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1. INTRODUCTION
Consider the one-dimensional Schrodinger equation
(1.1) Wk, 2) + Bk 2) = V(@) gk, 2),  weR,

where the potential V is real valued and belongs to Li(R). Here the prime denotes the
derivative with respect to the spatial variable z, and L. (R) denotes the potential class in

which [7_dx (1+ |z|)™ [V ()] is finite.

The Jost solution from the left, f;(k,x), associated with V' is the solution of (1.1)

satisfying
(1.2) ek fi(k,x) =1+ 0(1), e fl(k,z) =ik + o(1), x — +00.

Thus, it can be obtained from the integral equation

(13 la) = e+ & [ dy sink(y —2) V(o) k)

Similarly, f,.(k,z), the Jost solution from the right, is the solution of (1.1) satisfying
e f(k,x) =14 0(1), €* fl(k,x)=—ik+ o(1), T — —00.

For each fixed x € R, the Jost solutions and their z-derivatives are analytic in k € C* and

continuous in C+. We use Ct to denote the upper-half complex plane and C* := CtT UR.

The transmission coefficient T, the reflection coefficient from the left L, and the re-

flection coefficient from the right R are obtained from the spatial asymptotics

1 L(k) —2ikx

e_ikxfl(k,l'):m—i-me +O(1), Tr — —0Q,
e fr(k,z) = ﬁ + % ke 4 o(1), T — +00.

Alternatively, these scattering coefficients can be obtained from

2tk __
T(k?) = [fr(kvx);fl<kvm)]7 ke Ct,

(1.4)



2ik R(k)

(1.5) T [fi(=k, z); fr(k,2)],  keR,
(1.6 Y =ikl f(-k o)l keR

where [f; g] := fg'— f’g denotes the Wronskian. It is known that |L(k)| < 1 and |R(k)| < 1
for k € R\ {0}, and hence none of the four functions f;(k, ), f-(k,), f/(k,-), and f/(k,-)
can vanish when z € R for k € R\ {0}. We refer the reader to [Fa64,DT79,CS89] for the

basic facts on the scattering theory for (1.1).

The potential V is ‘generic’ if f;(0,z) and f.(0,z) are linearly independent, and it
is ‘exceptional’ if f;(0,z) and f,.(0,x) are linearly dependent. In the exceptional case we
have

fl(()?x)

(1.7) "= 10.2)

r € R,

for some real, nonzero constant -y.

The behavior of the scattering coefficients at k = 0 is related to the behavior of the
potential as z — +o00. As we discuss in Section 5, these behaviors play a crucial role in the
solution of the inverse scattering problem for (1.1). On the other hand, determining the
behavior of the scattering coefficients at k£ = 0, especially in the exceptional case, requires
elaborate and lengthy estimates if one assumes only V' € Li(R). In this paper we establish
the small-k asymptotics of the logarithmic spatial derivatives of the Jost solutions, from

which the behavior at k = 0 of the scattering coefficients is easily obtained.

This paper is organized as follows. Section 2 deals with the small-k asymptotics of
the Jost solutions. Our main result is given in Theorem 2.3, where by assuming only
V € L}(R), we prove that the logarithmic derivatives f/(-,x)/fi(-,z) and f.(-,z)/f-(-, )
can be differentiated with respect to k at £k = 0. In Section 3 we discuss two consequences

of Theorem 2.3; namely, we show that the small-£ asymptotics of the scattering coefficients
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in the exceptional case readily follow from Theorem 2.3 and that the result of this theorem
is closely related to the recent result contained in Theorem 8.1 and Corollary 8.2 of [Ak99]
on the small-k£ asymptotics of the reflection coefficients associated with potentials whose
supports are confined to a half line. In Section 4 we consider the small-k asymptotics when
the potential V belongs to L3(R), and we improve the asymptotic results and present some
consequences. In Section 5 we provide a reformulation of necessary and sufficient conditions
on a scattering data so that it corresponds to a unique real-valued potential in L1(R).
Finally, in the Appendix we give an independent proof of Theorem 2.3 by showing that
certain solutions of the Riccati equation (A.1) are differentiable in k at & = 0. Note that
all the results in Sections 2, 3, and 5 and the Appendix hold by assuming only V € L1(R),

and the stronger assumption V € L(R) is used only in Section 4.

When V € L}(R), for each z € R we can in general only conclude that

(18) fl(k7x):fl(07‘r)+0(1)7 k —0in F?

(1.9) fl(k,z) = £/(0,2) + o(1), k — 0in C¥,

fr(k,z) = fr(0,2) + o(1), k — 0in CT,
fr(k,z) = f/(0,2) + o(1), k— 0in C*.

Hence, for example, from (1.8) and (1.9) one would expect to obtain only

/
(1.10) = + 0(1), k—0in CT,

resulting in the continuity of f/(-,z)/fi(-,x) in k at k = 0. Thus, as compared to (1.10) the
result in Theorem 2.3 is remarkable and unexpected in the sense that it establishes not only
the continuity but also the differentiability of f/(-,z)/fi(-, ) with respect to k at k = 0.
This result is remarkable because it holds for any potential V' € L}(R) despite the fact

that there exist potentials in this class for which f;(-,z) and f.(-,z) are not differentiable
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in k at k = 0 for certain values of x. In particular, as shown in Corollary 3.3 of [K188a],
for an arbitrary potential in Li(R), fi(k,zo) is differentiable in k at k = 0 if and only if
f1(0,20) = 0. If V(z) = Voo ™27+ o(z727°) as © — +oo with V5 # 0 and € € (0,1), as
Theorem 3.1 of [KI88b] indicates, we have fi(k,xzo) = f1(0,z0) +c|k|*+o(]k|) as k — 0 in
C+, where c¢ is nonzero and can be computed explicitly; thus fi(k,zg) is not differentiable

inkat k=0.

2. SMALL-ENERGY ASYMPTOTICS FOR POTENTIALS IN L}
For any fixed a € R, let s(k,z) and v(k, z) denote the solutions of (1.1) satisfying
(2.1) s(k,a)=1, s'(k,a)=0; v(k,a) =0, v'(k,a)=1.

In fact, these solutions can be obtained from the integral equations

(2.2) s(k,x) = cosk(x —a) + % /I dy sink(x —y) V(y) s(k,y),
(2.3) v(k,x) = w + % /m dy sink(x —y) V(y)v(k,y).

For each fixed z € R, both s(k, x) and v(k, x) are entire in k£ and hence they are ‘regular’

solutions of (1.1).

Let us define two other regular solutions, ¢;(k,z) and ¢, (k,x), of (1.1) using linear

combinations of s(k,x) and v(k, x) as follows:

(2.4) &1k, z) :== f1(0,a) s(k,z) + f{(0,a) v(k, ),

(2.5) or(k,z) := f-(0,a) s(k,x) + £.(0,a) v(k, ),

From (2.2)-(2.4) we obtain
(2.6)

éi1(k,z) = f1(0,a) cosk(x —a) + £/(0,a) w + /I dy w

? ? V(y) ou(k,y),



x

(2.7) 61(0,2) = fi(0,a) + £(0,a) (z — a) + / dy (x — y) V() 610, y).

a

From (1.3) we get

oo

(2.8) fi0,2) =1+ / dy (y — ) V() fi(0,v).

Note that ¢;(0,x) = f1(0,x) for x € R because both functions are solutions of (1.1) with
k = 0 and they both satisfy the same initial conditions at x = a. Thus, ¢;(0, z) is bounded

for z > a; moreover using (1.2) at k = 0 we have
(2.9) &1(0,7) =1+0(1), ¢;(0,2) =o0(1), x — +00.
Letting © — +o0 in (2.7), with the help of (2.9), we obtain

(2.10) 1= fi(0.0) —afi(0.0) - | " dyy V) (0, ),

(2.11) 0= si0.0)+ [ " dyViy) 6100, y).

Let us use C' to denote a positive constant that does not necessarily assume the same value

at different appearances.
Proposition 2.1 Assume V is real valued and belongs to L1(R), and fix a € R. Then,

the solutions ¢; and ¢, defined in (2.4) and (2.5), respectively, satisfy

212) k) - a0 <o ((EEEOLY L asa ker,

|¢r<k,x>—¢r<o,x>|gc(%), r<a keR.

PROOF": The proof is obtained by adapting the proof of Lemma 2.2 in [K188a|. I

Let us define

(213) ]Dl(kva) = fl,(oaa) fl(kva') - fl(Ova') fl/(kaa)a ke C+7

6



(2.14) P.(k,a) := f.(0,a) f-(k,a) — £-(0,a) f.(k,a), ke Ct.
Theorem 2.2 Assume V is real valued and belongs to L1(R). Then, for each fixed a € R,
we have Py(k,a) = —ik + o(k) and P,(k,a) = ik + o(k) as k — 0 in CT.

PROOF: Recall that the Wronskian of any two solutions of (1.1) is independent of x. Thus,

using (2.1) we get

(2.15) fl(k,a) = [s(k,x); fi(k, x)], filk,a) = [fi(k, x); v(k, x)],

and using (2.4), (2.13), and (2.15) we have

Pl(kva) = [fl(k’,x),¢l(k,$)], ke Ct.
Similarly, with the help of (2.1), (2.5), and (2.14) we obtain
P.(k,a) = [fr(k,x); ¢p(k,x)], ke CF.

Evaluating the Wronskians in (2.15) as z — +o00, and using (2.2) and (2.3), we get

(2.16) fﬂha)=iké“—1/mdyé“v%ws@uw,

(2.17) filk,a) = e + / " dy e V() vk, y).

a

From (2.4), (2.13), (2.16), and (2.17) we obtain

Q1) Rlha) = ¢ f0.0) — ke 0.0+ [y V) 6ilhy)

Using (2.10) and (2.11) we can write (2.18) as

(2.19)  Pi(k,a) = —ik + Ji(k) + Jo(k) — ik[e™®® — 1] £,(0,a) + [e** — 1 — ika] £/(0, a),
where

(2.20) nw= [ Ty [ 1 iky] V() 41(0, ),
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(2.21) Rt = [ " dy eV () [ulks y) — 6000, ).

Note that e** — 1 — jka = O(k?) and k[e?** — 1] = O(k?) as kK — 0 in R. Using the

boundedness of ¢;(0,-) on [a, +00) and the inequality

2
|e* zz—1|§02 z >0,
142’
from (2.20) we get
* _lky—a)
9.2 LR <Clkl | dy 27D o) vy,
(222) R0 < ClE [ty s = a) V()

and thus J; (k) = o(k) as k — 0. Similarly, using (2.12) in (2.21) we obtain

(229 ) < I [y = - ) v,

and hence Jy(k) = o(k) as k — 0. Thus, the theorem is proved when k£ — 0 in R. With

the help of a Phragmén-Lindel6f theorem it follows that the limit is valid also when k — 0
in Ct. 1

Our main result is contained in the following theorem.

Theorem 2.3 Assume V is real valued and belongs to L}(R). For any fixed = € R, the

Jost solutions satisfy the following:

(i) If f;(0,z) # 0, then

f[(k?,:l)) _ fl,(owr) ik N in—
(2.24) kD)~ A0 +fl(0,33)2+0(k)’ k— 0in C+.

(i) If f/(0,z) # 0, then

filk,z) — fi(0,2) ik 0 ET
(225) fl,(k,x) - fl,(o,l') fl,(0,$)2 + O(IC), k 0Oin C+.

(iii) If f,(0,z) # 0, then

filk,z)  f7(0,2) ik —
(2.26) o) fo(0,2) — 700, 2)? + o(k), k— 0in C*.



(iv) If f/(0,z) # 0, then

frlkyo) _ fr(02) ik
filk,z) — f10,2) © f1(0, )

(2.27) + o(k), k— 0in C¥.
PROOF: Replacing a by x in (2.13), dividing both sides by f;(0,z) fi(k,z), and using
(1.8) and Theorem 2.2, we obtain (2.24). The proof of (2.25)-(2.27) is obtained in a

similar manner.

Note that as the result of Theorem 2.3 is a direct consequence of Theorem 2.2, the

converse is also true. Using (2.13) we can write (2.24) as

Pk, z) ik 0 CF
(2.28) _fl(O,x) o) = 700, 2)? + o(k), k— 0in C+.

Now from (1.8) and (2.28) we get Py(k,z) = —ik + o(k) as k — 0 in CT. Similarly,
P.(k,z) =ik 4 o(k) is a direct consequence of (2.26) and (2.27). An independent proof of
Theorem 2.3 is given in the Appendix based on the solutions of a Riccati equation. For an

analog of Theorem 2.3 for the radial Schrédinger equation, the reader is referred to [Ak00].

3. APPLICATIONS TO POTENTIALS IN L

Theorem 2.3 can be used to readily evaluate the small-k asymptotics of the scattering

coefficients. We can write (1.4) in the form

2ik
T(k)

f;(k,.’l?) _ f;(k,.’l?)

(3.1) filk,z)  fr(k,z)

— fo (k) ik, o) [

For example, in the exceptional case, using (1.7), (2.24), and (2.26) in (3.1), we get

T(k) fl(va) fr(ovx)

]—I—o(k), k — 0in C¥,

which gives us

(3.2) T(k) = + o(1), k — 0in C¥,



where 7 is the constant defined in (1.7). Similarly, writing (1.5) as

2ik R(k)
T(k)

_ fr(k',l') fl(—kr,x) |:f;(k7x) _ fl/(_k7x) ’

(3.3) fr(k,x)  fi(—k,x)

and using (1.7), (2.24), and (2.26) in (3.3), in the exceptional case we get

M =ik fT(O,x) - fl(o,x)} +O<k); k—0in R’

T(k) fl(ov‘r) fr(owr)

which, with the help of (3.2), gives us

(3.4) R =" 10o1), k—0mR

In a similar manner, (1.7), (2.24), and (2.26) can be used in (1.6) in the exceptional case

in order to obtain

(3.5) L(k) =

+o(1), k — 0in R.

Next, let us explore the connection between Theorem 2.3 and the potentials with

supports contained in a half line. If V' vanishes for z < 0, we have

eikm e—ikm L(k')

. = <
and if V' vanishes for z > 0, we have
—ikx 1ka k
(3.7) folka) =S COER s

T(k) T(k)

Theorem 3.1 If V is real valued, belongs to Li(R), and vanishes for z < 0, then as k — 0

in CT the corresponding reflection coefficient from the left satisfies

142 2UO0) g 1+ /0, 0)* +o(k?),  if £/(0,0) 0,

f1(0,0) 77(0,0)2
(3.8)  L(k) = o
§§§070§2 ; pto), i £1(0,0) = 0.

10



Similarly, if V is real valued, belongs to Li(R), and vanishes for x > 0, then as k — 0 in

C+ the corresponding reflection coefficient from the right satisfies

.. fr(0,0) 1+ £,(0,0)? P
—1—2ik 710.0) +2I<;2W+o(k2), if £.(0,0) # 0,
(3.9)  R(k) =
fr(0,0)2 -1

+o(l), i £(0,0) = 0.

We refer the reader to Theorem 8.1 of [Ak99] for a proof of (3.8) when f/(0,0) # 0;
the case f/(0,0) = 0 follows from (3.5) and (3.6) using v = f;(0,0). Similarly, the proof
of (3.9) when f/(0,0) # 0 was given in Corollary 8.2 of [Ak99], and the case f/(0,0) =0
follows from (3.4) and (3.7) using v = 1/£.(0,0). Next, we show that Theorem 2.3 and

Theorem 3.1 are closely related to each other.

Theorem 3.2 The result of Theorem 3.1 can be directly derived from that of Theorem 2.3

and vice versa.

PROQF: If V vanishes for z < 0, from (3.6) we get

o -1 +ik fl(k,O)/f/(k,O)
(3.10) L) = S 00 118, 0)

If V is generic, then f/(0,0) # 0, and hence using (2.25) in (3.10) we obtain the first case

n (3.8). If f/(0,0) = 0, then we have (3.5), and hence the second case in (3.8) holds.

In a similar manner, if V' vanishes for z > 0, then from (3.7) we get

L4k £, (k,0)/£1(k,0)
(3.11) B = 00k ok, 0)/ 11k 0)

If V is generic, then f/(0,0) # 0, and hence using (2.27) in (3.11) we obtain the first case

n (3.9). If f/(0,0) = 0, then we have (3.4), and thus the second case in (3.9) holds.

In order to show that (3.8) of Theorem 3.1 implies (2.24) and (2.25) of Theorem 2.3,
let us choose

{ V(x), x > max{0,a},
VQ(IE) =

0, x < max{0,a},
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so that V5 vanishes when x < 0. Denoting the corresponding Jost solution from the left by

fi2(k, x), we have

(312) fl(k7a’) = fl2<k7a)7 fl/(k7a’) = fl/2<k7a)7 ke C+7

(3.13) -

(3.14) f12(0,a) = f12(0,0) +a f55(0,0).

Using (3.6) we get

fio(k,a) . e*™® — Ly(k)

(3.15) ok a) ik 20 1 Ly(k)’

As k — 0 in C¥, using (3.8) we get

. eQikza _ Lg(k)
e2ika + Lg(k)

f12(0,0) ik /
(3.16) Fa(0.0) + a JL(0.0) * 7(0.0) TP +o(k), f2(0,0) #0,

ik
m +o(k),  f5(0,0)=0.
From (3.14)-(3.16) we obtain
fp(0.a) ik
(3.17) fia(k, a) _ fi2(0,a)  f12(0,a)?

fiz(k, a) ik
? m + o(k), f12(0,a) = 0.

Because of (3.12) and (3.13), (3.17) is equivalent to (2.24) and (2.25). The proof that

+ O(k)a fl/Z(Ov a) 7£ 07

the result in (3.9) implies those in (2.26) and (2.27) is obtained in a similar manner by

choosing

{ V(z), x < min{0,a},
Vl({E) =

0, x > min{0, a},
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so that V; vanishes when x > 0, and by using the fact that f.(k,a) = f.1(k,a) and
fl(k,a) = fl,(k,a), where f.1(k,x) denotes the Jost solution from the right corresponding
to Vl. I

4. SMALL-ENERGY ASYMPTOTICS FOR POTENTIALS IN L}

The proofs given in Sections 2 and 3 can be modified to study the small-k asymptotics

when the potential is real valued and belongs to the more restrictive class Li(R).
Our first result is the analog of Theorem 2.2.

Theorem 4.1 Assume V is real valued and belongs to Li(R). Then, for each fixed a €
R, the functions Pj(k,a) and P,(k,a) defined in (2.13) and (2.14), respectively, satisfy
Pi(k,a) = —ik + O(k?) and P,(k,a) = ik + O(k?) as k — 0 in C*.

PROOF: The proof of Theorem 2.2 can easily be modified. From (2.19) it is clear that we
only need to show that J; (k) = O(k?) and Ja(k) = O(k?) as k — 0 in R, which follow
from (2.22) and (2.23) by taking the factor |k| in the numerators of the integrands outside
the integrals; the resulting integrals remain finite because faoo dy (y — a)? |V (y)| converges

if V€ LI(R). 1
The next result is the analog of Theorem 2.3.

Theorem 4.2 Assume V is real valued and belongs to L}(R). For any fixed z € R, the
Jost solutions satisfy (2.24)-(2.27) but with o(k) replaced by O(k?).

PROOF: The proof is given by modifying the proof of Theorem 2.3, i.e. by showing that
the results stated are implied by Theorem 4.1. When V € Li(R), instead of (1.8) one has

[DT79)
(4.1) filk,x) = fi(0,2) + k f1(0,2) + o(k), ~ k— 0in C¥,

where the overdot denotes the derivative with respect to k. Dividing both sides of (2.13)
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by f1(0,a) fi(k,a) and by using Theorem 4.1, we get

(4.2) filk,z) _ fj(0,2) = ik

fikz) ~ fi0.) TR0,

Similarly, with the help of

O(k?), k— 0in CT.

(4.3) frlk,2) = £r(0,2) + k f-(0,2) + o(k),  k—0in CT,

we obtain

(4.4) filk,x) _ fi(0) ik

+
frlk,x)  fr(0,2)  fr(0,2)?
The analogs of (2.25) and (2.27) are obtained similarly. |

O(k?), k — 0in CT.

In the next theorem the small-energy asymptotics of the scattering coefficients are

obtained.

Theorem 4.3 Assume V is real valued and belongs to Li(R). Then, as k — 0 in CT we

have
2ik  2k%*(A;1+ A
il + # + 0(]42), generic case,
Wo W5
(4.5) T(k) =
2
" 1 - + O(k), exceptional case,
and as k — 0 in R we have
( 2ikA
14 2B o), generic case,
Wo
(4.6) L(k) =
-1 -
| 211 + O(k), exceptional case,
( 2ikA
14 B2 o), generic case,
Wo
(4.7) R(k) =
1 —~2
| 2o + O(k), exceptional case,

where + is the constant in (1.7), W is the real nonzero constant given by

Wy = [fr(ovx); fl(va)]a
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and A; and A, are the real constants (independent of z) defined as

fil0,2) —iWo fr(0,2) - fr(0,2) =i Wo fu(0,)
AR fi(0, 2) |

(48) Al =

PROOF: The proof of (4.5) is obtained by using (4.1)-(4.4) in (3.1). The proof of (4.7) is

given in a similar manner with the help of (3.3). Analogously, (4.6) is proved.

The result given in Theorem 4.3 can actually be improved further in the exceptional
case; the O(k)-terms in (4.5)-(4.7) can be explicitly evaluated, and it can be shown that
T(k), L(k), and R(k) are all differentiable at k = 0 when V € L(R). We refer the reader
to Theorem 4.10 and Example 5.1 of [AKV00] for the explicit expressions for 7(0), L(0),
and R(0).

It may be surprising at a first sight that the right-hand sides in (4.8) are independent
of z. This z-independence can be seen as follows. In the generic case, f(0,z) and f,.(0, x)
are linearly independent solutions of (1.1) with & = 0. Thus, any other solutions, among
which are f;(0,z) and f,(0,z), can be expressed as linear combinations of f;(0,z) and

fr(0,x), which gives us (4.8).
The following theorem is the analog of Theorem 3.1.

Theorem 4.4 Assume V is real valued, belongs to L(R), and vanishes for z < 0; then

as k — 0 in CT the corresponding reflection coefficient from the left satisfies

. fl<070) 1+fl<070)2 . /
L(k) B -1+ 2k fl/(O, 0) + 2k’2 W + O(]{T?)), if fl (O, 0) 7é 0,
0,0)% —1 e
% + O(]C), if fl (0, 0) = 0.

Similarly, assume V is real valued, belongs to Li(R), and vanishes for # > 0; then as k — 0

in CT the corresponding reflection coefficient from the right satisfies

o ;88; o %(OO)S)2 +O(K%), i f1(0,0) #0,
R<k) = f (O 0)2 Tl ’ r\
f:(o,())2 +1 + O(k), if f/(0,0) =0.
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PROOF: The proof is obtained as in the first two paragraphs of the proof of Theorem 3.2. |

Let us remark that, by proceeding as in the proof of Theorem 3.2, it is possible to

prove the result of Theorem 4.4 directly by using the result of Theorem 4.2 and vice versa.

5. CHARACTERIZATION PROBLEM REVISITED

In this section we discuss some implications of the results of Section 3 for the charac-
terization problem of inverse scattering theory for real-valued potentials in V € Li(R). By
this we mean the problem of finding necessary and sufficient conditions on the scattering
data which guarantee that there is exactly one real-valued potential V € LI(R) corre-
sponding to that data. Such characterizations were given by Melin [Me85] and Marchenko
[Ma86]. It is known that one can construct V' uniquely from either the left scattering data
{R,{r;},{c1;;}} or the right scattering data {L,{r;},{c,,;}}. Here ; for j =1,..., N are
N distinct positive numbers such that —/1? represent the bound state energies for V, and
ci;; and c,.; are positive constants called bound-state norming constants; c;;; and c,,; are

the reciprocals of the norms of the eigenfunctions f;(ix;,-) and f,(ix;, ), respectively.

Among the characterization conditions listed in Theorem 6.1 of [Me85] and Theo-

rem 3.5.1 of [Ma86] is the condition
) k
(5.1) lim —[R(k)+ 1] =0, kEeR,

and it plays an important role in the reconstruction of V' from the scattering data. Con-
dition (5.1) provides a way of proving the characterization theorem without using the
continuity of R(k) and T'(k) at k = 0, which was not known at the time (cf. p. 303 of
[Ma86]). For V € L}(R), the continuity of the scattering coefficients at k = 0 was later
proved in [K188a|. Since the continuity of R for k € R\ {0} is already listed in both [Me85]
and [Ma86] among the characterization conditions, and since we now know that R(k) is

continuous at k = 0, it is worth asking whether condition (5.1) can simply be omitted and
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replaced by the condition that R(k) be continuous at k = 0. As our next theorem shows,

this is indeed the case.

Recall the formulas [Fa64,DT79,CS89]

N .
' 1 (>  log(l- 2
s %p(—f/ dt%(tkgﬂm), ke CH,
(5.2) T(k)= i=1 i J oo -

lim T(k+ie), keR,

e—0t

(5.3) Lk)= -2 W p e R,

where the asterisk denotes complex conjugation, and define

(5.4) R(a) ;L/WZMRQQMW, i(a): 3;/mdkuﬁn%%

:27'(' — 00 :27T —00

We propose the following simplified list of necessary and sufficient conditions as a charac-

terization of real-valued potentials in Li(R).

Theorem 5.1 In order for the data {R, {x,},{c;;;}} to be the left scattering data for (1.1)
with a real-valued potential V € Li(R), it is necessary and sufficient that the following

conditions hold:
(i) R(—k) = R(k)* for k € R.
(i) R(k) is continuous for k € R, R(0) € [-1,1), |R(k)] < 1 — Ck?*(1 + k%)~ ! for some
constant C' > 0, and R(k) = o(1/k) as k — too.
(iii) The function k/T(k), where T(k) is given by (5.2), is continuous in C+.

(iv) The functions R and L defined in (5.4), where L(k) is obtained from (5.3), are abso-

lutely continuous. Moreover, R’ € L}(a,+00) and L' € L}(—00,a) for every a € R.

PROOF: 1t suffices to show that (5.1) is a consequence of (ii) and (iii). To see this, we

argue as follows. If R(0) = —1, then |T(k)|?> = 1 — |R(k)|*> > Ck?*(1 + k?)~L. Note that
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the relation |T'(k)|? = 1 — |R(k)|? for k # 0 follows from (5.2). Hence |k/T(k)| < /2/C
for k € (—1,1), even when k£ = 0 because, by (iii), k/T'(k) has a limit as K — 0. Hence
(5.1) follows from the continuity of R at kK = 0. If R(0) € (—1, 1), then there is a positive
constant ¢ such that |T'(k)| > ¢o for k € (=1,1) \ {0} because |T'(k)|? = 1 — |R(k)|? and
R(k) is continuous at k = 0. Hence k/T'(k) — 0 as k — 0 and (5.1) follows. §

Note that in (ii) of Theorem 5.1 we have incorporated the continuity of R at k = 0,
together with the condition that R(0) € [—1,1), which is also necessary in view of (3.4)
and the fact that R(0) = —1 in the generic case. The other conditions are essentially the

same as those in [Ma86].

APPENDIX: A SECOND PROOF OF THEOREM 2.3

PROOF: We will prove only (2.24) because the proof for (2.25)-(2.27) is similar. There
is no loss of generality in giving the proof of (2.24) at z = 0 only, and hence we assume
f1(0,0) # 0. It is enough to give the proof for real k because, as in the proof of Theorem 2.2,
the result can be extended to k € CT with the help of a Phragmén-Lindel6f theorem.
Furthermore, it is sufficient to assume k£ > 0 because replacing a real k by —k amounts to

taking complex conjugation in all the terms with which we will deal.

The logarithmic spatial derivatives of the solutions of (1.1) satisfy the Riccati equation
(A.1) 0 (k,x) +n(k,z)> + k* = V(z), z € R.

Let us define n(k,x) := f/(k,x)/fi(k,x). Then, n; is a solution of (A.1l) satisfying the
boundary condition

m(k,x) =ik + o(1), T — +00.
From (1.3) we infer that
ik, z) = ik + O (/ dy \V(y)|) —ikto(l/z), @ — 400,
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Let h(k,x) := m(k,x) — ik and note that h(k,x) obeys the Riccati equation
(A.2) W (k,x) + 2ik h(k,z) = V(z) — h(k,z)?, x € R.
We solve (A.2) by iteration so that h(k,z) = lim, .1 h,(k,x), where ho(k,z) = 0 and

(A.3) ho(k, z) = €2 / dy [=V (9) + hns (k)2 2%, > 1.

xT

We first construct the solution h(k,z) on the z-interval [p, +00) with p > 0 and so

large that
> 1
(A.4) dyy[V(y)l < 3
P
On this interval we have the estimate
(A5) ha(k, ) s2/ V), z>p n>0.

Obviously, (A.5) holds for n = 0; assuming it is true for h,(k, z) we conclude using (A.3)

bl < [ ayVil+a [y (/yoods\vw)z

< (/:o dy|V(y)|) ll +4/:O dyy|V(y)|}

< / dy [V (y)],

and (A.4) that

where during the computation we have dropped a nonpositive term because x > 0. Note
also that (A.4) guarantees that f;(0,2) > 0 when x > p, which can be seen with the help

of (2.8). Using (A.5) and arguing by induction we get

\hn+1<k,x>—hn<k,x>|s2(4/ dyy\wy)r) [ avel ez nzo

Thus (A.4) guarantees that the sequence {h,(k,z)} converges, uniformly in x for z > p

and uniformly in k£ for £ > 0. From the integral equation for h(k,z) obtained by letting
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n — 400 in (A.3) we infer that

oo

Wk, z) — h(0,x) = / dy [~V (y) + h(k,y)?] [2*0) 1]
(A.6) =

T / " dy Wk, ) — h(0,)?).

Hence, using (A.4), (A.5) when n — +o00, and the estimate

/:" Wy (/yoo dS|V(5)|)2 < </:O dnyV(y)l)Q,

we obtain

Ih(k, ) — h(0,z)| <2k [/:O dyy |V (y)| +4/:O dyy (/yoo d8|V(S)|)2]

(A.7) +4/:o dy (/yoodsﬂf(s)l) \h(k,y) — h(0,y)]
<hea [Tay (/yoods\wsn) Wk, ) — h(0, ).

Applying Gronwall’s lemma to (A.7) we get
(A.8) h(k, ) — h(0,2)| < ke*Jo WV

Then, for & > p, the existence of (0, ) and hence that of 7;(0, z) follow from (A.6), (A.8),

and the Lebesgue dominated convergence theorem.
When x < p we proceed as follows. Differentiating (A.1) with respect to k, multiplying
the resulting equation on both sides by f;(k,x), and integrating over (z, p), we get

(Ag) n(k?x) = fl(kvp)Q fl(k7x)_2 77(’%0) + 2k fl(kwr)_z /p dy fl<k7y)27

€T

where k # 0. Note that, as stated in Section 1, we have f;(k,z) # 0 when k£ € R\ {0}.

Since we assume f;(0,z) # 0, we can let £k — 0 in (A.9) so that

fl(07p)2
fl(()?x)z

20
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Letting p — +o00 in (A.10), and using f;(0,p) — 1 and 7(0, p) — i, we obtain 7(0,0) =

i/£1(0,0)2. This proves (2.24). I
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