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36 CHAPTER 3

Figure 3.10. Illustration of horizontal, vertical, and depth sample distances.

DEFINITION 3.1. Sample (i, j, k) is horizontally adjacent to sample (i +
2, j, k), vertically adjacent to sample (i, j+1, k), and depth-adjacent to sam-
ple (i, j, k+2). Two samples are adjacent if one of both is either horizontally,
vertically, or depth-adjacent to the other.

Adjacency is thus an irreflexive and symmetric relation. Each sample
is adjacent to six other samples. Horizontal, vertical, or depth-adjacency is
asymmetric and irreflexive, and these three relations define

− horizontal sample distance Gk between sample (i, j, k) and its horizon-
tally adjacent sample,

− vertical sample distance Hk between sample (i, j, k) and its vertically
adjacent sample,

− depth sample distance Uk between sample (i, j, k) and its depth-adjacent
sample after projecting both into the base plane (i.e., distance between
(i, 0, k) and (i, 0, k + 2)).

The distances Gk, Hk and Uk are constant for all samples in the same
depth layer; thus we do not have to add variables i or j. For an illustration of
sample distances, see Figure 3.10 (which follows the graphical conventions
of Figure 3.9).

In order to find sample distances to a reference sample at a particular
distance, we need one more definition:

report2_HWK.tex; 22/03/2006; 16:56; p.34



SPATIAL SAMPLING 37

Figure 3.11. Auxiliary distances Bk and Sk, used for calculating sample distances Gk,
Hk, and Uk of a reference sample (i, j, k) at distance Dk.

DEFINITION 3.2. The depth Dk of a sample (i, j, k) is the distance be-
tween sample (i, 0, k) and the center O of the base circle.

Depth is defined on the base plane with j = 0. Index i is not needed
for specifying Dk because all samples in one depth layer have a constant
depth.

Figure 3.11 illustrates the depth of a sample (i, j, k), which is the dis-
tance between P and O, where point P denotes sample (i, 0, k). Consider
the triangle 4PC1O. We know that C1O = R. Furthermore, we have
∠PC1O = π − ω and ∠C1OP = kγ

2 . Thus, by the sine theorem, the value
Dk is calculated as follows:

Dk =
R sinω

sin
(
ω − kγ

2

) (3)

3.3.2. HORIZONTAL SAMPLE DISTANCE

In order to calculate a horizontal sample distance, we define two auxiliary
distances Bk and Sk; see Figure 3.11. Bk is the distance between both
projection centers in the directional segments indexed by (i, 0, 0) and ((i +
2k), 0, 0). It is defined on the base plane, in the interior of the base circle.
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38 CHAPTER 3

Distances Bk are simply the lengths of chords of the base circle, defined
by k, and by elementary geometry known to be as follows:

Bk = 2R sin
(

kγ

2

)
Sk is the distance between the projection center with index (i, 0, 0) and

sample (i + k, 0, k), where k 6= 0. It is also defined on the base plane and
independent of i.

Figure 3.11 shows the distance Sk between points P and C1. Similar to
the calculation of the depth of a sample, we consider the triangle 4PC1O.
Applying the sine theorem, the value Sk is calculated as follows:

Sk =
R sin

(
kγ
2

)
sin

(
ω − kγ

2

)
For calculating the horizontal sample distance at sample (i, j, k), we

consider the triangle 4QC1C2 with vertices (i + 1, j, k + 1), (i − k, 0, 0),
and (i + 2 + k, 0, 0); see Figure 3.11. We have the following:

Gk

Bk+1
=

Sk+1 − Sk

Sk+1

Thus, the horizontal sample distance Gk can be calculated as follows:

Gk = Bk+1 −
Bk+1Sk

Sk+1

= 2R sin
(

(k + 1)γ
2

)
−

2R sin
(

kγ
2

)
sin

(
ω − (k+1)γ

2

)
sin

(
ω − kγ

2

)
=

2R

sin
(
ω − kγ

2

) (
sin

(
(k + 1)γ

2

) (
sinω cos

(
kγ

2

)
− cos ω sin

(
kγ

2

))

− sin
(

kγ

2

) (
sinω cos

(
(k + 1)γ

2

)
− cos ω sin

(
(k + 1)γ

2

)))
=

2R sinω

sin
(
ω − kγ

2

) sin
(

(k + 1)γ
2

− kγ

2

)

=
2R sinω sin

(γ
2

)
sin

(
ω − kγ

2

)
The first two diagrams in Figure 3.12 illustrate general relations between

horizontal sample distances and depth layers. We assume W = 5,000 pixels
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Figure 3.12. Diagrams for horizontal sample distances Gk versus depth layer index k
(left and middle; note: two different scales) or Dk.

and let R = 0.1m and ω = 45◦. Therefore, γ = 360/5000 = 0.072◦. The
number of depth layers is equal to 1,250 in this case.

The values of Gk are very small for k < 1200, and much larger otherwise.
Therefore we split the diagram of Gk versus k into two parts: the one on
the left shows values of k from 0 to 1,200, and the one in the middle of
the figure shows the values of k from 1,200 to 1,248. We do not include Gk

for k = 1249 or 1250 because G1249 and G1250 are extremely large numbers
(and this would distract from the basic pattern shown in those diagrams).
Both diagrams show exponential increase for horizontal sample distances,
for increasing depth layers.

The horizontal sample distance at a sample can also be expressed in
terms of depth. Combining Equation (3) with the equation for Gk, we have
the following:

Gk = 2Dk sin
(γ

2

)
We conclude that the horizontal sample distance of a sample is linearly
proportional to its depth.

A diagram of Gk versus Dk is shown on the right of Figure 3.12. The
maximum value of Gk is less than 7cm, and there is no sample anymore if
the distance Dk is greater than 60m (approximately).

3.3.3. VERTICAL SAMPLE DISTANCE

We have Hk : Sk = µ : f , where µ is the size of a pixel (i.e., length of edge
in the cell model). Thus, the value of Hk can be calculated as follows:

Hk =
µR sin

(
kγ
2

)
f sin

(
ω − kγ

2

)
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The vertical sample distance at a sample can also be represented in
terms of its depth value. From Equation (3), we obtain the following:

sin
(

ω − kγ

2

)
=

R sinω

Dk

and

sin
(

kγ

2

)
= sin

(
ω − arcsin

(
R sinω

Dk

))
Substituting these two terms into the equation for Hk, we have the follow-
ing:

Hk =
µDk sin

(
ω − arcsin

(
R sin ω

Dk

))
f sinω

=
µDk

(
sinω cos arcsin

(
R sin ω

Dk

)
− cos ω R sin ω

Dk

)
f sinω

=
µDk

(
sin ω

√
D2

k−R2 sin2 ω

D2
k

− R cos ω sin ω
Dk

)
f sinω

=
µ

f

(√
D2

k −R2 sin2 ω −R cos ω

)
Figure 3.13 shows diagrams of vertical sample distances with respect to

different layers k (again: two different diagrams due to large variation of
values) and depth values Dk. The used values of R, ω, and γ are as in the
example for the horizontal case. Let f = 35mm and µ = 0.01mm. For such
a configuration we observe that vertical sample distances are always smaller
than horizontal sample distances at the same depth. Although the relation
between Hk and Dk is not linear (as we see from the equation above), the
diagram of Hk versus Dk also indicates that this relation is “almost linear”.

Figure 3.13. Diagrams for vertical sample distances Hk versus index k (left and middle;
note: two different scales) or depth Dk.
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3.3.4. DEPTH SAMPLE DISTANCE

DEFINITION 3.3. The depth layer distance Lk at depth layer k is the
distance Dk+1 −Dk between depth values of layers k and k + 1.

The value of Lk is as follows:

Lk = R sinω

 1

sin
(
ω − (k+1)γ

2

) − 1

sin
(
ω − kγ

2

)


It follows that the depth sample distance Uk at sample (i, j, k) is the sum
of Lk and Lk+1. We have

Uk = R sinω

 1

sin
(
ω − (k+2)γ

2

) − 1

sin
(
ω − kγ

2

)


The depth sample distance at a sample can also be represented in terms
of its depth value. Combining Equation (3) with the equation for Uk, we
have the following:

Uk = R sinω

sin
(
ω − kγ

2

)
− sin

(
ω − (k+2)γ

2

)
sin

(
ω − kγ

2

)
sin

(
ω − (k+2)γ

2

)


= Dk

sin
(
ω − kγ

2

)
− sin

(
ω − (k+2)γ

2

)
sin

(
ω − (k+2)γ

2

)


= Dk

 sin
(
ω − kγ

2

)
sin

(
ω − (k+2)γ

2

) − 1


= Dk

 R sinω

Dk sin
(
ω − kγ

2 − γ
) − 1


=

R sinω

sin(ω − kγ
2 ) cos γ − cos(ω − kγ

2 ) sin γ
−Dk

=
R sinω

R sin ω cos γ
Dk

− sin γ

√
D2

k−R2 sin2 ω

D2
k

−Dk

=
DkR sinω

R sin ω cos γ − sin γ
√

D2
k −R2 sin2 ω

−Dk
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Figure 3.14. Diagrams for depth sample distances Uk versus index k (left and middle;
note: two different scales) or depth Dk.

Figure 3.14 shows diagrams of depth sample distances with respect to
different layers k or depth values Dk. All parameter settings are as in the
previous examples for horizontal or vertical sample distances. In difference
to those cases, the value of Uk increases exponentially with increases in Dk.
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