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ABSTRACT

Through this introductory paper we announce to the mathematical world our studit
of some new hypergeometric functions of several matrix arguments by using Mathai’s
matrix transform technique. We have attempted the ten Lauricella-Saran functions; the
Srivastava functions H Hg ,Hc; the Exton’s twenty-one quadruple hypergeometic

S o(K) () (K) =(n) o (K) =(N) — - :
functions; the Extons(l)ED ’(2)ED and (1) EC functions; the generalized Horn’s

functions(k)Hgn) and (k)Hgn) and the generalized SrivastavaH (Bn) and Hg;)

functions. A number of reducibility cases of these functions and transformation relations
have been deduced, wherever possible. Out of these only a limited number of results are
being presented here owing to the space constraints. All the matrices appearing in this p:
are (p x p) real symmetric positive definite matrices.

INTRODUCTION

Multiple hypergeometric functions constitute a natural generalization of
hypergeometric functions of one variable. The development of computers has made it
possible to study functions with multiple series representations from a numerical point of
view. Lauricella introduced fourteen triple Gaussian series corresponding to the triple ser
Fi, F,, Fs and Kand ten further triple series. Saran initiated a systematic study of these te
triple Gaussian series of Lauricella’s set and his notatipns:F.., F- now prevail in the
literature. Since then a few additional triple Gaussian series have been introduced; for
example, G and G by Pandey, K Hg and H by Srivastava and so on.
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A review of these functions can be had from the works of Exton [3] and Srivastava and Karlsson

[25]. Mathai [7-20] has considered functions of single matrix arguments including Whittaker
functions; Kampé de Fériet's functions, Appell’'s and Humbert’s functions and Lauricella functior
matrix arguments. Among other prominent workers of the field the names of G. Pederzoli [21], |
Saxena and P.L. Sethi [22], D.G. Kabe [4-6], Yasuko Chikuse [1-2] etc., may be cited.

The present work is in advancement of the craftsmanship of Mathai where his transform techi
has been extended to the ten Lauricella-Saran functions; the Srivastava fungtiblpamtl H-; the

Exton’s twenty-one quadruple hypergeometric functions; the Ext&@f(n) (k) E(n) and

D (2D
((lg Eg]) functions; the generalized Horn’s functic%\l,Hgn) and (k) Hgn) and the generalized

Srivastava H(Bn) and Hg]) functions.

1- The Ten Lauricella-Saran Functions.

Of the ten Lauricella-Saran functiong, -, Fs, Fx, Fu, Fny Fe, Fr, Fs and | of matrix
arguments, we define the following functions for the sake of illustration:

DEFINITION 1.1: The Lauricella-Saran function
FK = FK (al, a,,8,, bl’ b2, bl; C» c2,03;—X,—Y,—Z) of matrix arguments is defined as that
function which satisfies the following integral equation:
M (FK):[ fxs0 fvs0 750 ‘X‘pl—(p+l)/2‘Y‘ p2—(p+1)/2‘z‘p3—(p+1)/2x
FK (al,az,az,bl,bz,bl;cl,c2 ,03;—X,—Y,—Z)dXdeZ]
; Fp(al—pl)rp(az—pz—pg)rp(bl—pl—pg)rp(b2—pz)rp(pl)rp(pz)rp(pg)x
(@) (@) (b (by)
I'p(cl)l'p(cz)l‘p(CS) |
Mo (C1=PN (G =PI, (C3=P53)
for Re(@; = 1.8y =05~ P3.01 =Py ~P3.05 =€) ~P1.Cx = P2.C3=P3:Py:P2:P3)>(P=1)/2

............. L)



DEFINITION 12 R =Fg (8.87.3by,D310;, €. Ci-X,~Y ,~2)
M(Fg)Lfy 0 fiy»0 Jzs0 (XIPL P2y P2 (PI2izp5m(RH)/2,
Fo (83,871,071 ,b5.05iC1,€5,€51=X,~Y,=Z)dXdYdZ]
rp(al_pl_pZ_p3)rp(bl_p1)rp(bZ_pZ)rp(b3_’03)rp(pl)rp(pZ)rp(pS)x
@) (B (0,)F  (b)

=

for Re(al_pl_pz_pgabl_p]_,bz_pz1b3_p3101_p1102_pz_pg;pl,pz;p3)>(p_l)/2
DEFINITION 1.3 : = = E(al’ 8,8y, bl,bz,bz;cl, c2,c3;—x,—Y,—Z)
‘X‘Pl—(pﬂ)/ Z‘Y‘PZ—(pﬂ)/ 2‘2‘ p3=(P+D)/2,

............. L.2)

MFE)=lx>0 fy>0 Jz>0
Fe(ag.81,8).by.b5 b5 Cs C5,C5-X,~Y = Z)dXdYdZ]
_ o(@1=P1=P5 -p3)Fp(b1—p1)Fp(bz-pz-pg,)rp(pl)rp(pz)Fp(p3)x
@) (B ()
Fp (c) Fp (c,) rp (c3)
Mo (C =Pl (o= po)lH(C3=P3)
for Re(@; =Py =P =301 =01 by =Py =03.01 =P €5 =P).C37P3:P1:0:03)>(P~D)/2

............. L.3)



THEOREM 1.1 : K (alaz, 2,b1,b2 blcl’ 9:Ca; -X,-Y ,=2)
(e (€ (C3)

M@y (0 (b2 (¢ =2 (€5 =by) (5

M 2—(p+1)/2‘W‘b1 (p+1)/2“_U‘c1 ay - (p+1)/2“_v‘ 5 b2—(p+1)/2x

-b ~
I+U}£XU}é . I+V%YV% ’ I+(I+V%YV%) %x

_ _ P!
(|+u%xu%) %W%ZW%(HU%XU%) %(HV%YV%) 7y 2

dudvaw] e (1.4)

for Re(cl—al,cz—b2,c3—b1,a1,bl,b2)>(p—1)/2.
PROOF: Taking the M-transform of the right side expression of eq. (1.4) with respect to the varie

X, Y, Z and the parameters, ,0.,, P, We get,
Jx>0 [y>0 Jz0 X 07 2x072
W%ZW%(HU%XU %)_%(HV%YV%)_% B

[ —(p+D)/2
b oo Jo Jo UL

—a

X

—b
P (P11 2py 05 ~(PH)/2,7/P5~(P+1)/2 .

dXdYdz--(1.5)




Making use of the transformations

Xlzu%XU % ,Y1:Y %YV % and

le(l +Y1) _% (I +X1)_% W%ZW% (I +X1) _%(I +Y1) _%
sothat dx,=U|(P* 2axay, zv|(P 24y,

_ —(p+D)/2 —(p+D)/2  (p+1)/2
dz,=1+Y,| 14X W] dz

and X, [FUIXY =V Y zy =+, ex“wiz
the expression (1.5) yields,

- - - —(p+l)/2

0 po—(p+D/2
3Ix1>o Jv,>0 Jz,>0 ‘X ‘Yl‘ X

Z| p3~(pH) 2‘| +x1‘_(bl_p 3) ‘I +Y1‘_(a2 ~P3) ‘| +zl‘_a2 dX,dY,dZ;-(L6)

Integrating out the variables; XY, Z; by using a type -2 Beta integral the expression (1.6) generat
rp(Pl)rp(bl_p3_pl)rp(p2)rp(az_pS_pz)rp(P3)rp (32_103)

Making use of the expression (1.7) on the right side of eq. (1.4), and then integrating out the vari
U, V, W by using a type-1 Beta integral, we get

rp (Cl)rp(CZ)rp(CS) rp(pl)rp (bl_pS_pl) rp(’oZ) rp(aZ _p3 _pz) y
(@) (BT (B)T (BT (6 =P (€= (C5=P3)

U7P1jv|P2w|7P3 (L7)

rp (03)|_p(6\1—,01)|_p(b2—p2) ceee(1.8)
which from eq. (1.1) is M(D.



In a similar pattern the matrix generalization of an integral.aféf be obtained as
R (81:31:3 Py D5 D3iCy €5, €5 =X, =Y, =2)

. Fp (Cl) Fp (02) )

rp(bl)rp(bz)rp(bg)rp (cl—bl) Fp(cz—bz—bg)

I ‘U‘bl—(p+1)/2Mb2—(p+1)/2‘W‘b3—(p+1)/2‘I _U‘cl—bl—(p+1)/2><

1-v-w[C2 P 7Pg=(PHD/2 +U2XU 249 720y T2 0w 220 2 _alx

dudVdw] e (1.9)

forRe(bl,bz,bs,cl—bl,cz—bz—b3)>(p—1)/2.
The limiting case of which shall have the following form:
X Y Z
. F aiala’b ’b ’b 1C ’C 1C ;__1__1__
a“inooe( 1P 0301 Co.Cpim = T

rp (c) rp(cz) )
0T (bR (b3 (6 =by)T (e, b, -bg)
I_U ‘ U‘bl_(p-l-l)/z‘V‘ b2_(p+1)/2‘W‘ b3—(p+1)/2“ _ U‘Cl_bl_(p-l-l)/zx

=

THEOREM 1.2: A case of reducibility —

FG (allalyalablabz1b31C11C2’C21_X1_Y’_Y): F2(a11b11b2+b31C11C2”_X1_Y)
PROOF: Putting Z=Y in eq. (1.9) and observing that

| + U%XU% +V%YV% + W%YW%

| + U}éXU}é +(V +W)%Y(V +W)%



we get
P (818,8y,0y,05,03,C1,C5,Cpi =X, =Y, =)
) T o(Cy)

r (bl)r (b2)r ('33)r (c1- 1)F (cy—by- b3)
.[U ‘U‘bl_(p"‘l)/z‘v‘bz_(p+1)/2‘w‘b3—(p+1)/2“ —U‘Cl_bl_(p+1)/2x

|-V -w|C2 P D3 =(P+D)/2 I+U%XU%+(V+W)%Y(V+W)% dUdVdW]--(1.12)
| |

which underthe transformd&ons V1 =V; W1 =V+W ie W= W1 V1 and dV dW =dVvVdW

given in the work of Mathai[7] in:the rangeO<V1<W1<|, produces
PCHLREN
r (b )r (b )F (b )N (cl l)l‘ (c2 b2 b3)

—(p+D)/2 —(p+D)/2
Wy~ 1‘ 3

=

LU ‘ U‘bl—(p+1)/2‘vl‘ b2 ‘ | _U‘Cl—bl—(p+l)/2>(

‘| —Wl‘CZ_bZ_bB_(p+l)/2| UP2xu 2w %YW % dUdV;dW}-----(1.13

Integrating outVlby using a type-1 Beta integral and after simplification the expression (1.13)
reduces to

. o epry(c)

RCHING +b3)F (&b (c5=by b3)
Io Io

ho—h &
‘l—wl‘CZ by b3 (p+1)/2|+uy2xuy2+w1%vwlyz dUdW, ]+ (1.14)

\U\b (p+1)/2‘W ‘b "‘b (p+l)/2\I—U\C1_ 1—(p+1)/2><

which is the integral representation ﬁﬁ(alb b2+b3 C1:Con —X,=Y) according to theoren3 (6)
page 58 of Mathai [8].



Another case of reducibility can be seen as under
X Y Y

lim FG(a,a,a,bl,bz,bg;cl,cz,cz;——,

a - E’_E)lel(bl;Cl?‘X)'lFl(bz+b3?‘32?‘Y) ------ (1.15)

This result follows by setting Z=Yin eq. (1.10) and by applying the transformaWins V;

W2:V+W(herEO<W1<W2<I and dVszdWldWZ) and then integrating oui\/1 in the

resulting expression by using a type-1 Beta integral which leads us to,

| INCUINCY b +b,~(pHD)/2
rp(bl)rp(b2+b3)rp(cl_b1)rp(C2_b2
_bl_(p+1)/2‘| _WZ‘CZ—bZ—bg—(pﬂ)/ 2e—tr(UX+W2Y)

|1 bi—(pH)/2
—5jo Jo YL P 2w,
3)

1-u
which is the product of the '[WP:]_ functions.

dUdW, ]

THEOREM 1.3: A transformation theorem-
FG (al’al’al’bl’bz 1b31011C21C25_X 1_Y 1_Z)

= +X\_al Fgla@:21.61by.bs.baicy 5,051 +X)_%X(I +X)_%,
(I +X)_%Y(I +X)_%,—(I +X)_%Z(I +X)_%] ..(1.16)

PROOF: To prove this theorem we defiﬂ% through an integral representation
Fo (8.81.81.01.b5 baic; €5.05-X,-Y ,-2)
I rp (c) rp(cz) )
Mo (B)F (by)T (b5)F 1 (c =T (€, b, =b)
I \U\bl_(p"'l)/z\V\b2_(p+1)/2\W\b3_(p+1)/2\| —U\Cl_bl_(p"'l)/zx

|+x%uxy2+\(y2wy2+zy2wzy2 aldUdVdV\/]...(l.l?)

forRe(b; b4, ~by €=, —bg)>(p-1)/2

Now, by observing that

I +X}éUX}/2 +Y%VY% +Z}6WZ}é

“ Y —W‘CZ_bZ_b3_(p+l)/2




H1+X|] I—(I+X)_%X%(I—U)X%(I+X)_%+(I+X)_%Y%VY%
X(I+X)_%+(I+X)_%Z%WZ%(I+X)_% |

and applying the transformatidulzl—u , the required theorem can be obtained by a suitable

interpretation of eq. (1.17).

THEOREM 1.4: A transformation theorem-
FG(al,al,al,bl,bz,b3;cl,c2,02;—x,—Y,—Z)=\I+Y\ alFG[al,al,al,bl,cz—b2—b3,b3;c1,02,c2;

—(I+Y)_%X(I+Y)_%,(I+Y)_%Y(I+Y)_%,—(I+Y)_%(Z—Y)(I+Y)_%]---(1.18)
whereZ-Y >0.

PROOF: Applying the transformationk/lzl —V—W,W1:W to eq. (1.17) and observing that

I +X%UX% +Y%(I _Vl_Wl)Y% +Z%le%
=1+Y| I+(I+Y)_%X%UX%(I+Y)_%—(I+Y)_%Y%V1Y%

x(|+Y)_%+(|+Y)_%(Z—Y)%W1(Z—Y)%(|+Y)_% |

the required theorem follows after a suitable interpretation of eq. (1.17).
Above-mentioned two transformation theorems can be assimilated in order to generate the folloy

result
FG (al’al’al’bl’bZ ’b31C1,C2,C2 ,_X ,_Y ,_Z)

=1+X+Z| ! Fglay:218.¢1-by.by.c5—by—baic €5 .0,
(I+X +Z)_%X(I +X +Z)_%,—(I +X +Z)_% (Y=2)(1+X +Z)_%,

(I+X+Z)_%Z(I+X+Z)_%] --+(1.19

whereyY —Z>0.
This can be obtained by applying the transformatidrjsl —U;V1:V;

Wl =|1-V-W to eq. (1.17) and observing that
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|+x%(|—ul)x% +Y%V1Y%+Z%(I—V1—W1)Z%

=1+X+Z] 1-(1+X +Z)_%X%U1X%(I +X +Z)_}é +(1+X+2) _%(Y —Z)%x

Vv, (Y —Z)%(I+X+Z) %—(I+X+Z) %Z%le%(l+X+Z) % |
and suitably interpreting eq. (1.17).
The matrix generalization d¥E given in eg. (1.3) can be used as in theorem (1.1) to prove tl

following result:

_tr(u)‘U‘a—(p+1)/21F1(bl;C1;_U%xu %)x

4 1
= Fp(a)I U>0°

wz(bz;cz,cs;—u %YU %,—U%ZU%)dU] coen(1.20)

for Re (a) > (p-1)/2.

2. The Srivastava FunctionsHA, HB’ HC'

The Srivastava functionis| A HB’ HC of three real symmetric positive definite matrices have bee

defined by us. One of them is being cited here for illustration.
DEFINITION 2.1: HA:HA(a,b,b';c,c';—X,—Y,—Z)

_ —(p+1)/2 —(p+D)/2 —(p+D)/2
M(HA)=fxs0 fy >0 fz50 [XIP1 P2y |P2 P 2125 (P,
H, (abbicci-X,-Y,~Z)dXdYdZ
5@ 01=P3) (0= =) (0= =p3) T ()T () (P)T (P15 (P3)
for Re(a_Pl_pQ,’b_Pl_Pzab'_Pz ~P3 ’C_Pl’C'_PZ_Pgiplvpz’P3)>(p_1)/2-

(2.0
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THEOREM 2.1: HA(a, b,b';c,c’;—X,-Y,-2Z)

_ 1 —tr(S+T) (pa—(p+1)/ 2 gh—~(p+1)/2,,
= @ rp(b)fs>o frsc® T &

0 Fl( ;c;—T%S}éXS%T%)i Fl(b';c'; —(S}éYSy2 +T%ZT%)de'I]- ceene(2.2)

for Re(a,b)>(p-1)/2.
PROOF: Taking the M-transform of the right side of eq. (2.2) with respect to the variables X, Y, Z
and the parameterg,, p,, p5 We get

_ —(p+1)/2 —(p+1)/2 —(p+1)/2
Lo fys0 250 ‘X‘Pl (p+D) MPZ (p+D) ‘Z‘P3 (p+D/2,

oF( ;C;_T%S%XS%T%).1F1(b';c';—(s%vs% +T%ZT%)dXdeZ]---------(2.3)

Making use of the transformations
XlzT%S}éXS}éT%;les%YS}é;leT% ZT%

(P2 q(P+D/2 gy vy —Iq(PHD)/2 v 47 —11(P+D)/2
dx, =[1[(P 25 (P 2gxay, =P 2gy,;dz, =(PH)/2q7

X[=[TISIX[| Y, =8 Y| and|z,|=[T|Z
The expression (2.3) yields

0y =Pl =01—0
T F1 P38 1 2fx,50 [¥;>0 Jz,50 X

py—-(ptD/2 _ -
1‘ 3 o (G—X )1 F(bici-Y,=Z,)dX,dY,dZ,--(2.4)

‘pl—(p+1)/2 ‘pz—(p+1)/2x
1

g
‘z

Now writing the M-transforms of th8F1 and thelF1 functions by using eq. (2.3.5) page 38 and eq.
(3.2.7) page 55 of Mathai [8]; the expression (2.4) gives
PPy PP O (AT B~y (Ey (P (P)

Mo(C=pT ()T (C=p5=03)
Substituting this expression on the right side of eq. (2.2) and integrating out S and T by using a
Gamma integral we obtain

rp(C) rp(pl) rp(b'_Pz_Pg) rp(cl)rp(pz)rp(pg)rp (a_pl_Pg)rp(b_pl_pz)
o (C=p (0 (€= py=Pg)l (& (B)
which is M(HA) . Hence the proof.

...(2.5)

(2.6)
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We have also established the following results on similar lines:

THEOREM 2.2: HB(a,b,b';c, 2:C3; -X,-Y,=-2Z)

_ 1 —tr(§+S,+S3) | @a-(pt1)/2
_[rp(a)rp(b)rp(b7I81>O .r82>0 .[S3>Oe ‘Sl‘ ‘82

‘ 53‘ b'—(|0+1)/2O F(c ;—sz%sl%xsl%sz%).o F(cyi=S, %52 %YSZ %53 %)x
oFl(;03;_53%31%2%_%53%)d8_|_d82d83] e (2.7)

for Re(a,b,b)>(p-1)/2.

‘ b_(p+1)/2><

THEOREM 2.3: HC(a,b,b';C;—X,—Y,—Z)

B 1 —tr(Sl+S2 +83) a—(p+1)/2
3 rp (a) rp (b)rp (b')ISl>O ISZ >0 IS3>Oe ‘Sl‘ ‘82

‘Sg‘b'—(p+1)/2 oR( ic ;—SZ%S_L%XS]_%SZ% —33%52%\(52%53%
‘%%%%Z%%Sg%)d%_dszdss] e (2.8)

for Re(a,b,b)>(p-1)/2.
We have also generalized many other integrals of Euler and Laplace types available for these
functions in chapters four, five and six of Exton [3].

‘b—(p+1)/2x

3. The Twenty-One Quadruple Hypergeometric Functions of Exton
The twenty-one quadruple hypergeometric functiops. K..., K,; of Exton with four real
symmetric positive definite matrices as arguments have been defined and all the integrals of Eul
Laplace types available for them in sections 3.3.1, 3.3.2 and in chapters four, five and six of Extc
have been generalized and proved. Some cases of reducibility and some transformation relation
also been obtained by us.

GEQ

4. Exton’s generalized hypergeometric functioné(l) E(n) and (2)ED (k )E(n)

and Chandel’s ke

function of matrix arguments

The above functions have also been defined by us for the matrix arguments case and all the inte
of Euler and Laplace types for these functions given in sections 3.4.2 and 3.4.4 of Exton [3] have
generalized and proved by us.
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5. The Generalized Horn’s Functions (k )H(3n) and (k) Hgn) of matrix arguments

The approach adopted in sections three and four (given above) has been extended to all
functions under this category and we have also generalized and proved all integrals of Euler and
Laplace types for these functions which are available in sections 3.5.2 and 3.5.4 of Exton [3]. On
particular thing of interest has been noticed by us in this case is that the three integrals of Euler 1
available for these functions in section 3.5.2 of Exton [3] can be generalized for the case of 2x2 |
symmetric positive definite matrices only, while no such restriction is required for the generalizat
of integrals of Laplace types given in sections 3.5.4 of Exton [3].

For instance we define and prove a theorem for the funéh%hl gn) here.

DEFINITION 5.1:

(k) Hg’l) _(k) Hgl) A DX X))
9. ()L py-(p1/2 (P42
Mé( )H(n) [IX >0 .{X >O ‘X ‘ 1 }Xn‘ n
(k) H(3n) (a’bk+1’ ........ bn ;C;—Xl, ....... ,—Xn)dxl ....... an]

[ Fp(a—Zpl—- 2Py P '_pn)rp(bk+1_pk+1)”rp(bn ~Pp)
M@ (B g)- Ty (BT p(c=py =)
L e i o3 A — 6.1)

forRe(a-2p; —-=2p, =Py 1= =P Py 1Py P =P C= P == PP )>(P-D/2,
i=1,....... n.

THEOREM 5.1

For p=2 and forRe[(aﬂ)/z’bkﬂ""'bn’c_bk+1_"‘_bn —(a+1)/2]>(p-1)/2,
k

W @by g b 16X X )

5 I'p[(a+1)/ 2]F|O(bk +1)- : 'rp(bn)rp[c_bk T -—bn —(a+1)/ 2]x
bk +1—( p+1)/2 bn —(p+1)/ 2><

[ n-k+)...J ‘Uk+1‘ ..... ‘ n‘

continued in the next page....................
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|=Up = - Un‘c_bk+l_”' by, _(p+1)/ZM(a+1)/2—(p+1)/2X
I_V‘C—bkﬂ—---—bn—(a+1)/2—(p+l)/2I+Ukygl " ky +Uy2x u%
\I+4(I+UkJ2r1 k+1 k+1 +ny U}/) 1(| _"'_Un)%x

%(X +. +Xk)V}/(I

2 x
(I+ Uk+1 k+1 k+1

k - ._Un)%x
-1 -(2a+1)/4
ny n%) (@l 4qy, 4 U dVI.......62)

PROOF: Taking the M-transform of the function invoIvin)Q1 ....... ’Xn on the right side of

eq.(5.2) with respect to the variablxi ....... ,Xn and the parameter,e1 ....... ' Pp respectively, we
get
P2 | (P2 1Py ~(PHDI2
Jx >0 ~fx >0 Xt Xy X X
o2 o B
...... ‘xn‘ n 1+U[ 22X, U2+ +ny U%

u% +...+un%xnun%)‘l(l—ukﬂ—--.—un)%x

2
1+4(1+U{ 5 X, 1 Yica

V%(X1+--.+Xk)v%(l —Uk+1—---—Un)%x

2 b2 -1 —(2a+D)/4
(|+uk+1xk+1uk+1+...+un%xnuny2) | dX;.....dX dX

Making use of the transformations

Y1 Xl’YZ X1+X2 ...............

dX,--(5.3)

Yj:UJ%XjUJ%, j=K+L,- o0,

TherdY, ... dY} =dX,.....dX, andd; ‘U‘ dx;,

for j=k+L1,.......,n(on using eq (6.7) page95 of Mathai[7])
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and‘Xl‘:‘Yl‘;‘XZ‘:‘YZ—Yl‘;...‘Xk‘:‘Yk _Yk_l‘;‘Yj‘:‘UjHXj‘;j:kﬂ"m’n'
Here O<Y,.<Y,<----. <Y

1 '2
We can have

‘Uk+ ]J—Pkﬂm‘un‘—ﬁ?n foen).e ﬂYl‘pl_(pﬂ)/z‘Yz—Y ]Jpz—(p+1)/2x

) _Yk—l‘ Py —(P1)/2 ‘Pk+1—(p+1)/ 2 ‘

kandYj >0,j=k+1,---,n.

P~ (P+D)/2
y

}Y ‘Yk Y ‘| Y| gt .+Yn‘_a

+1
\I +4(| +Yk+1+- . -+Yn)_1(l _Uk+1_' . -—Un)%V%YkV%(I _Uk+1_' . -—Un)%x

(14 g+ +Y ) [T gy gAYy e (5.4)

Integrating out the variable‘s‘l, ’Yk—l by using a type-1 Beta integral and then making use of
another transformation

_ -1
Z, =H1+Y | g+ +Y ) (|—uk+1—.--—un)%v%vkv%(|—uk+1—--.—un)%x

-1
(I +Yk+1+"'+Yn)

sathat dz, =aPPD2ipy, . -+Yn‘_(p+1)‘l U —-U, ‘(pﬂ)/ 2
M(p+1)/2dYk
andz, =4P +Yk+1+---+Yn‘_2‘l Uy == VY,

the expression (5.4) yields,
Mp(Py*---py) Tkl

_pk+1...‘un‘_pn x

_(p1+. . .+pk) ‘V‘_(pl-h . '+pk)x

(pg+:-+py )—(ptD)/2 Py .1~ (P+D/2
co(n=k)--- 7 M1 Kk Y k+1 %
Iz,>0 v, ;>0 IYn>O‘ k‘ ‘ k+1‘
p..—(p+l)/2 —(2a+1)/4 —(a—2p,—---2p, )
...}Yn‘ n ‘I+Zk‘ ‘|+Yk+1+“'+Yn‘ 1 K’ x
dz, dY ,q1.--dY, Y 1)
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Integrating out the variablzk by using a type-2 Beta integral and the variahﬂl?il ..... Yn by

using a type-2 Dirichlet integral, the above expression produces
o+ +py) ~Prs1 “Pny(o++py)
4 Fp(pl)...l'p(pn)‘Uk_l_l‘ ---‘un‘ V[P k) x

_(p1+"'+pk) Fp[(2a+1)/4—p1-..._pk] )
I'p[(2a+1)/ 4] I'p(a—2 P~ 2Py )

U= 7Yy

Fp(a—2p1—- 2Py ~ Py~ -—pn) .............. 6.6)

Substitution of this expression on the right side of eq. (5.2) gives

4—p( prt+ pk) Fp[( 2a+1)/4—- Py pk] )
I'p[(2a+1)/4] I'p (@-2p)—---2 pk)l'p[(a+1)/ 2]

Mo@=201= =20 =Py g = =PRI 1 (©) )
Mp(Byag) - Fp (BT plC=by 4y =+—bp ~(a+1)/2]
p+1)/2...}U ‘bn—pn—(p+1)/2><

by 17Oy 41 (
foorn (n—k+1)..ﬂuk+1‘ k+l Fk+l .

c-b, ,,—-b_ -p,—--—p —(p+tD)/2
_ N K+1 1 Kk
M(a+1)/2—pl—- =Py —(p+D)/ 2“ _V‘c—bk v -—bn —(a+l)/2-(p+L)/ 2x
dUk+1"dUndV SN X))

Integrating out the variabldslk_|_1 ..... Un andV by using a type-1 Dirichlet integral and a type-1

Beta integral respectively and observing that

“Dpy+-+py)
4 PP Py @)/ 2-py = =Py IT (284D /4= py == py

Fp(a—2 P~ -—Zpk)rp[(a+1)/ 2] Fp[(2a+1)/ 4]

for p=2. coviiennnnn(5.8)

@
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by using eq. (6.13) page 84 of Mathai [8], simplification of the expression (5.7) finally yields

o @0 T (o) (O 4 =Py 4q)--T p(bn—pn)x
M0 i) Ty (b )T @ (C=py—=pp)
I'p(a—2p1—- =20, ~Py 1™ Pp) cevrerrnmmnennnnf5.9)

which is M é(k) Hgn)g hence the proof. It is to be noted that the result of theorem (5.1) is differel

from the corresponding result in the scalar case.

6. The Generalized Srivastava Function$d (Bn) anngl) of Matrix Arguments.

After defining the generalized Srivastava functidﬂhén) anng]) of real symmetric positive

definite matrices as arguments, the Laplace type integrals available for these functions in egs.
(198),(199) and (200) on page 325 of Srivastava and Karlsson [25] have been generalized and f

7. On Other Functions of Matrix Arguments.

Besides the above functions a number of integrals of Euler and Laplace types for other typ
functions, viz. Kummer’s confluent hypergeometric functions, the ordinary and generalized Gaus
hypergeometric functions available in Slater [23,24], the Appell's and the Humbert’s functions, th
Lauricella functions available in Exton [3] and Srivastava and Karlsson [25] and which have so fe
been generalized by Mathai [7-20] and others, have been generalized and proved by us togethe
some transformation relations and cases of reducibility.

We propose to deal with the definitions, statements and generalizations and proofs of varic
results of the different types of functions mentioned in this paper in our future communications.

References

1. Chikuse, Yasuko (1992). Properties of Hermite and Laguerre Polynomials in Matrix Argurr
and Their Applications; Linear Algebra and its Applications, 176, pp. 237-260.

2. Chikuse, Yasuko (1992). Generalized Hermite and Laguerre Polynominals in Mul
Symmetric Arguments and Their Applications; Linear Algebra and its Applications, 1
pp.261-287.

3. Exton H. (1976). Multiple Hypergeometric Functions and Applications. Ellis Horwood Limit
Publishers, Chichester.

4. Kabe, D.G. (1991). On Some Multiple Integrals Involving Hypergeometric Functions of Ma
Arguments; Indust. Math. 41 (1991), no.1, 29-39 (1992).

5. Kabe, D.G. (1991). Some Results for Multiple Integrals Involving Hypergeometric Function
Matrix Arguments; Indust. Math. 41 (1991) no.2, 125-136 (1992).



18
6. Kabe, D.G. (1993). Herz's, Conjecture for Hypergeometric Series of Matrix Argument

Indust. Math. 43 (1993), no. 1, 5-10 (1994).

7. Mathai A.M. (1992). Jacobians of Matrix Transformations I, Centre for Mathematical Scien
Trivandrum, India.

8. Mathai A.M. (1993). Hypergeometric Functions of Several Matrix Arguments, Centre
Mathematical Sciences, Trivandrum, India.

9. Mathai A.M. (1993). Appell's and Humbert's Functions of Matrix Arguments, Linear Alge
and its Applications; 183, pp. 201-221

10.Mathai A.M. (1993). Lauricella Functions of Real Symmetric Positive Definite Matrices, Ind
Journal of Pure and Applied Mathematics; 24(9) pp. 513-531.

11 Mathai A.M.,Pederzoli G. (1993). Kampé de Fériet's Functions of Matrix Arguments; Met
LI (3-4) pp. 3-24.

12 Mathai A.M. (1995). Special Functions of Matrix Arguments-I; Proceedings of the Natic
Academy of Sciences, India; LXV (Ipp. 121-142.

13.Mathai A.M.(1995). Special Functions of Matrix Arguments-Il; Proceedings of the Natic
Academy of Sciences, India; LXV (lIpp. 227-251.

14 Mathai A.M. (1995). Special Functions of Matrix ArgumefitsProceedings of the National
Academy of Sciences, India; LXV (IV), pp.367-393.

15Mathai A.M. (1995). Special Functions of Matrix Arguments-1V; Proceedings of the Natic
Academy of Sciences, India; LXVI (A-I) pp. 1-22.

16.Mathai A.M.,Pederzoli G. (1995). Hypergeometric Functions of Many Matrix Variables :
Distributions of Generalized Quadratic Forms; American Journal of Mathematical
Management Sciences; 15(3&4) pp. 343-354.

17 Mathai A.M. (1996). Whittaker and G-Functions of Matrix Arguments in the Complex Ce
International Journal of Mathematical and Statistical Sciences; 5,pp. 7-32.

18 Mathai A.M.,Pederzoli G. (1996). Some Transformations for Functions of Matrix Argume
Indian Journal of Pure and Applied Mathematics; 27(3), pp. 277-284.

19Mathai A.M.,Pederzoli G. (1997). Some Properties of Matrix Variate Laplace Transform
Matrix Variate Whittaker Functions; Linear Algebra and its Applications; 253, pp. 209-226.

20.Mathai A.M.,Pederzoli G. (1998). On Whittaker Functions of Matrix Argument; Linear Algel
and its Applications; 269, pp. 91-103.

21.Pederzoli G. (1996). Some Properties of Kampé de Fériet's Functions of Matrix Arguments
Applications; Metron (53), no. 3-4; 5-23.

22.Saxena R.K., Sethi P.L. & Gupta O.P. (1997). Appell's Functions of Matrix Arguments. In
Journal of Pure and Applied Mathematics; 28, no. 3, pp. 371-380.

23.Slater L.J. (1960). Confluent Hypergeometric Functions. Cambridge University Press.

24 Slater L.J. (1966). Generalized Hypergeometric Functions. Cambridge University Press.

25.Srivastava H.M. & Karlsson P.W. (1985). Multiple Gaussian Hypergeometric Series. |
Horwood Limited, Publishers, Chichester.



