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1. INTR ODUCTION

In this paper we considerthe one-dimensionalScreodinger equation and analyze the
recovery of the portion of the potential lying to the right (left) of any chosenpoint. As our
scattering data we usethe amplitude of the Jost solution from the left (right) evaluated at
that chosenpoint, or we usethe amplitude of the spatial derivative of that Jost solution.
As the alternate scattering data, we also considerusing the Jost solution evaluated at the
chosenpoint rather than its amplitude, or the spatial derivativ e of that Jost solution rather

than the amplitude of that spatial derivative.

Without loss of any generality, our problem can be reducedto the recovery of the
potential with support in R* in terms of jf|(k; 0)j; or jf Xk; 0)j; fi(k; 0); or f (k; 0); where

f1(k; x) denotesthe left Jost solution to the Scredinger equation
Qk:x) + k2 ( k;x) = V(X) ( k;x); x 2 R; (1.1)

and the prime denotesthe derivative with respect to the spatial coordinate x: Throughout
our paper we assumethat the potential V belongsto the classW; that is, V(x) = ¢co (X)+
U(x); wherecy is areal constart, (x) is the Dirac delta distribution, and U is a real-valued
potential having no bound states, vanishing for x < 0; and belongingto L1(R*): By L(J)
we denote the classof Lebesgue-measurablgotentials U on an interval J sud that the
integral RJ dx (1 + jxj")jU(x)j is nite. For a review of the direct and inverse scattering

problems for the Schredinger equation on the line, the readeris referred to [1-6].

The following question was raised by Roy Pike while the author was attending the
RCP264 Workshop on Inverse Problems and Nonlinearity in Montp ellier, France in June
2000: In the absenceof bound states, doesf Yk; 0) uniquely determine U? While the author
was attending the IMA Summer Program on Geometric Methods in InverseProblems in
Minneapolis in July 2001, a solution to this problem was suggestedby John Sylvester

basedon the obsenation that the real part of [1+ L(k)]=[1 L(k)] can be expressedas
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k?=jf Xk; 0)j?; whereL is the re ection coe cien t from the left corresponding to (1.1). Let
us use C* to denote the upper half complex plane and let C* := C* [ R: Note that a
function that is analytic in C* and corntinuous and bounded in C* can be constructed
uniquely if the real part of that function is known on the real axis R: Thus, by using
the Schwarz integral formula (the Poissonintegral formula for the half plane) [7], one can
construct L from the data cortaining the real part of L: Having constructedL; the potential
is then uniquely obtained from L via one of the known methods [1-6]. It is already known
that L uniquely determinesV even when V has bound states [8-13] as a consequenceof
V(x) Ofor x < 0; no extra information on bound states is neededto recover V from L;
in fact, the information on bound-state energiesand norming constarts is already hidden
in L (k) asthe polesand residuesat those poles, respectively, [cf. Theorem 2.1 (iv)] of the

meromorphic extensionof L (k) in C*:

Recall that the left Jost solution f(k;x) to (1.1) satis es the boundary conditions
fi(k;x) = eX[1+ o(1)]; fIAk;x) = ik €X[1+ o(1)]; X! +1:

Sincethe potential V is assumedto vanish on R ; the transmission coe cient T and the

left re ection coe cien t L are related to f(k;0) and f {k;0 ) as

1+ L(K).
T(k)

1 L(k),

T (1.2)

f1(k;0) = f%k;0 ) = ik

Due to a possible Dirac delta distribution of strength ¢y at x = 0; fYk;x) may have a
jump discortinuity at x = 0; whereasf(k; x) is una ected by ¢y and is continuousin x at

x = 0: We have
fi(k;0") = f1(k;0 ); fAk;0 )= fYk;0") cofi(k;0): (1.3)

The presenceof ¢ somehav complicatesthe problem we study. For example, even though
U is assumedto have no bound states, the potential V hasa bound state if ¢ is negative

enough, asindicated in Proposition 2.1.



Let us usean asterisk to denote complex conjugation. Using [1-6]
fi( kx) = fi(k;x) ; £ k;x) = fAk;x) ; X 2 R; (1.4)
in our scattering data it is sucient to supply jf(k;0)j or jf Xk;0 )j only for k 2 R*:
Alternativ ely, asthe scattering data one can usef(k; 0) or f (k; 0 ) givenon a subinterval
of the real axis as a result of the uniquenessof the meromorphic cortinuation from R to
C*:

Recall that for the radial Schreodinger equation, f(k; 0) is usually known as the Jost
function. Eventhough this terminology is in generalnot usedfor the full-line problem, we
are using it in the title of our article. Our paper is organizedas follows. In Section 2 we
presen the relevant properties of f(k; 0) and f (k; 0) corresponding to a potential belong-
ing to classW; we also indicate the characterization for L correspnding to a potential
in W: In Section 3 we show that, as far as constructing potentials in W is concerned,
knowledge of jf|(k; 0)j is equivalent to knowledge of f,(k; 0); but knowledge of jf (k; 0)j is
equivalent to knowledge of f |°(k; 0) only when there are no bound states. In Section 4 we
presert the construction of L in terms of the data f(k; 0) or equivalertly jf(k; 0)j: Finally,
in Section5 we present the construction of L in terms of the data f Xk; 0) or jf (k; 0)j: Our

ndings are summarizedin the following theorem:

Theorem 1.1 AssumeV belongsto classW and let f(k; x) denotethe correspnding left

Jost solution. We havethe following:

(i) There existsa one-parameter family of potentials in W corresmnding to the sattering
data ff|(k;0) : k 2 Rg or eguivalently correspnding to fjf(k;0)j : k 2 Rg: The
parameter can be chosenas cp; the strength of the Dirac delta distribution in the
potential. Hence, if the sattering data contains the value of cp; it correspndsto a

unique potential in W:

(i) If V does not contain a bound state, then the correspndene between V and the

sattering data ff Xk;0) : k 2 Rg is one-to-one. If V contains a bound state, then
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there exists a one-parameter family of potentials in W corresmpnding to the sattering
dataffdk;0): k 2 Rg; the correspndene can be made one-to-one by also specifying

the value of f(0; 0) in the sattering data or equivalently by specifying the value of co:

(ii) If V contains a bound state, then there exists a two-parameter family of potentials in
W corresmnding to the sattering data fj f {k;0)j : k 2 Rg: The correspndene can
be made one-to-one by also specifying any two of the three quantities f(0; 0); ¢o; and
the bound-stateenemy in the sattering data. Alternatively, in order to havea one-to-
one correspndena, one can specify also any two of the three quantities f(0; 0); the
strength of the Dirac delta distribution in the potential, and the only zemw of jf Yk; 0)j

in C* in the sattering data.

Returning to Pike's question, we obtain the following conclusionfrom the above the-
orem: A potential with support in R* having no bound states and no Dirac delta distri-

butions is uniquely determined from either f (k;0) or jf (k; 0)j:

As noted by Ricardo Weder,whency  0; the result of (i) in the above theoremalready
follows from the Gel'fand-Levitan theory [4,5,14]for the radial Sdredinger equation, where
jfi(k; 0)j is used as the input to the spectral function; thus, the existence, uniqueness,
and reconstruction of U from f(k;0) or jf|(k;0)j are also obtained via the solution of

the radial Gel'fand-Levitan integral equation. Similarly, when cy  O; the data f,(k; 0)
fi( k;0).
fi(k;0)
input to the Marchenko integral equation [4,5,14,15]for the radial Schreodinger equation;

uniquely constructs the radial scattering matrix S(k) := which is used as the

thus, the existence, uniqueness,and reconstruction of U from f,(k;0) are also obtained
via the solution of the radial Marchenko integral equation. In that regard, our results in
this paper using the data jf,(k;0)j or f,(k;0) can be viewed as also the analysis of the
existence, uniqueness,and reconstruction of f {k; 0 ) from the available data. Similarly,
our results using the data jf (k; 0 )j or f Xk; 0 ) canalsobe interpreted asthe analysis of

the existence,uniqueness,and reconstruction of f|(k; 0) from the available data.



2. PRELIMINARIES

For the Sdiredinger equation one needsto make a distinction between the generic
caseand the exceptional case.Recall that generically T(0) = 0 and in the exceptional case
T(0) 8 O: One can also characterize the genericcaseasf (0;0 ) 6 0 and the exceptional
caseasf (0;0 ) = 0;alternatively, wehaveL (0) = 1genericallyandL(0) 2 ( 1;1)in the
exceptional case. An exceptional casesignalsthe borderline caseof adding or subtracting
a bound state. Within the classW; since U has no bound states, V has either zero or
one bound state [16]. The following proposition givesthe exact criterion on the number of

bound states of V:

Prop osition 2.1 Let V belong to class W; ¢y denote the strength of the Dirac delta
distribution in V at x = 0; and U(x) := V(X) ¢o (X): Then, there exists a nonpositive

constant &y; uniquely determined by U alone asin (2.1), and we have:

(i) If cg > €p; then V is generic and has no bound states. In this case, f|(0;0) > O;
f%0;0 ) < 0; and T(0) = 0; moreover, for z > 0 we havef,(iz;0) > 0; f Xiz;0 ) < 0;
and T(iz) > O:

(i) If co = &; then V is exeptional and has no bound states. In this case, f|(0;0) > O;
f%0;0 ) = 0; and T(0) > 0; moreover, for z > 0 we havef,(iz;0) > 0; f Xiz;0 ) < 0;
and T(iz) > O:

(i) If co < &; thenV is genericand hasexactlyone bound stateat k = i for some > O;
i.e. 1=T(i ) = O: In this case,f;(0;0) > 0; f%0;0 ) > 0; T(0) = 0; and there exists
a unique numker > suchthat fXi ;0 ) = 0; moreover, we havef(iz;0) > O for
z>0;fXiz;0 )< 0forz> ;fYiz;0 )> O0forz2 (0; ); T(iz)> Oforz> ; and
T(iz)<0forz2 (0; ):

PROOF: Since U has no bound states, it is already known from the spectral theory of

ordinary dierential equations [2,17] that f;(0;0) > 0; and that f0;0*) < 0 if U is



genericand f (0; 0*) = 0if U is exceptional. De ne

_ f%0;0%).
B ;I(O;O). 1)

Thus, g = 0if U is exceptional and & < 0 if U is generic. Since U uniquely determines
f1(0; 0) and f X0; 0" ); the nonpositive constart & is uniquely determined by U alone. From
(1.3) it is seenthat if co > & then f 0;0 ) < 0 and henceV is genericand has no bound
states. Consequetly, the properties stated in (i) hold. On the other hand, if ¢y = €p;
then from (1.3) it followsthat fX0;0 ) = O; and hencethe corresponding V is exceptional
and has no bound states, and consequetly the properties stated in (i) hold. Finally, if
Co < €; then from (1.3) it follows that f (0;0 ) > O; which implies that V is genericand

possessesne bound state. Consequetly, the properties stated in (iii) hold. §

De ne
_ fk0) .
M (k) := m (2.2)
From (1.2) it follows that
_1 Lk, _ 1 M(k).
M (k) = v LK) L(k) = MK (2.3)

We summarizethe relevant properties of M below.
Theorem 2.2 AssumeV belongsto classW: Then the following hold:
() M is analytic in C* and continuous in C* nf0g:
(i) M is continuous at k = 0 if V is exeptional, and M has a singularity of O(1=k) at
k = 0 whenV is generic.

(i) If V hasno bound states,then M hasno zersin C*: If V hasone bound state, then
M has exactly one zew in C* occurring at k = i with > 0; which correspnds to
the only zem of f (k; 0 ):

1f%0,0) 1
ik f(0;0)  f(0;0)2

(iv) We have M (k) = + 0(1) ask ! 0in C*: Hence, in the
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_ 1
exeptional case M (k) = £,(0.02
I\Y,

O(k) if we further haveU 2 L3(R™):

_ 1 . f1(0;0) k2
(v) In the generic case we havem = ik 90,0 ) + F00,0 )2

C*: One can replae o(k?) by O(k®) if we further haveU 2 L3(R*):
1
vi) The real part of M is givenby Re[M (k)] = ———— for k2 R:
(vi) pa g y Re[M (k)] i (k: O)2
1K
M(k)  jfXk;0 )j2

(vii) The real part of 1=M is given by Re

(vii) M (k)= 1+ IC?O + o(1=k) ask! 1 in C*:

+ o(k?) ask !

for k 2 R:

+0(1) ask! 0in C*: One can replae o(1) by

Oin

PROOF: The well-known properties [1-6] of f(k; 0) and f (k; 0 ) imply (i)-(iii) and (viii).

The asymptotics stated in (iv) and (v) can be found in [18]. The properties in (vi) and

(vii) are directly obtained from (2.1) with the help (1.4) and the fact that the Wronskian

of fi( k;x) and f(k; x) is independert of x and is equalto 2ik [1-6]. i

Let us de ne
<~ icg+ (2k + icg) L(K) —
(k)= 2 ico[1+ L(K)] k2cr;
Z, s
— log(1 j (1)i* .
(k) (k)
K) = ————=; k2R;
1 Z, _ 1 Zy _
)= — dk (k) e* ;A )i= = dk (k)eX : (2.5)
2 2
The quartities ; '; and correspond to the scattering coe cien ts for the potential U; i.e.

the choiceco  0in L(k) and T(k) leadsto (k) = T(k): (k) = L(k); and (K) = R(K):

whereR is the right re ection coecient for V and R(k) = L( k) T(k)=T( k):

The following theorem givesthe characterization of classW in terms of the scattering

data consisting of L alone. Given L satisfying sudh characterization conditions, we can

uniquely construct the correspnding potential by using any one of the available methods

[1-6].



Theorem 2.3 The left re ection coe cient L correspndsto a unique potential V in W

if and only if the following conditions hold:

(i) L is continuous for k2 R; andL( k) = L(k) for k2 R:

(i) jL(K)] 1 Ck?=(1+ k?) onR for some positive constant C:
(i) LO)2][ 1;1):

(iv) L either hasan analytic extensionfrom R to C* or it hasa meromorphic extension
to C* with a single simple pole occurring on the positive imaginary axis, sayat k = i
for some > 0O:In the latter case,the residueof L at k = i satises ReqdL(i )] = ic?

for some positive c;:

(v) L(k) = %+ o(1=k) ask ! 1 in C*; wher ¢ is the strength of the delta distribution
inV atx=0:

(vi) The function k= (k); where is the quantity de ned in (2.4), is continuous in C*:

(vi) The function “( ); dened in (2.5) is absolutely continuous on R and Y ) 2
Li(1 ;0); the function ~( ) dened in (2.5) is absolutely continuous on R* and

()2 Li(0;+1):

PROOF: We modify the characterization conditions on the scattering data [4,6,19] corre-
sponding to a real-valued potential belongingto L1(R) in order to take into accourt the
presenceof the Dirac delta distribution at x = 0 aswell asthe vanishing property of the
potential on R : The presenceof ¢y appearsin (v). As indicated in Proposition 2.1, the
value of ¢y determines whether V has no bound states or has exactly one bound state,
which in turn determineswhether the extensionof L in C* is analytic or meromorphic. It
is known [6,8-13]that (iv) is equivalent to vanishing of V on R : The slight modi cation

in (vii) is alsorelated to the vanishing of the potential on R :

Let us note that the constart ¢, appearing in Theorem 2.3(iv) corresponds to the

bound-state norming constart assaiated with the right scattering data [6,8,9].
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3. CONSTR UCTION OF f,(k;0) AND fJk;0 ) FROM THEIR AMPLITUDES

In classW; we can uniquely construct f(k;0) for k 2 C* from its amplitude given

for k 2 R by solving the Riemann-Hilbert problem
fi(k;0)fi( k;0) = jfi(k;0)j% k2 R: (3.1)

It is known [1-6] that f,(k;0) is analytic in C* and cortinuousin C*; f;(k;0)6 0in C*
and f|(k;0) = 1+ O(1=k) ask ! 1 in C*: The construction of f,(k;0) is similar to the

construction of the transmission coe cient T from its amplitude [1,2]:

Z
o 1 =1 log(jfi(t; 0)j)
L0 =exp o= A= 5

Now let us considerthe construction of f Xk;0 ) for k 2 C* from its amplitude known
for k 2 R: Recall that, asindicated in Proposition 2.1, the corresponding potential V has
either zero or one bound state. When V has no bound states, we can uniquely construct
fAk;0 ) for k 2 C* from its amplitude given for k 2 R by solving the Riemann-Hilbert
problem

fok;0 )fY k;0 )= jf%Ak;0 )% k2 R:

It is known [1-6] that fk;0 ) is analytic in C* and cortinuousin C*; it has no zeros
in C* nfOg if V has no bound states, it has exactly one zeroif V has a bound state,
and fAk;0 ) = ik + O(1) ask ! 1 in C*: When there is a bound state, the above
Riemann-Hilbert problem leadsto a one-parameterfamily for f (k; 0 ) wherethe param-
eter corresponds to the zero of f k;0 ) in C*: As indicated in Proposition 2.1, such a

zero occurs on the positive imaginary axis in C*:

Thus, the construction of the potential V in W (or equivalertly the left re ection
coe cien t L) by using the scattering data jf,(k; 0)j is equivalent to usingthe data f(k; 0):
On the other hand, the construction of V in W from the data jf (k; 0 )j is equivalert to

the construction using the data f (k;0 ) only when V has no bound states; when V has
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one bound state, there will be an additional parameter appearing if the data jf k;0 )j is

usedinstead of the data f (k;0 ):

4. CONSTR UCTION OF L(k) FROM f,(k;0) OR FROM if(k;0)j

In the previous section we have shavn that the data f(k;0) for k 2 R is equivalent
to the data jf|(k; 0)j for k 2 R asfar asthe construction of a potential in W is concerned.
In this section we show that either data leadsto a one-parameterfamily of potentials,
where ¢p; the strength of the Dirac delta distribution in the potential at x = 0; is the free
parameter. In the special casewhere ¢y is speci ed asa part of the data, the construction

is unique.

In terms of M givenin (2.2), let us de ne

i 900 )

(k) ::M(k)+Ef|(0;0) :

k2C+: (4.1)

From Theorem 2.2 it followsthat is analytic in C*; boundedand continuousin C*; and

fX0;0 )

W + 0(1=K); k! 1 inC+; (4.2)

(=1 o
1

Re[ ( k)] = i, (k: )2 1

k2 R:

Thus, via the Schwarz integral formula, we can construct  explicitly as
. Z

(k):I_ dt 1

1 .
L k+i0" 1 jfi(t 0)2 !

k2 C: (4.3)

Having constructed ; using (4.2), we obtain

fX0;0 ) _

fo - S 1 lm k (hl; k2C: (4.4)

Then, with the help of (2.3), (4.1), (4.3), and (4.4), we construct L as

k (K+c i lim [k (K

L(k) = 2ik + ik (k) co+i kllilm [k ( k)];

k2 C*: (4.5)
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With the help of (2.2) we also get
fAk;0 )=if|(k;0) k (k)+ k+ ico I(Ililm [k ( k) ; k2 C*: (4.6)

Since is uniquely obtained via (4.3), from (4.5) it is seenthat there is a one-parameter
family of L corresponding to the data jf(k; 0)j; where ¢y acts as the parameter. Con-
sequetly, there is a one-parameterfamily of potentials in W corresponding to the same
scattering data jf|(k; 0)j: On the other hand, if the value of ¢ is speci ed in the data, then
the construction leadsto a unique potential; for example, if the potential is known not to
cortain a delta distribution at x = 0O; such a potential is uniquely constructed with the

help of (4.5) by letting ¢y = O there.
Note that (1.3) and (4.4) imply

fX0;0 ) _

©= Tim k(K Fo0 -

Co; (4.7)

where g is the critical value appearingin Proposition 2.1that is usedto determine whether

V has a bound state or not.

Example 4.1 Let us illustrate the above procedurewith the scattering data jf,(k; 0)j* =

2
%: Solving the Riemann-Hilbert problem in (3.1) one can uniquely determine that
P
fi(k;0) = E—ip% even though f(k; 0) is not neededto recover L: Evaluating the integral
[

in (4.3) as a contour integral along the lower semicircle of in nite radius certered at the

- . 2
origin of the complex plane, we obtain ( k) = p ik~ p 5'): Then, from (4.5) we get
[ [

. p-
k + 2+
K+ g+ S0, . 4.8)

L(K) = _
() 2k2 + k(o + 2 5) 2 Co

©

which, for ead ¢y 2 R correspondsto adi erent potential in W: By analyzing the denom-
inator in (4.8), we seethat the polesof L occur when

p_ O P
(+2 5) 2 4 5g+4 ;

kzz
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and hencelL hasa simple pole in C* when ¢y < 2:IO 5; which causesthe corresponding

potential to be genericand to have a bound state. When ¢ = 2:IO 5; we obtain L (k) =

i . . . .
pm; which correspnds to an exceptional potential without a bound state. When
i

co > 2= 5; the corresponding potential is genericand has no bound states. Note that
with the help of (4.7) we get & = 2=p 5; and hencethe criterion for the existenceof a
bound state is consistert with the results implied by Proposition 2.1. Using any one of the

available methods [1-6] to solve the inverseproblem, one obtains all these potentials as

S Tl
V0= @ (0 (0 p 2t 198 T,

4+ 15’ 1

where (x) denotesthe Heaviside function. In this example,from (4.6) we seethat

ik2+ik(c0+p§) PS¢ 2

fok;0 ) = e

5. CONSTR UCTION OF L(k) FROM f%k;0 ) OR FROM jfXk;0 )j

In Section3 we have shavn that, in the absenceof a bound state, the data jf (k; 0 )j is
equivalert to the data f (k; 0 ) asfar asthe construction of a potential in W is concerned.
On the other hand, if there is a bound state, which occurs if ¢y is su cien tly negative,

from jf (k; 0 )j oneobtains a one-parameterfamily of f (k; 0 ) whosemenbersdier from

: e . k
ead other in the multiplicativ e rational factor " : ; where the parameter 2 (0;+1)

corresponds to the (only) zeroof f (k;0 ) in C*:

Let us rst considerthe casewhereV doesnot contain a bound state. In this casewe
shaw that jfXk;0 )j uniquely determinesL and hencealsoV: De ne

1

1) 1; k2 CH; (5.1)

(k) :=

where M is the quarntity in (2.2). From Theorem 2.2 it follows that is analytic in C*;
bounded and cortinuousin C*; and
i Co e
(k)= o + 0o(1=K); k! 1 inC*,; (5.2)
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k2

Re[( K)] = =——= L k2R: (5.3)
jfAk; 0 )j?
Thus, via the Schwarz integral formula, we can construct  explicitly as
7,
i dt t2 S
k)= — . . . 1; k2 CH: 4
(k) 1 k+i0" t jfYt 0 )j? c (5-4)
Having constructed ; using (5.2), we obtain
G =1 lim [k (Kk); (5.5)

Hence,our data jf (k; 0 )j uniquely determinesthe value of co: SinceV doesnot cortain
any bound states, we are assuredthat cy obtained from (5.3) satises ¢y €; where g is
the constart de ned in (2.1). Finally, with the help of (2.3), (5.1), and (5.4), we construct

L as

(k) |
2+ (k)

L(k) = k2C+: (5.6)

Note that the above procedureis valid both in the genericand exceptional cases.In the
exceptional case,i.e. whenf%0;0 ) = O; the quartity f (k;0 ) vanisheslinearly in k as

k! 0in C*; andhence (0) iswell de ned. Note alsothat, with the help of (2.2), we get

mmm:i&%Lh(m+n; k2C*: (5.7)
Let us illustrate the above procedure with some examples, both in the generic and

exceptional cases.

Example 5.1 Let our scattering data be jf {k;0 )j? = k?+ 5 and assumethat V doesnot
have a bound state. Sincejf X0;0 )j 6 0; this correspndsto the genericcase. Evaluating
the integral in (5.4) as a contour integral along the lower semicirﬁlg‘of in nite radius
certered at the origin of the complex plane, we obtain ( k) = k—+% Note that the
value of ¢ is detem_iped uniquely, and from (5.5) we get g = = 5: Then, from (5.6) we

obtain L (k) = 2k—+8% which correspondsto V(x) = P 5 (x): To construct V uniquely,
[
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we do not needto construct f k;0 ) from our scattering data; nevertheless,as indicated
in Section 3, we can uniquely construct it and obtain f (k;0 ) = i(k + P 5i): Note also
that from (5.7) we get f(k;0) = 1:

k2(5k? + 9)
5(k? + 3)
doesnot have a bound state. Even though we do not needto obtain f (k; 0 ) asfar asthe

Example 5.2 Let our scattering data be jf (k;0 )j? = and assumethat V

construction of L is concerned,as pointed oub in Section 3, from our scattering data we

|k(t: EI% 5) S|ncejf|°(0 0 )j = Q; this COH’GSFDndS
|

to the exceptional case. Evaluating the integral in (5.4) as a contour integral along the

can uniquely construct f k;0 ) =

lower semicircle of in nite radius certered at the origin of the complex plane, we obtain

(k) = pm Note that the value of ¢y is determined uniquely, and from (5.5) we

getcy = 192—5 Then, from (5.6) we obtain L (k) = 19§k7+4 which corresponds to the
i

unique potential V given by
P_— Pz
2 24(4+  15)&% ¥
V= B ()¢ (0 h
(4+ 15)e2 x 1

k+ B _
T
Next, let us study the recovery of V or equivalertly L from the data jf (k;0 )j for

In this example, from (5.7) we get f(k;0) =

k 2 R whenV cortains one bound state. Given jf Xk;0 )j; if we know that V 2 W hasa
bound state, then we know that f (k; 0 ) hasazeroatk = i for some > 0eventhough
we do not know the value of : If our data is f Xk;0 ) instead of jf (k; 0 )j; then we know
the value of asa part of our scattering data. In either case,whether is known or not,
let us de ne

K2+ 2 1 i 2 £(00)
k2 M(k) k f%0;0)

( k) := 1; k2 CH: (5.8)

From Theorem 2.2 it follows that is analytic in C*; bounded and cortinuous in C+*;
and we have

(0= L o+ szol(g’ioo)) +o1=k); k! 1 inC¥; (5.9
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Re[(K)]= w5~ L k2R:
jfAk; 0 )j2
Thus, via the Schwarz integral formula, we can construct  explicitly as
. Z 1 2 2
(k=" dt o+ 1: Kk2C* (5.10)

1 k+i0t t jft 0 )j?
Having constructed ; using (5.9) we obtain

f1(0;0 .
2 % = i lim [k (KI; (5.11)
'\ -
Then, with the help of (2.3), (5.8), and (5.10), we construct L as

k2 (k) + ik 2f,(0;0=f%0;0 ) 2
2k2+ kZ (k) + ik 2£,(0;0)=f%0;0 )+ 2’

L(k) = k2 C*: (5.12)

From (5.12) we have the following obsenations. In the presenceof a bound state, when
one usesthe scattering data jf (k;0 )j; we seethat there are two free parametersin the
constructed L; namely 2 (0;+1 ) and f;(0;0) > 0O: Thus, the corresponding V also
contains thesetwo free parameters. On the other hand, when one usesthe scattering data
f Ak; 0 ) instead, there is only one free parameter, namely f(0; 0) > O; in the constructed
L and alsoin V: In either case,the value of ¢; is determined uniquely by using (5.11) once
we know both f(0;0) and : In fact, from (5.9) we seethat knowledge of any two of the
three quartities cp; ; and f,(0;0) is su cien t for the unique determination of the third.

Note alsothat, with the help of (2.2), (5.9), and (5.11), we get

i £ (k;0 )
k2+ 2

f1(k;0) = k(K+k ico lmk(k]; k2C*: (5.13)

We remark that the proceduregiven above to recover f(k;0); L(k); and V(x) in the
presenceof one bound state remains valid even when the single bound state of V is not
ertirely causedby U alone. In other words, there are three ways for V to have one bound
state [16]. The rst caseis that U hastwo bound states but the large cy value causesV to

have one bound state. The secondcaseis when U hasone bound state and the value of ¢
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is moderate enoughsothat alsoV has one bound state. The third caseis whenV 2 W;
i.e. when U has no bound states but the large negative value of ¢y causesV to have one
bound state. Our procedure of recovery of f|(k;0); L(k); and V(x) is valid in all these

three cases.

Let us illustrate our recovery procedure when V has one bound state with some

concreteexamples.

ik i)k+ " 5)
K+ i

fXk;0 ) hasa zeroin C*; and hencethe corresponding V cortains exactly one bound

: Note that

Example 5.3 Let our scattering data begivenby f (k;0 ) =

state. We also seethat f%0;0 ) = pE: In our procedureto construct L and V; we see

that we needto use = 1: Evaluating (5.10) with the help of a corntour integral, we obtain
4i

(k)= pE(TpE—) Then, from (5.12) we obtain the one-parameterfamily of re ection
[
coe cien ts 0
. 2 . - . .
L(k) = _p ik<[4 f,(0;0)] Sk[1+ f(0;0)] Si (5.14)

2" Bk3 + ik2[6+ f,(0;0)]+ ' BK[L f(0:0)]+ 5i

. . 4 1,(0;
where f(0; 0) is the parameter. Note that from (5.11) we obtain ¢y = —p'(_o—o): The

one-parameterfamily of potentials corresponding to (5.14) is given by

4 1,(0;0)
—p—

V(x) = (x)+ (x) U(x); (5.15)

where U(x) cortains the parameter f|(0;0) and can be evaluated explicitly, but we will
not display it here becausethat expressionis very lengthy. In this example, from (5.13)

we get D D
k?+ik( 5 c)+ 5c 4
(k+1)2 '

Thus, we have f|(0;0) = 4 P 5¢o; conrming what can also be obtained from (5.15).

fi(k;0) =

With the help of (1.3) we get
f%0;0") = £40;0 )+ ¢ f(0;0) = p§+ co(4 péco) = IOe‘a(cO IoE)(c0+ 1=p§):

Thus, there are se\eral casesdepending on the sign of f 0;0%): If ¢ < 1:IO 5 or equiv-

alently f(0;0) > 5; then U is genericand has no bound states. If ¢y = 1:p 5 then U
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P

is exceptional and has no bound states. If ¢o 2 ( 1= 5; g

5) then U is genericand has
one bound state. If ¢y = P 5 then U is exceptional and has one bound state. Finally, if

Co > P 5 then U is genericand has two bound states.

Example 5.4 Let our scattering data be given by jf (k; 0 )j? = k? + 5 and let us assume

that it is known that V corntains a bound state. In this case,corres;xwding to our data,
i(k i )k+ 5i)

we can construct the one-parameterfamily f (k;0 ) = It ; where >0
is the parameter. Thus, we know that f (0;0 ) = P 5: From (5.10) we obtain
i(? bB)
K= p=—P=—;
(+) 5k+ 5i)
and hence,via (5.12), we get
. P_ .
21 2 2 : 2 : 2
LK) = _p ik <[ 5+ <f1(0;0)] 5 “K[1+ f,(0;0)] & (5.16)

2 Bk3+ ik2[5+ 2+ 2f,(0;0)]+ 5 2k[1 f,(0;0)]+ 5 2’
where and f(0;0) are the two arbitrary positive parameters. Note that (5.11) givesus

5 2 2f,(0;0
G = . 1(0:0).

The two-parameter family of potentials corresponding to (5.16) is given by

5 2 2£(0;0)

V(x) = P

(x)+ (x) U(x);

whereU(x) contains the two parameters and f(0; 0) and can be evaluated explicitly, but
we will not display it here becausethat expressionis very lengthy. Note also that from

(5.13) we get 0 0
k?+ik( 5 c)+ 5c+ 2 5

fi(k;0) = k+1 )2
As in Example 5.3, by analyzing the sign of f (0;0"); we can concludethat U has two
bound states if ¢, > P 5; has one bound state if co 2 ( 2P 5; P 5]; and has no bound
statesif ¢ 2P 5:
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