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Abstract. In this work, we consider a wave propagation problem in a 2-D waveguide. The
problem arises in the study of light in optical fibers. We construct a transform theory as a framework
for studying this problem. An explicit representation for the solution to problems involving light
sources is derived. We derive a decay rate for the non-guided part of the solution in the direction
of the core. The approach is also amenable to computations, and we demonstrate this in numerical
examples for the case of slab waveguides.
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1. Introduction. This work is motivated by optical engineering issues related
to fiber optics communication. The problem of wave propagation in a 2-D optical
waveguide is considered. The present work is concerned with the development of a
framework by which we can understand details of the wave propagation phenomena.
Moreover, our work is driven by the need to compute solutions to the wave equation
in simulations.

One of the questions we investigate here is the nature of how guided waves are
generated from a source in a multimode optical fiber. This is an important issue in
design of optical systems. It is also hoped that this work will provide some insight
into correct statement of the open waveguide problem.

The main result of this work is a transform theory that allows us to represent
solutions to the time harmonic wave equation in a waveguide. In developing the
transform technique, we establish a completeness result. As an example of the appli-
cation of this technique, we will derive an expression for the Green’s function. It will
be shown that this approach leads to a computationally viable method for accurate
simulations. In addition, the expression allows us to separate the energies in the field
into guided and non-guided modes. We obtain asymptotic behavior of the non-guided
components far away from the source.

We begin with a model for the optical waveguide. We are concerned with time-
harmonic wave propagation due to a source. The domain under consideration is all
of IR?, wherein the field u(z, z) satisfies the Helmholtz equation

(1.1) Au+ E*n(x)?u = f(z,2) (z,2) € R%.

The parameter k represents time-frequency of the harmonic behavior, and n(zx) is the
index of refraction. The source is represented by the function f(z,z). The waveguide
lies horizontally as shown in Figure 1.1. The fiber consists of 2 parts, the core {|z| <
h}, and the cladding {|z| > h}. The index of refraction is z-dependent in the core,
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Fi1g. 1.1. The geometry of the waveguide. The core has an x-dependent index of refraction
while the cladding has constant properties. The core width is 2h. For the Green’s function, a source
is located at (z0,0) as indicated in the figure.

and is constant in the cladding. This fact is represented by

_f ng for |z|>h
n(z) —{ neo(z) for |a| <h

Here, we assume that nco(z) > ng and let ng = nco(0).

In order to complete the description of this problem, we need to prescribe bound-
ary conditions for 22 + 22 — oo. However, it is not clear what the correct boundary
conditions are. The work by Nosich and Shestopalov [5] discusses the issue of bound-
ary conditions. The results from the paper indicates that the boundary condition
cannot be explicitly prescribed. We defer this issue at this time and instead focus our
attention on obtaining an explicit solution that makes physical sense.

The problem under investigation is related to the so-called Pekeris waveguide
in ocean acoustics. There are two main differences: (i) the Pekeris waveguide is a
halfspace (z > 0) with the Dirichlet boundary condition on z = 0; (ii) the index of
refraction is constant in the core region. Wilcox [8, 9] investigates the spectrum of
the Pekeris operator (using our notation)

Au=———Au, for z>0,

with the boundary condition u(0, z) = 0. We will provide a more detailed relationship
between Wilcox’s work and our work in the next section.

The result of the present work is closely connected with the work of DeSanto [3].
DeSanto derives an expression for the Green’s function of the Pekeris waveguide. The
method employed is complex analysis, starting with the assumption of separability
of the Green’s function in the variables z and 2, and a representation in terms of a
contour integral in the separation parameter. The expressions for the Green’s function
bear some resemblance to ours. What is different is that our results apply to the
more general case where the index of refraction is variable in the core. Moreover, our
derivation is based on the transform approach, with rigorous justification, whereas
the DeSanto’s work is more formal in nature.
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The paper is organized as follows. In the next section, we study the completeness
of an associated eigenvalue problem. We attempt to connect our results with those
of the classical optical waveguide text such as Snyder and Love [6]. We also discuss
our completeness result in the context of Wilcox’s work. Section 3 is devoted to the
solution of the inhomogeneous problem. We derive an expression for the Green’s
function. We will also obtain asymptotic results that show how the nonguided part of
the field decays along the length of the fiber. Numerical examples are given in Section
4 for the case of the slab waveguide. A discussion section ends the paper.

2. Completeness for an associated eigenvalue problem. The associated
eigenvalue problem comes from studying homogeneous solutions of (1.1) of the form
u(z, z) = v(z, B) expikfBz.

We note that v(z, 3) satisfies
0" + k2 [n(z)? — B*lv = 0.
We introduce

q(z) = { k*[nd — neo(z)?] for |z|<h

k*(nd — ngl) for |z| > h

Setting d® = k*(ng —n2}) and

(2.1) A=K - 8,

we arrive at a familiar looking equation for v

(2.2) v+ A=¢)v=0 in IR.

We view X as the ‘eigenvalue’ parameter.

2.1. Representation of solutions. We consider equation (2.2) under general
assumptions on the function g :
(i) g(—=z) = ¢q(z) for z € IR and ¢(0) = 0;
(ii) ¢ is non-decreasing on [0, +00);
(iii) g(z) = d? for |z| > h.
Let @ = VA —d?; we construct two linearly independent solutions wvs(z,A) and
vg(z, A) of (2.2) given by

¢i(h,A) cosQ(x — h) + WSinQ(a@—h), if x> h,
(2.3) vj(z,A) =X ¢;(z, A), , if |z| <h,
$i(~h, N cosQ(z + h) + LTV sinQ(z +h), it z < —h,

for j € {s,a}. The solutions satisfy the jump conditions
[v(£h,A)] =0, [V (£h,A)]=0.
Here, ¢s(z,)) and ¢,(z,A) are solutions of (2.2) in the interval (—h, h) and satisfy
respectively the initial conditions
(24) $5(0,)) =1, ¢,(0,)) =0,
(2.5) $a(0,X) =0, ¢.(0,)) = V.
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If 0 < XA < d?, in (2.3) we mean @ = iv/d?> — X and we use the analytic extensions of
sine and cosine. Notice that, due to the symmetry of g, vs(x,\) is an even function
of z, whereas v,(z,\) is odd.

For A > d2, v;(z,\), j € {s,a} are bounded. For A < d?, we impose

(2.6) V& =X (N + (N =0, j € {s,a}.

to make the solutions bounded. There will be a finite number of roots {)\fc} k1>
j € {s,a}, to (2.6) with associated solutions

(2.7) Uj(.']f,)\'z:), k=1,2,...,m;, je€{sa}

These solution decay exponentially for |z| > h. For any A > d? and A = )\f;, every
bounded solution of (2.2) is spanned by vs(z, \) and v, (z, A).

2.2. Types of solutions. There are three types of solutions of equation (2.2).
Each type has a physical interpretation.

Guided modes. For 0 < A < d* (ny < B < mg), (2.2) supports solutions v;(z, \),
J € {s,a}, that decay exponentially for |z| > h for a finite number of wavenumbers
B = B1,B2,- -, Bn;- These wavenumbers correspond to eigenvalues A1, Az, -, Ay,
satisfying the dispersion relation (2.6).

The guided modes, i.e., the solution of the form u = v(z, \) exp ikB3z correspond
to solutions to Helmholtz equation which are localized near the core, and propagates
most of its energy along the core.

Radiation modes. For d> < XA < k?n (0 < 8 < ng), (2.2) supports solutions v;(z, \),
j € {s,a}, which are bounded and oscillatory. The solutions to Helmholtz equation
with these functions correspond to planewaves.

Evanescent modes. For A > k*n? (f imaginary), (2.2) supports solutions v;(z, A),
J € {s,a}, which are bounded and oscillatory. The solutions to Helmholtz equation
with these functions correspond to waves that decay exponentially in the positive z-
direction if we take 3 to be positive imaginary. If we take the negative imaginary for
3, the solution decays in the opposite direction.

The literature, see for example [6, 4], suggests that all solutions of Helmholtz
equation (1.1) are superpositions of these modes. What is less clear is whether such
a representation is complete. Even if it is complete, it is not obvious how one can
find the Fourier coefficients in the representation since the solutions do not have finite
L?(IR?) norm. Another potentially troublesome issue is the fact that the evanescent
modes blow up either in the positive z or negative z depending on .

We resolve the above issues by introducing a transform theory using the solutions
v(x, A). This is developed in the next subsections.

2.3. Levitan-Levinson method. In this subsection, we recall the main facts
of the Levitan-Levinson transform method as developed in [2], Chapter IX (see also
[7], Chapter VI.) _

Let t > h and let ), ;,n = 1,2,---,5 € {s,a} be the eigenvalues of the Sturm-
Liouville problem for (2.2) in the interval (0,t) with boundary conditions (2.4) for
J = s and (2.5) for j = a, respectively, and homogeneous Dirichlet boundary condition
at x = t. From the properties of v;(z, A), j € {s,a}, we have that )}, ; are the roots of

(28) Uj (ta /\zb,t) =0, je€ {S,CL}-
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We denote by ¢£,t($),n =1,2,---,j € {s,a} the corresponding normalized eigen-
functions (normalized on the interval [—t,t]) and write them as:

(29) %,t(w) = Tgl,t ’U]‘("E7)"Zt,t)7 n= 1727 B .7 € {370’}7

where

. ~1
(2.10) rfm = {/vj(:c,)\ﬁ;,t)z dm} , n=12---, je€{sa}.

—t

Let f € L?(IR). Standard Sturm-Liouville theory allows us to write the Fourier
expansion for f :

(2.11) = > Z V@), @ e[-t.t),

j€{s,a} n=1

where
(2.12) i, = / f(2) ,(0) dv, j € {s,a}.

If we introduce the transforms

i

(213 F0 = [ 1) via ) o, € {s,a),

Zt

by (2.11), (2.9) and (2.12), we have

(214) Z Zrnt nt Uj(w )‘nt)
j€{s,a} n=1

Let dpl()\), j € {s,a} be the distributions defined by

+oo
(2.15) (dpl,m) =Y rh N, d € {sa},
n=1

for every n € C§° ([0, +0)). Then (2.14) takes the form

+oo

(2.16) J@= 3 [ FO) e a3,

j€{s,a}

In [2], Chapter IX, it is shown that, as t — +00, then the FJ ’s and the dpt S converge
in the proper topologies respectively to the functions F7, j € {s,a}, defined by

(2.17) Fj()\):/f(a:) vi(@,\) dz, A>0, je€{sa},
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and to some distributions dp’, j € {s,a}.
This convergence makes sure that the right-hand side of formula (2.16) is bounded
in L?(IR) so that we obtain the inverse transform formula

+00
(2.18) f@)y= > FI(\) v;(z,A) dp? ().
Jj€{s,a} o
Moreover, the Parseval identity
+00 oo
(2.19) / f@Pdr= 3 / FI? dpi (M)
% j€{s;a} o

holds.

The transform pair (2.17) and (2.18) is the main ingredient needed for analyzing
wave propagation problems in 2-D waveguides. Since v;(z,)), j € {s,a} are well
defined in (2.3), what remains is to find the weights dp? ().

2.4. The weight in the transform. We proceed by calculating the distribu-
tions dp?, j € {s,a}.

THEOREM 2.1. Let f € L*(IR) and let v; and F7, j € {s,a} be defined by (2.3)
and (2.17) respectively. Let {\}},-2,,j € {s,a} be the roots of (2.6) and let

v = ,
-~ h . .
VE =N T 610N da 6, X2

fork=1,...,m;,j € {s,a}.
Then formulae (2.18) and (2.19) hold where dp?, j € {s,a}, are defined by

(2.20)

(2.21) (dp’,n) = Zri () +
k=1

' Ny
% / ()\ - d2) ¢j(ha)‘)2 + ¢3 (ha )‘)

5 1(A) dX, j € {s,a},
d2

for every n € C§°([0, +00)).

Proof. We shall give the proof for the case j = s. To simplify notations, we will
drop the subscript s.

By the definition (2.3) of v(z,A) and by (2.8), we have that A, ¢,n = 1,2,---,
satisfy the equation
(2.22) @' (h,A) tan[(t — h)V A — d?] + ¢(h, \)V A —d? =0,
where ¢(z, ) is defined by (2.2) and (2.4).

Isolated eigenvalues. The eigenvalues i, which belong to the interval (0,d?) then
satisfy the equation

@' (h, A) tanh[(t — h)V/A — d2] + ¢(h, \)/d? — X = 0.
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Ast — +o00, the right-hand side of the latter equation converges uniformly in A; hence
the Ag,+’s smaller than d® converge to the roots Ag, k =1,...,m of (2.6). Moreover,
by (2.10) we have that

h

/(;5 Z, Akt) 2 dz +
Tk t
(t=h) /= Ax,e 2
1 "(h, A
—_— / ¢(h, Ap,t) coshs — P Art) sinhs| ds,
\/dz — )\k,t d2 - )\k,t
—(t=h)\ /P —X:

so that the 7y ’s converge to the values rj’s defined in (2.20).
The continuous spectrum. For fixed n = 1,2, ---, any value \,; > d? satisfying (2.22)

converges to d? as t — +00. Set K, = (t — h)\/Ans — d2.

If ¢'(h,d?) # 0, then (2.22) implies that £, — nm and hence Kni1t — Knt —
for t = +o0.

By (2.10) and (2.3), we can write

(223) (t - h) ’I‘n’t = pn,t()\i’t); n= 15 27 Ty
where

Prt(A) =

A — d2
h Knt ’
A= [ G(x,N)? de+1 [ [VX—=d® ¢;(h,))coss — ¢'(h,\)sins]? ds
—h " —Knyt
forn=1,2,---. As t = 400, pp converges uniformly in compact subsets of [0, +0o0)
to
A—d?
p(A) = A € [0, 400).

(A =d?) ¢(h, N)* + ¢/ (h, A)*’

Now, let n € C§°([0,+00)). If i is supported in (0,d?), by (2.15) we have

(dpg,n) — ZTkTI (Ax),

ast — oo.
If the support of 7 is contained in [d?, +00), by (2.15) and (2.23), we write

(dpe,m) Z Prt(An,e)N(An,e) (\/)\n+1t—d2 \/)\nt_dz)

Ana>d? /in+1t—f‘ént

By the uniform convergence of p, ¢, we have that dp; — dp where

1 [t
(dpn) = — /0 p(d® + p*)n(d® + p°) dp.
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Finally, by a change of variables, we obtain

1 [t A —d?
=5z [ =y atha s g

which completes the proof for the case ¢'(h,d?) # 0.

If ¢'(h,d?) = 0, since ¢'(h,d?) is an analytic function of \, by (2.22) we have that
Kn,t converges either to (n — ) or (n+ 1)m. Then, we repeat the previous argument
and we arrive to the same conclusion. O

Remark. As we already pointed out in the proof, formula (2.21) does not change in
the case where ¢;(h,d?) = 0. We notice here that the weight dp’ becomes singular
but still integrable at A = d2.

2.5. Relation to Wilcox’s work. We can now put the main result in this
section in the context of Wilcox’s work [8, 9]. The work of Wilcox also addresses
the question of completeness. However, as we will show, there are some fundamental
differences in his results and that of ours. The eigenvalue problem associated with
the Pekeris operator is

1 2

—WAuzw u, for x>0,

with boundary condition «(0, z) = 0. The index of refraction here is piecewise constant

n(z) = ng for O0<z<h
| ng for z>h ’

as in a slab waveguide. This problem has a spectrum that can be described as follows.
We write u(z, z) = v(z, #) exp i3z. Then the spectrum consists of (i) {w : w > 8/nq},
and (ii) {wm(8),m =1,2,---}. The latter are dispersion curves satisfying

(22 — 2
—tany/w?nd — B2h = T—Lo—— ey
VP~ wing

The eigenfunctions for (i) will be denoted by u(z, z, 8,w) while those for (ii) will be
denoted by un,(z,2,8) = u(z, 2, 8,wn(B)). For a fixed w, the part of the spectrum
0 < B < wng corresponds the radiation modes, and the point spectrum in wn. <
B < wng corresponds to the guided modes. A sketch of the spectrum is provided in
Figure 2.1.

The main results of Wilcox are as follows. Given a function f(z,z) € L? (ZR%F), it
can be expanded as

+oo
f@,2) =Y fm(z,2),
m=0

where

“+oo +oo
folz, 2) = / / u(z, 2, B,0) Fo B, ) d(w?)dp,
0 B/na
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au(B)

w3(B)
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Fi1G. 2.1. The spectrum of the Pekeris operator in the frequency (w) and wavenumber (3). The
complete spectrum consists of the region w > ﬂ/ncl and the curves wm(B), which are referred to as
dispersion curves.

and
“+oo

fonlr,2) = / (@, 2, B)Fi (B)dP.
Bm

Here, ., are the cutoff values, that is, w,,(83) exists for 8 > f,,. Simply put, this
result states that the eigenfunctions corresponding to the continuous and the ‘discrete’
spectrum form a complete set in L? (]Ri) This result is particularly appropriate for
analysis of time-dependent propagation as described in [9].

A second result is in a way complementary to our result. We fix 8 and let v(z,w)
be the solution of

V" + (Wng — v =0 for x>0,

with v(0,w) = 0. Tt states that if f(z) € L?(IR,), it can be expanded in terms of
v(z,w) as

+oo
F@ = ¥ Fno@won®) + [ Fl)o(a,w)dow)
m B/na

Referring to Figure 2.1, we see that the spectrum in question is the restriction of the
Pekeris spectrum along f fixed (along line A).

In contrast, our result corresponds to the restriction of the Pekeris spectrum
along w fixed (line B in Figure 2). Tt also says that the associated system of eigen-
functions is not complete without the addition of the eigenfunctions corresponding to
the evanescent modes.

3. Solution of wave propagation problem. The results of section 2 provides
a framework to study the wave propagation problem in a 2-D waveguide. We will
derive an expression for the Green’s function. The expression allows us to estimate
the nonguided components of the solution. We also show how the transform can be
used to study a boundary value problem for a half-space waveguide.
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3.1. Green’s function of a waveguide. The results of section 2 allow us to
construct the Green’s function for (1.1) corresponding to the case where no energy is
radiated from the farfield 22 + 22 — co. Here have assumed that the time dependence
is e,

THEOREM 3.1. Let f € Co(IR?) and, for (z,2),(£,¢) € IR?, let

vi(, Nv; (€ A) dp? (N),

eilz— <|\/k2T
(3.1) G(z,2z;€,¢) = Z /

j€{s,a}

where v;(z,\) and dp’ are given by (2.3) and (2.21), respectively.
Then the function

(3.2) u(z, 2) = / Gz, €,0) (€,¢) ded(, (x,2) € IR,

is of class C*(IR*) and satisfies (1.1) in the sense of distributions.
Proof. Let

+oo
(3.3) Fi(\2) = / 1620y (6N) e, j € {s,a},
and

+oo
(3.4) Ui(,2) = / u(€, 2)v;(6,N) dE, j € {s,a}.

Multiplying (1.1) by v;(&, A) and integrating in & over IR yields

+oo

(3.5) Ui\ 2) + / wee (€, 2)u; (€, ) dE +

—0o0

+o0

k2 / n(€)0;(€,)) dE = FI(\,2), j € {s,a}.

—0o0
Two integrations by parts then give

+oo

(3.6) Ui\ 2) + / [07(€, ) + Kn(€)%0; (6, )] u(E, 2) de

— 00

= Fj()\,z), j €{s,a},
and hence
(3.7) UL, + (Kng — MU’ =F/,  je{sa},

since v;(z, ), j € {s,a} satisfies (2.2).
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The solution of (3.7), which is outgoing for 0 < A < k?n? or decays for A > k?n3
as |z| = 400, is readily found

+oo . 2.2
VIR pie) i, g€ {s,a),
J2i/k*ng — A

or, by taking into account (3.3),

(3.8) Ui\ 2) =

(3.9)

oo+ z\z ¢lv/k2nZ—A
i\, 2) / / vi (6, N) F(6,C) dedC, j € {s,a}.

an —
—0o0 —0o0

By the inversion formula (2.18), we have

+oo
(3.10) u@a) = [ U2 N) dp ()
j€{s,a} o

hence, by (3.9) and by interchanging the order of integration, we obtain (3.2). O

3.2. Decay of nonguided parts. For simplicity, let us consider the Green’s
function with the source located at (x9,0). This corresponds to the point source
solution. The expression in (3.1) allows us to separate the the Green’s function into
3 components

G(z,2) =G (x,2) + G" (z, 2) + G*(z, 2).
The guided component
mj z\z\ k2nZ—X

(3.11) = > 222\/1927

j€{s,a} k=1

vj(@, N )vj (w0, AL) T3,

correspond to the solution whose energy is concentrated near the core. The radiated
component

(3.12)

VS |
- / 03 vy, ) d (N,

k2n
Jj€{s,a} 4o 0

and the evanescent component

ei\z\\/kgng—/\
(313)  G@a= Y [ S
JEmalyt 2i\/k?ng — A

are parts of the solution that get radiated away from the source.

In an application, one is interested in how the nonguided part dissipates away from
the source and the core, leaving only the guided part in the core. Such knowledge
would be relevant for design purposes. We can estimate the G¢ and G" for a fixed z
by studying their integral representations.

vj (@, \)vj (w0, A) dp’ (N).
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I
I
\ deformed contour
I
I

| origina contour
0 kng red

Fic. 3.1. The deformed contour in the complex 3 plane.

We rewrite G¢(z, z) by making a change of variable

VA —k?nd

B = Z
The expression in (3.13) becomes
+00
(3.14) G*(z,2)=— Z e ko212l [v;(z, A)v; (0, A) (V)] |A:k2(ng+ﬁ§)kd62'
j€{s,a}

The weight dp’(\) = p?(A\)d) is given in Theorem 2.1. Since the integrand is bounded
uniformly in B2, we can apply Laplace’s method [1] and obtain for |z| — oo that

G(r,2) » v; (@, k*nd)vj(zo, K*nd) @ (k*nd)k,

ke

where v;(z,A) have been given in (2.3) and

; kn
59 (B2n2) = cl
P’ (k*ng) kz”zﬂ’j(h: k2n2)? + ¢9(h,k2ng)2'
Since ¢'(h, k?n2) = O(k), and v(z, k?nd) = O(1), we see that the factor multiplying
1/k|z| behaves like O(1) uniformly in k. Therefore, one can say that for a fixed z,

1

G(z,2) =0 (m

) for z — .

We perform a similar analysis for the radiation component. We use the variable
B = /k?*nZ — X/k and rewrite (3.12) as
kne

(8.15) G"(z,2) =i [ ™% [os(@, M (2o, NF W] |3 ga (na_g) kB-
je{sva} 0



WAVE PROPAGATION IN A 2-D OPTICAL WAVEGUIDE 13

The term multiplying the exponent in the integrand is analytic in 8. We use the
Method of Steepest Descent [1]. Deform the contour of integration in the complex g
plane as shown in Figure 3.1. If we let R — oo in Figure 3.1, the contribution from
the vertical parts of the contour are

GT(;E, Z) =1 Z /e_kﬂZ‘Z‘ [Uj (.Z, /\)’UJ (-CU(], /\) ﬁ] ()\)] |)\=k2n3+k2[3§ kdﬂz
jE{S,a} 0
Y Z etk(na+ifz)|z] |:’Uj (z, )\)Uj (zo, ) ﬁf()\)] |)\:k2n37k2(nc1+’iﬁ2)2 kdgs.
jE{S,a} 0

We note that as |z| = oo, the main contributions in both integrals are near 32 = 0.
The resulting approximate value of the radiation component is

T - 1 ~q
G (.’L‘, Z) 1 Z Mk [Uj ('Z': )‘)vj (:EO: )‘) pJ ()‘)] |)\=k2n(2)
je{s,a}

; 1 tkner|z 7
_zje{z}mek 12l [Uj(w,)\)vj(wo,)\) p’(/\)”/\:dZ,

By making the same observation as we did in the evanescent case, we can conclude
that

G (2,2) =0 (ﬁ) .

The upshot of this analysis is that for a fixed z, as one looks down the core, the
non-guided part of the waves die off like 1/k|z|.

3.3. Halfspace problem. The halfspace problem is important in modeling how
energy gets launched into a fiber. In this problem, the domain is z > 0, and we have
the boundary condition

u(z,0) = f(z).

The boundary condition could represent a light source from a connecting fiber or
from a device. We apply the transform method and arrive at the following initial
value problem

UL + (k0§ = VU7 =0, U7(0,) = F/(\), j € {s,a},
. +o0 .
where F/(\) = [ f(z)v/(z,\)dz. Again, we seek solution that radiates energy
-0
towards z = oo and remains bounded. Therefore, the expression for U7 is
Ul (z,X) = FI(X)e*VFno—A,

Taking the inverse transform, we get
o0
w(z, 2) = / Fi(\)e*VF -2 gp(\).
0

In general, a source f(x) would generate radiation and evanescent modes in addition
to the guided modes. The above formula allows one to calculate the field.
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4. Slab waveguide. For a slab waveguide, we have that nco(z) = ng > ng.
Then, it is straightforward to compute the functions ¢;(x,A), j € {s,a} defined by
(2.2) and (2.4) or (2.5).

4.1. Explicit formulae. The expressions for vs(z, A) and v, (z, A) can be drawn
from (2.3) where

(4.1) bs(z,N) = cos(zVX), ¢ (z,\) = —VAsin(zVN),
ba(z, ) = sin(zV), ¢ (z,A) = VAcos(zV]N).

The isolated eigenvalues )\i, k=1,...,mj, j € {s,a} are defined by equations

(4.3) A2 =X — /A; tan(y/ALh) =0, k=1,...,m,

and
(4.4) \/d2 = A% tan(\/ALh) + /AL =0, k=1,...,mg,
while

ms m
(4.5) (dp*,m) = = (A
; 14 hy/@ — X

k) +

+oo
1 / VA~ & (\) dA
2 (A = d?) cos?(hv/A) + Asin®(hv/)) 7 ’
d2
Ma /d2 — \@
(4.6) (dp®,m) = Z ﬁ n(Ay) +
k=1 1 T VA = Ay
+oo
)
: A d n(Y) dx,

pr d[ (A = d2) sin?(hv/X) + Acos2(hv/X)

for every nn € C§°(]0,4+00)). These expressions can be used in Theorem 3.1 to obtain
an explicit representation of the Green’s function for the slab waveguide.

4.2. Numerical examples. The simplicity of the expression for the Green’s
function in the slab case allows us to numerically evaluate it. We consider a core
whose index of refraction is nco = 2 with half-width h = 0.2. The cladding has index
of refraction n. = 1. The frequency is taken to be k = 10.

For the discrete spectrum (guided modes) we solve equations (4.3)-(4.4) for the
symmetric and antisymmetric eigenvalues A; and ;. We employed Newton’s method
and found 2 symmetric roots {\{, A3} and a single antisymmetric root {\¢}. We eval-
uate the weights associated with these eigenvalues using (4.5)-(4.6). Having computed
these, we proceed by evaluating the eigenfunctions v®(z, \}), k = 1,2, and v*(z, A{).
We can calculate the guided part of the Green’s function using (3.11).

The continuous spectrum is for d> < A < oo and the weight associated with this is
given in (4.5)-(4.6) for the symmetric and antisymmetric eigenfunctions. In computing
the contributions of the radiation and evanescent parts, we use the expressions in
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F1G. 4.1. The real part of the Green’s function when the source is at o = 0. The core/cladding
boundaries are indicated by solid lines. Note that most of the energy is confined to the core region.

F1G. 4.3. The real part of the Green’s function when the source is at xo = 1. Note that most of
the energy is in the nonguided parts.
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(3.15) and (3.14). The trapezoidal rule, with sampling interval Ag = 0.025 and
Apy = 0.1, is employed. The integral in (3.14) is truncated at B, = 12.

The results of our computations are discussed next. With a source at xog = 0,
we only excite symmetric modes. Figure 4.1 shows the real part of the field G(z, 2)
for z > 0. The figure shows that the source generates guided modes, with radiation
and evanescent components of the wave decaying away from the source and the core.
When the source is at ©g = 0.1, Figure 4.2, all 3 guided modes are excited. The
nonguided components can be seen to decay away from the source and from the core.
A final example, Figure 4.3, shows the field when the source is at £o = 1. Very little
guided modes are excited, and we in fact have a scattering situation where most of
the waves are either reflected or transmitted across the core.

5. Discussion. In this work, we have constructed a framework for analyzing
waveguide problems which is based on a transform theory. The approach allows us to
arrive at a representation for the solution of inhomogeneous and half-space problems.
The representation is sufficiently simple to allow us to obtain the asymptotic behavior
of the nonguided part of the solution. While we applied the method to a 2-D problem,
it is possible to apply the approach to 3-D problems.

For the case of the slab waveguide (piecewise constant indices of refraction), the
Green’s function is explicit and is very amenable to computation. In the case of
general profiles, we believe that there are viable numerical approaches. For example,
we can handle the functions ¢;(z,A) in (2.3) numerically using an ODE solver. The
discrete spectrum (2.6) can be found numerically using shooting method. Once the
discrete spectrum is obtained, we would need to perform a sum over the guided modes,
and quadrature over the continuous spectrum.
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