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Abstract

This paper studies the problem of recovering a signal with a sparse representation in a given orthonormal basis
using as few noisy observations as possible. As opposed to previous studies, this paper models observations which
are subject to the type of ‘clutter noise’ encountered in radar applications (i.e., the measurements used influence
the observed noise). Given this model, the paper develops bounds on the number of measurements required to
reconstruct the support of the signal and the signal itself up to any given accuracy level when the measurement
noise is Gaussian using non-adaptive and adaptive measurement strategies. Further, the paper demonstrates that
group testing measurement constructions may be combined with statistical binary detection and estimation methods
to produce practical and computationally efficient adaptive algorithms for sparse signal approximation and support
recovery.

In particular, the paper proves that a wide class of sparse signals can be recovered by adaptive methods using
fewer noisy linear measurements than required by any recovery method based on non-adaptive Gaussian measurement
ensembles. This result demonstrates an improvement over previous non-adaptive methods in the compressed sensing
literature for sparse support pattern recovery in the sublinear-sparse support regime under the measurement model
considered herein.

1 Introduction

In this paper, we study the problem of recovering a signal with a sparse representation of unknown structure from
noisy observations. Specifically, we study adaptive acquisition strategies for estimating a signal f that admits a sparse
representation in terms of a linear combination of k unknown elements from a set of N orthonormal functions ¢;,
1 <i < N. The problem has received renewed attention in the emerging field of compressed sensing. It has also been
the subject of many investigations in related areas, including radar imaging, medical imaging, model selection and
signal classification in statistics and machine learning, and adaptive signal denoising. For example, a radar equipped
surveillance plane might be required to locate a target within a specified search area to a desired accuracy level in a
limited amount of time. Similarly, a smart missile may be required to locate a target under energy and time constraints.
In testing, the target is a fault which is required to be localized to within a module or a component in a limited amount
of time and using a pre-specified set of tests. In imaging applications, the goal is to reconstruct a high resolution image,

*This paper generalizes and improves on results first reported in (1).



e.g., a 3D magnetic resonance or coherent tomography image, in as short time as possible using a minimal amount of
radiation. Solving such problems is equivalent to designing an optimal search strategy that may need to satisfy certain
constraints.

More specifically, we are interested here in reconstructing the projection of an observable signal, f, onto a finite
dimensional function space. Let @ = {¢; | 1 < i < N} be a set of real valued orthonormal functions on [0, 1] that span
the given function space of interest. We will denote f as

-

fi- ¢i

=

f=

i=1

Note that the true observable signal may have a component outside of ®@. However, we are only interested in its
projection, f, onto @ and assume that f has a sparse representation in ®. Given this sparsity assumption it makes

sense to define the support of f to be the positions where the coefficients f? are nonzero (or otherwise larger in
magnitude than a pre-specified application dependent threshold 6.). The support of f, or f € RN, is thus denoted

supp(f) = {j|Ifl > 0} < [LN].

Note that in order to recover f we must identify supp(f). Furthermore, once we have identified the support of f it is
straightforward to approximate its nonzero coefficients. Thus, the primarily focus of this paper — signal recovery — is
integrally linked to support recovery.

The problem of allocating search effort has been studied as early as World War II (e.g., see (2),(3)). The problem
was revisited in the context of fault diagnostics, e.g., (4), and radar imaging, e.g., (5), (6), (7), (8), where the emphasis
has been on rapidly locating a single target using an optimal beamforming and target illumination strategy, designing
adaptive waveform for optimal target detection and identification, or achieving the best resolution in time constrained
radar imaging. In the compressed sensing theory, several papers addressed the problem of reconstructing a signal f
with a sparse support as defined above using quadratic programming, e.g., (9), (10), (11), (12), and in particular several
papers investigate the asymptotic performance of the lasso approach (e.g., see (13), (14)). Information theoretic bounds
have also been developed for the asymptotic performance of support recovery and partial support recovery algorithms
(e.g. see (15), (16) and references therein). Bayesian approaches for estimating the support of a signal have also been
proposed for compressive sensing with adaptive measurements (e.g., see (17), (18)). These Bayesian methods have
been demonstrated to work well empirically, often requiring fewer noisy measurements to recover sparse signals than
their non-adaptive competitors in practice. Note also that the “compressive distilled sensing” techniques (19) demon-
strate that adaptive methods can improve error bounds for sparse recovery problems under a different measurement
model. In contrast, we discuss and develop a more general class of adaptive measurement procedures for a different
measurement model and then rigorously prove that they indeed reliably recover the support of sparse signals using
fewer noisy linear measurements than any possible approach utilizing non-adaptive Gaussian measurement matrices.
We accomplish this goal by designing adaptive sparse support recovery procedures with sufficient measurement con-
ditions that are asymptotically smaller than the necessary conditions developed for non-adaptive approaches utilizing
Gaussian measurement matrices below.

The most general form of the support recovery problem that we consider here can be formulated as follows. We
are allowed to design and adaptively select a set of test or measurement functions M; : [0,1] — R, 1 < j < m.
Each test function, M]-, is a specified linear combination of basis elements from ®. Corresponding to each such test
function M;, we can generate noisy observations of the form

yj =M, f+Pj) =M, f)+M;, P) )

In the above equation P = {#; | 1 < j < m} is a sequence of identically distributed measurement noise processes.
Each #; is assumed to be independent of all the other °; processes whenever j # j'. We will refer to the measurement
model in the Equation 1 as non-adaptive if the generation of the ]'th measurement, Y;, is independent of all previous
noisy observations, y,, 1 < n < j— 1. In effect, a set of measurements M = {M;, ..., M,,} is non-adaptive if it
can be wholly instantiated before any measurements are actually taken. If, on the other hand, any single measurement
may depend on the results of previous measurements we will refer to M as adaptive. In this paper we present adaptive



group testing methods for the sparse support recovery problem capable of outperforming a wide class of non-adaptive
compressed sensing support recovery methods in the noisy sublinear-sparse support regime. In this context the work
herein is a generalization of previous work which considered group testing methods for sparse signal recovery using
noiseless measurements (see Section 5 of (20) and references therein).

Our goal is to determine the minimal number m of measurements we can take to recover f : [0,1] — R up to
an accuracy level at least precise enough to guarantee we recover its correct support in @. To accomplish this goal
we construct an algorithm for designing and adaptively selecting the 7 measurement functions M;, 1 < j < m. To
simplify the presentation of the results we will, without loss of generality, restrict our attention to a specific instance
of the problem that arises in multi-target localization in radar. We conclude the paper with a discussion that explains
how the results and algorithms developed here also apply to the more general problem.

Specifically, we will derive our results in the context of the following problem. We are interested in recovering
functions of the form

k
fx) = Z Cj-8(x — x)) 2)
j=1

where 6(x) is a Dirac delta function, each C; € R, and x; € [0, 1], for j € ZN[1, k]. This problem is a simplified model
for the problem of recovering an unknown number of ideal point targets located at positions x; and with reflectivity
C;. The model assumes prior knowledge of the range of the arbitrary positions x;, which we normalized without loss
of generality to the interval [0, 1]. The model also captures radar imaging of targets that consist of a collection of point
reflectors, a target model that is often used in the literature. Selecting the measurement functions M, corresponds to
selecting a radar beamform and illumination pattern.

Without loss of generality as we explain below, we restrict our attention in the sequel to a specific class of test
functions. The test functions we consider are box or indicator functions that yield a measurement model consisting of
noisy integral measurements of the signal f at each time t € R* . Let 7 be a subset of [0, 1] and define the indicator
function for 7,

Ir:[0,1]+ {0,1},

to be
1 ifxer

0 otherwise

Ir(x) = {
For any subset 7 C [0,1] and time f € IR* we can measure
mI(t):fH]'de+fﬂde(t), (3)

where P(t) represents stochastic measurement noise (i.e., a diffusion process). We assume for each time ¢ € R* that

f I; dP(t) and f Ly dP(t)

are independent and identically distributed (i.i.d.) whenever 7 N 9 = () and

fM”:fM“- (4)

Similarly, we assume for every two times t; # t, that

f]l] dP(tl) and f]lj d?(tz)

are i.i.d. as long as 7, 9 C [0, 1] satisfy Equation 4. We define cr%, to be the variance of my(t) for a given 7 C [0, 1].

Given the assumptions above, we can see that afr = 037 whenever 7, J C [0, 1] satisfy Equation 4. Finally, we will

2

denote the variance of the noise over the entire unit interval by 6 = Tl0a]"



In recovering f we want to approximate both C; and x; for all j € Z N [1,k]. In approximating each x; we will be

satisfied to locate x; to within %-tolerance for a given N € Z* which is guaranteed to have

Z%]<min{|xj—x1||j€[1,k]ﬂZ,leZﬁ[l,k]—{j}}. (5)

In other words, N gives a guaranteed separating distance between the Dirac delta functions composing f. The sepa-
rating distance assumption ultimately allows us to recognize the measurements defined in Equation 3 as a specialized
form of the more general measurement model described by Equation 1. For example, consider the following two
related problems:

1. Discrete Setting: Given that we will be satisfied to locate each x; to within a %,-tolerance, we can simply model

S
f as a k-sparse vector f € RN whose n'" element is given by

. C; ifxje[(n-1)/N, n/N)forne[1,N-1]NN
fa=3 C; ifx;e[(N-1)/N, 1] . (6)
0 otherwise

In this setting each indicator function based measurement in Equation 3 used by our adaptive approach will
directly correspond to a discrete inner product measurement of a binary measurement vector, M; € {0, 1}V,

with f_)1 Choose the measurement noise process in Equation 1, Pj, to be a random vector in RN with i.i.d.
entries each having variance 62 /N. The total variance of a measurement over the entire search space will be the
given o2 value so that stochastic measurement noise behaves as expected above. Under these conditions, the
discrete Equation 1 measurements of the vector f_)from Equation 6 will be essentially indistinguishable from the
corresponding indicator function based measurements in Equation 3 of the function f from Equation 2. Hence,
similar adaptive recovery algorithms may be utilized in either case.

>
In the paragraph above we made the assumption that the f € RN defined in Equation 6 was sparse in the

-
standard basis. However, standard methods allow us to complete recovery if f is instead sparse under a different

orthonormal basis. Suppose, in this discrete setting, that @ is a known N X N orthonormal matrix for which @ fﬂ
is k-sparse. Instead of gathering the discrete Equation 1 measurements discussed in the preceding paragraph,
we will slightly alter them by gathering

y; = (OTM;, f+P)) = (M, Df} + (M, OP)).

Note that the only substantive change to our measurements of the sparse vector of interest — now @ f_)instead of
f —is that the additive noise term is now determined by ®%; € RN instead of just P;e RN. However, if each
random entry of $°; has mean 0, or more generally has a known mean, then this is not problematic. The fact that
each entry of #; is i.i.d. with mean 0 and variance 02 /N will conspire with the orthonormality of @ to ensure
that all the entries of ®P ; are still uncorrelated with mean 0 and variance 02 /N. These noise characteristics are
sufficient for the proofs of all the adaptive results below.

2. The Characteristic Function Basis: For the case where f : [0,1] — R is a true function, the measurements
defined in Equation 3 correspond most naturally with Equation 1 type measurements performed over functions
approximated with respect to the orthonormal characteristic functions @ = {¢; | 1 <i < N} on [0, 1] defined by

¢i = VN Ty, i)

fori € [1,N)N NN, and ¢y = VN - Tiv-1y/n, 11- Thus, @ spans the space of piecewise constant functions over
the N subintervals of equal length in [0, 1]. With respect to this @, f from Equation 2 is represented by

N
f@ =Y f i),
i=1

S

'In fact, it may also be necessary to occasionally measure a single additional f entry in order to guarantee that the discrete analogs of the
left/right subsets defined in Section 3 below both always have an equal number of entries. However, this does not alter the statement of any results
proven herein.



where f_)is defined as in Equation 6. In this setting each indicator function based measurement in Equation 3 must
be reweighted by a factor of VN when utilized with the more general measurement definition of Equation 1 (i.e.,
we are working with very tall and thin characteristic functions which ‘approximate delta functions’). Hence,
each Equation 1 type measurement of this piecewise constant f will use a test function of the form M;(x) = VN-
II7(x), where each set 7 is a subset of subintervals dictated by our adaptive recovery methods developed below.?
Finally, the stochastic measurement noise will behave as assumed in Equation 3 if we set the noise process from
Equation 1, #;, to be the rescaled noise term from Equation 3, dP(j)/ VN. Using these measurement definitions
it is not difficult to see that both Equations 1 and 3 will again produce essentially indistinguishable measurement
results for their corresponding functions.

Of course, f : [0,1] — IR need not be sparse with respect to a basis of orthonormal characteristic functions
in order to be recoverable. Suppose f is sparse with respect to an arbitrary orthonormal set of N functions,
® = {¢p;|1 <i < N}, on[0,1]. In this general case we can still pursue recovery along the same lines as
in the previous discrete example. Let M; € {0, 1}N be the j* binary measurement vector resulting from the
application of our adaptive recovery techniques in the discrete setting (i.e., see the first paragraph of the first
example above). We simply use this binary measurement vector to define our jth test function for Equation 1,
M; :[0,1] — R, as

N
M) =Y M- i().
i=1

This will produce the required Equation 1 measurement results anytime the measurement noise process, #;, has
both of the following properties: (i) (¢;, #;) has 0% /N variance and a fixed mean for all 1 < i < N, and (ii)
(¢i,P;) and (¢;», P;) are uncorrelated for all i # i’. This will certainly be the case if, for example, P; is defined

to be an independent incarnation of weighted Gaussian white noise, £; = \LW . ‘%’, for each jth measurement

(see (21) for a rigorous introductory treatment of Gaussian white noise, dW/dt).

Using this model and goals, we make several contributions to the problem of recovering a signal with a sparse
representation of unknown structure from noisy observations. First, we demonstrate that adaptive group testing mea-
surement constructions may be combined with statistical binary detection and estimation methods to produce efficient
adaptive sequential algorithms for sparse signal support recovery. More specifically, we construct new results contrast-
ing the number of noisy non-adaptive Gaussian measurements versus noisy adaptive measurements required to recover
a sparsely representable signal. In doing so we prove that a sufficiently sparse signal, f, can be recovered up to any
desired accuracy level using fewer noisy adaptive linear measurements than required by any recovery method based
on non-adaptive Gaussian measurement ensembles. These results ultimately improve on previous sufficient conditions
for sparse support recovery in the noisy sublinear-sparse support regime. Finally, we also present explicit algorithms
and techniques for achieving our adaptive recovery results, as well as discuss modifications likely to further improve
the performance of such adaptive methods in practice.

The remainder of this paper is structured as follows. In Section 2 we present new results contrasting the recovery of
the support of a signal f using noisy non-adaptive and adaptive Gaussian measurements contaminated with Gaussian
noise. These results anchor the developments in the remaining portions of the paper and extend prior results in the
literature. Then, in Section 3, we present and analyze a simple binary search procedure for recovering 1-sparse signals
in noise. In Section 4 we describe a method for reducing general sparse support recovery problems to a collection of
1-sparse support recovery problems. This allows us to use multiple binary search procedures to recover the support of
any sparsely representable signal. Finally, we conclude with a short discussion in Section 5.

2Similar to the last example, it may occasionally be necessary to adjust a measurement interval, 7, to avoid bisecting one of the fundamental
[(i = 1)/N,i/N)-intervals. When this happens a few additional measurements of a single fundamental interval may be necessary (i.e., to measure
the contribution of a single basis function to f). However, this does not alter the statement of any results proven herein.



2 Results and Discussion

In many previous studies (e.g., see (13), (16), (15) and references therein) the measurements utilized for signal (sup-
port) recovery were of the form
yi=M;, f)+wj,

where w; ~ N(0, 1) is independent Gaussian noise for each j, f € RN isa sparse vector (i.e., the problem is discrete),
and M; ~ N(0, Inxn) is a random vector independently drawn from the zero-mean isotropic Gaussian distribution
for each j. In practice, the measurement noise will consist of two components. The first component will be due to
environmental or physical noise outside of the processing and acquisition system, e.g., clutter in radar. This component
will depend on the measurement function. For example, in radar, using a wider beam to cover a wider area will increase
the observed clutter noise. This first noise component is captured by our model in equations (1) and (3) and is neglected
in the measurement model above used in prior work.

The second noise component is due to thermal noise in the acquisition and processing circuitry. This noise compo-
nent does not depend on the measurement function. Its effect can be reduced by using more sophisticated electronics,
e.g., by cooling a detector. This noise component is neglected in our model and is the only component captured
by prior works. Adding this noise component to our model does not change the conclusions drawn below, or proof
techniques, but adds to the complexity of the derivations.

As mentioned above, much of the previous work on solving sparse support identification problems has concen-
trated on methods utilizing non-adaptive randomly generated Gaussian measurements contaminated with zero mean
Gaussian noise. The non-adaptive Gaussian measurement ensembles, M; ~ N (0, Inxn) for 1 < j < m, are particularly
relevant to study given their near-optimal properties with respect to non-adaptive compressive sensing, e.g., (22), (23),
(9), measurement design (e.g., see (24)). Here, we will focus on the following result concerning support recovery
using noisy non-adaptive Gaussian measurements contaminated with Gaussian noise. Our objective is to construct
a lower bound on the number of measurements, m, required by any sparse recovery algorithm in order to correctly
recover the support of f using our general measurement model (see Equation 1).

Theorem 1. Suppose f is k-sparse when represented in terms of a known orthonormal basis ® = {¢; |1 <i < N}.
Thatis, f = YN, fl_) ¢; where fée RN is k-sparse. Let Cpin = min{|<f, (p,->| | i€ supp(f)} be the magnitude of the

- . . .
smallest of the k non-zero coefficients of f. Next, suppose that G = {Q,- | 1<j5< m} is an ensemble of m non-adaptive
random standard Gaussian noise processes independently drawn for each j. Create test functions by setting

N
M=0G =M= (G, ¢)-i|1<j<m
i=1

Furthermore, let P; for 1 < j < m be m independent Gaussian measurement noise processes with mean 0 so that the
accumulated noise for each Equation 1 measurement, conditioned on M;, is (M;,P;) ~ N(O, IIM]-||§ -2 /N). In this
case there exists a constant ¢ € R* such that any algorithm using

52

min
non-adaptive Gaussian measurements as input will asymptotically fail to reliably recover supp(f) and, therefore, f
itself. That is, for N sufficiently large any algorithm will fail to recover supp(f) with probability bounded above 0.

Proof: See Appendix A. O

In effect, Theorem 1 provides a non-adaptive Gaussian measurement bound below which any recovery method
must fail to be asymptotically reliable for the support identification of some sparse input vectors. In this paper we
utilize adaptive combinatorial group testing (25) methods to guarantee the recovery of highly sparse signals with
asymptotically fewer noisy measurements (see Equation 1) than such non-adaptive methods require. In particular,
using group testing methods in combination with statistical binary detection and estimation techniques (26) we ob-
tain the following corollary of our main theorem for the special case of support identification of sparse vectors with
Gaussian measurement noise (see Corollary 3).



Theorem 2. Suppose f is k-sparse when represented in terms of a known orthonormal basis ® = {¢;|1 < i < N}. That
is, f = Zf\il f?qbl where fﬁe RN is k-sparse. Let Cpjn, = min {|(f, qb,>| | i€ supp(f)} be the magnitude of the smallest

>
of the k non-zero coefficients of f. Furthermore, let P; for 1 < j < m be m independent Gaussian measurement noise
processes with mean 0 so that the accumulated noise for each Equation 1 measurement, conditioned on the adaptive
test function M, is (M;, P;) ~ N(O, IIM]-||§ - 62/N). Finally, suppose that az/Cfnin is Q(k In® N).3 Then, there

exists a constant ¢ € R* such that if the number of allowed measurements, m, exceeds

2
o)
¢ —— I’ (k- In* N - In’(kIn> N))
min
our adaptive group testing methods will recover f to a precision guaranteed to correctly determine supp(f) with
probability = 1 as N — oo.

In order to compare Theorems 1 and 2, consider the following example. Suppose that k is In°@ N and 62/ Ciﬁn is

Q (k In°N ) In this regime we can see that any asymptotically reliable non-adaptive Gaussian measurement scheme

will require the use of
2
0 (“— ‘In N)
C2

min

measurements. On the other hand, our adaptive group testing methods are asymptotically reliable using

o 2 2

O(C2_ -In (lnN))
min

measurements. Hence, if f is sufficiently sparse and our measurements sufficiently noisy, our adaptive methods

will asymptotically outperform any sparse support recovery method utilizing non-adaptive Gaussian measurement

ensembles.

Intuitively, it should not be surprising that methods utilizing non-adaptive measurements are less effective under
the observational model in Equation 1 than methods based on adaptive measurements. Every non-adaptive measure-
ment must necessarily allocate significant amounts of sensing energy to a large fraction of the basis elements in @
(i.e., to a large fraction of the entire search area). This essentially guarantees that every non-adaptive observation will
be contaminated with a large fraction of the additive observational noise from the entire search area. Adaptive mea-
surements, on the other hand, can eventually avoid additive observational noise from large portions of the search area
by ignoring regions where signal components are unlikely to be present. The end result is that any method utilizing
non-adaptive observations must ultimately deal with higher collective noise levels from their measurement ensembles
than methods which adaptively focus their sensing energy toward regions likely to contain signal components.

3 Single Spike Targeting

In this section we will assume that our function f consists of a single Dirac delta function (i.e., k = 1 in Equation 2).
We will employ a simple adaptive binary search procedure to locate the support of f. However, before we can present
the procedure in detail and prove that it succeeds we must first define the left and right subsets of any particular set
I C [0,1]. Given I C [0, 1] with positive measure, define x,;q4 € [0, 1] to be the unique point with

Xmid 1 1
f ]I]dx =f H]dXZ—f]I]dx.
0 X, 2

mid
We then define the left subset of I, denoted 1, to be

I =10,xXmia) N 1. 7

SLet f,g: R* — R*. Then, f is Q(g) if and only if g is O(f).




Algorithm 1 ISOLATED DELTA

1:

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

Input: Initial subset 7 C [0, 1], position tolerance N, magnitude tolerance a, success probability p, total

measurement budget B, estimation measurement budget y
Output: Estimate of magnitude, C1, and position, x;
Ite—171
I~ —171
Initialize B” « (B —3y) /4
LOCATE x;
while [I7. dx > L do
Assuming Cq is positive, find x1...
if m (t) > my+(t) the majority of B’ trails (possibly averaged) then
It — 17
else
It «— I}
end if
Assuming Cq is negative, find xi...
if m ff(t) < my-(t) the majority of B’ trails (possibly averaged) then
I~ — 17
else
I~ —1I;
end if
B’ « B’/2

: end while

ESTIMATE C;

Choose arbitrary 7N ¢ T — (I~ U I*) with fIIIN dx = fIIp dx
C* «— Estimated mean from y my+(t.) measurements (a-precise)
C~ «— Estimated mean from y my-(t.) measurements (a-precise)
CN «— Estimated mean from y m~(t.) measurements (a-precise)
Decide if Cq is positive or negative...
if|(~3Jr - CN) > |C- —CN| then

Cl — C+ - CN

It e—TI*
else

Cl — C7 - CN

Ife— I
end if
Return ¥; = midpoint of 7¢, G

Similarly, we define the right subset of I, denoted 7, to be

Given this definition, we are ready to discuss Algorithm 1 for locating a single Dirac delta function.
Assume that C; is positive for the time being. If so, we can begin looking for the support of f (i.e., x1) in [0, 1] using

I, = [xmidrllmI'

®)

a binary search strategy. As long as the additive measurement noise is independent and identically distributed (i.i.d.)
on both [0, %) and [%, 1], the interval which contains x; will have a larger mean than the interval not containing xj.
Thus, our measurements for the interval containing x; will tend to be larger more often. Using this observation to our
advantage, we can correctly choose the subinterval containing x; with high probability by choosing the subinterval
that returns the largest measurements most often. Repeated application of this decision principle yields our binary
search.



If C; is negative the binary search is analogous. We simply repeatedly choose the subinterval which returns the
smaller value more often. Finally, we deal with the fact that we don’t have apriori knowledge of the sign of C; by
performing two binary searches in parallel. One search assumes that C; is positive, while the other assumes it is
negative. One of the two searches must succeed with high probability since C; is nonzero (i.e., either positive or
negative). If C; is positive, our search assuming positivity will locate the spike with high probability. If C; is negative,
our search assuming negativity will locate the spike with high probability. The problem is thus reduced to deciding
which search result (i.e., the interval resulting from the search assuming C; is positive versus negative) is correct. We
denote the interval resulting from the binary search assuming C; is positive by 7. Similarly, we let 7~ denote the
interval resulting from the binary search that assumes C; is negative. We are guaranteed to have 7* N7~ = . To
finish we must decide whether x; € 7" orx; € 7.

To help make our final decision we arbitrarily chose an interval whose noise characteristics will be, by assumption,
distributed identically to the additive noise in both the resulting positive/negative binary search intervals (i.e., 7™ and
I7). The resulting positive/negative interval containing x; should yield measurements with a mean that is different
from the arbitrary interval measurements’ mean. Hence, we estimate the measurement means of both intervals result-
ing from our binary searches, and then compare them to the mean of our arbitrary interval measurements. Whichever
binary search result differs most from our arbitrary interval in terms of measurement mean will be the correct search
result with high probability. See Algorithm 1 for pseudocode.

Lemma 1. Using B - 3y = O((C2 + logN) log(lOg )) total initial measurements in line 5 of Algorithm 1 is

sufficient to allow lines 6 through 20 of Algorithm 1 to correctly locate x| within either I or I~ with probability at
least p.

Proof:

Assume that C; is positive (the case for C; negative is analogous). For each iteration of line 6’s “while”-loop let 7}
be the left or right subset of 7* containing x1, and 77, be the other subset not containing x;. Finally, let D rm R Rt
be the density function of the real random variable 17+ (t). Given our assumptions about the noise, mz+ (F) will have
density Dy: (x — Cy) forall f € R*.

A straightforward calculation reveals that for each “while”-loop iteration

0o (Y
P [mz:(t) > mzy ()] = % +f (f _Dr@ dx) Drs(y) dy = = 5 +en(C),
oy,

where €7 (Cy) is greater than 0. However, instead of comparing single measurements from each subset of 7, we will
instead consider comparing several averaged measurements from I to several averaged measurements from 7. This
will help us ensure that €7+ (Cy) is effectively larger than any desired constant ¢ € (0, )

Let M = % Y mr:(t) and M7, = % DI my:(t). In this case we can see that

P[M: > M| = P[(M; = My) > 0]
a2, 2
where E[M} — Mj;] = C and Var [Mf —Mj]=2- 2 = % Chebyshev’s Inequality then guarantees that

€r,(C) =P [M+>M+]_% %_ HM+ M - C1|>C1] I >c

a2, .
. Hence, we may assume hereafter that €7+ (Cy) is larger than a fixed constant (e.g.,

C

-1
whenever K > (% - c) .
1

c=1/4).

1'1( logz(N))

Applying the Chernoff bound we can see that (averaged) measurement comparisons are sufficient to

22(C)

correctly decide 7} with error probability at most W (see (27)). The union bound then implies that all O(log(N))
2

113

iterations of line 6’s “while”-loop will succeed in locating x; with probability at least p. In order to bound the total



8

number of required measurements we note that after the 7™ iteration of line 6’s loop we will have 02, =

T =-. Hence,

N

at the n™ iteration of line 6 we will require no more than

2
((K +1)-1o g(l gz(l;]) )) O((l + an'jch . log(lolgi(g)))
1

measurements. When utilized for all O(log N) binary search levels to identify 7+ and 7~ we will require a total of

O(log N) o2 1
B T ogN\| _ log N
B-3y= ZO O((1+ 2”-C%].10g(1—p))_o((cz +logN] log(l_p
n=

measurements. The result follows. [J

To finish the analysis of Algorithm 1 we address its estimation portion (lines 21 through 32). In fact, this step is
also necessary to complete the location of our spike if the sign of C; is unknown. The approach we use is to simply
estimate the mean of measurements from 3 different intervals of the same size. One interval, 7', should contain our
spike if Cy is positive. Similarly, 7~ should contain our spike if C; is negative. Hence we compare the estimated means
of measurements from both these intervals with the estimated measurement mean from another disjoint interval, 1" N,
which should contain no spike. Whichever interval, 7* or J~, has the mean least like I~ N will contain the spike with
high probability. Furthermore, our mean estimates allow us to estimate C;. Following this line of reasoning we obtain
the following lemma.

Lemma 2. Let I+,7~,IN C T be pairwise disjoint unions of at most two intervals with m = f]Ip dx = f]Ip dx =

fII]'N dx < fHI{] ® Fixa e (0, %) and p € (0,1). Finally, suppose that x; € I* U I~ and Var [mz(t)] = G%T. Then,
Algorithm 1 (lines 21 through 32) can both determine which set x1 belongs to (i.e., either I* or 1~) and estimate Cq

2
to precision a - Cy with probability at least p. The number of required measurements is y = O ((1 + NZ; C2) -log 11_;7)
1

Proof:
Let My = % . Zf;l my+(t). We know that both [E [M;g] = IE[mz+(t)] and Var [M ] = <+ - Var [mgz+(t)] are

true. Thus, if we let K be O (M

e ), Chebyshev’s inequality tells us that we can obtain
1

Mg = [z (8] < % .G

with constant probability larger than % (see (27)). Therefore, if we estimate IE [mz+(f.)] by taking the median of
(@) (log ﬁ) ii.d. My variables, the Chernoff bound guarantees we will estimate IE [m+(t.)] to precision § - C; with

probability at least 2—?’. The union bound tells us that if we also estimate both IE [m7-(£.)] and IE [mz~(£.)] in a similar
fashion we will correctly locate x; with probability at least p.
Continuing, we relate Var [m+(t.)] to o%. We have that

X j+1
Z f UL ANG) + f I, dN(b)|,
j=1 AN+1

where the points x1 < x < --- < xn4+1 € [0, 1] are chosen so that f;’“ Iy dx = m for all j € [1,N] N Z. Using our
7

= Var

assumptions from Section 2 we have that

ar [f ]I]r‘\[x,-,xm) dN(t):| > (N —4)Var [mzr+(t)].

|vN
=
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Finally, we note that if the subset 7%/~ containing x; consists of two intervals we may utilize this lemma again with
fixed a = % to determine which interval actually contains the spike. The desired result follows. O

We are now able to conclude this section with a general recovery theorem for Algorithm 1.

Theorem 3. Suppose there is a single spike C1 - 0(x — x1) in I € [0,1]. Let a Walr [mr(t)] Fixa € (0, %) and
p € (0,1). Then, a variant of Algorithm I can output %1, C1 for which both )xl - x1| < W and |C1 C1) <a-Cjare

true with probability at least p. The number of required measurements is O ((logN + CZ + -ZZ c2) log (hﬁ;\])) .
1
Proof:
Lemma 1 guarantees the location of x; within either 7+ or 7~ with probability at least 1 — (1 —p)/2 using the stated
number of measurements. An application of Lemma 2 using the discovered 7+/~ subsets in order to approximate C;
to the desired a-tolerance also with probability at least 1 — (1 — p)/2 then finishes the proof. O

The proof of Theorem 3 follows easily from Lemmas 1 and 2. Alternatively, it may be proven for a modified variant
of Algorithm 1 by repeatedly applying Lemma 2 with fixed a = % during the binary search process (as opposed to

using Lemma 1). If we take the majority of averages of O (03_+ / C%)-measurements in Algorithm 1’s lines 8 and
1743

14 instead of simply taking the majority of individual measurements, we can see that the number of measurements

02,

1
end result is that Theorem 3 holds in the presence of arbitrary (e.g., adversarial) measurement noise. However, as one
might expect, the performance of Algorithm 1 can be improved when the characteristics of the measurement noise are
better known.

3.1 Gaussian White Measurement Noise

We now consider Lemma 1 in the context of Gaussian white measurement noise with unknown mean u. Our goal in
this section is to derive concrete measurement bounds for this special case. As above, we assume that C; is positive (C;
negative is analogous) and let 7} be the left or right subset of 7* containing x; in the current iteration of Algorithm 1
line 6’s “while”-loop. Call the other subset 7, and suppose that m 7+ (f) ~ N (y, (Tfﬁ ) As in the proof of Lemma 1 we
will define €7+ (C1) to be the probability (in excess of 1/2) that a measurement on the half of the subset containing x;
is larger than a measurement on the half of the subset not containing x1. Thus, we have

= %~ Pt ()~ mry ) <0]. ©)

ers (1) = P [mry () > mr (9] - 5

In the Gaussian white noise case we know that (mz+(t) — myz: (t)) ~ N (Cl, 20.2”) (see (28)). Therefore, we know that

[o9] 2n
1 (-G C 1 (G
+ = —-erf = .
er(C) =5 e (2%) 2 Vo [ZS ni@n +1) \ 207

Continuing, we bound €7+ (C;) away from zero in the noisy setting where C; < 207+ (i.e., when our spike magni-
tude is less than 2 standard deviations). We have

2n 2n
e[y () o 1_1i(z§;) ¢ [4_6(2;)2J
ITH\1 L 3 .

>
2\/%0];} -1 nt- (ZTI + 1) 2\/EO']$ p—) n! 6\/%0]5

11



Substituting this expression into the Chernoff bound we can see that

ln(ll—p) - 367 - CT ln(ﬁ) 1n(l p) (10)

2 ’ 2
2(_G 2 erf <(1)
erf (20127 ) (4 —exp (4;:% )) . C%

measurements suffice to correctly decide 7} with error probability at most 1 — p for any magnitude C; (see proof of
Lemma 1). Finally, we note that when the sign of C; is unknown we must we must perform swo binary searches (one
in case Cj is positive, and another in case C; is negative). Thus, we have to double the measurement bound shown
in Equation 10 for all but the first iteration of Algorithm 1’s line 6 — 20 loop. We can now bound the total number of
measurements required by Algorithm 1 to locate x; within either 7+ or 7~ with probability at least p.

Let 02 be the variance of our mean u Gaussian white measurement noise over the entire interval [0, 1]. Then, we
must utilize Equation 10 at most log, N times to locate x; within a sufficiently small 7* or 7~. We are able to bound
the total number of sufficient measurements by

(52 1 25

—_— + —_—
Cq " 1
(%) F arr(W29)

which in turn is bounded by

367 - 02 - In (R822) g (L2 Mog, N1-1 36 02 - In (282N In (12822
o L B R e oo
reefc)) - ] T (o feefmnp ) o 0

This number of measurements suffices to locate x; to within our tolerance with probability at least p. We obtain the
following corollary of Lemma 1.

Corollary 1. Let 62 be the variance of our mean u Gaussian measurement noise over the interval [0,1]. Fixp € (0, 1).
Then Algorithm 1 can correctly locate a C1 magnitude spike within either I+ or I~ with probability at least p using

1n(1°~15+;1\’) . [log, N1-1 2'ln<10ff;N) ) O(( " gz(N)] ( og2(N))]
(@) ep(O2a) G 1-p

log, 2N
measurements. As 6> — oo the number of required measurements is bounded above by 121 - % -In (%) .
1
Proof:
The explicit measurement bounds are developed above. As 62> — oo we simply note that the number of required

measurements will be less than
4n-02-ln(lof+;N) Tog, N1-1 4n.02.1n(bgﬂ) 4102 - In (10822N) 1 2 log, 2N
< 1+ — | = -In .
2n % 1-p

1-p

A = 2t-G A

i1e

n=0
The result follows. O
It is worth noting that Corollary 1’s number of required measurements can be calculated much more precisely

if desired. In our work above the use of the Chernoff bound may always be replaced by the exact combinatorial
sum expressing the probability of the simultaneous occurrence of more than half of a given number T independent

Bernoulli events, each occurring with probability P [m +(t) > m Lt(t)]- In the Gaussian white noise case we can

12



calculate P [m :(t) >m I;v(t)] to arbitrarily high precision at each stage of our binary search(es). Then, at each stage,
the smallest T for the combinatorial sum yielding an acceptably high success rate provides the required number of
measurements. To finish, we simply sum these log, N T-values to obtain a better upper bound on the total required
number of measurements. We next consider an alternate bounding strategy for our measurements which does not
utilize the Chernoff bound.

3.2 Gaussian Noise: Alternative Measurement Bounds

In Section 3.1 above we bounded the number of measurements required to employ Algorithm 1 in the special case
of Gaussian noise. In doing so we appealed to the Chernoff bound to obtain Corollary 1. In this section we consider
replacing lines 8 and 14 of Algorithm 1 with standard methods for signal detection and estimation in additive mean
p Gaussian noise (see, e.g., (26), (29)). By doing so we demonstrate that Algorithm 1 uses at most a constant factor
more measurements than standard methods to locate a single spike in the noisy Gaussian case.

Let m(p) be the smallest number of measurements required in order for Algorithm 1 to correctly decide I, the
right/left subset of 7 containing x;, with probability at least p € (1/2,1) as o7z — oco. Equation 10, derived using

the Chernoff bound, tells us that

o2,

1
Faleh)

Alternatively, we can decide which subinterval of 7+ contains x; by directly comparing the average of several mea-
surements from the right subinterval of 7™ to the average of several measurements from the left subinterval of 7*. In
effect, we perform a generalized likelihood ratio test by testing the maximum likelihood estimates of each subinterval’s
mean against one another. Assuming, without loss of generality, that we know the spike amplitude C; is positive, we
simply choose the larger of the two maximum likelihood mean estimates.

Let ri1(p) /2 be the number of measurements averaged from each subinterval for our mean estimates. Then we will
correctly decide 7} with probability

) 1(p)/2 2 m(p)/2
P2 Y mpt) > —=—- Y metyl. (12)
A T ]Z; T n(p) ]Z_; 7l
Because our additive noise is Gaussian, we can see that
B P B AR
p= 2 +er
2\/_0']+
Hence, we have that
2 52 5
- _ I _
m(p) <2 Cz (erf Yp - 1)) } e '(erf Y(2p - 1)) +2. (13)
1

See Figure 1 for a comparison of the bounds in Equations 11 and 13 in the noisy setting (i.e., 07: — ©0).

Looking at Figure 1 we can see that the Equation 11 bound obtained for Algorithm 1 using Chernoff is within
a relatively small constant factor of the Equation 13 bound obtained for Algorithm 1 modified to use maximum
likelihood based methods. Indeed, for all desired success probabilities larger than 0.9 both bounds are within a factor
of 5 from one another. Furthermore, one must remember that the Chernoff bound is not tight. Algorithm 1 actually
requires less measurements per decision than the m(p)-bound graphed in Figure 1. We may conclude that Algorithm 1
does not suffer significantly in the Gaussian case despite its ability to handle more general measurement noise.

When Algorithm 1 is modified as described above, Equation 13 may be used to obtain the following alternate
version of Corollary 1.

13
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Figure 1: Left: Comparison of the bounds in Equations 11 and 13, each divided by

4m- ln( p)

8 (erf ' (2p-1))"

C2 ,as orx — oo. Right: The

ratio of the two bounds as 07+ — co. In effect, the graph of

Corollary 2. Let 6% be the variance of our Gaussian measurement noise over the interval [0,1]. Fix p € (0,1). Then,
a modified variant of Algorithm 1 can correctly locate a C1 magnitude spike within either I or 1~ with probability
at least p using no more than

[log, N1-1 2 2 2
Z 22T |4 et (2pmam — 1)) | < 24+ Z - (ext (2pmem — 1)) +4-[log, N]-2
C p C2 p g2
1 1
measurements.

3.3 Gaussian Noise with Known Mean

Note that if we have prior information regarding the magnitude of C;, Corollary 2’s measurement bound may be
improved by a constant factor of roughly % for large desired success probabilities (e.g., p larger than 0.99) when
the mean, u, is known. To do so we modify our subinterval decision scheme (i.e., the use of mean estimates in
Equation 12) as follows. First, if we know |C;| we need only consider one subinterval of J (note we have dropped the
superscript ‘+’ to indicate we are no longer making assumptions regarding the sign of C;). Without loss of generality,
let us always consider the right subinterval of our current test interval 7. Then, if

1i(p)

o )Z r(t) - pl> S (14)

we conclude that the right subinterval contains our spike. Otherwise, we conclude the left subinterval contains our
spike. No assumptions about the sign of C; are required. Thus, we no longer need to perform two binary searches (one
assuming C; positive, the other assuming C; negative). The end result is an approximately % constant factor reduction
in the measurements necessary to locate our single spike for large desired success probabilities.

Given that our Gaussian measurement noise mean, y, is known, the absolute value of the averaged measurements
in Equation 14 follows a folded normal distribution (30). If we would like to use measurements along the lines of
Equation 14, but do not want the resulting Algorithm 1 variant to depend explicitly on an assumed |C;| lower bound
(despite the fact that its performance still will), we can always compare the two folded normal variables

i(p)/2

L Z my,(t;) — u| and %}9) Z mr,(t) — p
j=1

14



along the lines of Equation 12. This, again, allows us to avoid having to perform two binary searches, one for each
possible sign of C;. Many such variants of Algorithm 1 exist. For example, we could compare maximum likelihood
estimates of folded normal variables (31) for both the right and left subintervals of 7, or we could directly utilize
the ratio of these two folded normal variables (32) to derive measurement bounds. However, we neglect further
consideration of such Algorithm 1 variants.

3.4 Summary

To conclude, we note that by employing a binary search for single spike recovery we are essentially transforming
the spike localization problem into O(log, N) binary detection problems. Without loss of generality, at each stage of
our binary search we must decide whether measurements of the left subinterval currently under consideration were
generated by (i) a spike in noise, or (if) noise alone. The answer to this question entirely determines whether the left
or right subinterval becomes the new interval of interest in the next stage of our binary search. When viewed from
this perspective the single spike recovery problem becomes equivalent to a series of statistical detection/estimation
problems (see (26)). We simply localize the spike by repeatedly detecting its presence in each right/left subinterval.
Hence, there are as many strategies for recovering a single spike as there are strategies for detecting the presence of
a signal in noise. Other possible approaches include the use of optimal sequential detection methods (e.g., (33)) at
each stage of our binary search. These methods could be used to collect measurements dynamically until a decision
regarding the presence/absence of a spike can be made with error probability below a user specified tolerance.

4 Multiple Spike Targeting

In this section we will demonstrate how to utilize Algorithm 1 to recover signals consisting of k spikes (i.e., how to
determine f in Equation 2). Our approach will be to partition [0, 1] into several smaller subsets of near-equal length, so
that each spike is isolated by itself in at least one of the subsets. We then apply Algorithm 1 to each subset. Algorithm 1
will recover each spike isolated in a subset by Theorem 3. On subsets which don’t isolate a spike we will, at worst,
recover a “fake spike” with a magnitude small enough to ignore. Thus, as long as Algorithm 1 succeeds with high
enough probability on each subset, we will recover good estimates of all k spikes and nothing extra. We now construct
our disjoint subsets of [0, 1].

4.1 Recovering Multiple Spikes One at a Time

Given that any two distinct spike locations, x;, and x;,, are assumed to have |x;, — xj,| > I%], we may represent [0, 1]

by its N subintervals,

SOZ[O,%),ﬁ:[%,%), ooy SN_1=|:1—%,1], (15)
only k of which contain spikes (i.e., we may consider [0, 1] to be a k-sparse array of length N). Keeping this in mind
we will demonstrate how to create g disjoint unions of these s j-subsets, each of length O (%) which will isolate each
spike from all the other (k—1) spikes with fixed probability. We can then use several of these disjoint unions to separate
each of our spikes from all the others with arbitrarily high probability. We begin by describing our disjoint unions of
sj-subsets.

Let g be one of the first 2k[log, N ] prime numbers larger than k. These primes are easily found via standard sieving
algorithms (see (34)). For each i € [0,g) N Z form the set

=) s (16)
j=h mod g
and then set
Iq:{Iq,OI Iqu, ey Iq,q—l}- (17)

1, is our set of unions of disjoint s;-subsets. The following Lemma demonstrates that a randomly constructed 7, is
likely to contain many subsets of [0, 1] that isolate a single spike from all the others.
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Lemma 3. Fix an f containing at most k spikes (see Equation 2). Choose one of the first 2k|log, N| prime numbers
larger than k uniformly at random. Then each xj, with probability at least 1 is isolated in its associated I aoh €14 In
other words, for each x;j there exists an L), € 14 so that {xy,...,Xj,...,xx} N Lyy = {x;} is true with probability at
least L.

2

Proof:

We prove this result along the lines of similar work in (35). Each x; may collide with one of the other at most
(k—1) spikes in a I, ;-subset for at most [log, N | values of q by the Chinese Remainder Theorem (see (34)). Thus, x;
may collide with any of the other < (k — 1) spikes for at most (k — 1) - [log, N | values of 4. Hence, more than half of
our 2k|log, N| potential g-values must isolate x; from the other at most k —1 spike supports in one of its 7 ;-subsets. I

Looking at Lemma 3 we can see that if we select log, ( ) g-primes independently and uniformly at random, and
then form their related 7 ;- subsets, we will isolate all of f’s spikes at least once with probability at least p. Hence,

we can utilize logz( ) g-primes in order to guarantee that we fail in isolating all spikes with probability at most

=E. Let gmax be the largest of our randomly selected primes. If we also guarantee that Algorithm 1 will fail (1n the

presence of an isolated spike) on any of these at most gnay - log, ( ) total 7, ;-subsets with probability at most £
we will assure our overall desired success probability p. This can be accompllshed by using Algorithm 1 with enough
measurements to ensure that it fails in correctly locating an isolated spike at each binary search stage with probability
at most
1-p
2 Gmax - 10g, (&) - log, N

The end result will be that we correctly locate each spike at least once with probability at least p. We can then estimate
each located spike’s magnitude using Lemma 2.

To finish recovering all spikes, we simply return all the spikes Algorithm 1 outputs (allowing only one ¥; from
each s; interval) which have estimated magnitudes that are larger than half the smallest spike magnitude we care to
detect. By not reporting spikes with smaller estimated magnitudes we exclude the recovery of ‘fake’ or ‘insignificant’
spikes. If we have prior knowledge of the smallest spike magnitude, Cmin, in f (see Equation 2) we can guarantee f’s
approximate recovery with high probability. If we have no prior knowledge of the smallest spike magnitude, then all at
most k spikes with magnitude larger than any given Cp,in value will be returned. Thus, in general, we can guarantee the
recovery of all sufficiently large (i.e., at least Cpin in magnitude) spikes in f with high probability. See Algorithm 2
for multiple spike recovery pseudocode.

(18)

4.2 Bounding the Required Measurements
We are now ready to consider the measurements required to locate all k spikes and estimate their magnitudes Let
[

plying Theorem 3 to each of our O (qmax -log, (ﬁ)) 1, ,-subsets with the required Algorithm 1 success probability
guarantee from Equation 18, we can see that we will need a total of

o2 o2 Gmax - log logN
e - log N - 42211 70 ]-log[ g ;)

01] be the variance of our measurement noise over [0, 1]. Then we can see that Var [m I, (t)] will be O ( Ly ) Ap-

C2.~ N-a2C%

min min

measurements.
To finish, we bound gmax in terms of k and N. Using results from (36) it is not difficult to prove that the 2k|log, N
prime larger than k is itself at most the

Jth

th
1 1.2762 1 )] (19)

[ZklogkN'(l " 2InN ' 2InkInN © 2klog N
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Algorithm 2 NO MORE THAN K DELTAS
1: Input: Maximum number of spikes k, Position tolerance N, magnitude tolerance «, smallest spike magni-
tude of interest Cp,in, Success probability p, total measurement budget B

2: Output: Estimates of magnitudes > %Cmm, {Cy,...,Ck}, and their positions, {xi, ..., x;}
3: Find all spikes at least once...

4: SPIKES «— 0

ssforj=1, j<P= O(log(ﬁ)), j++do

6: g <— Randomly select one of the 2k[log; N| primes > k

7. Form I, (see Equation 17)

8: foreach 7, € 7,do

9: (%, C) «— Algorithm 1 with input (7 gh» 2N, @, O (1 — Equation 18), O (B/qP), y from Lemma 2)
10 if |C| > %Cmin then

11 SPIKES «— SPIKES U {(%, C)}

12: end if

13:  end for

14: end for

15: Remove excess spike approximations...

16: {(io, Co), (J~C1, Cl) ...} «— Sort SPIKES by ¥’s
17: forn =0, n < |SPIKES|, n + + do

18:  while |[x, — x,41| < § do

19: SPIKES « SPIKES — {(%p+1, Cui1)}

20:  end while

21: end for

22: Return SPIKES

th
prime number. Therefore, we can see that gmax 1s at most the <5k -log, N ) prime for all N > k > 3. Appealing again
to results from (36) we can see that

Jmax < 10k - log, Nlog,(5k - log, N).

In fact, this bound is fairly pessimistic (especially for large k and N). However, it is good enough to assert that we
need no more than

O

k-log® N - log, (klog, N) + 2 TN T -7 (20)

o? o? k-log® (26N) . 10g? N
[01] [0.1] ]_10g2[ (%)

measurements to find and estimate all k spikes with probability at least p. We obtain the following theorem.

Theorem 4. Fix o € (0, %) p € (0,1), and Cyin € R*. Let 0* be the variance of myo1)(t). Finally, suppose that there
are at most k spikes, C1-0(x—x1),...,Cx-0(x —x¢), in [0, 1]. Then Algorithm 2 can, with probability at least p, output
X, C]- for all spikes with |Cj| > Cin such that both |J?j - xj| < % and )C]- - C]-| < a - Cin are true. The number of
required measurements is bounded above by Equation 20.

4.3 Discussion
It is worth mentioning that the measurement bounds for Theorem 4 can be improved slightly to

k-10g?NY (%hy Koy k-log? N
k-log?N -1 +] ==+ = |.logk-log| —2—
% Og( 1-p ] [CZ N-arcz, | RN Ty

min min

O
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by using adaptive group testing methods from (20) together with Algorithm 1. However, the related constructions are
less straightforward and have universal separation guarantees which yield unnecessarily complicated theorems in the
presence of measurement noise. Furthermore, a careful comparison of these bounds reveals that Equation 20’s work is

only slightly improved, if at all, in the noisy case (i.e., when 0[0 1 is relatively large). In the no noise case (i.e., when

[01 = 0, p fixed) Equation 20 is improved by roughly a O (log( )) factor. Similarly, in the noiseless positive

2
spikes case (i.e., Olo1] =

constant factor of the O(k - log(N/k)) information theoretic lower measurement bound by using the linear-time two-

stage identification process from (37). However, we are primarily interested in sublinear-time noisy sparse recovery
2
[011

=0, all C; iz > () the measurement bounds for Theorem 4 can be improved to within a small

here. Hence, we have focused on deriving the best achievable bounds with respect to the -term using the simplest

mm

possible methods.

Note that our 7 ;-subsets (see Equation 17) can be created non-adaptively before any measurements are taken. In
fact, when used in combination with a bit testing matrix (see (20)) Theorem 4 can be achieved using entirely non-
adaptive measurements. However, non-adaptive measurements incur an additional O(log N)-factor on Theorem 4’s
noisy measurement bounds. Hence, we have focused on adaptive methods. As presented here Algorithm 1 requires
the fast adaptive bisection of its initial input subset. Assuming that both bisecting and measuring intervals can be

2
%o

_o1]
+ T
min

done at unit cost, Algorithm 2 runs in O (( ) logo(l) ( )) time. Hence, for modest noise levels

the required runtime is sublinear in N.

We finish the present discussion by noting that Algorithm 2 can be improved in several respects in practice. First, if
we adaptively select and create our £ ;-subsets with smaller g-values as more spikes are discovered, we should be able
to reduce the measurement costs of Algorithm 2 significantly on average. Furthermore, if our measurements are also
fast to construct on the fly, adaptive creation of our 7 ,-subsets should also decrease the runtime in practice. Lastly,
Algorithm 2 as presented here is highly parallel. That is, each line 9 application of Algorithm 1 can effectively be
carried out independently of all the others. In practice far fewer measurements will be utilized overall if the subsets
of [0,1] that are identified as most likely containing no spikes after the i application of Algorithm 1 in line 9 are
subsequently removed from consideration in all 7, subsets thereafter. Similarly, removing identified spike locations
from consideration as they are discovered should also reduce measurement usage in practice.

4.4 A Special Case: Gaussian White Measurement Noise

We now consider multiple spike support recovery in the case of Gaussian white measurement noise with unknown
mean (. Our goal in this section is to bound the number of measurements required to locate a set of approximate spike
locations (i.e., 7*/~-subsets) which contains good approximate locations of all k spike supports. Note that we only
require that we locate a set containing the spike supports. We may also recover additional ‘fake’ or ‘insignificant’ spike
supports. However, once a set containing the true supports is located, Lemma 2 can easily be applied to each potential
spike at relatively small cost in order to determine whether it is significant. Thus, we concentrate on bounding the
number of measurements required to locate some small superset of f’s support.

We begin by considering the application of Corollary 1 to a slightly modified 7, ,-subset (see Equation 16). We
will assume for the purposes of this section that f Iz, dx = f Iz, dx for all hy,hy € [0,9) N Z. This is easily
enforced by creating each 7, subset as before, except for the last N mod g sj-intervals (see Equation 15) which can
be equally divided by length between the g 1, -subsets. Thus, if 0[20,1] is the variance of myoq(f), each my, (f) will

have variance [3” Using this modification along with Corollary 1, we have that the number of required Algorithm 1
measurements for each 7, ,-subset is bounded above by

In MogN/)1 2. In ) o? 1
o) ~pc). > f( o =O[[ o logzuv/q)]-l (155 )] a
erfz(%) n=1 erfz(—( ) VI mm) 9" “min p

20[0,1]

All that remains for us to do is to bound (i) the number of 7 ;-subsets to which we will have to apply Algorithm 1,
and (ii) the probability § with which each Algorithm 1 binary search decision must succeed.
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Let q; be the 7™ prime number. Thus, q; = 2,4, = 3,93 = . Let M be such that qM = fmax- Equation 19 tells
us that M is bounded by 5k-log, N forall N > k > 3. Assummg that we choose [log2 ( )] primes uniformly without

replacement as per Section 4, we can see that the total number of 7, ,-subsets to which we must apply Algorithm 1 is

bounded by
M

4k
51 = Z q; < 10k - log, (E) -log, N -log,(5k - log, N). (22)
j=M-|log, ;)]
Similarly, the total number of required binary search decisions over the course of these Algorithm 1 executions is
bounded above by

M
S, = Z g; - 1og,(2N/q;) < S1 - log,(2N/K). (23)
j=M-|log, (5|
Hence, in order to guarantee that an incorrect binary search decision is made with probability at most =2 , it suffices to
setl-p = 1n Equation 21. Combining Equations 21, 22, and 23 brings us to the following Corollary to Theorem 4.

Corollary 3. Let 6 be the variance of our mean u Gaussian measurement noise over the interval [0, 1]. Fixa € (0, %)
p €(0,1), and Cmin € R*. Finally, suppose that there are at most k spikes, Cy - 6(x — x1),..., Cy - 6(x — x¢), in [0, 1].
Let Sy be defined as in Equation 23. Using less than

M In (2 Sz) Mog,(N/g/)1 2.1n (2 52)

Z 9 1-p 1-p

—_— ) +
D O] e = A M

measurements, we can correctly locate all spikes with magnitude at least Cyin to within %—tolerance with probability
at least p. Thus, the required number of measurements is

O

o? InN - In(N/k) - In(kIn N) k
(e e T L P R

min

k-InN-In(N/k) - In(kInN) - ln<ﬁ)
Ink-(1-p) :

As 0% — oo the number of required measurements is bounded above by

52 Ak 20k - InN - log, (5k - log, N) - log, (14—) logz(ZN/k)
127t - -log, ( ) -In

c Ink-(1-p)

min

If, in addition, N — oo in such a way that % — 0 this bound improves slightly to

o2 m 4kInN - In(2klog, N) - log, () - log2(2N/k)
127 - logz( P) In

Ink-(1-p)

CZ

min

Proof:
We begin by bounding S, (see Equation 23). We have

Sy < qum -log, (%) -log,(2N/k) < 10k - log;, N - log,(5k - log, N) - log, (%) -log,(2N/k).

It is well know that g ~ M In M (see (36)). Combining this fact with Equation 19 we can see that

gm ~ 2klog;, N - In(2klog; N).
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Hence, as N — oo, S, will be bounded above by
4k
2klog, N - In(2klog, N) - log, T-p -log,(2N/k).
Combining Equations 21, 22, and 23 shows us that the number of required measurements is bounded above by

2-S 1 N, 2.5
f 2 n(35) T 4m(E)
j j"Cmin \FZ i i"Cmin
j:M-[logz(%)J eer (WT) n=1 erf2 (HZ—f)

(24)

which is
M ) )
Z o 52 o k S,
’ =] (”)qu.((qj'cfninHogz(N/qj)).ln(l‘P)) :O((Cfnin'log(l—P)JrSZ)'ln(l—P))'
J=M=log\ 155

Substituting the S, bounds into the rightmost equation directly above gives us our stated result.
Finally, we consider the limit as 6> — oo. Utilizing Corollary 1 as we can see that as o2
becomes bounded by

M 2 2
o 252 O 4k 252
E 111-(1271-%'C2 -ln(l_P))Snn-Cz .logz(l—p)'ln(l—p)’

j=M—[10g2(%)J min min

increases Equation 24

As before, combining this last inequality with our S; results finishes the proof. O

We conclude by noting that alternate bounds for multiple spike recovery can be developed along the lines of
Section 3.2 for the Gaussian case. However, the overall improvements obtained are on the order of the modest constant
factor decreases in measurements seen previously (e.g., see Figure 1). Hence, we leave the careful analysis of such
alternate Algorithm 2 variants for future work.

5 Conclusion

The adaptive algorithm (i.e., Algorithm 2) described and analyzed throughout the majority of this paper is only one of
many potential recovery methods that can be created by combining combinatorial group testing constructions (e.g., see
(37)) with signal estimation and detection methods (e.g., see (26), (29)). More generally, any good binary group testing
matrix which tends to isolate the members of any small number of signal components can be used to segment a search
space into smaller regions likely containing only one signal component or target. Signal detection and estimation
methods can then be used to search each smaller region for a single isolated signal component.

As a one final observation, we point out that this type of search and recovery scheme is very easy to parallelize
since each disjoint region of the search space dictated by the group testing construction can be searched independently.
This essentially follows from the fact that the group testing methods we have considered here to segment the search
space are themselves non-adaptive, despite the fact that each smaller resulting region is itself searched adaptively.
Although this non-adaptive partitioning of the search space promotes parallelism, it may ultimately hurt performance.
In practice the total number of utilized measurements can probably be reduced further by adaptively partitioning the
search space into smaller regions. However, we leave further considerations along these lines to future work.
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A Proof of Theorem 1

Suppose f is k-sparse when represented in terms of a known orthonormal basis @ = {¢; | 1 < i < N} of either (i) RN

in the discrete case, or (i) a subspace of periodic functions on [0, 1] in the continuous setting. That is, f = Y, f? o}
where f_)e RY is k-sparse. Let Cpin = min {| f?z (f, qbi>| ( i € supp(f )} be the magnitude of the smallest of the k

non-zero coefficients of f = ®[f] € RV.
In the discrete case we directly define G = {g fi | 1<j< m} to be an m X N real-valued random matrix. In this case

G denotes the jth-row of G, each of which is independently drawn from the zero-mean isotropic Gaussian distribution
N(O, Inxn). Each measurement test function, M; = ®G;, will then also have the zero-mean isotropic Gaussian
distribution N(0, Inxn) since @ is orthonormal. In the continuous case we assume that each G; € G is an independent
Gaussian white noise process (i.e., G; = dW/dt for 1 < j < m). Thus, each measurement will have

N N
M; = Z(Qﬁ% “Pi = Z 8ji " i
= =1

where the g;; ~ N(0, 1) are uncorrelated standard normal random variables. Hence, in both the discrete and continuous
cases we ultimately end up with measurements of the form

N N
M, f+Pp) =M, )+ M, P =Y g fi+ Y aji (60, P)). (25)
i=1 i=1

Therefore, we see that our test functions, M;, will always produce measurements equivalent to the inner product of

f_)e RN with a random Gaussian vector gj ~ N0, Inxn), plus additive noise. We will next consider the additive
measurement noise generated by #;.

In the discrete setting we will simply define an m X N noise matrix, $, having independent and identically dis-
tributed (i.i.d.) normal entries with mean 0 and variance ¢2/N. In this case P~ N(Q, %2 -Inxn) will denote the jth row
of #°. In the continuous setting we assume that each #; is an independent weighted Gaussian white noise process (i.e.,
P = \/Lﬁ -dW/dt for 1 < j < m). In either case it is not difficult to see that the accumulated additive measurement

noise from Equation 25, conditioned on the test function M, is (M;,P;) ~ N(O, IIM]-II§ -02/N).

Based on the two previous paragraphs we can see that it suffices to prove Theorem 1 in the simplified discrete
setting where f = f_)e RN is itself a k-sparse vector. Our non-adaptive measurements are then given by an m x N
random matrix, M, with each row, Mj, independently drawn from the zero-mean isotropic Gaussian distribution
N(0, Inxyn). Furthermore, we may define P to be an m X N random real-valued noise matrix consisting of m - N
independently and identically distributed (i.i.d.) normal random variables. Finally, we assume that we have a single
detector which, at time ti € R*, returns a noisy linear measurement (i.e., a discrete dot product along the lines of
Equation 1) of the form

<M]',f + P]> = <M],f> + (Mj,?j). (26)

Examples of such single detector systems include the famous single pixel camera (38). Given such a simplified setup
we want to know how many measurements we must take in order to recover the support of f. Equivalently, we want
to know how large we must make 71 in order to be able to entirely recover supp(f) using only the measurements Mf.
We will answer this question by adapting the proof of Theorem 2 from (13) to our simplified Equation 26 measurement
model.

We begin setting up the proof by fixing some notation. Let fk be the k length vector of ones and J nxn be the N XN
identity matrix. We then define ¥ to be Cpin, - fk. Next, for each U C [1, N] N IN with |[U| = k, we will define My
to be the m X k matrix formed by selecting the columns of M indexed by U. Finally, we define the random vectors
p,w € R™ to have fi; = (M;, Pj) ~ N(O,IIMjl3 - 0*/N) and @; ~ N (0, 02), respectively, for all j € [1,m] N N.

Consider the related restricted problem of recovering a k-sparse vector, f € RN, which is known a priori to have
both (i) supp(f) = supp(f), and (ii) f; = Cpnin for all j € supp(f). We can solve this restricted problem by searching
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all N = (I,\(] ) subsets of size k from [1, N] N N seeking to minimize
s (U) = (M + ) ~ Mo ||
= (Moo~ Mu) 3+ Hz : 27)

Note that ||Mj||§ - 6%/N follows the Chi- square distribution with mean ¢ and variance 20*/N. Thus, Chebyshev’s
Inequality tells us that

o
N e?

for € € (0,1) sufficiently small. Setting, for example, € = V20?2/ y/log N the union bound tells us that 7 1% as
N — oo for all m = 0(N/logN). Furthermore, we can see that g (U) in Equation 27 provides an asymptotically
optimal decoder for the restricted problem.

Order the k-element subsets of [1,N] N N lexicographically and then index them from 1 to N = (I]\(] ). For any
i € [1,N] NN we will let U[i] denote the i subset in this ordering. Next, let D be an m X m diagonal matrix
with D;; = [|M}|2 - */N for each j € [1,m] N N. From above we know that D — 62 - T as N — oo almost
surely. It is not difficult to see that non-adaptive Gaussian measurements of f will produce a random vector of the
form P; = Myp@+ g ~ N (Mugid, D) for some i € [1, N] N N. The Kullback-Leibler divergence between two such
potential non-adaptive measurement distributions is

P[JIMIE - 0*/N = 0% 2 €] <

1 S _ S
D ®ilPy) = 5 ((Mug@ = Mugei®)" D™ (Mugad - Mugind)).

Furthermore, this divergence is a function of our random non-adaptive measurement matrix M. Hence, we have that

2

C
D (Pil|Py) = ( mm) (k - Uil 0 UL - Z— 72

where Y; = IIM]-||§ ~ xzz\] and Z; ~ N (0, 1) are dependent for each j € [1,m] N N.

More carefully considering the dependence of Y; ~ X%\, and Z; ~ N'(0,1) for each j € [1,m] N N we can see that
it is entirely due to the at most 2k standard normal variables making up the entries of M; indexed by U[i] U U[7'].
Furthermore, the net contribution of these at most 2k variables to Y; will always be nonnegative. Let

Y—ZMZ: Y, M

nel[ilul[i’] ne[1,NINN—(U[]uU[i’]) "
Then o o
D (PillP:) < (%) (- UED- ), 5 Z
j=1
where Y XN oL and Z; ~ N (0,1) are independent for each j € [1,m] N N. Therefore we will have

Crin , v N
E[D (P/[P;)] < (?) (k= UG N UL - Y | E[Vj] -E[Z}]

j=1

C?
s( mln) (k= UL N UL - — 5 (28)
2 -5

Equipped with this upper bound for the expectation of each divergence as a function of our random measurement
matrix we may now consider the number of measurements necessary to reliably recover the support of f.
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The remainder of the proof depends on employing the following weakened form of Fano’s inequality (see Lemma
2in (13)). That is, the average probability of error, perror, in performing a hypothesis test over a family of distributions
{IP4, ..., Py} is bounded by i
LYo D(PilIPy) +log2

=1 log(N—l)

Perror =

Considering the expected average probability of success as a function of our random non-adaptive measurement matrix
we can see that

N

- _ 1 gL Py + —282
1D [1 perror] < 10g (N ~ 1) E I:Nz i/j[Zﬂ D (Pi||P;) | + log (N ~ 1)
log (N - 1) o? 1-22  og (N - 1)

by Equation 28. Applying Markov’s Inequality we can see that the average probability of successfully decoding the
support of an input f as a function of the randomly chosen measurement matrix is bounded by

1 2 o m 2-log2
P[l_perrorzi]ﬁ — ( > )'k' 7o t ~g .
log(N-1) \ @ 1-22  log(N-1)

Therefore, if the right hand side of the inequality above is less than one then the probability of choosing a Gaussian

measurement matrix capable of “almost always” decoding the correct support of most sparse vectors, f, will also be
less than one.

Finishing, we can see that IP [1 — Perror = l] < % whenever

1— k=22 o2
m<[ = ]-Cz—-log(N/k)

16 min
1 — 2k=2 2 lo (N — 1)
< N . o . &
- 8 C?nin k

with N > 2k > 32. Theorem 1 follows. Mainly, we see that we can not expect non-adaptive Gaussian measurements
to allow the recovery of all k-sparse signals with high probability unless m is QO (C"Z—z -log (N/ k))

min

As one final comment we note that methods from (13) can be used much more directly to prove that non-adaptive
Bernoulli measurement matrices, M € {—1,1}"N, can also only accommodate reliable sparse recovery in the presence

of Gaussian background noise if m is (2 (C"Z—z -log (N/ k)) Similarly, we expect that more complicated modifications

of this argument can also be used to demonstrate that this scaling for m is in fact required for other random non-
adaptive measurement ensembles commonly utilized for sparse recovery problems (e.g., see (39)).
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