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ABSTRACT

Through this introductory  paper  we announce to the mathematical world our studies
of some new hypergeometric functions of several matrix arguments by using Mathai’s
matrix transform technique. We have attempted the ten Lauricella-Saran functions; the
Srivastava functions  HA, HB ,HC; the Exton’s twenty-one quadruple hypergeometic

functions; the Exton’s  )n(
DE)k(

)2(,
)n(

DE)k(
)1( and )n(

CE)k(
)1(  functions; the generalized Horn’s

functions )n(
3H)k(  and  )n(

4H)k(  and the generalized Srivastava  )n(
BH  and )n(

CH

functions. A number of reducibility cases of these functions and transformation relations
have been deduced, wherever possible. Out of these only a limited number of results are
being presented here owing to the space constraints. All the matrices appearing in this paper
are (p x p) real symmetric positive definite matrices.

INTRODUCTION

Multiple hypergeometric functions constitute a natural generalization of
hypergeometric functions of one variable. The development of computers has made it
possible to study functions with multiple series representations from a numerical point of
view. Lauricella introduced fourteen triple Gaussian series corresponding to the triple series
F1, F2, F5 and  F9 and ten further triple series. Saran initiated a systematic study of these ten
triple Gaussian series of Lauricella’s set and his notations FE, FF,…, FT now prevail in the
literature. Since then a few additional triple Gaussian series have been introduced; for
example, GA and GB by Pandey, HA, HB and HC  by Srivastava and so on.
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A review of these functions can be had from the works of Exton [3] and Srivastava and Karlsson
[25]. Mathai [7-20] has considered functions of single matrix arguments including Whittaker
functions; Kampé de Fériet’s  functions, Appell’s and Humbert’s functions and Lauricella functions of
matrix arguments.  Among other prominent workers of  the field the names of G. Pederzoli [21], R.K.
Saxena and P.L. Sethi [22], D.G. Kabe [4-6], Yasuko Chikuse [1-2] etc., may be cited.

The present work is in advancement of the craftsmanship of Mathai where his transform technique
has been extended to the ten Lauricella-Saran functions; the Srivastava functions HA, HB and HC; the

Exton’s twenty-one quadruple hypergeometric functions; the Exton’s  )n(
DE)k(

)2(,
)n(

DE)k(
)1( and

)n(
CE)k(

)1(  functions; the generalized Horn’s functions )n(
3H)k(  and  )n(

4H)k(  and the generalized

Srivastava  )n(
BH  and )n(

CH   functions.

1- The Ten Lauricella-Saran Functions.

Of the ten Lauricella-Saran functions FE, FF, FG, FK, FM, FN, FP, FR, FS and FT of matrix
arguments, we define the following functions for the sake of illustration:

DEFINITION 1.1: The Lauricella-Saran function

 KF   = )Z,Y,X;3c,2c,1c;1b,2b,1b,2a,2a,1a(KF −−−  of matrix arguments is defined as that

function which satisfies the following integral equation:

2/)1p()3,2,1,33c,22c,11c,22b,311b,322a,11a(Refor

)1.1...(..........]
)33c(p)22c(p)11c(p

)3c(p)2c(p)1c(p

)2b(p)1b(p)2a(p)1a(p

)3(p)2(p)1(p)22b(p)311b(p)322a(p)11a(p
[

]dXdYdZ)Z,Y,X;3c,2c,1c;1b,2b,1b,2a,2a,1a(KF

2/)1p(3Z2/)1p(2Y2/)1p(1X0Z0Y0X[)KF(M

−>−−−−−−−−−

−Γ−Γ−Γ

ΓΓΓ

×
ΓΓΓΓ

ΓΓΓ−Γ−−Γ−−Γ−Γ
=

−−−

×+−+−+−
>>>= ∫∫∫

ρρρρρρρρρρρρ

ρρρ

ρρρρρρρρρ

ρρρ
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DEFINITION 1.2 :   GF   = )Z,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF −−−

2/)1p()3,2,1,322c,11c,33b,22b,11b,3211a(Refor

)2.1...(..........]
)322c(p)11c(p

)2c(p)1c(p

)3b(p)2b(p)1b(p)1a(p

)3(p)2(p)1(p)33b(p)22b(p)11b(p)3211a(p
[

]dXdYdZ)Z,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF

2/)1p(3Z2/)1p(2Y2/)1p(1X0Z0Y0X[)GF(M

−>−−−−−−−−−

−−Γ−Γ

ΓΓ

×
ΓΓΓΓ

ΓΓΓ−Γ−Γ−Γ−−−Γ
=

−−−

×+−+−+−
>>>= ∫∫∫

ρρρρρρρρρρρρ

ρρρ

ρρρρρρρρρ

ρρρ

DEFINITION 1.3 :        EF   = )Z,Y,X;3c,2c,1c;2b,2b,1b,1a,1a,1a(EF −−−

2/)1p()3,2,1,33c,22c,11c,322b,11b,3211a(Refor

)3.1...(..........]
)33c(p)22c(p)11c(p

)3c(p)2c(p)1c(p

)2b(p)1b(p)1a(p

)3(p)2(p)1(p)322b(p)11b(p)3211a(p
[

]dXdYdZ)Z,Y,X;3c,2c,1c;2b,2b,1b,1a,1a,1a(EF

2/)1p(3Z2/)1p(2Y2/)1p(1X0Z0Y0X[)EF(M

−>−−−−−−−−−

−Γ−Γ−Γ

ΓΓΓ

×
ΓΓΓ

ΓΓΓ−−Γ−Γ−−−Γ
=

−−−

×+−+−+−
>>>= ∫∫∫

ρρρρρρρρρρρρ

ρρρ

ρρρρρρρρρ

ρρρ
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THEOREM 1.1 : )Z,Y,X;3c,2c,1c;1b,2b,1b,2a,2a,1a(KF −−−

.2/)1p()2b,1b,1a,1b3c,2b2c,1a1c(Refor

)4.1(]dUdVdW

2a
2

1
)2

1
YV2

1
VI(2

1
)2

1
XU2

1
UI(2

1
ZW2

1
W2

1
)2

1
XU2

1
UI(

2
1

)2
1

YV2
1

VI(I
2a

2
1

YV2
1

VI
1b

2
1

XU2
1

UI2/)1p(1b3cWI

2/)1p(2b2cVI2/)1p(1a1cUI2/)1p(1bW2/)1p(2bV

2/)1p(1aUI
0

I
0

I
0)1b3c(p)2b2c(p)1a1c(p)2b(p)1b(p)1a(p

)3c(p)2c(p)1c(p
[

−>−−−

×
−−

+
−

+
−

+

×
−

++
−

+
−

++−−−

×+−−−+−−−+−+−

×+−
−Γ−Γ−ΓΓΓΓ

ΓΓΓ
= ∫∫∫

��

PROOF: Taking the M-transform of the right side expression of eq. (1.4) with respect to the variables
X, Y, Z and the parameters ,3,2,1 ρρρ we get,

)5.1(dXdYdZ
2a

2
1

)2
1

YV2
1

VI(2
1

)2
1

XU2
1

UI(2
1

ZW2
1

W

2
1

)2
1

XU2
1

UI(2
1

)2
1

YV2
1

VI(I
2a

2
1

YV2
1

VI

1b
2

1
XU2

1
UI2/)1p(3Z2/)1p(2Y2/)1p(1X0Z0Y0X

�

−−
+

−
+

×
−

+
−

++
−

+×

−
++−+−+−

>>> ∫∫∫ ρρρ
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Making use of the transformations

ZW
1

1XI
1

1YI1Z;YV1Y;XU1Xand

dZ2/)1p(W
2/)1p(

1XI
2/)1p(

1YI1dZ

;dY2/)1p(V1dY;dX2/)1p(U1dXthatso

2
1

)1YI(2
1

)1XI(2
1

ZW2
1

W2
1

)1XI(2
1

)1YI(1Z

and2
1

YV2
1

Y1Y,2
1

XU2
1

U1X

−
+

−
+===

++−
+

+−
+=

+=+=

−
+

−
+

−
+

−
+=

==

the expression (1.5) yields,

)6.1(1dZ1dY1dX2a
1ZI

)32a(
1YI

)31b(
1XI

2/)1p(3
1Z

2/)1p(2
1Y

2/)1p(1
1X01Z01Y01X3W2V1U

�
−

+
−−

+
−−

+
+−

×
+−+−

>>>
−−− ∫∫∫

ρρρ

ρρρρρ

Integrating out the variables X1, Y1, Z1 by using a type -2 Beta integral the expression (1.6) generates

)7.1..(
)2a(p)32a(p)31b(p

)32a(p)3(p)232a(p)2(p)131b(p)1(p
3W2V1U

Γ−Γ−Γ

−ΓΓ−−ΓΓ−−ΓΓ−−−
ρρ

ρρρρρρρρρρρ

Making use of the expression (1.7) on the right side of eq. (1.4), and then integrating out the variables
U, V, W by using a type-1 Beta integral, we get

 

)8.1()22b(p)11a(p)3(p

)33c(p)22c(p)11c(p)2a(p)2b(p)1b(p)1a(p

)232a(p)2(p)131b(p)1(p)3c(p)2c(p)1c(p

���ρρρ

ρρρ

ρρρρρρ

−Γ−ΓΓ

×
−Γ−Γ−ΓΓΓΓΓ

−−ΓΓ−−ΓΓΓΓΓ

which from eq. (1.1) is M(FK).
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In a similar pattern the matrix generalization of an integral of FG can be obtained as

)Z,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF −−−

.2/)1p()3b2b2c,1b1c,3b,2b,1b(Refor

)9.1(]dUdVdW

1a
2

1
ZW2

1
W2

1
YV2

1
V2

1
XU2

1
UI2/)1p(3b2b2cWVI

2/)1p(1b1cUI2/)1p(3bW2/)1p(2bV2/)1p(1bU

)3b2b2c(p)1b1c(p)3b(p)2b(p)1b(p

)2c(p)1c(p
[

−>−−−

×
−

++++−−−−−

×+−−−+−+−+−

×
−−Γ−ΓΓΓΓ

ΓΓ
=

∫∫∫

�����

The limiting case of which shall have the following form:

)10.1(]dUdVdW)WZVYUX(tre2/)1p(3b2b2cWVI

2/)1p(1b1cUI2/)1p(3bW2/)1p(2bV2/)1p(1bU

)3b2b2c(p)1b1c(p)3b(p)2b(p)1b(p

)2c(p)1c(p
[

)
Z

,
Y

,
X

;2c,2c,1c;3b,2b,1b,,,(GFlim

�
++−+−−−−−

×+−−−+−+−+−

×
−−Γ−ΓΓΓΓ

ΓΓ
=

−−−
∞→

∫∫∫

ααα
ααα

α

THEOREM 1.2:  A case of reducibility –
)Y,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF −−− = )11.1()Y,X;,2c,1c;3b2b,1b,1a(2F ��−−+

PROOF:  Putting   Z=Y in eq. (1.9) and observing that

2
1

)WV(Y2
1

)WV(2
1

XU2
1

UI2
1

YW2
1

W2
1

YV2
1

V2
1

XU2
1

UI ++++=+++
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we get

)Y,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF −−−

)12.1(]dUdVdW
1a

2
1

)WV(Y2
1

)WV(2
1

XU2
1

UI2/)1p(3b2b2cWVI

2/)1p(1b1cUI2/)1p(3bW2/)1p(2bV2/)1p(1bU

)3b2b2c(p)1b1c(p)3b(p)2b(p)1b(p

)2c(p)1c(p
[

�

−
+++++−−−−−

×+−−−+−+−+−

×
−−Γ−ΓΓΓΓ

ΓΓ
=

∫∫∫

×+−−−
+−

−
+−+−

×
−−Γ−ΓΓΓΓ

ΓΓ
=

<<<

=−=+==

∫∫∫ 2/)1p(1b1cUI
2/)1p(3b

1V1W
2/)1p(2b

1V2/)1p(1bU

)3b2b2c(p)1b1c(p)3b(p)2b(p)1b(p

)2c(p)1c(p
[

produces,I1W1V0rangethein]7[Mathaiofworktheingiven

dVdW1dW1dVand1V1WW.e.iWV1W;V1Vtionstransformatheunderwhich

�

)13.1(]1dW1dUdV
1a

2
1

1YW2
1

1W2
1

XU2
1

UI
2/)1p(3b2b2c

1WI ���

−
++

+−−−
−

Integrating out 1V by using a type-1 Beta integral and after simplification the expression (1.13)

reduces to

)14.1(]1dUdW
1a

2
1

1YW2
1

1W2
1

XU2
1

UI
2/)1p(3b2b2c

1WI

2/)1p(1b1cUI
2/)1p(2b3b

1W2/)1p(1bUI
0

I
0

)3b2b2c(p)1b1c(p)3b2b(p)1b(p

)2c(p)1c(p
[

�

−
++

+−−−
−

×+−−−
+−++−

×
−−Γ−Γ+ΓΓ

ΓΓ
=

∫∫

which is the integral representation of  )Y,X;,2c,1c;3b2b,1b,1a(2F −−+   according to theorem (3.6)

page 58 of Mathai [8].
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Another case of reducibility can be seen as under

)15.1()Y;2c;3b2b(1F1).X;1c;1b(1F1)
Y

,
Y

,
X

;2c,2c,1c;3b,2b,1b,,,(GFlim ��−+−=−−−
∞→ ααα

ααα
α

This result follows by setting Z=Yin eq. (1.10) and by applying the transformations ;V1W =
)2dW1dWdVdWandI2W1W0here(WV2W =<<<+=  and then integrating  out 1W  in the

resulting expression by using a type-1 Beta integral which leads us to,

]2dUdW
)Y2WUX(tr

e
2/)1p(3b2b2c

2WI2/)1p(1b1cUI

2/)1p(2b3b
2W2/)1p(1bUI

0
I
0)3b2b2c(p)1b1c(p)3b2b(p)1b(p

)2c(p)1c(p
[

+−+−−−
−+−−−

×
+−++−

−−Γ−Γ+ΓΓ

ΓΓ
∫∫

which is the product of the two 1F1  functions.

THEOREM 1.3: A transformation theorem-

)16.1(]2
1

)XI(Z2
1

)XI(,2
1

)XI(Y2
1

)XI(

,2
1

)XI(X2
1

)XI(;2c,2c,1c;3b,2b,1b1c,1a,1a,1a[GF1aXI

)Z,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF

�

−
+

−
+−

−
+

−
+−

−
+

−
+−−+=

−−−

PROOF: To prove this theorem we define GF  through an integral representation

)Z,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF −−−

.2/)1p()3b2b2c,1b1c,3b,2b,1b(Refor

)17.1]...(dUdVdW
1a

2
1

WZ2
1

Z2
1

VY2
1

Y2
1

UX2
1

XI2/)1p(3b2b2cWVI

2/)1p(1b1cUI2/)1p(3bW2/)1p(2bV2/)1p(1bU

)3b2b2c(p)1b1c(p)3b(p)2b(p)1b(p

)2c(p)1c(p
[

−>−−−

−
++++−−−−−

×+−−−+−+−+−

×
−−Γ−ΓΓΓΓ

ΓΓ
=

∫∫∫

Now, by observing that

2
1

WZ2
1

Z2
1

VY2
1

Y2
1

UX2
1

XI +++
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2
1

)XI(2
1

WZ2
1

Z2
1

)XI(2
1

)XI(

2
1

VY2
1

Y2
1

)XI(2
1

)XI(2
1

X)UI(2
1

X2
1

)XI(I.XI

−
+

−
++

−
+×

−
++

−
+−

−
+−+=

and applying the transformation UI1U −= , the required theorem can be obtained by a suitable

interpretation of eq. (1.17).

THEOREM 1.4: A transformation theorem-

.0YZwhere

)18.1(]2
1

)YI)(YZ(2
1

)YI(,2
1

)YI(Y2
1

)YI(,2
1

)YI(X2
1

)YI(

;2c,2c,1c;3b,3b2b2c,1b,1a,1a,1a[GF1aYI)Z,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF

>−

−
+−

−
+−

−
+

−
+

−
+

−
+−

−−−+=−−−

�

PROOF: Applying the transformations W1W,WVI1V =−−=  to eq. (1.17) and observing that

2
1

)YI(2
1

)YZ(1W2
1

)YZ(2
1

)YI(2
1

)YI(

2
1

Y1V2
1

Y2
1

)YI(2
1

)YI(2
1

UX2
1

X2
1

)YI(I.YI

2
1

Z1W2
1

Z2
1

Y)1W1VI(2
1

Y2
1

UX2
1

XI

−
+−−

−
++

−
+×

−
+−

−
+

−
+++=

+−−++

the required theorem follows after a suitable interpretation of eq. (1.17).
Above-mentioned two transformation theorems can be assimilated in order to generate the following
result

,2
1

)ZXI)(ZY(2
1

)ZXI(,2
1

)ZXI(X2
1

)ZXI(

;2c,2c,1c;3b2b2c,2b,1b1c,1a,1a,1a[GF1aZXI

)Z,Y,X;2c,2c,1c;3b,2b,1b,1a,1a,1a(GF

−
++−

−
++−

−
++

−
++

−−−−++=

−−−

.0ZYwhere

)19.1(]2
1

)ZXI(Z2
1

)ZXI(

>−

−
++

−
++ �

This can be obtained by applying the transformations ;V1V;UI1U =−=
WVI1W −−=  to eq. (1.17) and observing that
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2
1

)ZXI(2
1

Z1W2
1

Z2
1

)ZXI(2
1

)ZXI(2
1

)ZY(1V

2
1

)ZY(2
1

)ZXI(2
1

)ZXI(2
1

X1U2
1

X2
1

)ZXI(I.ZXI

2
1

Z)1W1VI(2
1

Z2
1

Y1V2
1

Y2
1

X)1UI(2
1

XI

−
++

−
++−

−
++−

×−
−

+++
−

++
−

++−++=

−−++−+

and suitably interpreting eq. (1.17).
The matrix generalization of EF  given in eq. (1.3) can be used as in theorem (1.1) to prove the

following result:

)20.1(]dU)2
1

ZU2
1

U,2
1

YU2
1

U;3c,2c;2b(2

)2
1

XU2
1

U;1c;1b(1F1
2/)1p(aU0U

)U(tre
)a(p

1
[

)Z,Y,X;3c,2c,1c;2b,2b,1b,a,a,a(EF

���−−

×−+−
>

−
Γ

=

−−−

∫

ψ

for    Re (a) > (p-1)/2.

2. The Srivastava Functions CH,BH,AH .

The Srivastava functions CH,BH,AH  of three real symmetric positive definite matrices have been

defined by us. One of them is being cited here for illustration.
DEFINITION 2.1: )Z,Y,X;'c,c;'b,b,a(AHAH −−−=

dXdYdZ)Z,Y,X;'c,c;'b,b,a(AH

2/)1p(3Z2/)1p(2Y2/)1p(1X0Z0Y0X)AH(M

−−−

×+−+−+−
>>>= ∫∫∫ ρρρ

.2/)1p()3,2,1,32'c,1c,32'b,21b,31a(Refor

)1.2(
)32'c(p)1c(p)'b(p)b(p)a(p

)3(p)2(p)1(p)'c(p)c(p)32'b(p)21b(p)31a(p

−>−−−−−−−−−

−−Γ−ΓΓΓΓ

ΓΓΓΓΓ−−Γ−−Γ−−Γ
=

ρρρρρρρρρρρρ

ρρρ

ρρρρρρρρρ
��
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THEOREM 2.1: )Z,Y,X;'c,c;'b,b,a(AH −−−

.2/)1p()b,a(Refor

)2.2(]dSdT)2
1

ZT2
1

T2
1

YS2
1

S(;'c;'b(1F1).2
1

T2
1

XS2
1

S2
1

T;c;(1F0

2/)1p(bS2/)1p(aT0T
)TS(tre0S)b(p)a(p

1
[

−>

+−−

×+−+−
>

+−
>ΓΓ

= ∫∫

���

PROOF: Taking the M-transform of the right side of eq. (2.2) with respect to the variables X, Y, Z
and the parameters 3,2,1 ρρρ   we get

)3.2(]dXdYdZ)2
1

ZT2
1

T2
1

YS2
1

S(;'c;'b(1F1).2
1

T2
1

XS2
1

S2
1

T;c;(1F0

2/)1p(3Z2/)1p(2Y2/)1p(1X0Z0Y0X[

���+−−

×+−+−+−
>>>= ∫∫∫ ρρρ

Making use of the transformations

ZT1ZandYS1Y;XST1X

dZ2/)1p(T1dZ;dY2/)1p(S1dY;dX2/)1p(S2/)1p(T1dX

2
1

ZT2
1

T1Z;2
1

YS2
1

S1Y;2
1

T2
1

XS2
1

S2
1

T1X

===

+=+=++=

===

The expression (2.3) yields

)4.2(1dZ1dY1dX)1Z1Y;'c;'b(1F1).1X;c;(1F0
2/)1p(3

1Z

2/)1p(2
1Y

2/)1p(1
1X01Z01Y01X21S31T

�−−−
+−

×
+−+−

>>>
−−−− ∫∫∫

ρ

ρρρρρρ

Now writing the M-transforms of the 1F0  and the 1F1  functions by using eq. (2.3.5) page 38 and eq.

(3.2.7) page 55 of Mathai [8]; the expression (2.4) gives

)5.2(
)32'c(p)'b(p)1c(p

)3(p)2(p)'c(p)32'b(p)1(p)c(p
21S31T ��

ρρρ

ρρρρρρρρρ
−−ΓΓ−Γ

ΓΓΓ−−ΓΓΓ−−−−

Substituting this expression on the right side of eq. (2.2) and integrating out S and T by using a
Gamma integral we obtain

)6.2(
)b(p)a(p)32'c(p)'b(p)1c(p

)21b(p)31a(p)3(p)2(p)'c(p)32'b(p)1(p)c(p
�

ΓΓ−−ΓΓ−Γ

−−Γ−−ΓΓΓΓ−−ΓΓΓ

ρρρ

ρρρρρρρρρ

which is )AH(M . Hence the proof.
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We have also established the following results on similar lines:

THEOREM 2.2: )Z,Y,X;,3c,2c,1c;'b,b,a(BH −−−

.2/)1p()'b,b,a(Refor

)7.2(]3dS2dS1dS)2
1

3S2
1

1ZS2
1

1S2
1

3S;3c;(1F0

)2
1

3S2
1

2YS2
1

2S2
1

3S;2c;(1F0).2
1

2S2
1

1XS2
1

1S2
1

2S;1c;(1F0
2/)1p('b

3S

2/)1p(b
2S

2/)1p(a
1S03S

)3S2S1S(tr
e02S01S)'b(p)b(p)a(p

1
[

−>

−

×−−
+−

×
+−+−

>
++−

>>ΓΓΓ
= ∫∫∫

���

THEOREM 2.3: )Z,Y,X;c;'b,b,a(CH −−−

.2/)1p()'b,b,a(Refor

)8.2(]3dS2dS1dS)2
1

3S2
1

1ZS2
1

1S2
1

3S

2
1

3S2
1

2YS2
1

2S2
1

3S2
1

2S2
1

1XS2
1

1S2
1

2S;c;(1F0
2/)1p('b

3S

2/)1p(b
2S

2/)1p(a
1S03S

)3S2S1S(tr
e02S01S)'b(p)b(p)a(p

1
[

−>

−

−−
+−

×
+−+−

>
++−

>>ΓΓΓ
= ∫∫∫

���

We have also generalized many other integrals of Euler and Laplace types available for these
functions in chapters four, five and six of Exton [3].

3. The Twenty-One Quadruple Hypergeometric Functions of Exton
The twenty-one quadruple hypergeometric functions K1,……., K21 of Exton with four real

symmetric positive definite matrices as arguments have been defined and all the integrals of Euler and
Laplace types available for them in sections 3.3.1, 3.3.2 and in chapters four, five and six of Exton[3]
have been generalized and proved. Some cases of reducibility and some transformation relation have
also been obtained by us.

4. Exton’s generalized hypergeometric functions 
)n(

DE)k(
)2(and)n(

DE)k(
)1(  and Chandel’s 

)n(
CE)k(

)1(
function of matrix arguments

The above functions have also been defined by us for the matrix arguments case and all the integrals
of Euler and Laplace types for these functions given in sections 3.4.2 and 3.4.4 of Exton [3] have been
generalized and proved by us.
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5. The Generalized Horn’s Functions 
)n(

3H)k(
 and 

)n(
4H)k(

 of matrix arguments

The approach adopted in sections three and four (given above) has been extended to all the
functions under this category and we have also generalized and proved all integrals of Euler and
Laplace types for these functions which are available in sections 3.5.2 and 3.5.4 of Exton [3]. One
particular thing of interest has been noticed by us in this case is that the three integrals of Euler type
available for these functions in section 3.5.2 of Exton [3] can be generalized for the case of 2x2 real
symmetric positive definite matrices only, while no such restriction is required for the generalizations
of integrals of Laplace types given in sections 3.5.4 of Exton [3].

For instance we define and prove a theorem for the function )n(
3H)k(

 here.

DEFINITION 5.1:

.n,........,1i

,2/)1p()i;n1c;nnb;;1k1kb;n1kk212a(Refor

)1.5.......(....................)]n(p)........1(p)c(p

)n1c(p)nb(p).....1kb(p)a(p

)nnb(p)...1k1kb(p)n1kk212a(p
[

]ndX........1dX)nX,.......,1X;c;nb,........,1kb,a()n(
3H)k(

2/)1p(n
nX.............

2/)1p(1
1X0nX.....01X[)n(

3H)k(M

)nX,.......,1X;c;nb,........,1kb,a()n(
3H)k()n(

3H)k(

=

−>−−−−+−+−−+−−−−

ΓΓΓ

−−−ΓΓ+ΓΓ

−Γ+−+Γ−−+−−−−Γ
=

−−+

×
+−+−

>>=





−−+=

∫∫

ρρρρρρρρρ

ρρ

ρρ

ρρρρρρ

ρρ

�����

�

��

THEOREM 5.1:
For p=2 and for ,2/)1p(]2/)1a(nb1kbc,nb,,1kb,2/)1a[(Re −>+−−−+−++ ��

×
+−+−+

++−

×
+−−−+−ΓΓ+Γ+Γ

Γ
=

−−+

∫ ∫
2/)1p(nb

nU......
2/)1p(1kb

1kU)....1kn...(

]2/)1a(nb1kbc[p)nb(p)1kb(p]2/)1a[(p

)c(p
[

)nX,.......,1X;c;nb,........,1kb,a()n(
3H)k(

��

continued in the next page………………..
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)2.5]........(dVndU......1kdU4/)1a2(1)2
1

nUnX2
1

nU2
1

1kU1kX2
1

1kUI(

2
1

)nU1kUI(2
1

V)kX1X(2
1

V

2
1

)nU1kUI(1)2
1

nUnX2
1

nU2
1

1kU1kX2
1

1kUI(4I

a
2

1

nUnX2
1

nU2
1

1kU1kX2
1

1kUI2/)1p(2/)1a(nb1kbcVI

2/)1p(2/)1a(V
2/)1p(nb1kbc

nU1kUI

+
+−−++++++

×−−+−++

×−−+−−+++++++

×
−

+++++++−+−−−+−−

×+−++−−−+−
−−+−

�

��

��

�
�

�
�

PROOF: Taking the M-transform of the function involving 1X ,……, nX   on the right side of

eq.(5.2) with respect to the variables 1X ,……, nX and the parameters 1ρ ,……, nρ respectively, we

get

)3.5(ndX......1kdXkdX......1dX4/)1a2(1)2
1

nUnX2
1

nU2
1

1kU1kX2
1

1kUI(

2
1

)nU1kUI(2
1

V)kX1X(2
1

V

2
1

)nU1kUI(1)2
1

nUnX2
1

nU2
1

1kU1kX2
1

1kUI(4I

a
2

1

nUnX2
1

nU2
1

1kU1kX2
1

1kUI
2/)1p(n

nX.......

2/)1p(1k
1kX

2/)1p(k
kX......

2/)1p(1
1X0nX.....01X

��

��

��

�

+
+−−++++++

×−−+−++

×−−+−−+++++++

×
−

++++++
+−

×
+−+

+
+−+−

>> ∫∫

ρ

ρρρ

Making use of the transformations

)]7[Mathaiof95page)7.6(.eqgsinuon(n,.......,1kjfor

,jdX
2/)1p(

jUjdYandkdX......1dXkdY......1dYThen

.n,,1kj,2
1

jUjX2
1

jUjY

;kX1XkY.......,;.........2X1X2Y;1X1Y

+=

+
==

+==

++=+==

��

�
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and .n,,1kj;jXjUjY;1kYkYkX;1Y2Y2X;1Y1X �� +==−−=−==

Here .n,,1kj,0jYandkY2Y1Y0 ��� +=><<<<

We can have

)4.5(ndY......1kdYkdY......1dY4/)1a2(1)nY1kYI(

2
1

)nU1kUI(2
1

VkY2
1

V2
1

)nU1kUI(1)nY1kYI(4I

a
nY1kYI

2/)1p(n
nY......

2/)1p(1k
1kY

2/)1p(k
1kYkY.....

2/)1p(2
1Y2Y

2/)1p(1
1Y).....n......(n

nU1k
1kU

���

���

�

�

+
+−−++++

×−−+−−−+−−+++++

−
++++

+−+−+
+

+−
−−

×
+−

−
+−−+−

+ ∫ ∫
ρρρ

ρρρρ

Integrating out the variables 1kY,,1Y −�  by using a type-1 Beta integral and then making use of

another transformation

kYVnU1kUI
2

nY1kYIp4kZand

kdY2/)1p(V

2/)1p(
nU1kUI

)1p(
nY1kYI2/)1p(p4kdZthatso

1)nY1kYI(

2
1

)nU1kUI(2
1

VkY2
1

V2
1

)nU1kUI(1)nY1kYI(4kZ

−−+−
−

++++=

+

×
+

−−+−
+−

+++++=

−++++

×−−+−−−+−−++++=

��

��

�

���

the expression (5.4) yields,

 

×++−++−
−−+−

×
−+−

+++Γ

ΓΓ++−

)k1(V
)k1(

nU1kUI

n
nU1k

1kU
)k....1(p

)k(p)....1(p
.

)k1(p
4

ρρρρ

ρρ
ρρ

ρρρρ

��
�

�
�

)5.5(ndY.....1kdY.kdZ

)k212a(
nY1kYI

4/)1a2(
kZI

2/)1p(n
nY....

2/)1p(1k
1kY

2/)1p()k1(
kZ0nY)kn(01kY0kZ

����

�
�

�
��

+

×
−−−−

++++
+−

+
+−

×
+−+

+
+−++

>−>+> ∫∫∫

ρρρ

ρρρ
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Integrating out the variable kZ by using a type-2 Beta integral and the variables1kY + ,…, nY by

using a type-2 Dirichlet integral, the above expression produces

)6.5....(..........)n1kk212a(p

)k212a(p]4/)1a2[(p

]k14/)1a2[(p)k1(
nU1kUI

)k1(Vn
nU1k

1kU)n(p)....1(p
)k1(p

4

ρρρρ

ρρ

ρρρρ

ρρρρ
ρρ

ρρ

−−+−−−−Γ

×
−−−Γ+Γ

−−−+Γ++−
−−+−

×++−−+−
+ΓΓ

++−

��

�

�
�

�

�
�

�

Substitution of this expression on the right side of eq. (5.2) gives

)7.5(dVndU...1kdU

2/)1p(2/)1a(nb1kbc
VI

2/)1p(k12/)1a(
V

2/)1p(k1nb1kbc
nU1kUI

2/)1p(nnb
nU....

2/)1p(1k1kb
1kU)...1kn.....(

]2/)1a(nb1kbc[p)nb(p)......1kb(p

)c(p)n1kk212a(p

]2/)1a[(p)k212a(p]4/)1a2[(p

]k14/)1a2[(p
)n(p)....1(p

)k1(p
4

������

��

��
�

�

��

�

��

+

×
+−+−−−+−

−
+−−−−+

×
+−−−−−−+−

−−+−

×
+−−+−+−+

++−

×
+−−−+−ΓΓ+Γ

Γ−−+−−−−Γ

×
+Γ−−−Γ+Γ

−−−+Γ
ΓΓ

++−

∫ ∫

ρρ

ρρ

ρρ

ρρρρ

ρρ

ρρ
ρρ

ρρ

Integrating out the variables VandnU,...,1kU +  by using a type-1 Dirichlet integral and a type-1

Beta integral respectively and observing that

)8.5(.2pfor
)a(p

1

]4/)1a2[(p]2/)1a[(p)k212a(p

]k14/)1a2[(p]k12/)1a[(p
)k1(p

4

������

�

��
�

=
Γ

=

+Γ+Γ−−−Γ

−−−+Γ−−−+Γ
++−

ρρ

ρρρρ
ρρ
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by using eq. (6.13) page 84 of Mathai [8], simplification of the expression (5.7) finally yields

)9.5.(....................)n1kk212a(p

)n1c(p)a(p)nb(p)....1kb(p

)nnb(p)...1k1kb(p)n(p)....1(p)c(p

ρρρρ

ρρ

ρρρρ

−−+−−−−Γ

×
−−−ΓΓΓ+Γ

−Γ+−+ΓΓΓΓ

��

�

which is 



 )n(

3H)k(M , hence the proof. It is to be noted that the result of theorem (5.1) is different

from the corresponding result in the scalar case.

6. The Generalized Srivastava Functions 
)n(

CHand)n(
BH of Matrix Arguments.

After defining the generalized Srivastava functions )n(
CHand)n(

BH  of real symmetric positive

definite matrices as arguments, the Laplace type integrals available for these functions in eqs.
(198),(199) and (200) on page 325 of Srivastava and Karlsson [25] have been generalized and proved.

7. On Other Functions of Matrix Arguments.
Besides the above functions a number of integrals of Euler and Laplace types for other types of

functions, viz. Kummer’s confluent hypergeometric functions, the ordinary and generalized Gauss’s
hypergeometric functions available in Slater [23,24], the Appell’s and the Humbert’s functions, the
Lauricella functions available in Exton [3] and Srivastava and Karlsson [25] and which have so far not
been generalized by Mathai [7-20] and others, have been generalized and proved by us together with
some transformation relations and cases of reducibility.

We propose to deal with the definitions, statements and generalizations and proofs of various
results of the different types of functions mentioned in this paper in our future communications.
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