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Abstract

We investigate the consequences of contraction of the Lie algebras of the
orthogonal groups to the Lie algebras of the Euclidean groups in terms of
separation of variables for Laplace-Beltrami eigenvalue equations, and the
solutions of these equations that arise through separation of variables tech-
niques, on the N-sphere and in N-dimensional Euclidean space. General
ellipsoidal and paraboloidal coordinates are included, not just the subgroup
type coordinates that have been the concern of most investigations of con-
tractions as applied to special functions. We pay special attention to the case
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N = 2 where we show in detail, for example, how Lamé polynomials contract
to periodic Mathieu functions. Our point of view emphasizes the character-
ization of separable polynomial eigenfunctions in terms of the zeros of these
eigenfunctions. We also consider all possible separable coordinate systems on
the complex two-sphere (which includes real hyperboloids as special cases)
and their contraction to flat space coordinates.

1 Introduction

It is well known that contractions of Lie groups and algebras can be used to
obtain relations between many of the classical special functions. The most
familiar example is perhaps the contraction of the rotation group SO(3) to
the Euclidean group E(2), [1]. In this example the generators of the Lie
algebra of SO(3), which we denote by Ly, satisfy the commutation relations

[Li7 Lj] = GijkLk (1)

where ¢;;, is the skew symmetric tensor and summation is on the index k.
An especially clear and comprehensive study of this contraction can be found
in the books by Talman and Gilmore [2, 3]. Consider the matrix element
(with respect to the 2¢+ 1 dimensional irreducible representation) of a group
element of SO(3) written in Euler angles as D(c, 3,)mn, and change 8 —
3/c where c is large and fixed, i.e., DY(a, B/¢,¥)mn = 1™ "e™d:, (B/c)e™™.
Now consider the Lie algebra induced using these matrix elements as a basis
and the parameters «, 3,7, in which case the basis elements for the Lie
algebra are L;, = L, /c, L;, = Ly/c and L} = L3. The commutation relations
for these new elements are

(L, L) = 2L’z, [L,, L] = Ly, (L}, Ly] = Ly, (2)

In the limit as ¢ — oo these commutators are the same as those of the Lie
algebra of the Euclidean group:

[Pl,Pg]:O, [M,Pl]:PQ, [M,Pz]:—Pl, (3)

In this limit L is identified with M, L with —P, and L; with P;. In order
for the algebraic relations to have a finite limit we require that the index /£
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which labels the irreducible representation behaves like c as ¢ becomes large.
Specifically we require that £ ~ c. The matrices representing L', = L; +iL,
and L' = L} —iL; have elements given by

(L = == [(€ = )€+ o+ D] 6 s,

(L Y = —z[(e + )=+ V)] .

Then in the limit as £ — oo the matrix elements of I/, and L’ assume
the form of the matrix elements of P, and P_ in a representation of F(2)
labeled by x. We can take the same limit in the group representations. In
this limit one obtains

donP) = 7 (1) ()

as ¢ — 0o, where J,,(z) is a Bessel function [4].

This result is a very special case of the limit procedure for solutions
of Laplace-Beltrami eigenvalue equations on the N-sphere as the symmetry
group of the N-sphere, SO(N + 1), contracts to the symmetry group E(N)
of Euclidean N-space. The first investigation of the connection between
contractions of the Lie algebras o(3) and 0(2,1) to e(2) and separation of
variables was done in the articles [5, 6]. Our objective here is to establish,
in detail, just how the contraction procedure works for the various separable
coordinates on the two dimensional sphere if the Lie algebra of SO(3) is
contracted to that of £(2) and, in general terms, how the procedure works for
the N-sphere. The analysis of contractions in [2], and in the recent literature,
e.g., [7], emphasizes subgroup coordinates. Here we treat the most general
separable systems.

2 Separable coordinates in N dimensions

We review the construction of separable coordinates for Laplace-Beltrami
eigenvalue equations on the N-sphere and N-dimensional Euclidean space,
[8, 9], and show how they are related by contractions.

Elliptic coordinates on the sphere: This is the basic separable coordi-
nate system on the N-sphere. Here, Xy, -, X5 are Cartesian coordinates,
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€g,- - -, en are constants and uq, - - -, un are elliptic coordinates. The coordi-
nates are related by

N XI% _ Hszl(u — Uy)

> > Xi=1, (5)

k=0 U — €k a H;'V:o(“_ej)’ k=0

where u is a parameter and
p<U <ep <uy<:---<eny-i1<uny<ep.

2 _ Hszl(el — uy)

X ) ]7£:OaaN (6)
C T Mjuelec — €;)
The metric on the sphere is
N N
H k(um - uk)
ds? =Y dX? = m7 dul. (7)
Z% ‘ kz::l I (uk —e)

The action of the Lie algebra of SO(N + 1) on the sphere is given by the
operators
ij:Xkaxj—Xjan, k,ij,l,---,N. (8)

The commutation relations are
[ija qu] = 5quks - 5qujs - 5]'3qu + 5ksqua k,j, q,8 = 0, 1a e ,N. (9)
The Laplace-Beltrami eigenvalue equation is
VU = -\ 7, I{VEZij, A =o(c+N-1), (10)
0]
where 4,7 = 0,1,---, N. A separable solution ¥ = []_, 1 (us) is character-
ized by the eigenvalue equations

INO = -\, IV =3 5(e)L?,  k=1,---,N, (11)
i>7

where Si(e) are the kth-order elementary symmetric polynomials of ey, ...ey,
or

Z'i1>’i2>--->ik e, -6, 1<k<N+1



and S}/ (e) are defined as the kth-order symmetric polynomials of e, ... 1,

€j+1,---€—1,€4+1, ---EN-
Here,
17}, 7] = 0. (13)

The separable solutions satisfy the separation equations
d diy, N N
4 il Z¥k s Ny, = k=1---.N 14
P duk(\/ Pr duk) + D X (un) ¥ ] = 0, N, (14)

where
N
Pr = 1_[(u;c — €q)-
q=0

Elliptic Coordinates in Euclidean space: This is the fundamental sep-
arable system in N-dimensional Euclidean space. Here, zg,---,xy 1 are
Cartesian coordinates, eg, - -, exn_1 are constants and uq,-- -, uy are elliptic
coordinates. The coordinates are related by

= = 2Hg:_11(u - uk)’ (15)
k=0 ¥ — €k ico (u—e€j)
where
g <ur<ep<u<---<eny_1 <up,
and
e —eemlee ) o0y (16)
[Tze(ee — ;)
The metric is
N-1 2 N
U — U

The action of the Lie algebra of E(N) on Euclidean space is given by the
operators

ij = Zlfkawj — .’L'jawk, P] - sz, (18)
where k,5 =0,1,---, N — 1. The commutation relations are
[ija qu] = 5quks - 5qujs - 5stkq + 5ksqu, (19)
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[Pjans] :5qus_5jqua k,j,¢,s=0,1,---,N - 1L (20)

The Laplace-Beltrami eigenvalue equation is
N-1

TN = — T, W =Y P =k >0. (21)
j=0

A separable solution ¥ = [[&_, ¥ (ux) is characterized by the eigenvalue
equations
1t7kN\I!: _/'I'klIla kzl,"',N, (22)

where

- N-1
TN =Y SOl + ¢ Y S, (=2, N (23)
i>j i=0
and

ARV AIE) (24)

The separable solutions satisfy the separation equations

N
4y (O [ lue =0, k=L N, (29
j=1

duk

where
N-1

Qk = H (uk - eq)-
q=0
Parabolic coordinates in Euclidean space: This is a second fundamental
separable system in N-dimensional Euclidean space, though as we shall show,
it can be obtained by contraction from elliptic coordinates in Euclidean space.

Here, ¥, - - -, yn_1 are Cartesian coordinates, e, ---,ey_1 are constants and
uy,---,uy are parabolic coordinates. The coordinates are related by
N-1 2 N
2 Yk o [lp=q (v — ug)
—2cyp —Cu+ », —r— == (26)
u—e 1 (u—ey)
k=1 k j=1 J

c N N-1

Yo = 5(— Zuj -+ Z ek) (27)
j=1 k=1

—02 Hj'vzl(uj - ei)

, 4k=1--- N—-1, j5=1,---,N, (28
[Tizier — €i) 28)



where
U <ep <Uy < ey < ---<eny-1<upn.

The metric is

N-1 2 N
H k(um - uk)
dsh = dy; = c m#h du?. (29)
P = g e

The action of F(N) is given by (18), with z; replaced everywhere by ;.
The Laplace-Beltrami eigenvalue equation is

N-1
2TV = —p 0, 2 =Y. P, p =k >0 (30)

A separable solution ¥ = [Jr_, ¥y (us) is characterized by the eigenvalue
equations
2TV = —p 0, k=1,---,N, (31)

where

:—25;13 L2+C Z P2+CZSZ2 { j0}+

i>5>0 Jj=1

+c?Sp4(e)PE,  £=2,---,N (32)

and {A, B}, = AB+ BA. The sums Si(e) are defined as before, except that
5 (e) =0, eg = 0. We have

LT, 2] =0. (33)

The separable solutions satisfy the separation equations

N
g () 1 i) =0, k=N (3

where



Elliptic coordinates on sphere = Elliptic coordinates in Euclidean
space: We describe in detail how one obtains elliptic coordinates in Eu-
clidean space from elliptic coordinates on the sphere, via contraction. Let,
as usual, the Cartesian coordinates on the sphere be denoted

(-XOa"'a-XN)’ ZX[?:]-

and set the inhomogeneous coordinates [5]

2

X
w?chzX—%, j=0,---,N—1. (35)

Let R = enxy — 4+00. Then Xy — 1 and

2 (R) —» —? =L B g =0, N -1, (36)

dsy, =—— lim R dsl(en). (37)

This amounts to letting the radius » = +/R of the N-sphere and a focus
go to oco. (Similarly, can take the limit R = —ey — 400 with Xy — 1 to
get Euclidean elliptic coordinates {ej, u;} with ¢; = —en_¢, uj; = —un_jy1,
=0, N—landj=1,---,N.)

Making the change of coordinates (35), we see that the Lie algebra action
transforms as follows:

T, N-—1
LNS = XNaXs — XsaXN = C\/Raa;s + c\/ﬁ_ ;0 xjaa:j; (38)
Lks :Xkaxs —Xsaxk = aﬁka% —:Usamk, S,kZO,"',N— 1. (39)

Now we set P! = limp o #ELNS, L), = Ly, and verify that, in the limit,
the primed operators and their commutation relations agree with (18) - (20)
for the action of EF(N). Furthermore, one can easily verify that

1

1

N—y N _ q.

I’]_ :}%I_I)l(’)loﬁz]]_vzll-{\]a Ilk :I%I_I)I;OEIéV:]_IéV’ k:2,,N
(40)



Thus the operators defining separation in elliptic coordinates on the sphere
go in the limit to the operators defining separation in elliptic coordinates on
Euclidean space.

Now suppose ¥ is a separable solution on the sphere, i.e., it satisfies
eigenvalue equations (11). Then if we consider a one-parameter family ¥(R)
of solutions such that \; ~ 2Ry, \y =~ Ruy, k = 2,---,N, and ¥' =
limp_., 00 ¥(R) exists and is non-zero, it follows that ¥’ satisfies the eigen-
value equations (22) for separation in elliptic coordinates on Euclidean space.

Elliptic coordinates in Euclidean space =- Parabolic coordinates:
Now we describe how to obtain parabolic coordinates in Euclidean space
from elliptic coordinates in Euclidean space, via contraction.

Set

op Yoo o I, (eo — ;)
(R . ) = —Rc T (eo — e0) (41)
y R Tl (uk — &) (42)
j

ezj(ec—e;)’
j=1,---.N-1, k=1,---,N, £=0,---,N —1,
i.e., set
vo=cR—vVRzy, yo=VRuazy, k=1---N—1 (43)

where the z; are cartesian coordinates (18), related to elliptic coordinates via
(16).
Let R = —ep — +00. Then, in the limit, (41) and (42) yield, respectively,

N N-1
“2cyp = (D u— ) ¢ (44)
k=1 j=1

2 Ty (ue — €;)

[Trzi(er —€5)
ds» = lim R dsy(eg)- (46)

R=—ep—0

Y7 (45)

Furthermore, from (43) we have

Ly, = 240g, — 210z, = Y20y, — YrOy,,
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Lok, = 200z, — 0y = —YoOy, + YOy, + cROy,
Py=8,, = —VR8,,, P,=8, =VRd,, kil=1--- N-1

Now we define new operators by

R=—eg—o0

P, = 1 P, = — 1
k R_flzgl—mo f 0 flg(l)’l—mo f
and see that in the limit these operators satisfy (18).
Also, one can easily verify that

T = R_ygn%o% =7, k=1,---,N. (48)
Thus the operators defining separation in elliptic coordinates on Euclidean
space go in the limit to the operators defining separation in parabolic coor-
dinates on Euclidean space.

Now suppose ¥ is a separable solution in Euclidean elliptic coordinates,
i.e., it satisfies eigenvalue equations (22). Then if we consider a one-parameter
family W(R) of solutions such that u; ~ Rpg, k = 1,---, N, and ¥’ =
lmp_ ¢, 00 U(R) exists and is non-zero, it follows that ¥’ satisfies the eigen-
value equations (31) for separation in parabolic coordinates on Euclidean
space.

3 Hybrid separable coordinate systems

A complete description of separable coordinate systems on the N-sphere and
on Euclidean N-space, and a graphical method for constructing these systems
can be found in [8, 9]. Here we mention some of the main ideas.

The basic elliptic coordinate system on the N-sphere is denoted

[eoles] - - - [en]. (49)

All separable coordinate systems on the N-sphere can be obtained by nesting
these basic coordinates for the k-spheres for £ < N. For example we can
obtain a separable coordinate system on the N-sphere by starting with a
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basic elliptic coordinate system on the (N — k)-sphere and embedding in it
a k-sphere. The k-sphere Cartesian coordinates (Vjp, - - -, Vi) can be attached
to any one of the N — k + 1 Cartesian coordinates (Up,---,Un_g) of the
(N — k)-sphere. Let us attach it to the first coordinate. Then we have

k
(XOa"'aXN):(U0%a'"aUOVVkaUla"')Uka)a ZV?:]-) (50)
£=0

2 _ H§:1(Uz’ — fe)

IS (u =€)

V2 = . U2 = , 51
¢ Hi#(fz'—fe) ° Hz';eo(ei—eO) (51
N—k k
ds* =ds} +Ugdsy, dsi= > dUp, ds;=)> dV}. (52)
h=0 =0
The resulting system is denoted graphically by
[ eo | e | - | env ] (53)
i
[ fo | | fu]
Here is another possibility:
[ e | e | -+ | envckst-m | (54)
) N\
[ ol AL | fe ] [ 90 o ge ]
1
[ ho | - | hm ]

Each separable system can be obtained in this way via embeddings. The
graph is a tree whose nodes are basic elliptic coordinate systems.

For Euclidean space the results are a bit more complicated. The basic
ellipsoidal coordinate system on N-space is denoted

<€0|€1|""€N_1 >, (55)
and the parabolic coordinate system is
(ex] - -len-1). (56)

The graphs need no longer be trees; they can have several connected compo-
nents. Each connected component is a tree with a root node that is either of
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the form (55) or (56). Just as above, spheres (49) can be embedded in the
root coordinates or to each other. Here are two examples:

< e > < ey >, (57)
1) Cartesian coordinates in two-space, and 2) oblate spheroidal coordinates

(e | e ) (58)

in three-space.

Procedure for contractions from general separable coordinates on
the N-sphere (labeled by a tree) to ellipsoidal type coordinates in
Euclidean N-space:

1) Go to the root of the tree.

[€0|€1| T |€k—1]

2) Erase either the left-hand square or the right-hand square in this k-
square block. The resulting (k — 1)-block becomes a diamond block, say

<ellr Jens>

denoting ellipsoidal coordinates in Euclidean space.

3a) If the erased square is not connected to some lower block, the process
ends.

3b) If the erased square is connected to a lower block, erase the edge,
proceed to the lower block and repeat step 2).

When the process ends we have a coordinate system in Euclidean space
with one more component than the number of edges erased.

For example, one result of contracting (53), in particular letting R =
en_r — 00, is to obtain the Euclidean N-space coordinate system

(e | e | | envga1 ) (59)
4
[ fo | = | fe ]
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We treat another example in detail, a coordinate system on the 6-sphere:

[ e | e | e | (60)
v ¢
[ fol A | o | f ] [ 0 [ 1]

The presciption for writing down the invariant operators corresponding to
embedded coordinate systems can be found in [8, 9]. The results in this case
are

i>7
3 3
I, = eo(Lgy+Lgs)+erd Lg+ead (L3 + L),
=0 =0
I, = > L, 0<k(<3
k>L

Iy = L§(fo+ f3) + Ly (fr + f3) + Lg(fr + f2) + L35 (fo + f3)
+L3(fo + f2) + Lig(fo + fr),

Is = Lgfofs + Ligfifo + Lisfofs + Lisfofo + Lasfofis

I = L. (61)

In the limit as R = e; — oo with eigenvalues A\; = Ru;, j = 1,2 and Ay = g,
3 < k <6, we get the coordinate system in Euclidean 6-space

( e | e ) (62)
e N\
[ ol AT £ | fs ] [ 0] 1]

with invariant operators

=0
3 3
T, = Peo(PE+ P +cer Y P2+ (L% + L2,
=0 =0
I, = I, 3<k<6. (63)
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4 The real two-sphere

To see in detail how this contraction works on the two-sphere, and its relation
to special functions, we can specialise the Bessel function example to the case
when n = 0 so that the limit (4) has the form [1, 5]

Pgm(COS(g)) — " Jm(X05)

to within a suitable normalisation, where Py, (z) is an associated Legendre
polynomial. (For general n one needs to employ the Laplace-Beltrami op-
erator on the three-sphere [7].) Spherical coordinates on the two-sphere are
given by

o (u1—eo)(uz —ao) 2 (u1 — eo)(u2 — a1)
LT (e1 —eo)(ar — ao)’ 2 (e1 — eo)(ao — a1)’ (64
2 — (u1 —e1)

3 (60 _ 61) )

where ey < u; < €1, and ap < up < a;. Here s? + s2 + s2 = 1. This can be
recognised as the rational form of the normal spherical coordinates. Indeed if
we were to make transformations of the form u — au -+ we could define new
variables vy, v and effectively take 0 < v; < 1,0 < vy < 1. The variables
v1, v could then be identified as v; = sin?6 and v, = cos? ¢, the normal
spherical coordinates. The way we have defined spherical coordinates in this
case corresponds to the choice of graph

[ e | e | (65)

The corresponding Laplace-Beltrami eigenvalue equation has the form

T -,

2U1—60 Uy — €1

[4(u1 —eo)(ur — e1)[0%, +

€ — €1

1 1 1
(’U2 —_ ao)(u2 — (11)[822 +

2 1)]¥ = 0.
—— 2 e Ty a0l U )| ¥ =0
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If we now make the requirement that e; ~ £2/x? as £ — oo then the corre-
sponding equation looks like

1
[4(us — €0)[02, + r—eﬁm] + (66)
1

Ug — Qo Ug — Q7

1

Uy — €o

(u2 — ao)(us — a1)[Z, + %( )0us] + X2]‘I’ =0.

In both cases ¥ can be written as ® A(us) where A(us,) satisfies

1 1 1
+

_ — 2 a
[(Uz 04))(“2 al) (6u2 + 2 (U2 — 0y U —Qp

))0u, | A(z) = —m?A(us). (67)

In the case of coordinates on the sphere the resulting separation equation
for ® is

1 2 1
[4(u1 — eo)(ur — e1)[02, + 2 e T o el)aul] (68)
€0 — €1 o
_ 1)|® =0.
™ o+ )] 0 (69)

In the limit as e; ~ £%>/x? and £ — oo the corresponding equation becomes

[4(ur — e0)[82, + L o.1- m” +x*|e=o. (70)

u1i
Uy — € Uy — €o

This is a form of Bessel’s equation [4]. To establish the basic mechanism
for separation we examine the equation for ®. If we consider the separation
equation and write ® = (u; — e9)™?A(u;) then the equation for A is

{4(ur — eo)(ur — €1)82, + (71)
[u1(6 + 4m) — 2e9 — des(m + 1)]0u, — (L—m)(l+m+1)}A=0.
If we look for a polynomial solution for A of the form A = IIj_, (u1 — 6) we

see that we have a solution if and only if the zeros 6}, satisfy the fundamental
relation [10, 11]

2(m-l—1)+ 1 4
6; — 6

=0. 72
9_7'—60 9_7'—61 k) ( )
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This is the familiar form of the equations determining the zeros of the gen-
eralised Legendre polynomials. In order to determine how the polynomial
behaves as £, e; — oo we write instead of A, A" = IT]_; [1— (u1 —eo)/(6; —eo)]-
We can deduce two important relations amongst the 6;. We use the notation
S() = E?c:l(@f — 60)71 , S = Z‘}Zl(Of — 61)71 and obtain

1
2(m + 1)6050 + 6151 + §<£ — m)(f-l— m —+ 1) =0

where we have used the fact that ¢ = (£ — m)/2. Indeed, the first relation
follows by summing equations (72) on j, and the second follows by multi-
plying each equation by #; and then summing on j. As £ — oo we see that
these relations imply

2

£ 1 X2 14 1

N N 1
= Ty TR A e T 2

(Note that the §; themselves depend on £.) Using the identities satisfied by
the zeros of the polynomials A’ we can further deduce that

Am+1)3 - L (5i-5)-2% L

+
=1 (0f — 60)2 €1 — € Py (99 — 60)(9f — 60)

=0,

in addition to the identity

9 1 1
- 2 (0, — o) —eo)

From these two requirements we conclude that as £/ — oo

1 X4
g; 0, — e0)(0; —eo)  16(m + 1)(m+2)

Consequently if we evaluate the successive equations in this way we obtain,
formally,

2 4

X 2
<1_m(ul_eo)+32(m+1)(m+2)(u1_e°) =)

|3

® = (u; —ep)

16



which can be recognised [4] as the first few terms of the expansion of

27T (m + 1)Jm(xv/u1 — €0).

Note that for a polynomial separated solution of order g, with zeros 0y
we have expansions about e;, s = 0,1, given by

) = cilui —e), (73)
where

Cy = 1, Cj = (_1)J Z

7! 11,82, 87 (011 - es) T (9,] — es)

) ]:172aaq

(74)
As ¢ — oo we pass through a family of polynomials and obtain C; =
lim, 00 ¢j(q), where C; is the coefficient of (u — €,)7 in the separated (non-
polynomial) solution corresponding to the contracted coordinates. Thus
these coefficients can be evaluated in terms of limits of the sums (74) of
terms involving the zeros of the polynomial solutions.
Let ny,no, -, ni be a partition of n, i.e.,

Ny >ng>--->n, >0, ny+---+ng=n.

One can also denote this partition by 1?2 ...n' where t; +---+t, = k
and t; is the number of occurrences of the integer 7 in the partition of n. We
introduce the notation

fo o mbe) = (1t =n= 3 :

i1, in 7 (911 - es)m e (elk - es)nk .
(75)
Here the indices i, in a given term take values from 1 to ¢, except that the
indices in a term are pairwise distinct. The number of terms in the sum is
q!/(qg — k)!. We shall show that all such sums, hence their limits, can be
evaluated directly from (72).
First we note that the sums multiply in a simple fashion:

{nla"':nk}'{mla"'aml} =n-m= Z a’p1,"'pk+z {pla"'apk-i-l}a (76)

D1, yPr+£
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where the a are integers > 0, and py, - - -, pgy¢ is a partion of n + m. (For
convenience, we adopt the convention {ni,---,ng, 0} = {ny,---,ng}.)

The following are the rules to find the nonzero terms on the right-hand
side of (76):

1. Pick any h-element subset ng,, -, n,, (51 < s2 < -+ < s3) of n and
any h-element subset m,,,---m,, (in any order) of m. Then the sum

roat
{n81 + My, Mgy + Mgy ==+ Mgy, + My, M, M }a

with terms properly reordered, will be included once on the right-hand
side of (76). Here n’ is n with ng,,---,ns, deleted and m’ is m with
My, - - - My, deleted. This is a partition of n + m which has h + (n —
h) + (m — h) = n+ m — h nonzero terms.

2. Repeat the preceding step for all h-element subsets of n and m, and
for all h = 0,1,---,min(k,£). The sum of all partitions of n + m so
constructed is the right-hand side of (76).

Some examples are (all sums depend on a common e;):
{1a 1} : {1a 1’ 1} = {12} ) {13} = 6{22’ 1} + 6{2’ 13} + {15}’

{2 {1} =2{3, 1} + {2,1°}, {2}-{38} = {5} +{3,2},

We show how, in principle, one can compute all the sums n(es). To be
definite we take s = 0, but a slight modification of the argument works for
s = 1. First, multiplying each term of (72) by (6; — ) ™"}, summing on j
and expanding in partial fractions, we obtain the identity:

w {n—j}eo) {1}(e1)
2(m +1){n}(eo) — Y ———= —
me Dinen) = X G e
(5]
~4(>{n—€,6(e0) -
=1
where {2, 5} (eo) = 0if nis odd. We are given {1}(eo) = S and {1}(e1) = Si.
It follows from (77), the relation

N3

1. nn
5{§a§}(€o)) = 0, (77)

{n—k}-{k} = {n} +{n -k k} (78)
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and a simple induction argument that we can compute all sums {n;} and
{n1,n2}. Now suppose we know {ny,---,ng} for all n; > --- > n; > 0 and
k=1,2,--- ky— 1. Then we can use the fact that

{n, -, ng} - {ngs1} = {n1,- - -, ngy1} + partitions with < k nonzero terms
to compute all {ny,---,ng,} such that ny > ny > --- > ng, > 0. Thus we
can compute all {ny,---,ng}.

We now perform the analogous limiting process for the case of ellipsoidal
coordinates on the sphere. We will initially treat these coordinates on the
N-sphere, and then specialize to the two-sphere to take the limit. These
coordinates have the form (6). We want to compute polynomial separable
solutions of order g of the Laplace-Beltrami eigenvalue equation and then let
g — 00. A key observation is the identity (5). Based on this, we look for
solutions of the form

N XZ
V=TE (> o

— 1) ~ TH_ LY (u; — 6;). (79)
k=0 "J -

If we drop the constraint that 3, X7 = 1 then the polynomials (79) are
homogeneous of order 2¢ in the coordinates Xj. By passing to polar coor-
dinates, it is easy to show that the unconstrained function (79) is harmonic,
i.e., it satisfies the Euclidean space Laplace equation [10]

N
Anp¥ =0, Ayp=) 0%, (80)
h=0

if and only if the function (79), constrained to the N-sphere satisfies the
eigenvalue equation X
AnT = —2¢(2¢ + N — 1)¥, (81)

where Ay is the Laplace-Beltrami operator (10) on the N-sphere. Substi-
tuting the polynomial (79) into (80), we see that this equation is satisfied if
and only if [10, 11]

LA 4

D

=0 b0i—es k#j 0; — bk

0, (82)

where j, k take values from 1 to ¢. Moreover, substituting the second equation
of (79) into the separation equations (14) we see that the separation constants
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and the zeros of the polynomials are related by

1 30 Ay
2 Hh#(eh — 85) ’

{1}(es) = (83)

where A\; = 2¢(2¢+ N —1).

By computing the inverse matrix to the Vandermonde matrix [12] (page
36), we find the identity (i,t =0,---, N)

5' — t—|—N Z

t p:N*l

> €i, " " €,

ily"'yip;é;ila"'yip;és

s pss(es — eq)

This allows us to invert relations (83):

N
)‘f = 2(_1)N7£+1 Z{l}(es) Z €iy """ €y, = 1a"'aN
s=0

ila"'ﬂ.l#;il’"'ail#s
N
0 = > {1}(es) (84)
s=0

Exactly as in our preceding example, we can define sums {ny, -- -, ng}(es)
and a minor alteration of the argument given there shows that all such sums
can be evaluated explicitly from (82) and (83). Moreover, if ey — oo ac-
cording to the prescription following (40), the limits of all these sums exist
and are finite.

Now we return to the case N = 2. See also [5]. On the two-sphere the
separation equations have the form [13, 14]

[~ (i — eo)(wi — ex)(wi — ea)[E2, + 2(—— + —— + ——)3,]

2 U; — €y U; — €1 U — €y

+£<£ + l)ui + /\2] ’QZJZ(Uz) =0

where 4 = 1,2 and ¥ = ¢;(uq)¥2(uz2). If we now proceed to the limit ey ~
??/x? as £ — oo with the additional provision that My ~ —7%¢%/x?, the
separation equations become

1 1 1

[4(ui — e0) (us — e1)[3, + 5(

Ou.
27.//1'—60 ui—el) Z]
+x2u; — 7'2] vi(u;)) = 0. (85)
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From previous work we know that in the case of the sphere the correspond-
ing separable solutions are Lamé polynomials and in the case of Euclidean
space, Mathieu functions [4, 15]. We now examine the contraction process
as outlined for these coordinate systems. We have

K(E + 1) == 2[(61 + 62)50 + (60 + 62)51 + (60 + 61)52]
)\2 = —2[616250 + 606251 + 806152] (86)
0 = Sp+51+52

where S; =

310

2 2 2
SQZ_X?, So+81: X? 6150+6051: —_

Thus

A 1 et T2 A 1 ex? 7

SO - )) Sl =

€y — €1 2 2 €1 — € 2 2

2

).

If we now look at the limiting behavior of the polynomials A" = IT7_, (1 —
u1/0;) as { — oo, just as we did previously, we have formally, taking e; = 0

that

7_2

AN=1- 2—1u1 + 1262

Note that (87) is obtained by assuming that the limit of an unbounded sum
of monomials is equal to the infinite sum of the limits of the individual
monomials, and this is by no means obvious. We will give a rigorous proof
at the end of this section.

In order to identify this solution we note that with the choice of variables
e; = 1,u = sin?f,q = x/2 and a = x?/2 — 72 the separation equation for
u takes the form (85 + a — 2qcos26)p = 0 which is the standard form of
Mathieu’s equation. With appropriate choice of 7 the series developed above
for A’ will be one of the following (where we use the notation of McLachlan
[16]).
[1] {0,0,0}

[7' (7% 4+ 2) + 2 e Jud + - - -. (87)

m u ceam (0, q)
H?:l(l - 0_) — ce2m(u, X) = L

;i cezm(O, q)a a = G2m,
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[2]{1,0,0}

S€am+1 (9, Q)

arm g _ By _ b
u j=1 ( 0] ) S€am+1 (U, X) $€I2m_|_1 (0’ q) y @ 2m—+1,
3]{0, 1,0}
(1 - u)l/znzlnl—'—l(l - E) — 662m+1(U, X) = C@Ll(e’q)a a4 = Aam+1,
= 0; ceam+1(0, q)

[4]{1,1,0}

(]
E) — Seoma(U, X) = w

1/2 1/2772m+2
U 1 — )15 = (1 —
( ) =1 ( 8, seam+2(0,q)

;@ = bamya.

These are the onlfy cases that we need consider as we can readily see that
{€1,€2,0} =~ 1/63 ){€1, €, €3} as e — 00.

The formal limit (87) needs rigorous justification. We sketch some of the
details involved in recovering a periodic Mathieu function from the limits
of the Lamé polynomials A,(u;). The operator e;'I2, used in the limiting
procedure to calculate I’ 3, takes the form

‘32_112 Lgl+ L(2)2+ sz,

and from the well known action of the operators Lg;, Lgs, L1o defining the
2¢+1 dimensional irreducible representation D, of SO(3), [2], and Gersgorin’s
theorem, [12], we can verify that as ¢ grows without bound, each of the
eigenvalues e; ' \g of e; 112 lies in one of the intervals

A x?2

|e—2+4k2+—60+€1)‘§(€1—60)X2, kZO,l,
2

5 (
Further, for £ and /¢ suitably large so that the k-interval doesn’t overlap any
of the other intervals, there is exactly one eigenvalue ) in the k-interval for
fixed k,£. Since this interval is compact, there is a sequence of eigenvalues
Ao g X2 /02, € = 2q, such that \y,x?/¢*> — —72 as ¢ — oo, with —72 in the
k-interval. We will show that —72 is a discrete eigenvalue corresponding to
the Mathieu equation.
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With a very similar argument to that in (75)-(78) we can determine all
of the sums (75). In particular, these all have finite limits for e, = ¢2/x?
as ¢ = 2q¢ — oo. Since the sums {2},(e;) are finite and have finite limits as
q — oo for s = 0,1, 2, it follows that there exists a positive constant x such
that |6,(q) —es] ! <k for s=0,1,p=1,2,---q and all q. Since {2},(eo) is
uniformly bounded in ¢, there must be a strict upper bound on the number
of zeros 6,(q) in the interval ey < 6,(¢) < ey, uniform for all g. Call this
upper bound P.

Each polynomial in the sequence Ay(u;), ¢ = 0,1,--- can be written in
the form
i U — e e Uy — e
1~ € 1~ € )4 (2
Ag(w) = T (1 - ) 1L (=) = ARAD,, (89)

p=1 Op(q) — €o p=P,+1 Op(q) — o

where
eo <b6,(q) <e, p=1,---,P,

61<9p(Q)<e2(q)a p:Pq+1a"'7Qa

and P, < P. Note that the polynomial A®(u;) takes the value 1 for u; = e,
and that this polynomial is strictly positive and monotone decreasing in the
interval eg < u; < e;. It follows that the polynomials {A,(u1)} are uniformly
bounded on [eg, e1] for all gq. Furthermore, since {j},(eo), {j}4(€1) are uni-
formly bounded for j = 1,2 it follows easily that the derivatives %Aq(ul),
k = 1,2,3 are also uniformly bounded in absolute value. Thus each of the
families {A,}, {A}}, {A}} is equicontinuous and uniformly bounded. Using
Arzela’s Theorem, [17], we can choose a subsequence {\y} of {A,} such that

Ag(u) = p(wr), Ay(u) = ¢'(w), Ag(ur) — ¢"(w),
uniformly on [eg,e;1] as ¢ — oo. Hence, ¢ satisfies (85) and, if e = 0,
the expansion (87). Since ¢ is bounded on [eg, €] it is a periodic Mathieu
function and —72 is in the point spectrum.

5 The complex two-sphere and plane

A main thrust of this paper is to demonstrate how the notion of contraction
based on the classical examples extends to the various separable coordinate

23



systems on the two dimensional complex sphere and two dimensional complex
euclidean space. The easiest way to see this is to use the algebraic form of the
various coordinate systems. We list here the separable coordinates, first on
the complex sphere. We do this in algebraic form and for a sphere of radius
R. Since the coordinates are complex, there are now separable coordinate
systems permitted in addition to the real systems listed in §3, [6, 18, 19].
In particular, systems {2}, {4}, {5}, (2) and (5) are new. Moreover, the
parameters e; are now complex numbers so the previous ordering of the e;
no longer is appropriate.

THE TWO-SPHERE
{1} Spherical coordinates

2= R? (ur — eo)(uz — ao)’ 2= R (ur — eo)(uz — al), 2 = R? (ur — 1)
(e1 — €o)(a1 — ao) (e1 — €o)(ao — a1) (0 — €1)

The infinitesimal distance is given by

is = B2 du? (u1 — €) du?
4(U1 — 80)(U1 — 61) 4(60 — 61) (U2 — ag)(uz — (11) ’
and the diagram is

[ e | e ] (89)

4

[ a0 | a1 ]

{2} Horospherical coordinates

(u1 — eg)(uz — ao)
(e1 — eo)

(u1 — eg)
(e1 —e)’

(81 + i52)2 = R2 ) (S% + 8%) = R2
(Ul — 61)
(60 - 61)

where the infinitesmal distance and diagram are given by

2 _ p2
s3=R

5s? — R du? (up —e1) du?
2 (u1 - 61)(’LL1 — 62) (61 - 62) <UQ - 00)2 ’
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[ e | e ] (90)

1
[ a5 ]
{3} Elliptical coordinates
2 :Rz(ul —60)(u2—€0), 2 :Rz(u1—€1)(u2—61),
o1 (eo —e1)(eo — e2) 2 (e1 — eo)(e1 — e2)

(u1 — e2)(uz — €2)

(e2 — e1)(e2 — eo)

The infinitesimal distance and diagram are given by

du? du?

2 = —1 2 U1 —U2 -
ds” = 4R ( ! )[(ul—eo)(ul—el)(ul—ez) (u2—eo)(u2—61)(u2—62) ’

2 _ p2
s35=R

[eole|e2]-

{4} Degenerate elliptical coordinates of type 1

N =t LeL)

Uy — 60)(“2 - 60)
(e1 — eo)

(z+iy)* = R? (

22 — R2 (u1 — €1)(uz 2— e1)
(e0 — €1)
The infinitesimal distance and diagram are given by
du? du?

(u1 — ) (w1 — €1) - (u1 — eg)?(u1 — 1)

2 L1 2
ds® = —ZR (u1 — ug) ], lealeal-

{5} Degenerate elliptic coordinates of type 2

(z+iy)* = R*(u1 — ) (uz — €0), 2(x+1y)z = —Rza%[(ul — €)(u2 — o)),

2 +y’+2" =R
The infinitesimal distance and diagram are given by

1 du? du?
ds? = —ZRz(ul — uy)[ L 2 )3], [€d].

(U1 - 60)3 (Uz — €
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For Euclidean two-space we have the following coordinate systems:

EUCLIDEAN TWO-SPACE
(1) Ellipsoidal coordinates

2 _ 2(v1—bo)(v2 —bo) )= 2 (v1 — b1)(v2 — by)
(bo —b1) (b1 —bo)
with infinitesimal distance given by
2 2 dv2
dSZ — _C_(Ul _ ’Uz)[ dvl . Vy

(Ul - bo)(Ul - b1) (’02 - bo)(v2 - 51)]’

and diagram < by|b; >.
(2) Degenerate elliptic coordinates

(z +1y)* = (v — o) (va2 — eo), 2’ +y* = (2e0 — v1 — vy),
with infinitesimal distance given by
c? dv? dv?

ds” = —— (v — vz)[(v1 s Rl s 1

and diagram < €2 >.
(3) Spherical coordinates

2 _ . (v2 — ao) 2 _ . (v2 — a1)
T = (Ul 60) (al _ a())’ Yy = (Ul 60) (a() _ (11)’
with infinitesimal distance and diagram given by
1. dv? dv?
ds® = - [—2—~ — (v —e 2 )
4[(1)1 —ep) (v = eo) (v2 — ag)(v2 — a1)
(e | e ) (91)
l
[[a | a ]

(4) Parabolic coordinates
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c
2 = —c*(v; — eo)(va — €), Y= 5(1)1 + v2) — ceg

with infinitesimal distance and diagram given by

c? dv? dv?
ds* = — (v, —v 1 - 2
4 ( ! 2)[(7.)1 - 60) (7.)2 - 60)

]7 (60)‘
(5) Degenerate parabolic coordinates

C C . C C
&= —_(vi —v2)” + S (v1 +v2), yzl[—g(vl—?h)z—z

3 1 (v1 + va)],

with infinitesimal distance and diagram given by
2

ds” = (o1 —va)(dv} — o), {}.

We work out a few cases. As a first example let us consider degenerate
elliptic coordinates of type 1. The Helmholtz equation for this coordinate
system has the form

4
_Rz(ul — uy) [(u1 — eo)vur — €20y, (U1 — €o)v/ur — €10y, —
0e+1)
(uz — €0)v/uz — €10y, (u2 — €0) VU2 — €10,,|¥ = — 72 v,

The separable solutions are ¥ = 1) (uq)2(uz) with separable equations

4(u — eg)v/u — 10, (u — ep)vu — 19,0 + (L(€ + V)u + p)y = 0.

If we choose the new variable z = \/ (u—e3)/(u— ep) then the separation
equation has the form

(€+ 1)

[(1—2%)02 — 220, +v(v+1) — T

le =0,

where . oo a1
4 €y — €1
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The equation for ¢ is clearly recognisable as having the solutions ¢ =

e+ e+l ) .
Py+2(z) and QV+2(z), Legendre functions of the first and second kind [4].
From the point of view of contractions we are interested in the limit e; — oo.
This corresponds to the diagrammatic limit

. 2
611_1)1(130[60|61] —<e;>.

From the form of the infinitesmal distance we expect to obtain degenerate
elliptic coordinates in euclidean space. Indeed if we consider e; — n?, E+% —
nx for the separation functions ¢ then one can derive

u — n? [
D(1 — mx) P ) = =iy S (u = eo) H, (x/u = )

U — €

(nx)"* N e X ix
v — /e (u—eg)iJ Vi—eq
F(1+V+nx)Q” ( u—eo) 3 ¢t (= eo)tdy (vu —eo)
as n — o0o. Here H,?) (w) is a Hankel function of the second kind.

The second possible limit is when ey — oco. This corresponds to the
diagrammatic limit

N

e(l)ij,noo[egkl] — (e1).
In this case we consider the equation for ¢ and take the limits
eo—n, L—na, vv+1)—= —na(l—4x)+n?a’
In particular if we choose v such that
v——no—1+2x+---,

then we obtain

1 3 - i
2 mer(E Ly —am) PP L, ([T s Vame e teteey

4 u—n
1 1 1 2iai(u—e)r _ 3 3
—1Fi(-—x, s, 0(u—e1)) - ————1F1(-—x, 5, alu—e1))};
{F(%—X)l (7 =X 5 alu—e)) Tty (7 =% 5 alu—e))}
—na 8z 1 no+1 u—e 1oim(1_y) —Lo(u—e
272 F(Z+X_na) —nal1t2xe( U_T;)—>7T262(1 X)gmzalu—er)
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1 1 1 3 3 3
{2 3 T(G 01 R 5 au—er))—ia? (u—en) 25T (T B (x5 alu—en)},

as n — oo.
There is one more interesting limit of this type. This corresponds to
letting ey — oo in degenerate elliptic coordinates of type 2, i.e.,

Jim [e3] — {4},
The Laplace-Beltrami eigenvalue equation in these coordinates is
A[(ur — €0)*02, + 3(u1 — €0)*8u; — (u2 — €0)°02, + 3(u2 — €9)?0,,| ¥
—L(£ 4+ 1)(uy — uz)¥ = 0.
The corresponding separation equations have the form
[4(u — €9)*02 + 3(u — €9)?0y — (£ + 1)(u — €g) + 4N (u) = 0.
The solutions of this equation are readily calculated to be

A

P(u) = (u— 60)_1/4Ce+%(2 ;)

where C,(z) is a Bessel function [4]. For ey — 0o we would like to end up
with degenerate elliptic coordinates. The way to achieve this is to take

1
eo — 12, L—2xnd, A — —*nd - §Xn5 + unb.

Then we obtain the limit

3
2

(1 —x>r)
(W)a

2,8 1,..,5 6
X“n® + 3xn° — un
nZ—r

1 1 1.2 1
(2Xn3+§)2‘]2xn3+%(2\/ ) — ;[a(ﬂ—x%)}zK%

the latter function being a solution of the separation equations.

6 Contractions between coordinate systems
within a space

In the previous section we have examined the relations between the special
functions obtained by contracting from the complex two dimensional sphere
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to the complex Euclidean plane. Here we examine the consequences of taking
limits of coordinate systems within each of the manifolds F5 and S, and derive
the relations between the corresponding special functions.

[1] The complex two sphere.
(a) Consider the limit associated with the diagrammatic scheme

[eoler|ea] — [83\61],

or equivalently es — eg. In this limiting case the various forms of Lamé
polynomials have as their limiting forms suitable Legendre polynomials. For
the purposes of this case it is convenient to consider the separation equations
in degenerate ellipsoidal coordinates. Indeed if we choose the variable =

\/(u —ey)/(e1 — e3) then the separation equations have the form

m2

[(1 - 2)02 — 220, +L(£+ 1) — T

Jop=0

where m? = (u+ e £(£+1))/(e1 — e2). The solutions are Legendre functions
P*(z) and Q7*(x). In order to take the limit we examine the case of a Lamé
polynomial of the species which can be written in the form IT_; (1 — u/6;)
where the 6; are the solutions of the Niven equations (82). We write the 6,
equation in the form

q

(01 —e1) (61 —ea)+ (61 — 1) (61 — o) + (61 — e0) (61 — e2)] [] (61 — 6:)

i=1

4 (6 —eo)(B — e1) (B — e2)[(B1 — 83)..(61 — 8,) + -] = 0.

We see that the equation is satisfied when es = ey by the choice ; = eq.
From this observation the limit es — ey can be considered to be accompanied
by the regirement that o(< g) of the 6;’s take the value eg. The remaining
6;’s then satisfy the equations

40 + 2 1 4

@—@:0

0]' — €y 9]' — €1 i#j
for 7,7 = o+ 1,---,q. We are at liberty to take eg = 1 and e; = 0. The
appropriate limit in this case is

tOr u oiraap (T =0 (r+0) o
H]i—f (1__)_>(_1)+22( )( ) 2

6; (2r4+20)! 7

(Vu)
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for r > o. Other families of Lamé polynomials have similar limits:

1 u (r—o)l(r+o+ 1)
U — 1 2Hq'i—2’r‘+1 1 - )= _1 0'22T—|-1 20+1 U
where 4o+4 1 4
o
— -0
6, — 1 +9j+;9j—91-
U%Ha_'+2r—|—1(1 ) s 227‘—|—1( o)l(r+o+ 1)!P2a' (V)
=1 8; (2r + 20 4 2)! 2r+1
where dor 4 4
o
= =0
6, -1 %, +;9j—9,~
and
1 1 u (r—o—-1lr+o+1)!

-1 Hq‘i—Zr 11— — -1 a'—|—r+1221' 20+1
U2(U )2 _7—1 ( 0]) _>( ) (27"‘}‘20——{—2) 2r (\/E)
where 1 +2

o
6, — 1 ? +Z 9,
In all these cases it is understood that ¢,7 =o+1,---,q where ¢ = 0+ 2r or

o+ 2r + 1 as the case may be. We are of course assuming that 6y, 65, ..., 6,
are all equal to 1.

(b) In this case let us consider the limit [e2|e;] — [e3], which is tanta-
mount to e; — eg. From what we have done previously we know that the
special functions associated with the coordinate system [e3|e;] are Legen-

dre functions P,,_Z_i(,/Z:—:;) and Q;Z_g(,/Z:—z;) where v(v + 1) = 1/4 +

(u—epl(£+1))/(eo — e1). If we take e; = eg + € the limits are

2
~t-3prta YT Ty (L)t 3 3T (0 o) g a
AR (S~ () w0,
ir(prly _p 5 ~—f—1 u—eg— €2
eur(lq‘—z)'E L 2Q, 2 . ( )_)
cTata u— e

sl _, 11 1 u
¢ 2| — 2 2 — = - 1
o’ [22 1(2 o1 ( 5 +€)J_e_§( 60)




+2(; + O (== (XD, ().

[2] Two dimensional Euclidean space.
(a). Let us consider the diagram < egle; >—< €2 >, i.e., a transformation
from elliptical coordinates in the plane to degenerate elliptical coordinates.
In the case of elliptical coordinates the basic separation equations have the
form

1 1

_ _ 2 1 222 _
4(v — eg)(v el)[6v+2{u_eo+u_61}8v]<p+( v+ x*c* (v —eg))p = 0.

We can assume that e, = 0 and take e; = b. If we set v = bcosh? @ then the
separation equation becomes

(03 — a + 2k? cosh 26)® = 0,

which is a recognised form of Mathieu’s equation with k? = x2c?b/4, a =
—v? — x2¢®b/2. If b — 0 in the separation equation, the resulting solutions
have the form C,(xcv'/?). In order to be consistent with our limiting pro-
cedures we introduce an algebraic notation for Mathieu functions according

to
CE,(v,q) = Ce,(8,q), SE,(v,q) = Se,(8,q)

where ¢ = k? = 1x?c?b and v and 6 are related as above. The corresponding
limits that we seek are then
(1A

CEsm (v, q) = Jom (xcv’?),
Ce2m(0,Q)C€2m(g,q) 2 ( q) 2 (X )

(=)™ (5xeh?) AP
Ceam+1 (07 q)ceIQm-I—l(ga q)
(_ 1)m(%xcbl/2)B£2m+1)

86’2m+1 (0, q>362m+(ga Q)

CEom+1(v,q) = Jom+1 (XCUl/z),

SEom+1(v,q) = Jomt1 (XCUI/Q),

and

(_1)m—|—1 %X2cszé2m+2)

sel2m—|—1 (07 q)seém—l—l(ga Q)

SE2m—|—2 (U, Q) — Jom+2 (XCUI/2)-
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(b) Consider the limit corresponding to the diagram lim,, ,,, < egle; >—
(e9). Take the Mathieu equation as previously with eg = 0 and e; = b, and
the choice v = bsin®f. With a = v — Lx%c?h,q = 1x?c?b this equation
assumes the form
(07 +a+2qcos )P =
In order to obtain a suitable limit as b — oo we take v? = (2n + )b and
x2c? b . From these choices we see that if v is fixed then € is small and we
have the relation § = 4/v/b. The corresponding limits can now be calculated:
1

Cegn(\/7 __; s — ’n,) Dzn(ﬁ), S@Zn-}—l(\/;? _bf) N MDWH—I(\/;)

1 2 1 T 1/29n+1
cean (0, m1/22n s€hn11(0, —1g wl/29n+

where D, (z) is a parabolic cylinder function.
(). Let us consider the limit corresponding to the diagram lim,, .o, < €3 >—
{#}. The separation equations for this coordinate system have the form

{4](v — €9)?02 + (v — €0)Dy] — V* + Zx*(v —e0)}p = 0,
for v = v1, v9. In order to achieve this limit we can take
e1 = n?, &= —n? V= nt 4+ pBn

The solutions for the function ¢ are C,(x+/v — €g). The corresponding solu-
tions for the limiting equation [492 + x?v — B]p = 0 are the Airy functions
Ai[(B — x*0)2723x /3] and Bi[(B — x*v)272/3x~*/3], [20]. The limiting for-
mula relating these solutions is

2

B m(12x2n?)s L — B =X
(2X2)] F(%) an2+%+...(_1’xn v—n ) — AZ[ (2&2)% ]
asn — 0o .

(d). The last limiting process that we achieve can be represented as lim., o (€g) —
{#}. The separation equations for this coordinate system have the form

Al

1
{4](v — €9)0? + 581,] + A+ (v —eg) =0
for v = vy, v9. In order to achieve this limit we can take

eg = n%, x—=on, A— un®+ont
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The solutions for the function ¢ are D_Q_%(iQei”/‘l[X(v — ¢9)]*/?). The
X
corresponding solutions for the limiting equation [402 + o%v + u|p = 0 are

3
typically of the form (o%v 4 pu)'/2C 1 (g(azi%)z) Indeed the appropriate limit
in this case is

Qdilond+ )+
3

i , .
; D_, _1(£2eT [on(v —n?)]?) —
3 — L(on®+ tn) i(ons+ )4 [on( )17)
(0% + p)e's A il Dk )
o31/2 3 352
as n — oQ.
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