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1. INTR ODUCTION

In this paper we consider the one-dimensionalSchr•odinger equation and analyze the

recovery of the portion of the potential lying to the right (left) of any chosenpoint. As our

scattering data we usethe amplitude of the Jost solution from the left (right) evaluated at

that chosenpoint, or we use the amplitude of the spatial derivative of that Jost solution.

As the alternate scattering data, we also considerusing the Jost solution evaluated at the

chosenpoint rather than its amplitude, or the spatial derivative of that Jost solution rather

than the amplitude of that spatial derivative.

Without loss of any generality, our problem can be reduced to the recovery of the

potential with support in R + in terms of jf l (k; 0)j; or jf 0
l (k; 0)j; f l (k; 0); or f 0

l (k; 0); where

f l (k; x) denotesthe left Jost solution to the Schr•odinger equation

	 00(k; x) + k2	( k; x) = V(x) 	( k; x); x 2 R ; (1.1)

and the prime denotesthe derivative with respect to the spatial coordinate x: Throughout

our paper we assumethat the potential V belongsto the classW; that is, V (x) = c0 � (x) +

U(x); wherec0 is a real constant, � (x) is the Dirac delta distribution, and U is a real-valued

potential having no bound states,vanishing for x < 0; and belongingto L 1
1(R + ): By L 1

n (J )

we denote the classof Lebesgue-measurablepotentials U on an interval J such that the

integral
R

J dx (1 + jxjn ) jU(x)j is �nite. For a review of the direct and inversescattering

problems for the Schr•odinger equation on the line, the reader is referred to [1-6].

The following question was raised by Roy Pike while the author was attending the

RCP264 Workshop on InverseProblems and Nonlinearity in Montp ellier, France in June

2000: In the absenceof bound states,doesf 0
l (k; 0) uniquely determineU? While the author

was attending the IMA Summer Program on Geometric Methods in InverseProblems in

Minneapolis in July 2001, a solution to this problem was suggestedby John Sylvester

basedon the observation that the real part of [1 + L(k)]=[1 � L (k)] can be expressedas
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k2=jf 0
l (k; 0)j2; whereL is the re
ection coe�cien t from the left corresponding to (1.1). Let

us use C+ to denote the upper half complex plane and let C + := C+ [ R : Note that a

function that is analytic in C + and continuous and bounded in C + can be constructed

uniquely if the real part of that function is known on the real axis R : Thus, by using

the Schwarz integral formula (the Poissonintegral formula for the half plane) [7], one can

construct L from the data containing the real part of L: Having constructedL; the potential

is then uniquely obtained from L via one of the known methods [1-6]. It is already known

that L uniquely determines V even when V has bound states [8-13] as a consequenceof

V (x) � 0 for x < 0; no extra information on bound states is neededto recover V from L;

in fact, the information on bound-state energiesand norming constants is already hidden

in L(k) as the polesand residuesat those poles,respectively, [cf. Theorem 2.1 (iv)] of the

meromorphic extensionof L (k) in C + :

Recall that the left Jost solution f l (k; x) to (1.1) satis�es the boundary conditions

f l (k; x) = eik x [1 + o(1)]; f 0
l (k; x) = ik eik x [1 + o(1)]; x ! + 1 :

Sincethe potential V is assumedto vanish on R � ; the transmission coe�cien t T and the

left re
ection coe�cien t L are related to f l (k; 0) and f 0
l (k; 0� ) as

f l (k; 0) =
1 + L(k)

T(k)
; f 0

l (k; 0� ) = ik
1 � L (k)

T(k)
: (1.2)

Due to a possible Dirac delta distribution of strength c0 at x = 0; f 0
l (k; x) may have a

jump discontinuit y at x = 0; whereasf l (k; x) is una�ected by c0 and is continuous in x at

x = 0: We have

f l (k; 0+ ) = f l (k; 0� ); f 0
l (k; 0� ) = f 0

l (k; 0+ ) � c0 f l (k; 0): (1.3)

The presenceof c0 somehow complicatesthe problem we study. For example,even though

U is assumedto have no bound states, the potential V has a bound state if c0 is negative

enough,as indicated in Proposition 2.1.
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Let us usean asterisk to denote complex conjugation. Using [1-6]

f l (� k; x) = f l (k; x) � ; f 0
l (� k; x) = f 0

l (k; x) � ; x 2 R ; (1.4)

in our scattering data it is su�cien t to supply jf l (k; 0)j or jf 0
l (k; 0� )j only for k 2 R + :

Alternativ ely, as the scattering data onecan usef l (k; 0) or f 0
l (k; 0� ) given on a subinterval

of the real axis as a result of the uniquenessof the meromorphic continuation from R to

C+ :

Recall that for the radial Schr•odinger equation, f l (k; 0) is usually known as the Jost

function. Even though this terminology is in generalnot usedfor the full-line problem, we

are using it in the title of our article. Our paper is organizedas follows. In Section 2 we

present the relevant properties of f l (k; 0) and f 0
l (k; 0) corresponding to a potential belong-

ing to classW; we also indicate the characterization for L corresponding to a potential

in W: In Section 3 we show that, as far as constructing potentials in W is concerned,

knowledgeof jf l (k; 0)j is equivalent to knowledgeof f l (k; 0); but knowledgeof jf 0
l (k; 0)j is

equivalent to knowledgeof f 0
l (k; 0) only when there are no bound states. In Section 4 we

present the construction of L in terms of the data f l (k; 0) or equivalently jf l (k; 0)j: Finally ,

in Section5 we present the construction of L in terms of the data f 0
l (k; 0) or jf 0

l (k; 0)j: Our

�ndings are summarized in the following theorem:

Theorem 1.1 AssumeV belongsto classW and let f l (k; x) denote the corresponding left

Jost solution. We have the following:

(i) There existsa one-parameter family of potentials in W corresponding to the scattering

data f f l (k; 0) : k 2 R g or equivalently corresponding to fj f l (k; 0)j : k 2 R g: The

parameter can be chosen as c0; the strength of the Dir ac delta distribution in the

potential. Hence, if the scattering data contains the value of c0; it corresponds to a

unique potential in W:

(ii) If V does not contain a bound state, then the correspondence between V and the

scattering data f f 0
l (k; 0) : k 2 R g is one-to-one. If V contains a bound state, then
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there exists a one-parameter family of potentials in W corresponding to the scattering

data f f 0
l (k; 0) : k 2 R g; the correspondence can be madeone-to-oneby also specifying

the value of f l (0; 0) in the scattering data or equivalently by specifying the value of c0:

(iii) If V contains a bound state, then there exists a two-parameter family of potentials in

W corresponding to the scattering data fj f 0
l (k; 0)j : k 2 R g: The correspondence can

be made one-to-one by also specifying any two of the three quantities f l (0; 0); c0; and

the bound-stateenergy in the scattering data. Alternatively, in order to havea one-to-

one correspondence, one can specify also any two of the three quantities f l (0; 0); the

strength of the Dir ac delta distribution in the potential, and the only zero of jf 0
l (k; 0)j

in C+ in the scattering data.

Returning to Pike's question, we obtain the following conclusionfrom the above the-

orem: A potential with support in R + having no bound states and no Dirac delta distri-

butions is uniquely determined from either f 0
l (k; 0) or jf 0

l (k; 0)j:

As noted by Ricardo Weder,whenc0 � 0; the result of (i) in the above theoremalready

follows from the Gel'fand-Levitan theory [4,5,14]for the radial Schr•odinger equation, where

jf l (k; 0)j is used as the input to the spectral function; thus, the existence, uniqueness,

and reconstruction of U from f l (k; 0) or jf l (k; 0)j are also obtained via the solution of

the radial Gel'fand-Levitan integral equation. Similarly, when c0 � 0; the data f l (k; 0)

uniquely constructs the radial scattering matrix S(k) :=
f l (� k; 0)
f l (k; 0)

; which is used as the

input to the Marchenko integral equation [4,5,14,15]for the radial Schr•odinger equation;

thus, the existence, uniqueness,and reconstruction of U from f l (k; 0) are also obtained

via the solution of the radial Marchenko integral equation. In that regard, our results in

this paper using the data jf l (k; 0)j or f l (k; 0) can be viewed as also the analysis of the

existence,uniqueness,and reconstruction of f 0
l (k; 0� ) from the available data. Similarly,

our results using the data jf 0
l (k; 0� )j or f 0

l (k; 0� ) can also be interpreted as the analysisof

the existence,uniqueness,and reconstruction of f l (k; 0) from the available data.
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2. PRELIMINARIES

For the Schr•odinger equation one needsto make a distinction between the generic

caseand the exceptional case.Recall that generically T(0) = 0 and in the exceptional case

T(0) 6= 0: One can also characterize the genericcaseas f 0
l (0; 0� ) 6= 0 and the exceptional

caseasf 0
l (0; 0� ) = 0; alternativ ely, wehaveL(0) = � 1 genericallyand L(0) 2 (� 1; 1) in the

exceptional case.An exceptional casesignals the borderline caseof adding or subtracting

a bound state. Within the classW; since U has no bound states, V has either zero or

onebound state [16]. The following proposition givesthe exact criterion on the number of

bound states of V:

Prop osition 2.1 Let V belong to class W; c0 denote the strength of the Dir ac delta

distribution in V at x = 0; and U(x) := V (x) � c0 � (x): Then, there exists a nonpositive

constant ~c0; uniquely determined by U alone as in (2.1), and we have:

(i) If c0 > ~c0; then V is generic and has no bound states. In this case, f l (0; 0) > 0;

f 0
l (0; 0� ) < 0; and T(0) = 0; moreover, for z > 0 we havef l (iz ; 0) > 0; f 0

l (iz ; 0� ) < 0;

and T(iz ) > 0:

(ii) If c0 = ~c0; then V is exceptional and has no bound states. In this case, f l (0; 0) > 0;

f 0
l (0; 0� ) = 0; and T(0) > 0; moreover, for z > 0 we havef l (iz ; 0) > 0; f 0

l (iz ; 0� ) < 0;

and T(iz ) > 0:

(iii) If c0 < ~c0; then V is generic and hasexactly one bound state at k = i� for some� > 0;

i.e. 1=T(i� ) = 0: In this case, f l (0; 0) > 0; f 0
l (0; 0� ) > 0; T(0) = 0; and there exists

a unique number � > � such that f 0
l (i� ; 0� ) = 0; moreover, we have f l (iz ; 0) > 0 for

z > 0; f 0
l (iz ; 0� ) < 0 for z > � ; f 0

l (iz ; 0� ) > 0 for z 2 (0; � ); T(iz ) > 0 for z > �; and

T(iz ) < 0 for z 2 (0; � ):

PROOF: Since U has no bound states, it is already known from the spectral theory of

ordinary di�eren tial equations [2,17] that f l (0; 0) > 0; and that f 0
l (0; 0+ ) < 0 if U is
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genericand f 0
l (0; 0+ ) = 0 if U is exceptional. De�ne

~c0 :=
f 0

l (0; 0+ )
f l (0; 0)

: (2.1)

Thus, ~c0 = 0 if U is exceptional and ~c0 < 0 if U is generic. SinceU uniquely determines

f l (0; 0) and f 0
l (0; 0+ ); the nonpositive constant ~c0 is uniquely determined by U alone. From

(1.3) it is seenthat if c0 > ~c0 then f 0
l (0; 0� ) < 0 and henceV is genericand has no bound

states. Consequently , the properties stated in (i) hold. On the other hand, if c0 = ~c0;

then from (1.3) it follows that f 0
l (0; 0� ) = 0; and hencethe corresponding V is exceptional

and has no bound states, and consequently the properties stated in (ii) hold. Finally , if

c0 < ~c0; then from (1.3) it follows that f 0
l (0; 0� ) > 0; which implies that V is genericand

possessesone bound state. Consequently , the properties stated in (iii) hold.

De�ne

M (k) :=
f 0

l (k; 0� )
ik f l (k; 0)

: (2.2)

From (1.2) it follows that

M (k) =
1 � L (k)
1 + L(k)

; L (k) =
1 � M (k)
1 + M (k)

: (2.3)

We summarize the relevant properties of M below.

Theorem 2.2 AssumeV belongsto classW: Then the following hold:

(i) M is analytic in C + and continuous in C + n f 0g:

(ii) M is continuous at k = 0 if V is exceptional, and M has a singularity of O(1=k) at

k = 0 when V is generic.

(iii) If V has no bound states, then M has no zeros in C + : If V has one bound state, then

M has exactly one zero in C + occurring at k = i� with � > 0; which corresponds to

the only zero of f 0
l (k; 0� ):

(iv) We have M (k) =
1
ik

f 0
l (0; 0� )
f l (0; 0)

+
1

f l (0; 0)2 + o(1) as k ! 0 in C + : Hence, in the
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exceptional case M (k) =
1

f l (0; 0)2 + o(1) as k ! 0 in C + : One can replace o(1) by

O(k) if we further haveU 2 L 1
2(R + ):

(v) In the generic case we have
1

M (k)
= ik

f l (0; 0)
f 0

l (0; 0� )
+

k2

f 0
l (0; 0� )2 + o(k2) as k ! 0 in

C+ : One can replace o(k2) by O(k3) if we further haveU 2 L 1
2(R + ):

(vi) The real part of M is given by Re[M (k)] =
1

jf l (k; 0)j2
for k 2 R :

(vii) The real part of 1=M is given by Re
�

1
M (k)

�
=

k2

jf 0
l (k; 0� )j2

for k 2 R :

(viii) M (k) = 1 +
ic0

k
+ o(1=k) as k ! 1 in C + :

PROOF: The well-known properties [1-6] of f l (k; 0) and f 0
l (k; 0� ) imply (i)-(iii) and (viii).

The asymptotics stated in (iv) and (v) can be found in [18]. The properties in (vi) and

(vii) are directly obtained from (2.1) with the help (1.4) and the fact that the Wronskian

of f l (� k; x) and f l (k; x) is independent of x and is equal to 2ik [1-6].

Let us de�ne

`(k) :=
ic0 + (2k + ic0) L (k)
2k � ic0 [1 + L(k)]

; k 2 C+ ;

� (k) := exp
�

1
2� i

Z 1

�1
dt

log(1 � j`(t)j2

t � k � i0+

�
; k 2 C+ ; (2.4)

� (k) := �
`(� k) � (k)

� (� k)
; k 2 R ;

^̀(� ) :=
1

2�

Z 1

�1
dk `(k) eik � ; �̂ (� ) :=

1
2�

Z 1

�1
dk � (k) eik � : (2.5)

The quantities � ; `; and � correspond to the scattering coe�cien ts for the potential U; i.e.

the choice c0 � 0 in L (k) and T(k) leads to � (k) = T(k); `(k) = L(k); and � (k) = R(k);

where R is the right re
ection coe�cien t for V and R(k) = � L (� k) T(k)=T(� k):

The following theorem givesthe characterization of classW in terms of the scattering

data consisting of L alone. Given L satisfying such characterization conditions, we can

uniquely construct the corresponding potential by using any one of the available methods

[1-6].
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Theorem 2.3 The left re
ection coe�cient L corresponds to a unique potential V in W

if and only if the following conditions hold:

(i) L is continuous for k 2 R ; and L(� k) = L(k) � for k 2 R :

(ii) jL (k)j � 1 � Ck2=(1 + k2) on R for somepositive constant C:

(iii) L (0) 2 [� 1; 1):

(iv) L either has an analytic extension from R to C + or it has a meromorphic extension

to C+ with a singlesimple pole occurring on the positive imaginary axis, say at k = i�

for some� > 0: In the latter case, the residueof L at k = i� satis�es Res[L (i� )] = ic2
r

for somepositive cr :

(v) L (k) =
c0

2ik
+ o(1=k) as k ! 1 in C + ; where c0 is the strengthof the delta distribution

in V at x = 0:

(vi) The function k=� (k); where � is the quantity de�ned in (2.4), is continuous in C + :

(vii) The function ^̀(� ); de�ned in (2.5) is absolutely continuous on R � and ^̀0(� ) 2

L 1
1(�1 ; 0); the function �̂ (� ) de�ned in (2.5) is absolutely continuous on R + and

�̂ 0(� ) 2 L 1
1(0; + 1 ):

PROOF: We modify the characterization conditions on the scattering data [4,6,19]corre-

sponding to a real-valued potential belonging to L 1
1(R ) in order to take into account the

presenceof the Dirac delta distribution at x = 0 as well as the vanishing property of the

potential on R � : The presenceof c0 appears in (v). As indicated in Proposition 2.1, the

value of c0 determines whether V has no bound states or has exactly one bound state,

which in turn determineswhether the extensionof L in C + is analytic or meromorphic. It

is known [6,8-13]that (iv) is equivalent to vanishing of V on R � : The slight modi�cation

in (vii) is also related to the vanishing of the potential on R � :

Let us note that the constant cr appearing in Theorem 2.3(iv) corresponds to the

bound-state norming constant associated with the right scattering data [6,8,9].
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3. CONSTR UCTION OF f l (k; 0) AND f 0
l (k; 0� ) FR OM THEIR AMPLITUDES

In classW; we can uniquely construct f l (k; 0) for k 2 C+ from its amplitude given

for k 2 R by solving the Riemann-Hilbert problem

f l (k; 0) f l(� k; 0) = jf l (k; 0)j2; k 2 R : (3.1)

It is known [1-6] that f l (k; 0) is analytic in C + and continuous in C+ ; f l (k; 0) 6= 0 in C+

and f l (k; 0) = 1 + O(1=k) as k ! 1 in C + : The construction of f l (k; 0) is similar to the

construction of the transmission coe�cien t T from its amplitude [1,2]:

f l (k; 0) = exp
�

1
2� i

Z 1

�1
dt

log(jf l (t; 0)j)
t � k � i0+

�
:

Now let us considerthe construction of f 0
l (k; 0� ) for k 2 C+ from its amplitude known

for k 2 R : Recall that, as indicated in Proposition 2.1, the corresponding potential V has

either zero or one bound state. When V has no bound states, we can uniquely construct

f 0
l (k; 0� ) for k 2 C+ from its amplitude given for k 2 R by solving the Riemann-Hilbert

problem

f 0
l (k; 0� ) f 0

l (� k; 0� ) = jf 0
l (k; 0� )j2; k 2 R :

It is known [1-6] that f 0
l (k; 0� ) is analytic in C+ and continuous in C+ ; it has no zeros

in C+ n f 0g if V has no bound states, it has exactly one zero if V has a bound state,

and f 0
l (k; 0� ) = ik + O(1) as k ! 1 in C + : When there is a bound state, the above

Riemann-Hilbert problem leadsto a one-parameterfamily for f 0
l (k; 0� ) where the param-

eter corresponds to the zero of f 0
l (k; 0� ) in C+ : As indicated in Proposition 2.1, such a

zero occurs on the positive imaginary axis in C + :

Thus, the construction of the potential V in W (or equivalently the left re
ection

coe�cien t L ) by using the scattering data jf l (k; 0)j is equivalent to using the data f l (k; 0):

On the other hand, the construction of V in W from the data jf 0
l (k; 0� )j is equivalent to

the construction using the data f 0
l (k; 0� ) only when V has no bound states; when V has
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one bound state, there will be an additional parameter appearing if the data jf 0
l (k; 0� )j is

usedinstead of the data f 0
l (k; 0� ):

4. CONSTR UCTION OF L(k) FR OM f l (k; 0) OR FR OM jf l (k; 0)j

In the previous section we have shown that the data f l (k; 0) for k 2 R is equivalent

to the data jf l (k; 0)j for k 2 R as far as the construction of a potential in W is concerned.

In this section we show that either data leads to a one-parameter family of potentials,

where c0; the strength of the Dirac delta distribution in the potential at x = 0; is the free

parameter. In the special casewhere c0 is speci�ed as a part of the data, the construction

is unique.

In terms of M given in (2.2), let us de�ne

�( k) := M (k) +
i
k

f 0
l (0; 0� )
f l (0; 0)

� 1; k 2 C+ : (4.1)

From Theorem 2.2 it follows that � is analytic in C + ; boundedand continuous in C+ ; and

�( k) =
i
k

�
c0 �

f 0
l (0; 0� )
f l (0; 0)

�
+ o(1=k); k ! 1 in C + ; (4.2)

Re[�( k)] =
1

jf l (k; 0)j2
� 1; k 2 R :

Thus, via the Schwarz integral formula, we can construct � explicitly as

�( k) =
i
�

Z 1

�1

dt
k + i0+ � t

�
1

jf l (t; 0)j2
� 1

�
; k 2 C+ : (4.3)

Having constructed � ; using (4.2), we obtain

f 0
l (0; 0� )
f l (0; 0)

= � c0 � i lim
k !1

[k �( k)] ; k 2 C+ : (4.4)

Then, with the help of (2.3), (4.1), (4.3), and (4.4), we construct L as

L(k) =
� ik �( k) + c0 � i lim

k !1
[k �( k)]

2ik + ik �( k) � c0 + i lim
k !1

[k �( k)]
; k 2 C+ : (4.5)
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With the help of (2.2) we also get

f 0
l (k; 0� ) = i f l (k; 0)

�
k �( k) + k + ic0 � lim

k !1
[k �( k)]

�
; k 2 C+ : (4.6)

Since � is uniquely obtained via (4.3), from (4.5) it is seenthat there is a one-parameter

family of L corresponding to the data jf l (k; 0)j; where c0 acts as the parameter. Con-

sequently , there is a one-parameterfamily of potentials in W corresponding to the same

scattering data jf l (k; 0)j: On the other hand, if the value of c0 is speci�ed in the data, then

the construction leadsto a unique potential; for example, if the potential is known not to

contain a delta distribution at x = 0; such a potential is uniquely constructed with the

help of (4.5) by letting c0 = 0 there.

Note that (1.3) and (4.4) imply

~c0 = � i lim
k !1

[k �( k)] ;
f 0

l (0; 0� )
f l (0; 0)

= ~c0 � c0; (4.7)

where~c0 is the critical valueappearing in Proposition 2.1 that is usedto determinewhether

V has a bound state or not.

Example 4.1 Let us illustrate the above procedurewith the scattering data jf l (k; 0)j2 =
k2 + 5
k2 + 3

: Solving the Riemann-Hilbert problem in (3.1) one can uniquely determine that

f l (k; 0) =
k +

p
5i

k +
p

3 i
even though f l (k; 0) is not neededto recover L: Evaluating the integral

in (4.3) as a contour integral along the lower semicircle of in�nite radius centered at the

origin of the complex plane, we obtain �( k) =
2

p
5 i (k +

p
5i )

: Then, from (4.5) we get

L (k) =
� ik c0 + 2 +

p
5c0

2k2 + ik (c0 + 2
p

5) � 2 �
p

5c0
; (4.8)

which, for each c0 2 R corresponds to a di�eren t potential in W: By analyzing the denom-

inator in (4.8), we seethat the polesof L occur when

k =
i
4

�
� (c0 + 2

p
5) �

q
c2

0 � 4
p

5c0 + 4
�

;
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and henceL has a simple pole in C + when c0 < � 2=
p

5; which causesthe corresponding

potential to be genericand to have a bound state. When c0 = � 2=
p

5; we obtain L (k) =
i

p
5k + 4i

; which corresponds to an exceptional potential without a bound state. When

c0 > � 2=
p

5; the corresponding potential is generic and has no bound states. Note that

with the help of (4.7) we get ~c0 = � 2=
p

5; and hencethe criterion for the existenceof a

bound state is consistent with the results implied by Proposition 2.1. Using any oneof the

available methods [1-6] to solve the inverseproblem, one obtains all thesepotentials as

V(x) = c0 � (x) + � (x)
24(4+

p
15)e2

p
3x

h
(4 +

p
15)e2

p
3x � 1

i 2 ;

where � (x) denotesthe Heaviside function. In this example, from (4.6) we seethat

f 0
l (k; 0� ) = i

k2 + ik (c0 +
p

5) �
p

5c0 � 2

k +
p

3 i
:

5. CONSTR UCTION OF L(k) FR OM f 0
l (k; 0� ) OR FR OM jf 0

l (k; 0� )j

In Section3 wehaveshown that, in the absenceof a bound state, the data jf 0
l (k; 0� )j is

equivalent to the data f 0
l (k; 0� ) as far as the construction of a potential in W is concerned.

On the other hand, if there is a bound state, which occurs if c0 is su�cien tly negative,

from jf 0
l (k; 0� )j oneobtains a one-parameterfamily of f 0

l (k; 0� ) whosemembersdi�er from

each other in the multiplicativ e rational factor
k � i�
k + i�

; where the parameter � 2 (0; + 1 )

corresponds to the (only) zero of f 0
l (k; 0� ) in C+ :

Let us �rst considerthe casewhereV doesnot contain a bound state. In this casewe

show that jf 0
l (k; 0� )j uniquely determinesL and hencealso V: De�ne

�( k) :=
1

M (k)
� 1; k 2 C+ ; (5.1)

where M is the quantit y in (2.2). From Theorem 2.2 it follows that � is analytic in C + ;

bounded and continuous in C+ ; and

�( k) = �
i c0

k
+ o(1=k); k ! 1 in C + ; (5.2)
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Re[�( k)] =
k2

jf 0
l (k; 0� )j2

� 1; k 2 R : (5.3)

Thus, via the Schwarz integral formula, we can construct � explicitly as

�( k) =
i
�

Z 1

�1

dt
k + i0+ � t

�
t2

jf 0
l (t; 0� )j2

� 1
�

; k 2 C+ : (5.4)

Having constructed � ; using (5.2), we obtain

c0 = i lim
k !1

[k �( k)] ; (5.5)

Hence,our data jf 0
l (k; 0� )j uniquely determines the value of c0: SinceV doesnot contain

any bound states, we are assuredthat c0 obtained from (5.3) satis�es c0 � ~c0; where ~c0 is

the constant de�ned in (2.1). Finally , with the help of (2.3), (5.1), and (5.4), we construct

L as

L(k) =
�( k)

2 + �( k)
; k 2 C+ : (5.6)

Note that the above procedure is valid both in the generic and exceptional cases. In the

exceptional case,i.e. when f 0
l (0; 0� ) = 0; the quantit y f 0

l (k; 0� ) vanisheslinearly in k as

k ! 0 in C+ ; and hence�(0) is well de�ned. Note also that, with the help of (2.2), we get

f l (k; 0) =
f 0

l (k; 0� )
ik

[�( k) + 1] ; k 2 C+ : (5.7)

Let us illustrate the above procedure with someexamples,both in the generic and

exceptional cases.

Example 5.1 Let our scattering data be jf 0
l (k; 0� )j2 = k2 + 5 and assumethat V doesnot

have a bound state. Sincejf 0
l (0; 0� )j 6= 0; this corresponds to the genericcase.Evaluating

the integral in (5.4) as a contour integral along the lower semicircle of in�nite radius

centered at the origin of the complex plane, we obtain �( k) =
�

p
5i

k +
p

5i
: Note that the

value of c0 is determined uniquely, and from (5.5) we get ~c0 =
p

5: Then, from (5.6) we

obtain L (k) =
�

p
5i

2k +
p

5i
; which corresponds to V(x) =

p
5� (x): To construct V uniquely,

14



we do not needto construct f 0
l (k; 0� ) from our scattering data; nevertheless,as indicated

in Section 3, we can uniquely construct it and obtain f 0
l (k; 0� ) = i (k +

p
5i ): Note also

that from (5.7) we get f l (k; 0) = 1:

Example 5.2 Let our scattering data be jf 0
l (k; 0� )j2 =

k2(5k2 + 9)
5(k2 + 3)

and assumethat V

doesnot have a bound state. Even though we do not needto obtain f 0
l (k; 0� ) as far as the

construction of L is concerned,as pointed out in Section 3, from our scattering data we

can uniquely construct f 0
l (k; 0� ) =

ik (k + 3i=
p

5)

k +
p

3i
: Since jf 0

l (0; 0� )j = 0; this corresponds

to the exceptional case. Evaluating the integral in (5.4) as a contour integral along the

lower semicircle of in�nite radius centered at the origin of the complex plane, we obtain

�( k) =
2i

p
5k + 3i

: Note that the value of c0 is determined uniquely, and from (5.5) we

get c0 = �
2

p
5

: Then, from (5.6) we obtain L (k) =
i

p
5k + 4i

; which corresponds to the

unique potential V given by

V(x) = �
2

p
5

� (x) + � (x)
24(4+

p
15)e2

p
3x

h
(4 +

p
15)e2

p
3x � 1

i 2 :

In this example, from (5.7) we get f l (k; 0) =
k +

p
5i

k +
p

3 i
:

Next, let us study the recovery of V or equivalently L from the data jf 0
l (k; 0� )j for

k 2 R when V contains one bound state. Given jf 0
l (k; 0� )j; if we know that V 2 W has a

bound state, then we know that f 0
l (k; 0� ) hasa zeroat k = i� for some� > 0 even though

we do not know the value of � : If our data is f 0
l (k; 0� ) instead of jf 0

l (k; 0� )j; then we know

the value of � as a part of our scattering data. In either case,whether � is known or not,

let us de�ne


( k) :=
k2 + � 2

k2

1
M (k)

�
i� 2

k
f l (0; 0)

f 0
l (0; 0� )

� 1; k 2 C+ : (5.8)

From Theorem 2.2 it follows that 
 is analytic in C + ; bounded and continuous in C+ ;

and we have


( k) = �
i
k

�
c0 + � 2 f l (0; 0)

f 0
l (0; 0� )

�
+ o(1=k); k ! 1 in C + ; (5.9)
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Re[
( k)] =
k2 + � 2

jf 0
l (k; 0� )j2

� 1; k 2 R :

Thus, via the Schwarz integral formula, we can construct 
 explicitly as


( k) =
i
�

Z 1

�1

dt
k + i0+ � t

�
t2 + � 2

jf 0
l (t; 0� )j2

� 1
�

; k 2 C+ : (5.10)

Having constructed 
 ; using (5.9) we obtain

� 2 f l (0; 0)
f 0

l (0; 0� )
= � c0 + i lim

k !1
[k 
( k)] ; (5.11)

Then, with the help of (2.3), (5.8), and (5.10), we construct L as

L(k) =
k2 
( k) + ik � 2 f l (0; 0)=f 0

l (0; 0� ) � � 2

2k2 + k2 
( k) + ik � 2 f l (0; 0)=f 0
l (0; 0� ) + � 2 ; k 2 C+ : (5.12)

From (5.12) we have the following observations. In the presenceof a bound state, when

one usesthe scattering data jf 0
l (k; 0� )j; we seethat there are two free parameters in the

constructed L; namely � 2 (0; + 1 ) and f l (0; 0) > 0: Thus, the corresponding V also

contains thesetwo free parameters. On the other hand, when oneusesthe scattering data

f 0
l (k; 0� ) instead, there is only one free parameter, namely f l (0; 0) > 0; in the constructed

L and also in V: In either case,the value of c0 is determined uniquely by using (5.11) once

we know both f l (0; 0) and � : In fact, from (5.9) we seethat knowledgeof any two of the

three quantities c0; � ; and f l (0; 0) is su�cien t for the unique determination of the third.

Note also that, with the help of (2.2), (5.9), and (5.11), we get

f l (k; 0) = �
i f 0

l (k; 0� )
k2 + � 2

�
k 
( k) + k � ic0 � lim

k !1
[k 
( k)]

�
; k 2 C+ : (5.13)

We remark that the proceduregiven above to recover f l (k; 0); L (k); and V(x) in the

presenceof one bound state remains valid even when the single bound state of V is not

entirely causedby U alone. In other words, there are three ways for V to have one bound

state [16]. The �rst caseis that U has two bound states but the large c0 value causesV to

have onebound state. The secondcaseis when U has onebound state and the value of c0
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is moderate enoughso that also V has one bound state. The third caseis when V 2 W;

i.e. when U has no bound states but the large negative value of c0 causesV to have one

bound state. Our procedure of recovery of f l (k; 0); L (k); and V(x) is valid in all these

three cases.

Let us illustrate our recovery procedure when V has one bound state with some

concreteexamples.

Example 5.3 Let our scattering data begivenby f 0
l (k; 0� ) =

i (k � i )(k +
p

5i )
k + i

: Note that

f 0
l (k; 0� ) has a zero in C+ ; and hence the corresponding V contains exactly one bound

state. We also seethat f 0
l (0; 0� ) =

p
5: In our procedure to construct L and V; we see

that we needto use� = 1: Evaluating (5.10) with the help of a contour integral, we obtain


( k) =
� 4i

p
5(k +

p
5i )

: Then, from (5.12) we obtain the one-parameterfamily of re
ection

coe�cien ts

L (k) =
� ik 2[4 � f l (0; 0)] �

p
5k[1 + f l (0; 0)] � 5i

2
p

5k3 + ik 2[6 + f l (0; 0)] +
p

5k[1 � f l (0; 0)] + 5i
; (5.14)

where f l (0; 0) is the parameter. Note that from (5.11) we obtain c0 =
4 � f l (0; 0)

p
5

: The

one-parameterfamily of potentials corresponding to (5.14) is given by

V (x) =
4 � f l (0; 0)

p
5

� (x) + � (x) U(x); (5.15)

where U(x) contains the parameter f l (0; 0) and can be evaluated explicitly , but we will

not display it here becausethat expressionis very lengthy. In this example, from (5.13)

we get

f l (k; 0) =
k2 + ik (

p
5 � c0) +

p
5c0 � 4

(k + i )2 :

Thus, we have f l (0; 0) = 4 �
p

5c0; con�rming what can also be obtained from (5.15).

With the help of (1.3) we get

f 0
l (0; 0+ ) = f 0

l (0; 0� ) + c0 f l (0; 0) =
p

5 + c0(4 �
p

5c0) =
p

5(c0 �
p

5)(c0 + 1=
p

5):

Thus, there are several casesdepending on the sign of f 0
l (0; 0+ ): If c0 < � 1=

p
5 or equiv-

alently f l (0; 0) > 5; then U is generic and has no bound states. If c0 = � 1=
p

5 then U
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is exceptional and has no bound states. If c0 2 (� 1=
p

5;
p

5) then U is generic and has

one bound state. If c0 =
p

5 then U is exceptional and has one bound state. Finally , if

c0 >
p

5 then U is genericand has two bound states.

Example 5.4 Let our scattering data be given by jf 0
l (k; 0� )j2 = k2 + 5 and let us assume

that it is known that V contains a bound state. In this case,corresponding to our data,

we can construct the one-parameterfamily f 0
l (k; 0� ) =

i (k � i� )(k +
p

5i )
k + i�

; where � > 0

is the parameter. Thus, we know that f 0
l (0; 0� ) =

p
5: From (5.10) we obtain


( k) =
i (� 2 � 5)

p
5(k +

p
5i )

;

and hence,via (5.12), we get

L (k) =
ik 2[� 2 � 5 + � 2 f l (0; 0)] �

p
5� 2k[1 + f l (0; 0)] � 5i� 2

2
p

5k3 + ik 2[5 + � 2 + � 2 f l (0; 0)] +
p

5� 2k[1 � f l (0; 0)] + 5i� 2
; (5.16)

where � and f l (0; 0) are the two arbitrary positive parameters. Note that (5.11) givesus

c0 =
5 � � 2 � � 2 f l (0; 0)

p
5

:

The two-parameter family of potentials corresponding to (5.16) is given by

V(x) =
5 � � 2 � � 2 f l (0; 0)

p
5

� (x) + � (x) U(x);

whereU(x) contains the two parameters� and f l (0; 0) and can be evaluated explicitly , but

we will not display it here becausethat expressionis very lengthy. Note also that from

(5.13) we get

f l (k; 0) =
k2 + ik (

p
5 � c0) +

p
5c0 + � 2 � 5

(k + i� )2 :

As in Example 5.3, by analyzing the sign of f 0
l (0; 0+ ); we can conclude that U has two

bound states if c0 >
p

5; has one bound state if c0 2 (� � 2=
p

5;
p

5]; and has no bound

states if c0 � � � 2=
p

5:
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