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Abstract. In this work I consider the exact upscaling of the transport in layered porous media. Some applications
of the upscaled equation is discussed.

1. Introduction

The upscaling of the transport phenomena plays an important role in many applications, flow in
porous media, turbulent diffusion just to name a few. For the flow in heterogeneous reservoirs it
is usually the case that the level of detail incorporated into geologic characterization of reservoirs
typically exceeds the capabilities of traditional flow simulators by a wide margin. For this reason,
the upscaled models play an important role in the simulation. Developing an upscaled equation for
the transport of mass in porous media has been under extensive study (see e.g. [1, 2, 3, 5, 11, 15,
16, 7, 17, 18, 20, 4, 21, 9, 8, 10, 12, 13, 14]). Some of the approaches use stochastic framework in
deriving the average equations. A number of assumptions in the derivation of the average equations
in the stochastic framework are usually made. Among them stationarity of the velocity field and
the scale separation are common. These kinds of assumptions do not hold in general. For example,
strong heterogeneities of the reservoir can cause the large variations in the velocity field. Moreover,
due to the effects of the boundaries of the global domain the assumption about the stationarity can
also be violated in the neighborhood of the boundaries. In the derivation of the upscaled equations
in stochastic framework one usually neglects the effects of higher order terms in order to have closed
system. The effects of these terms can be significant in general cases.

In this work I derive the the exact upscaled equation for the transport equation in layered
porous media. The main idea in deriving of the upscaled equation is to find the form of this
upscaled equation. The upscaled equation in this case contains the unknown parameters. To
find these unknown parameters we use the average profile of the solution. Obtained in this way
the upscaled equation is the exact upscaled equation for the transport in layered media. In this
work I also compare our results with the results where the effects of the higher order correlations
are neglected. For the layered system with two distinct velocities this comparison show that the
difference between the upscaled models is in the velocity which counts for the memory effects.

The upscaled equation obtained in this work contains macro-diffusion (see Tartar, [19]). The
macro-diffusion (often also called ”macro-dispersion”) has been investigated in literature under the
different assumptions. Many attempts have been made to understand the dispersive behavior of the
transport phenomena in literature. There are large number of works in many fields studying this
dispersive behavior. Further in the work the simplification of exact upscaled equation for different
special cases is considered. In particular for the application we obtain the approximation of the
upscaled equation for the velocity fields whose variances are small.

As for the application of the upscaled model obtained in this work we consider the single phase
flow in general porous media. In the upscaling of this problem it is often important to develop
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the upscaling model on the coarse grid. Upscaling procedure are commonly used to coarsen the
highly detailed structure of the velocity field to the scales suitable for the flow simulation. This is
performed by dividing the domain into the coarse blocks where the velocity can be approximated
by its average value. Our approach in this case is needed to be applied to each coarse block. The
nonuniform coarsening approach plays an important role in applying our approach to the flow in
general porous media. The idea of nonuniform coarsening method is to capture high extremes of
the velocity through the use of a nonuniform coarsening methodology. This procedure introduces
grid refinement in regions likely to lead to high velocities while maintaining a coarser grid structure
in less active regions. The advantage of nonuniform coarsening is that this approach tends to
minimize the variation of the velocity field in each coarse block. This allows us to use the average
equations for the small variances in each coarse block.

The paper is organized as follows. In the next section we describe the governing equation and
derive the exact averaged equation. The section 3 is devoted to the approximation of the averaged
equations for the velocity fields with small variances. In the last section an approximate upscaling
method obtained in the previous sections is applied for the general flow scenarios.

2. Governing equations and the exact averaged equation

The equations governing single phase displacements on the fine scale are the usual Darcy’s law cou-
pled with mass conservation. These equations in terms of the dimensionless pressure and saturation
as follows:

V.v=0, v=-kVp (2.1)
S

where k is the permeability describing the heterogeneity of the porous media, v is the velocity field
and S is the saturation. The average equation for the pressure field is of the same form as the fine
scale pressure equation with an averaged permeability tensor, k*, replaces the fine grid k in (2.1).
It has been known in literature that the upscaled equation for the saturation contains diffusive
terms. This terms depends on the statistical properties of the velocity field. In many cases the
diffusive terms have been approximated under different assumptions. Here we would like to present
the upscaled equation for the saturation in the layered media without any prior assumptions. For
further analysis the velocity field is denoted by v = (v, vy), where v, = v(y), and vy = 0.

Before discussing the upscaled model we would like to present the averaged equation derived
when the velocity field is almost uniform [4, 21]. The common technique deriving the averaged
equation in this case is the use of the expansion of the velocity field around its mean value, v = v+v .
Assuming v is small, after some manipulations the following upscaled equation can be derived

oS = b — = _
- +7,9;5 = Vi /0 v (X)u(x — ¥(t — 7)) V;S(r, x — ¥(t — 7))dr, (2.3)

where v’ (x)v'(y) is the correlation of the velocity at points x and y. For the layered case this
equation can be simplified taking into account that

!

v;c(x)vj (x = ¥v(t — 7)) = var(v).



The upscaled equation for this case is

as oS t §2s
e + E% = var(v) ; w(n z—o(t—71))dr. (2.4)
To derive the exact upscaled model we assume that there are n layers (in z direction) with
the velocities v; (¢ = 1,...,n), and with the fraction m; (i = 1,...,n). The average profile of the
saturation at each point x is then defined as the arithmetical average of the saturation along y
direction,

— Ly
S = S(z,y,t)dy. (2.5)
0
For the discrete case S can be written as
o n
S = Z miH (z — v;t), (2.6)
i=1

where H(x — v;t) is the solution of a single wave equation :

0H oS
— +v;— =0.
ot or
For our calculations the nature of the function H is not important.
First we derive the upscaled equation for the two layered case with velocities vy, v2 and volume

fractions my, mo. In this case the average saturation profile is
S =miH(z — vit) + moH(z — vat). (2.7)

The idea of the deriving the upscaled equations here is to look for them apriori knowing their form.
Then our goal is to find the unknown parameters in the upscaled equation. This turns out to be
easy for the case of two layers, but more complicated in general. In the case of two layers we look
for the averaged equation in the form (2.4) with unknowns v, D and w. In particular, we assume
that S satisfies

as _o8S t92S

E—I—v% =D ; W(T,x—u(t—r))dr. (2.8)

Substituting (2.7) into (2.8) we have
m1(T — v1)H (z — v1t) + ma(T — va)H (z — vat) =

D /Ot (mlH” (z —u(t —7) —v17) + moH (z —u(t — 1) — 1127')) dr.

Further the r.h.s of (2.9) can be simplified in the following manner

mgy d ! i
u—UQEH (x—u(t—r)—vy-)) dr =

my m2

¢ m1 d !
D/0 (u—mEH(x_u(t_T)_UlT)-l_

D(7m_ﬁw—mﬂﬂ—nwlfm—wﬂ—( +
u— v U — v2 u— U — v2

)H%x—u@—rn).mlm



The equality between the 1.h.s of (2.9) and the r.h.s. of (2.10) gives us the following three relations:

mq ma

+ = 0;
u— v U — U2
my ma
D

=mi(T—wv); D = ma(T — v2);

u— vy u— v

The first equation defines the memory speed u, u = m1vy + movy. From the last two equations we
easily derive that 7 = mjv; + mgve and D = var(v). Thus the the exact upscaled equation in this
case is

oS _o8S t 9%s

5 T8, = var(v | w(ﬂ
Comparing (2.4) and (2.11) we see that the approximate upscaled equation differs from the exact
one only in the memory speed. In (2.4), the memory speed is mjv; + mave, while in (2.11) the
memory speed is mivs + Mmavy.

For the general case when the porous media contains n layers we look for the upscaled equation

in the following form

x — (myvg + movy)(t — 7))dT. (2.11)

95 9SS Lt 9o
E—i—v% = ;/0 ﬁiﬁS(.'L‘—ui(t—T%T)dT (2.12)
where 7, 3;, and u; (i = 1,...,n — 1) are unknowns. This is somehow analogous to the case of two

layers. Substituting the expression for the averaged saturation profile (2.6) into (2.12) we have

n n n—1
ka(ﬁ—yk) (x —vgt) = Z kaﬂ,/ % o H(z —ui(t — 7) — ve7)dT.
k=1 k=1 i=1 (2.13)

Similar to the case of two velocities we can simplify the r.h.s. of (2.13) in the following way

n n—1 d
kzlzzlmkﬂz/ U; — Vg, dTH( ui(t —7) — vpT)dT =
n—1 n
Z <Z mkﬁz ) (z — vgT) Z <Z mkﬁz . ) (2 — wiT). (2.14)
k=1 2

Further, equating the Lh.s. of (2.13) and the r.h.s. of (2.14) we have the following relations for our
unknown parameters v, 3;, and u; (i =1,...,n —1)

n 1
> myBi— =0,i=1,...,n—1
h=1 U; — Vg

n—1 1
> myB; =mp(v—w), k=1,...,n.
i=1 U; — Vg

Note that there are 2n — 1 equations for 2n — 1 unknowns v, §;, and u; (¢ = 1,...,n — 1). The
above expressions are equivalent to

mg

=0, 2.15
DB — (2.15)
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As it can be seen the n — 1 equations in(2.15) define the values of u; (¢ = 1,...,n —1). The n
equations in (2.16) define the values of §;, (i =1,...,n — 1), and v. The value of ¥ can be readily
calculated by multiplying (2.16) to mj and summing over k,

_ 2.16
R (T — ). (2.16)

n n n—1
Zm U—Uk szk —
k=1 k=1i=1 Uk

The r.h.s of this this equality is zero because of (2.15). Thus,

n

v = Z MEVk,

i.e., the mean value of the velocity. From (2.15) one can find that u; (i = 1,...,n — 1) satisfy

n—1

ka H (ui —vp) = 0.

k=1 pthp-1
This indicates that u; (i = 1,...,n—1) are the roots of the following polynomial of the degree n—1

n—1

ka H (z—wp) =0.

k=1 p#k,p=1

Next we show that the roots of the polynomial R(z) are between the values of v;, i.e.,
v <ul <wve<u2<--- <upoy < vy

Indeed, it is easy to show that R(z) is changes sign from v; to v;41, i.e., R(v;)R(vi+1) < 0. Conse-
quently, the roots of the polynomial R(z) are between the values of v;.

It is more difficult to understand G3; (¢ = 1,...,n — 1) based on the equations (2.16). In
particular, we are interested to derive the expressions for the averaged properties of 3; and their
high moments. For this reason we present the following identity for all z:

n -1 n—1 .
(Z m’“) —z4T=Y Bi (2.17)

=1 Z — Vg

To show the (2.17) holds we note that (2.17) can be written as a polynomial of the degree less than
2n — 1. This polynomial has degree 2n — 1 when all v;’s (i = 1,...,n) are different. To show that
the identity (2.17) holds for the case of different v;’s we note that the identity holds for z = v;,
(¢=1,...,n),and for z = u;, (1 =1,...,n — 1). Indeed, it can be verified that for the values of
z=w; (i =1,...,n) the identity (2.17) becomes the identity (2.16) and for the values of z = u;
(¢=1,...,n—1) the identity (2.17) becomes the identity (2.15). These are 2n — 1 different values
for z when the identity holds. Thus it holds for all z. Let’s note that in the case when some of the
values of v; are coincide then the degree of the polynomial decreases accordingly. It can be checked



in the above way that the identity (2.17) holds for the values of z = u;, ( = 1,...,n — 1) and for
the values of z = v, (i = 1,...,n). This is sufficient for the fact that the identity holds for all z.
To calculate the moments of (3;’s we write the Lh.s. of (2.17) as

Bpz"+ By 12" 1 4+ By 22" 2+ B, _32™ 3 + Py_4(2)

(2.18)
k=1 M H?:Li;ék(z — ;)
where P, _4(z) is a polynomial of the degree n — 4. The coefficients B; (i = n — 3,...,n) can be
calculated:
B, =0, Bp_1=0;
after some algebra:
B2 = var(v);
n n n
B,_3= Zmz ZU, +Zm,v + <Zmzv,> Zvi — Zmzv,Zmzv,2
i=1 i=1 i=1
On the other hand the r.h.s. of (2.17) is
n—1 n
- w1 ak(Z —ug
k=1 ﬁknlillz_l,z;ék( z)_ (2.19)
io1 (2 —ui)

It can be shown that

n

n—1
H ) ka H (z —v;) (2.20)
=1

= 1=1,1#k

since they coincide at z = u; (i = 1,...,n —1). The equality of (2.18) and (2.19) along with (2.20)
gives

n

n—
Bpz" + Bn—lzni1 + Bn—2zni2 + Bn—?)zni3 + Pp_a(z) = Z Br H (2 — u).

k=1  i=1,iAk—1 (2.21)
From where it can be easily derived that
n—1
Z Bi = Bp—2 = var(v), (2.22)
i=1
and after some algebra
n—1 n n
Z Bi(u; —v) = Z mivd — EZ miv? — 2var(v)T. (2.23)
i=1 i=1 i=1

Note that the r.h.s. of the last equality is equal to the third moment of v;’s which we denote
skew(v),

n

skew(v) =Y m;(v; — v)%.

=1



Summarizing the above calculations we have derived the following upscaled equation for the n
layered system:

85 a5 ot 9%

S e = ; /0 Biz5S(e — ui(t =), 7)dr (2.24)
where u; are defined from (2.15) and 3; are defined from (2.16). We also found that the total
diffusion (3" ;) is equal to var(v).

This result can be generalized to the layered flow in any direction. The calculations are similar
and we omit them here presenting the final result: Assuming that the direction of the layers are
defined with angle 8 we have:

%—f—l— cos(e)ig—i + sin(O)E% =

nz—: /Ot Bi (cos(9)6%c + sin(@(%) S(x — ui(t — 7) cos(8),y — ui(t — 7) sin(8)7)dr (2:25)

where u; and B; are defined as above.

Remark 2.1.

We would like to note that the parameters §;, u;, and T in the averaged equation (2.24) (or
(2.25) in general ) depend on the overall statistical properties of the layered system.

Remark 2.2.

In applications one is often interested in the average flow rate at the production boundaries (the
part of the total boundaries where v - n > 0). The average flow rate at each time on this portion
of the boundary is defined as
_ Jgout v-mSdl
"~ [sout v - ndl

where S°% is the part of the total boundary where v - n > 0. Assuming that all trajectories which
start at the injection boundaries (the portion of the boundaries where v - n < 0) and end at the
production boundaries compose n layers with the velocities w;. Then we can approximate the
average flux in the following form

F(t)

n

F(t) = Z ¢ H(x — wit). (2.26)

Here w; is an average velocity assigned to the trajectory i, and g¢; is the flux carried with the
trajectory ¢, ( = 1,...,n). Moreover, by the choice of w; we can always achieve that the velocities
w; are parallel, i.e., w; = (w; cos(f), w; sin(f)), for some @ for all i. Then the average flux F(t) is
defined by (2.25):

Remark 2.3. The upscaled equation derived in this work can be simplified for the layered system
which has a small fraction of the layers with very high velocities. In this case the variance of the
velocity field is large. It can be verified that in this case the sum of §; corresponding to high values
of the memory speeds u; is almost var(v). The upscaled equation in this case approximately is:

as _9S

t 82 o
5 + Uar = Uar(v)/o wS(w —u(t — 1), 7)dT, (2.27)

where u can be taken to be the largest memory velocity.



3. Approximation of the upscaled equation for velocity fields with small variances

The approximation of the equation (2.24) for velocity fields with small variances plays an important
role in application. In the next section using this approximation we propose a coarse model. To
study the behavior of (2.24) for velocity fields with small var(v) we write the r.h.s. of the upscaled
equation using the integration by parts as

ol rtdr 92
Z Bi éaxz Sz — ui(t —7),7)dr =
. 4 (3.1)
i:Z1 ﬂing(x — ui(t — Z Bi @ES( ui(t — 1), 7)dr.
Further for the last term on the r.h.s. of (3.1) we have
%g(m —ui(t—71),7) = St(z —ui(t — 7),7) + u;Sp(z —u;(t — 7),7) =
Si(@ — ui(t — 7),7) + Ta(x — wi(t — 1), 7) + (u; — 0)Sp(x — ui(t — ), 7) = (3.2)
(u; —0)Sz(z — ui(t — 7),7) + O(var(v)).
Thus (3.1) becomes:
n—1 92 t n—1 93 )
(1:21 ﬂi> tWS(a:,t) — /0 T ; Bi(u; — ﬁ)wS(m —ui(t — 1), 7)dT + O((var(v))*). 653

According to (2.22) the sum of §;’s is var(v). The second term in (3.3) can be further approximated
similar to (3.1) using the integration by parts. The result is

n—1 82 t2n 1 3 a )
<; &) toaS(@ Zﬂz =) 5,35(@ ) + O((var(v))). (3.4)

According to (2.23) the coefficient in front of the second term is skew(v). Then the effective
equation up to the third order is
oS oS 9? t2 93

40— = var(v)tWS(x,t) — skew(v);w

S 5 S(z,1). (3.5)

4. Numerical model for the upscaling of saturation

In this section we propose a numerical method for the upscaling of the saturation for general porous
media. This method works in conjunction with nonuniform coarsening [9, 7, 8]. The idea of nonuni-
form coarsening method is to capture high extremes of the velocity through use of a nonuniform
coarsening methodology. This procedure introduces grid refinement in regions likely to lead to
high velocities (and early breakthrough) while maintaining a coarser grid structure in less active
regions. The other advantage of nonuniform coarsening is that this approach tends to minimize the
variation of the velocity field in each coarse block. This allows us to use the approximation derived
in the previous section in each coarse block. The nonuniform coarsening alone approximates the



motion of the saturation in each coarse block by the averaged front neglecting the small variations
in the velocity field. These variations are the cause of early breakthrough times. Introducing the
additional higher order fluxes we take into account small variations of the velocity field to some
extent.

In our numerical model we use

oS  _9S 0?

2 + i Uar(v)t@
as an approximation of the saturation in each coarse block. We assume that in each coarse block the
flow is strongly correlated along the average flow direction of the coarse block. This is usually case
for the high degree of nonuniform coarsening. Otherwise one needs to calculate var(v) according
to Remark 2.2.

The difficulty in this modeling is to set initial time for the calculation of the diffusive flux in
each coarse block. In general the flux entering into the each coarse block is nonuniform. In this
case it is difficult to set a good starting time for the diffusive flux in each coarse block since the
flux into the coarse block changes continuously. In the case of nonuniform coarsening on the other
hand the large portion of the flux enters into a coarse block at a certain time. This approximately
localize the time when the flux enters in to the coarse block. As a the starting time for the diffusive
flux at each coarse block we define the time when the flux into the coarse block is almost equal
to the total flux into this coarse block. The reason for choosing almost equality of the fluxes is
numerical diffusion in our methods. We use second order method to discretize the convective part
of the averaged equations.

In our computations we compare the total volumetric flow through the system. The saturation
is given in a rectangle domain with the sides L, = 5.0 and L, = 1.0. The permeability fields we use
in this paper are identical, except for the statistically generated absolute permeability field. The
flow domain is a rectangle whose length is five times larger than its thickness. The fine grid in all
cases is a uniform 100 x 100 rectangular grid. Commonly used variogram for the distribution of the
permeability field is the exponential variogram. In our numerical experiments we use exponential
variogram for the realizations of the permeability field. The exponential variogram is defined by
the two correlation lengths, in vertical direction,l,, and horizontal direction, I, and the variance of
the permeability field, o. To generate an individual realization of permeability field we use GSLIB
(see [6]). This routine uses the sequential Gaussian simulation.

In our numerical experiments we choose the permeability fields with the variances from o = 0.5
up to ¢ = 1.0. Depending on the value of the o the degree of the coarsening can change. Our goal
is to have in each block the variance to be small. The coarsening of order 15 x 15 is sufficient for our
purposes. Here for simplicity we only present the case with long correlation lengths in the mean
flow direction and the small correlation length in the cross direction. In particular the correlation
lengths are chosen to be I, = 1.5, [, = 0.01.

The average equation with diffusion requires an additional boundary conditions at the injection
and the production boundaries of the whole reservoir. We assume that only convective fluxes
entering and leaving the domain of the whole reservoir, i.e., we apply the higher order fluxes
strictly in the interior of the reservoir.

Our first example Fig. 5.1 is for the case I, = 0.15, [, = 0.01, o = 0.5. In this and all subsequent
figures, the 100 x 100 fine grid results are indicated by the dashed-dotted line, the coarse grid results
using nonuniform coarsening only with no diffusive flux by the dotted line and the coarse grid results
using our upscaling model for dispersivity by the solid line. In this case, the coarse models are of

S(z,t) (4.1)
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Fic. 5.1. Case l, = 0.15, [, = 0.01, 0 = 0.5. Dashed-dotted line is for fine fractional flow curve on 100 x 100
grid, dotted line is for coarse model using non-uniform coarsening method on 12 x 10 coarse grid, solid line is for the
coarse model with diffusion on the same coarse grid

dimension 12 x 10 (in the nonuniform coarsening procedure we do not specify the exact dimensions
of the coarse model, so these dimensions are typically not “round” numbers). The improvement
using our approximate coarse model is evident from this plot. In Fig. 5.2 we consider the same
fine grid realization but introduce lower levels of upscaling in the coarse model (the coarse model
in this case is 14 x 13). The same behaviors are evident in this Figure.

We next consider a case with a larger variance of the permeability field. In Fig.5.3 and Fig. 5.4
we plot the numerical results on the coarse grids 12 x 11 and 15 x 15 respectively. As we see from
these figures that one gets an improved result using our upscaling model.

In our final examples (Fig. 5.5 and Fig. 5.6 the variance of the permeability field is further
increased. The improvement in these figures are evident.

5. Conclusions

One of the goals in deriving the exact upscaled equation in the above manner was to apply the
above procedure to the nonlinear problems, i.e., the hyperbolic equations with nonlinear fluxes
(e.g., Buckley-Leverett equations). Unfortunately, I have not succeeded in that.
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