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ABSTRACT
Exton [1] in 1972 defined and studied some properties of the hypergeometric
functions of four variables. Prior to him no specific study of the quadruple
hypergeometric functions had been made, except the four Lauricella

functions FXD, Fé4) , FC(34) and 64)and some of their limiting cases. In the

present paper we have defined the Exton’s quadruple hypergeometric
functions K5, K12 K 16K Zd';md K 2:ﬂ‘or the matrix arguments case and
have proved a result for each of these functions besides a result for the
function Kll and a case of reducibility for the functi&iz.

INTRODUCTION
We have [5,6] earlier defined and studied the Exton’s quadruple

hypergeometric functionk 2 K 6 and Kllfor the matrix arguments case.

In continuation of these studies we are now defining and studying five more
of the Exton’s four variable hypergeometric functions with matrix
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arguments. All the matrices appearing in this papeffarep) real

symmetric positive definite matrices and the meanings of all the other
symbols used are the same as in the works of Mathai [2,3].

1. Preliminary Definitions

DEFINITION 1.1: The K5- function of matrix arguments
Kg=Kga,a,a,a;h ,8.8 .8 :¢.6.6.6- X ¥ Z T)

Is defined as that class of functions for which the matrix transform (M-
transform) is the following:

M(Kg) =l 50l s0Jz50fr-X P~ P 2 P27 (P
|Z|p3—(p+1)/2|-|-|p4—(P+ 1)/2K5(a’a'a’a;? b5 b
C1:C5,C3,Cy ™ XY~ Z~-T)dXdYdzZdT
_Tp(a=py=p=Pg=P )T b P P T b 50 5P )
r (@) () ro(by)
rpe)  To) oy Ty
Fp(C1=P) T (=P o) T y(Ca=P T {C 4P Y
Fo(PYN (P AT (P AT P )
for Re(@=py =P =P3=P4 0P 7P 2. 0570 P 40T P o
Cp™P2:C37P3C TP 4P 1P 2P P > (P 1)/2. -y

X X

DEFINITION 1.2:
Kip=K1fa.a.aal by by g .56 % % 2 )

MK12) = IX >0 IY >0 IZ>OIT>O|X |p1—(p+1) / ZIY |p2— (pr1)/2,

~(pH1) /2P 4~ (P+ 1)/ 2 . .
P3P/ 7Py~ (P D12 (a,a,a,aih b . . ;
C1:¢:Cr. G XY~ Z~-T)dXdYdZdT



_Tp@7P PR3P YT (b P Yl b 5P 2)(

(@) o) o)

rp(b3_p3) r p(b4_p 4) r p(C]? I p(C 2 3
Ty by T crpp AT forp 5P )

BRI RN 12)

for Re (a=py =P, =P3=P,.B-P1.05-0 5.b5p 3.07pP 4,

C =P P5.Cy ~P3 =P 4P P 5P 3P > (P-D)/2.
DEFINITION 1.3:

K16:K16(3132,33,a4;b;— Xr Y+ Z- T)

I\/l(K16> - IX >0 IY >0 IZ>OIT>O|X |p1—(p+1) / ZIY |p2— (pr1)/2,

|Z|p3—(p+1)/2|.|.|p4—(p+ 1)/2K16(a1,a2,a3,a4 ; b;
-X,-Y, -Z,-T)dXdYdzdT
_ M@ =P Pl @y=p Pl fagp 5P pr
FCY INCY M p(@3)

(@ =P3=Py) I ob) 3

Fp@g)  T0=p1=P =P 3=P Y
I N CPVI CRe L )
for Re (3 -P1=P2:87P1 P33P 7P 4.87P 3P 4. (19)
b=p; =Py =P3=P 4P P 2P 5P > (P~ D/2.

DEFINITION 1.4:
KZO:KZdalal,b?,,b4;bl,b2,a2,a2;c,c,c,f:; X, ¥ Z T)
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MK 20 = IX >0 IY >0 IZ>OIT>O|X |p1—(p+1) / ZIY |p2— (Pr1)/2

P3=(P+D)/211p 4~ (Pt 1)/ 2 : :
23 T[4 K20(31:81P3:040;, 0.8 .8 ;
C,C,C,C— X~ Y~ Z~- T)dXdYdzdT
_ Fp@=P1=P)T f@y=p g=p JF (bip T (b 5p gx
Fo(b3=pa) Ty =Py o) )

Fplbg) Ty T C=pimp P gP Y
SN VI CPVE CR IR !
for Re(a —p;=P,.8=P3=P 4.0-0;P; .

C—Py =Py =P3=P,>(P-1)/2, where+ 1;- ,4.

(1.4)

DEFINITION 1.5:
K21:KZfa,a,bG,bS;bl,b2,b3,b4;c,c,c,e; X, ¥ Z T)

M(K 21) - IX >0 IY >0 IZ>OIT>O|X |p1—(p+1) / ZIY |p2— (pr 1)/ 2

—(p+1)/2 -(pt1/2 : :
P3P 2P~ (PP D2 (a,a,by b iy b, byl
C,C,c,c— X~ Y~ Z~T)dXdYdZdT
:Fp(a—pl—pz)rp(bl—pl)rp(bz—pz)Fp(bg—p 3)x

@) Moo Tyby) T by
Moy =P T (bg=p T (bep ) r o)
Folbg) Tpg) Ty T c=pips5pgpey
o)l P IT (Pl (P 4
for Re(@a-py =P, B ~P3.B57P 4 4P P -
C=Py =Py =P3=P,>(P-1)/2 where+ 1;- ,4

(1.5)



2. Results

THEOREM 2.1:
Ks@aaah p b §ig 5§47 % ¥ 2 T
1 — —
o OO 2, (g - 82 162
Fp(a) (2.1)

—S%YS}/Z)LPZ (byic3.¢, 8y2 z&yZ—, 52 Té/Z )dS

for Re(a)> (p- 1)/2.
PROOF: Taking the M-transform of the right side of eq.(2.1) with respect
to the variables X,Y,Z,T and the parametpi$p2,p3,p A respectively, we

get,

—(p+1)/2 —(pt1)/2
IX>OIY>OIZ>OIT>O|X|p1 (p+1) i (pr D72,

ZP3 PP (P D12y (b ic) $2x82. @2

—S%YS}/Z W, (byicy,6, 83/2 z&yZ - 52 ng )dXdYdzdT

Applying the transformations,
xlzs%xs%,vlzs%vs/%,zl: 3;/2252 = éYZ TéIZ ;

with, dx, =PV 2 ax,ay, =|$P* D2 qy,dz =| sF D/ 24z,

/2 . _ _ _
d, =[P 2 ams and| = § X|. Y=| 6 ¥].4=] $ 2.
‘Tl‘ =|9|T]; to the above expression and then writing the M-transforms of
the two LIJ2- functions involved gives,
Fp(bl—pl—pz) r p(Cl) r IO(cz)

|S_p1_p2_p3_p4 X

Continued to the next page ..........cococvviennnnn.



rp(Cg) rp(C4) r p(bZ_p 3_p 4))(
rp(c3_p3) r p(C4—p 4) r p(b 2) (2.3)
FoP)l pP T (Pl P )

Substituting this expression on the right side of eq.(2.1) and then integrating
out S in the resulting expression by using a Gamma integral Igl(b’ss)

as given by eq.(1.1).

THEOREM 2.2:
Kip@.aaal B .g.fig.g.5.67 X ¥ Z 1)
i INCYNCPY
rp(bl)rp(bz)r p(bs)l' p(b4)' p(cl_ by bJ p(Ci bz b))
<[ UL P2y B B DI gy B (0 DI%
P4~ P2y G B B (B D%

| +uy2xuy2 +v}/2vv )/2
—a
+W%ZW}/2 + S)/ZTS}/Z{ dUdvdwds
(2.4)

for Re(q G IR_ I% 6 %— 91 > (p /2, wheresi -1, /4.
PROOF: Taking the M-transform of the right side of eq.(2.4) with respect
to the variables X,Y,Z,T and the parametpispz,ps,p A respectively, we

I -w —gC2 P3P~ (Pr Y2

obtain,
—(p+1)/2 - 1)/2
IX>OIY>OIZ>0IT>0|X|p1 (p+1) |Y|p2 (p+1)/2,

ZP3~ (P24~ (P 1)’1 LU 2xu 2 v P P

Continued to the next page ..........cocevvvneennn.



—a
+W%ZW}/2 +S)/2T5}/2{ dXdYdzdT (2.5)

On making use of the transformations,
Xy = U%xu%,vlzv 7V2Yv /VZZ 1=W )/ZW /V,ZT 1:3/25/12,

in the above expression and then integrating)()_tjtYI Zl’ TZI by using a

Fp(P)l (P T (Pl P gx
Fp(a) (2.6)

type-2 Dirichlet integral yields,

UL V[ P2 W[ P3P 4

Fo(@=P1=P5=P3=P Y
Substituting this expression on the right side of eq.(2.4) and then integrating

out the variables U,V and W,S in the resulting expression by using a type-1
Dirichlet integral generateM(Klz) as given by eq.(1.2).

THEOREM 2.3: A case of reducibility:-

(i) o(“TooKlz( o, a, a, a;bl, b2, b3, b4; C1:€:€5,Co;

xx 2
= CDZ(bl, b2;cl;— X,=Y)P 2(b3, b4;c2;— Z-T)
(i) o(Iir_n)ooK 15 o o aob 7 b > b3, b4; C4:€1:C5,Co;

X X Z Z, 28

a o o a
= 1F1(b1+ b2;cl;— X) 1F1(b 3+ b4;c2;— Z)
PROOF: (i). This result follows by putting. = a in eq.(2.4) and replacing
X by X/a, etc. and then proceeding to the limiteas-» oo keeping in mind

the lemma (2.3.1) page 40 of Mathai [3], and finally using the theorem 4.3
page 63 of Mathai [3] in the resulting expression.
(i.Replacing the twoCDZ- functions in eq. (2.7) by their integral

representations as given by the theorem 4.3 page 63 of Mathai [3], we get,




lim Klz(a,a,0(,0(;bl,bz,bB,b4;cl,cl,c2,02;

a - o0
X Y Z T
a o o o
_ Fp(cl)r p(C 2)
rp(bl)rp(bz)r p(bg)r p(b4)' IO(Cl— by bJ F‘Ci bz b))
x””|u|b1—(P+1)/2|V|b2— (pr 1)/{\N| b- (p 1)/% 2.9)

§P4~ P02 y- v 9 B R (P D%
|| -W _S|C2_b3_b4_(p+1) / Ze—tr(UX +VY ‘WZ +ST) %
dudvdwds

The result in eq.(2.8) is obtained by putting Y=X and T=Z in eq. (2.9) and

then applying the transformations,

U1= U,V1=U +V,W1=W,Sl

dWldSl: dwdsS, where, 0 < P: 1\# ,0 < W 18 l;
to it and then integrating odﬂil and V\i in the resulting expression by

=W+ S; with dUldV1= dudyv,

using a type-1 Beta integral which leads to the desired result in the light of
theorem 2.3.4 page 42 of Mathai [3].

THEOREM 2.4:
Kigl@dpas. 8.8y ;b0 Xv Y5 25 T)

—tr(Sl+ SZ )‘ %-‘az -(pt1)/ 2)(

) rp(az)lr p(a3)fsl>of s>
‘52‘83‘(p+1)/2¢2(a1,a4;b;— %é X%/Z— %2 Y%/Z . (2.10)
5729252757 g o

for Re(a2 & > (- /2.



PROOF: Taking the M-transform of the right side of eq.(2.10) with respect
to the variables X,Y,Z,T and the parametpi$p2,p3,p 4 respectively, we

have,

—(p+1)/2 —(pt1)/2
IX>OIY>OIZ>OIT>0|X|p1 (p+1) Y[P2 (pr1)/2,

2P P DI 2p g D12 4 5 ;b;_%V xs,yZ 211

—52% Ysé]/Z ,—gyZ zs{yZ— év 2 Té/ 2 YdXdYdzdT

Making use of the transformations,

L2052 v n e 5 - &2yl :éyzéz.
XY =S RS Y= S57YSy%, 29= 519257, TF 55 TS)7

in the above equation and then applying the following transformations in the
resulting expression so obtained,

X2 :Xl,YZZX 1+Y iz 2:Z ’lT 2:Z fT; with, dX d_I_Y T

dX2dY2, and, le d'E: dZ2 d'I'2 - where, © )§< \é and

0< 22 < T2, followed by first, integrating out df(2 and Z2 by utilizing

(2.12)

a type-1 Beta integral, and afterwards writing the M-transform Cb&a

function in the consequent expression leads us to,
‘Sl‘_pl_ps ‘SZ‘_p Py Fp(pl)rrp((p I (Pl o gx
2@ (@)
Fo(B (=P =P N K@, P 3P Y
Fp(b=P1=Py=P3=P

Putting back this expression on the right side of eq.(2.10) and integrating out
Sl and % by employing a Gamma integral generdté(sKlG) as given by

(2.13)

eq.(1.3) above.

THEOREM 2.5:
Kll(a,a,a,a;ki l& I% Q .c,c,cd; X, ¥, Z T)
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tr(Sl+- -t S4 )x

T (bl) Ty I51>0 IS>

ST s %Y R e 52 562

i i Gt

for Re (t? > (p- /2, E L ,4.
PROOF: Taking the M-transform of the right side of eq.(2.14) with respect
to the variablesX, Y, Z, T and the paramete;sl,pz,p 3,p 4 respectively,

we achieve,

—(p+1)/2 —(p+1)/2
Ix0fy>0lz>0/T>0X 1 (P+D72y Py~ (Pr 1)/ 2,

P3P 2P~ (P D2y (ac,d - {2 Xﬁyz (2.15)

—52% Yséj/Z - 3{2 Z{Z - si/Z T{Z )dXdYdzZdT

The application of the transformations,

X1:S{2X5{VZ’Y1:5}2/2Y3?’21: 3;3/22%2'? éﬁz Téiz(?-'m)

to the above expression followed by the use of another set of
transformations,

X2—X1,Y2 X1+Y 1Z 2—X 1+Y 1+Z with, dX dle% I

dX dY2dZZ, where, (X X2< Y2< Z,,
and then first integrating 00(2 and Y2 one-by-one and in order by using
a type-1 Beta integral, afterwards, invoking the M-transform ‘da’fza
function gives,
0 I TN r (a—-p,——p ) (cC d

4 M@ (d=p 4T (c=p1=p 5P o)
Substituting this expression on the right side of eq.(2.14) and integrating out
Sl ,S4 by the help of a Gamma integral givMs(Kll) as given by

(2.17)
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ed.(2.3) of the authors’ paper [6].

THEOREM 2.6:
Kzo(al’a’b ’b 5b1b21a2’821cicaca-ey X’ ¥’ Z’ T)

tr(sl+. ot 84 )x

T (bl) T (b ISl>0 IS>

o2 o) Dy ior §2 5520

Shndhodicds- ferdors.

for Re (l? > (p- /2, E X 4.
PROOF: Taking the M-transform of the right side of eq.(2.18) with respect
to the variablesX, Y, Z, T and the paramete;sl,pz,p 3,p 4 respectively,

and then first applying the same set of transformations as in eq.(2.16),
followed by the application of another set of transformations as in eq.(2.12),

after that integrating OLDKZ and Z2 by employing a type-1 Beta integral
and subsequently utilizing the M-transform o@aé function yields,
A
0@ @) (=P = =P ) (219
Fo(@=P3=P I 4(©)

Substitution of this expression in eq.(2.18) followed by integration of
Sl ,S4 by the use of a Gamma integral ultimately generbA€k 20) as

given by eq.(1.4).

THEOREM 2.7:
K21(a,a,b6,b5;bl,b2,%,b4;c,c,c,e; X, ¥ Z T)

Continued to the next page ... ... ... ... ... ...
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6
~tr(R+x §)

1 =R

IR>0I >0'"I > &
Fp(a){ﬁlr 0 (bi )} Sl %

|R|a_(p+1)/2{|§| ‘Sl‘bi_(p+1)/2}o R (e %é F% XR;/2 §/2
=il
i el e o

6
o o]
=1

for Re(a,q )> (p-1/2, E 1, ,6.
PROOF: Taking the M-transform of the right side of eq.(2.20) with respect
to the variablesX, Y, Z, T and the paramete;sl,pz,p 3,p 4 respectively,

we obtain,
—(ptl1)/2 —(p+1)/2
IX>OIY>OIZ>OIT>O|X|p1 (p+1) i (prD72,

P3P+ 2irpy= (PHDI2 E ;c;—sly2 2 XRP2 gyZ 221)
e odredo e B

xdXdYdzdT
The application of the transformations,

X, :SI%R%XRquV2 Y, = 5/2y2 R}/Z YR)/Z%/Z ,
2= 528225252 = §242 74282 ;win

X, = ‘sﬂ(p+1)/2| R|(p+1)/2 X, dY, = ‘ Sﬁ (p* 1)/ﬁ F{{(p+ DI2 4y

Continued to the next page ... ... ... ... ... ... ...
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le ‘S ‘(p+1)/2‘%(p+1)/2d2d ‘%([}l)/fq(pﬁl)/z

and, | |=| 9| A+ | =| il & Y} 4= 9| I A 1= 4 EﬂlT

to the last equation followed by the use of the theorem (3.3) page 55 of
Mathai [3], produces,

o\ Pa | {n rp(p)}r ©
{H‘S‘ }‘%‘ 4| "3 RPL pzr e ..._p4)(2'22)

Replacing this expression on the right side of eq.(2.20), subsequently
integrating out the variables of integration by using a Gamma integral

generateM (K 21) in agreement with eq.(1.5).
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