygt L 0
0 §1-%) 0 I3 (7 — 1) —mgt

(5.4)

Stability requires definiteness of this matrix. If we assume that J =
diag(J1, Jo, J3) with J3 > Jy > J; then for rotation about the vertical
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5.1 Nominal System

axis with m = mfes (3.14) yields three equations ¢2A413 = 0, 243 = 0,
and

E2(J3 + Agz) — mgl = 2. (5.5)

The first two conditions are satisfied for A;3 = 0 and A3 = 0. For the

remaining conditions we note that after pulling back to body coordinates

the matrix in Qgy — leQilng, multiplied by ¢2 is

(131 —J¢) =
E2(Js + Asz — J1 — Ayy) — mgl Al
A E2(Js + Asz — Jo — Agg) — mgl

(5.6)

In general, the conditions for definiteness can be determined from the

above by demanding the principal minors be positive definite. This will

yield two inequalities in the five variables A11, A1o, Ao21, Aso, and Ass.

Since A is assumed symmetric there are four free parameters.

If we assume that A1 = A9 = 0 and A9y — A1; > 0 then condition

(3.24) yields two inequalities in body coordinates
&(J3 + Ass) — mgl > £(J1 + An), (5.7)
E2(Js + Aszs) —mgl > E2(Jo + Ago). (5.8)
Since Jy + Agg > J1 + A1 by our assumptions definiteness is ensured by
choosing As3 — Ago to satisfy
mgl
J3 + Asg — Jo — Ago’

Recall that the classical stability criteria for a heavy top in uniform

2> (5.9)

rotation about a vertical axis corresponding to the maximum moment of
inertia is given by
mgl

&> A A (5.10)
where ¢ is the angular velocity of the top about its vertical axis and
J3 > Jo > Ji. Now denote by W2 this angular velocity component and
consider the case of angular velocity below critical speed, i.e.
mgl

W3)? )
( )<J3_J2

e

(5.11)
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5.2  Robust Stabilization

For such a top the relative equilibrium corresponds to a periodic saddle
orbit and is unstable.
However, we can select a stabilizing value of A3z3 — Ags by demanding

it satisfy

mgl
Asz3 — A —— + (Jo — J3). 5.12
33 — Agp > e + (J2 — J3) (5.12)
From (5.11) it is easily verified that As3 — Age > 0 since the difference
|Jo — Js| is always less than mgl/(W$)? for an unstable rotation rate .

5.2  Robust Stabilization

ontinuing with the example of the previous section we now introduce a
point mass imbalance in the top. An elementary discussion of the effect
of the point mass imbalance on the mass vector and inertia matrix of
the top can be found in Appendix B. For the present example this point
mass imbalance is modeled as a nonzero point mass m; displaced from
the center of mass of the top by a displacement vector = 1FE1+ oFo+

sFE3. It is assumed that m, and are unknown but bound in the sense
that ||AI|| < 71 and ||Am|| < 2 where from Appendix B we have the

bounds
[Am|| <y =mll o+ [=m1 §+ 5+(+ 3) (5.13)
and
JAL| <yi=ma| o+ [P =2%/m1. (5.14)
Moreover, it is shown in Appendix B that for any 3 these are
related as
1 2
Al - =—|Amx |- (5.15)
m

Note also that since m; > 0 and min[eig(AI)] = 0 we can assume 0 <
Al
For the uncertain system the nominal values of the inertia Iy and the

feedback gains A ¢ must satisfy proposition 4.1.
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5.2  Robust Stabilization

In the case of vertical rotation the left-hand side of (4.14) has the
form in body coordinates

A
o+ A) 5 =(J; + A11)sin?  cos?
1 (5.16)

+ (Jy + Agp) cos®>  cos® 4 (J3 + Ass) sin®

With the assumption (J1 + A11) < (Jo + Ag22) the largest value of this
quantity in the  occurs for = 0. Thus

J A
( U ) 3 S(JQ + A22) cos? + (J3 + A33) sin’
Il (5.17)

= (J2 + A22) + (J3 + A33 — J2 — A22) sin2

Here is the angle between E3 and ES and  describes the direction of
in the horizontal plane.
For the right-hand side of (4.14) we need an estimate of A. In body
coordinates (4.6) and (4.10) are respectively

m
(Jo+A)ES — (ggwEg = M E? (5.18)
and
(Jo+ AT+ A)E; — g%(m EY + AM) = \E; . (5.19)

Doting (5.18) with E3 and (5.19) with EJ and subtracting the first from
the second we find
1 1

E;- ES— 2AM ES=(\—)\)E; . E}

3
(5.20)

Now ||AJE3-EJ|| < yicos , E3-ES =cos ,and ||AM]| < 7. Moreover,
if we fix the rotation component about EJ as £° then (% = £cos . Thus,

using this in (5.20), dividing through by cos , and rearranging

mg’ gy2 €08
A =M+ gl —cos ) — Fro—
=J3+ Azg — 1 — (m +2)

(50)
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where we have used (5.5) for the nominal system, i.e.
(J3 + A33)(£0)2 - ng = (50)2)\0. (5.22)

Since (5.21) gives us a minimum possible value of A we have, using(5.17)
and (5.21) in (4.14),

(Jo + Agg) + (J3 + Asz — Jo — Agg) sin®

cos (5.23)
< J3+ Aszs —2m — g(gw(m +72)
or

14
Azz — Agg >J3— Jo + %

mg/ 972 (5.24)

— 1—cos )+ cos +2
(@02 )+ (o ™

+ (J3 + A33 — J2 — AQQ) sin2

Note that the uncertainty appears on the right in (5.24) explicitly in
terms with v; and v, and implicitly through the dependence on . To
proceed further we need to obtain estimates forcos and sin . This can
be done with methods of section 4.2 and would show that in the case of

robust stabilization A3z — Age must be larger than for the nominal case.

onl ion

In this paper we examined robust stabilization by nonlinear feedback of a
rotating heavy top. This work extends in a significant way the feedback
control laws found in [11] and [12] to the case of a system having a
gravitational potential. We examined the particular case of a heavy top
having distinct values of inertia. While the particular case of a symmetric
top was not investigated, the methodology is equally applicable the main
difference being the additional material symmetry which would need to
be included in the energy-momentum functional, He.

The conditions on the feedback which ensure stable rotation of the
top were found by means of the energy-momentum method of stabil-

ity analysis. An alternative method of analysis which might have been
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used is that of Lyapunov stability analysis, cf. [14], [15]. However, in
the present context we are stabilizing a relative equilibrium. For such a
problem the energy-momentum method is a more tractable method to
employ in the analysis. The energy-momentum method is able to fully
exploit the structure of the system in a straight forward way. In con-
trast, considerable care would be needed in directly applying Lyapunov
methods. However, better performance could no doubt be obtained by
dynamic compensation or adaptive control.

Two conditions in the derivation were particularly useful in simplify-
ing our computations. The first was the use of the coordinates implicit
in (3.19) and the use of the equilibrium equation leading to (3.24). This
surprisingly simple expression is reminiscent of a similar condition in the
analysis of the rigid body appearing in [12] in the context of feedback
control of the rigid body and in [5]. In the present case however, X\ is
no longer an eigenvalue of the inertia matrix. Instead its definition is
implicit in the equilibrium equation (3.14). This equation reduces to an
eigenvector equation with eigenvalue A when g = 0 and in fact represents
the generalization of an eigenvalue problem to a linear system.

The second condition which greatly simplified our analysis was the
fact that the space of admissible variations, , remained horizontal when
we introduced uncertainty into the system. This is a consequence of
the gravitational force remaining fixed in spatial coordinates. By using
the energy-momentum method in spatial coordinates we take advantage
of the fact that the only axis of symmetry, and consequently possible
rotation for the heavy top, is about the vertical axis. Alternative methods
for the stability analysis of relative equilibria, such as the energy- asimir
method [4], which are formulated in body coordinates of the reduced
system fail to exploit this fact. f course, in practice it is of interest to
know where the actual axis of rotation in the rigid body lies with respect
to the nominal axis of rotation. This is easily computed.

The results introduced in section 3 were applied to a heavy top ro-
tating about the vertical axis. It was assumed that the top was spinning
below a critical speed of rotation and that feedback was to be used to

stabilize the rotation about the vertical axis. Under these conditions
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bounds were found on the feedback control gains which stabilized the
rotation about the vertical axis. We then considered the problem of sta-
ble rotation for a system in which there was uncertainty. We modeled
this uncertainty as a point mass displaced an amount from the center of
mass of the nominal system. Both the size of this mass and its location
were assumed unknown but the resulting error in the mass vector was
assumed to be bounded. We then proceeded to compute bounds on the
corresponding error in the inertia matrix. Using the method developed
in section 3 we were about to compute a lower bound on the feedback
gains. This bound turned out to depend nonlinearly on both the angular
rotation and the bound on the uncertainty suggesting that there exist
interesting tradeoffs with regard to the uncertainty, angular velocity, and
feedback control which need to be explored.

Finally, the current work suggests two further avenues to explore. In
the present paper we have investigated the use of feedback to ensure sta-
bility in the sense of bounds on the motion in the vicinity of a relative
equilibria. We are also currently exploring the design of asymptotic sta-
bilizing feedback control for the present problem. In particular, this in-
volves the design of feedback control based on Lyapunov stability theory.

onventional wisdom suggests that the presence of damping will in most
cases improve the performance of a controlled system. For systems with
relative equilibria however, the introduction of damping may actually
worsen or even destabilize the dynamics. onsequently, the introduction
of feedback for the asymptotic stabilization of such systems needs to be
done with care. It would seem in this regard that there exists significant
overlap in our work on the stabilization of relative equilibria and the use
of Lyapunov theory to stabilize invariant sets (see [24]). The particular
application of such methods to invariant sets of relative equilibria and
the relationship to our work will be the subject of a forthcoming paper.
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