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Abstract

In this paper, a computational optimal system for the generation of curves on triangulated
surfaces representing 3D brains is described. The algorithm is based on optimally computing
geodesics on the triangulated surfaces following [17]. The system can be used to compute
geodesic curves for accurate distance measurements as well as to detect sulci and gyri. These
curves are defined based on local surface curvatures which are computed following a novel

approach here presented. The corresponding software is available to the research community.

Keywords: Brain images, warping, sulci, gyri, geodesics, segmentation, triangulated surfaces, com-
putational neuroscience.
1 Introduction

The need to work with three dimensional (3D) representations of the brain has been demonstrated

in many areas of computational neuroscience [11, 34, 32]. Applications that use this representation



include brain flattening for visualization [1, 35, 36, 38], brain warping [31], and signal detection [25].
In these applications, geometric computations are done on the surface. For example, many of the
techniques for brain flattening require accurate computations of geodesic distances (that is, minimal
distances while the traveling path is restricted to the surface). Sulci extraction are needed in order,
for example, to impose boundary conditions to common brain warping algorithms. Segmentation
of information defined on the 3D brain is needed in cases like signal detection in fMRI. In this
paper, we describe a system! to computationally optimally generate weighted paths on triangulated
surfaces. Particular examples include geodesic distances, sulci and gyri extremes, and segmentation
by tracing. We limit ourselves in this paper to work with triangulated representations of the brain,
being this one of the most commonly found representations in the computational neuroscience
literature. Such triangulated representations can be obtained with segmentation algorithms as
those described in [6, 13, 30, 37]. The work can easily be extended to more general polygonal
representations. In order to extend the work here presented to implicit representations, we could
use the techniques introduced in [3, 5]. Since many of the current state-of-the-art brain segmentation
algorithms obtain an implicit representation, which is later triangulated, the extension of the work
here reported to these implicit surfaces is of extreme significance and will be reported elsewhere.
The basic idea of our system is to first use the technique introduced in [17] (and here extended)
for the fast computation of accurate weighted distances on triangulated surfaces. This is combined
then with the work in [7, 15, 16, 17] and new developments here presented for computing the
corresponding path that achieves the minimal weighted distance (geodesic curve), the specific weight

being dictated by the application.

2 Basic three dimensional differential geometry

Let’s start by presenting some basic concepts in three dimensional differential geometry; see for
example [9]. We consider regular surfaces S(u,v) = (z(u,v),y(u,v), z(u,v)) : IR? — IR3, which are
homeomorphisms, for which each one of the coordinates have continuous partial derivatives, and

such that the differential map

Ty Ty
ds = Yu Yu
Zu 2

!This system is available for the research community at www.ece.umn.edu/users/guille.



is one-to-one. These regularity conditions avoid self-intersections.

The differential map dS evaluated at a surface point P = S(ug,vg) defines the tangent plane
at the point, which is of course independent of the parametrization (u,v). We can consider vectors
in this tangent plane (which are vectors in IR?), and define the inner product between them. The
inner product of any vector @ in the tangent plane with itself defines the first fundamental form

Ip(w) of the regular surface S. Lets define
Sy = (Jf'u;yu;zu)a Sy 1= (xvayvazv)'

Any vector in the tangent plane is the tangent to a parametrized curve C(p) € S(u(p),v(p)) going
through the point P (p is an arbitrary parametrization). Assuming that C(0) = P, it is easy to
show that

Ip(C'(0)) = E(u)? + 2Fu'v' + G(v")?,

where

E:=<S8,,S, >p, F:=<8,,8,>p, G:=<8,,8, >p.

One of the properties of the first fundamental form is that we can compute the Euclidean

arc-length of C from it:

P ! _ P 1 — P ! 1,/ !
s:/o Ic ||dt—/0 ,/I(C)_/O VE@)? + 2Fu + G2,

We have just worked with the tangent plane, let’s now describe a few concepts related to the

surface normals. The unit normal to the surface is given by

W= Sy X Sy
| Su xSy |’

where (- x -) stands for the vector obtained by the exterior product of two vectors. This is basically
a map from the surface to the unit sphere S? in IR3. This map is the so called Gauss map of the
surface. (Actually, this definition only applies to regular surfaces with an orientation, i.e., that
have a differentiable field of unit normals.)

Let’s now have a look at the differential map dNp mapping a vector from the tangent plane of
S at P to the tangent plane of the the unit sphere S? at Np. This is a linear map, mapping a plane
into another parallel plane. For each parametrized curve C(p) such that C(0) = P, we consider the
curve N -C(p) in the sphere $2, that is, the normals to C(p). The tangent vector N’ = dN(C'(0)) is

a vector in the tangent plane at the point P, measuring the rate of change of the normal restricted



to the curve C. For curves, this is a number, the curvature. For surfaces it is the linear map. This

map gives light to the second fundamental form, which is given by
I1p(5) == —{dN(7),7),

which is defined on the tangent plane at P.

Having now the definition of the second fundamental form, let’s now start looking at curvatures
on the surface. Let C be a curve on S passing through P, k the curvature of C at P, and cosf =
(7t,N'), where 7 is the normal to the curve and N as before the normal to the surface (both at
the point P). The number &, := kcos@ is called the normal curvature of C at P. The normal
curvature is basically the length of the projection of k7 over the surface normal. Since (/\7 ,C) =0,

(N,C"y = —(N",C"), and from here and the definition of the second fundamental form,
IIP = Knp-

In other words, the value of the second fundamental form ITp for a unit vector ' on the tangent
plane at P is equal to the normal curvature of a regular curve passing through P and with tangent
¥. In addition, all curves lying on the surface and having at a given point the same tangent, have
the same normal curvature.

From the results above, we can talk about the normal curvature at a given direction. We can
then consider all possible directions, and obtain the maximal and minimal normal curvatures x; and
ko respectively. These are the principal curvatures of the surface and the corresponding directions

are the principal directions. This leads to the definition of the Gaussian curvature

K .= KR1Kk2,
and the mean curvature
K1 + Ko
H:— .
2

These curvatures are actually the determinant and negative half trace of the differential of the
Gauss map, respectively.

Let’s now present a slightly different way of computing the mean curvature H which will be
helpful later in this paper. If we locally define the surface as a function z = f(z,y), then taking
F(z,y,z) =z — f(z,y) = 0, the mean curvature can be obtained as

: VF
H=—-dw (W> .
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The surface normal can be expressed in terms of VF' as

- VF
N=
|VF|

where N is the outward unit normal. Therefore, we can compute the mean curvature as the

divergence of the normal vector:

H=—div N.

The last concept we want to introduce is the concept of geodesic curvature. The geodesic
curvature k4 at a point P of a curve C € S is given by the projection of the vector x7 onto the
tangent plane (this is the absolute value). That is, the absolute value of the geodesic curvature is

equal to the length of the tangential component of k7i. From this, it is obvious that

2 _ 2 2
K™ = Ky + K.

A geodesic curve is a curve on the surface with zero geodesic curvature. The minimal path between

two points on a surface is always a geodesic curve.

3 Optimal weighted distances on triangulated surfaces

We now present, following [17] (see also [2, 19] for other related works on triangulated surfaces), the
technique used by our system to compute the weighted distance between two points 1 and x2 on
the triangulated surface Sa which approximates the regular surface §. That is, given a seed point
z1 € Sp, for every second point z3 € Sa, we want to compute the distance dg(s,)(z1,72), where
g(Sa) is a given weight defined on the triangulated surface Sa. The weighted distance between
two pints on the continuous surface S is given by
)

dys)(@n,m2) = [ gla)ds 1)
where ds stands for the Euclidean arc-length. All the measurements are of course to be made
intrinsically to the surface. That is, ds is measured on the surface S and the path that achieves the
minimal distance will lay on the surface as well. If Sp approximates &, we are then looking for an

efficient computation of dy(s, (1, z2), an approximation of the true weighted distance dg(s)(z1, z2),

where 1,2 are two arbitrary points on the surface (not necessarily the vertices in Sp).2 Kimmel

*Note that in this section we are just discussing the computation of the distance, not the exact path (geodesic

curve) that achieves the minimum. This will be addressed in the following section.



and Sethian have devised an optimal algorithm for doing exactly this, and we briefly describe it
now.

Computing minimal weighted distances and paths in graphs is an old problem that has been op-
timally solved by Dijkstra [10]. Dijkstra showed an algorithm for computing the path in O(nlogn)
operations, where n is the number of nodes in the graph. The weights are given on the edges
connecting between the graph nodes, and the algorithm is computationally optimal. In theory, we
could use this algorithm to compute the weighted distance and corresponding path on triangulated
surfaces, being the vertices the graph nodes and the triangle edges the connections between them.
The problem is that this algorithm is limited to travel on the graph edges, giving only a first ap-
proximation of the true distance. Let’s illustrate this problem with a simple example. Assume we
have a planar graph with three nodes located at the coordinates (0,1), (1,0), and (0,0). Assume
that we have only two edges, one from (1,0) to (0,0) and an additional edge from (0,1) to (0,0).
Assume also that both edges have weight equal to one. If we use Dijkstra algorithm, we will get that
the distance between (1,0) and (0,1) is 2. But we know that the distance is v/2. The problem here
was that we were forced to travel only through the existent edges, and there is no edge between
(1,0) and (0,1). The same problem happens in more elaborated graphs, including triangulated
surfaces (the path from a vertex to the middle of the opposite side on a given triangle will be
wrongly computed for example). One algorithmic way of solving this problem is to add nodes and
edges. This will both increase the complexity of the algorithm and will actually not converge to the
true continuous weighted Euclidean distance. The solution to this problem, limited to Cartesian
grids, was developed in [12, 26, 27, 33]. Tsitsiklis described an optimal-control type of approach,
while independently Sethian and Helmsen both developed techniques based on upwind numerical
schemes (see below). This work was later extended in [17] for triangulated surfaces, being this what
we describe below.

The basic idea behind the optimal techniques for finding accurate weighted distances is to note
that the distance function holds the following Hamilton-Jacobi Partial Differential Equation (PDE),
e.g., [4, 16, 22, 23, 27

Vdlg =1, (2)
where d is the distance from a given seed point to the rest of the space. That is, we can transform

the problem of optimal distance computation into the problem of solving a Hamilton-Jacoby PDE

(recall that g is know, it is the given weight). We now describe an O(n logn) technique for solving



this PDE.

3.1 Solving |Vd|g =1 on a triangulated surface

The main idea to obtain a computationally efficient solution to Equation (2), the so called Eikonal
equation, rests on building the solution outwards from lower distance values to higher ones, march-
ing the solution in a upwind direction. Initially we specify a seed set (in our case this is just a
point, z1), that will have zero distance value. From this set, we start building the distance function
letting the information flow upwards, from low to high values, until the whole domain is covered.
Moving now to triangulated surfaces, let us describe the update procedure for a given vertex over
one triangle.

Consider the triangle ABC, as shown in Figure 1, where we want to update the distance value
at vertex C. The idea is to fit a plane over the triangle, given the distance values at the other two
vertices and the slope % (corresponding to the right hand side of the Eikonal equation). We assume

without loss of generality that d(A) = 0.

d(©)

Figure 1: Update procedure for triangle ABC. We want to compute the distance value at C, fitting a plane over
the triangle, based on A and B distances, and the desired plane slope 1/g.



We define the following quantities:

t:=d(C) — d(A), u:=d(B)—d(A),
a:=BC, b:= AC,
6 := ACB, ¢:=CBD,
h:=asin¢

Then, we search for ¢ that sets the slope of the plane to be:

t—u_

1

h g

Substituting A in the previous expression we obtain a quadratic equation for ¢ (see [17, 28] for the
exact derivation)

(a® + b — 2abcos 0)t + 2bu(a cos § — b)t + b? <u2 — Z—z sin? 0) =0. (3)

The solution ¢ must be greater than u, and should be updated from within the triangle, that is,

h should lay between edges CA and CB, see Figure 1. By similarity, we have ¢/b = u/AD, so

CD =b— AD = b —bu/t = b(t — u)/t. When h coincides with CA we obtain the lower bound

CD = acosf. Similarly, when h coincides with C'B, we have the upper bound CD = —%,. Thus,

cosf"

the resulting restriction for the update to come from inside the triangle becomes

b(t — u) a
t cosf’

acosf <

Accordingly, the update procedure for each triangle is given by:

1. Compute ¢ from Equation (3).

2. Ift >wuandacosf < b(tt_u) < o then d(C) = min{d(C), t+d(A)} else d(C) = min{d(C), g—l—
a(4), % + d(B))

For monotonicity reasons we require the triangulation to be acute, this is so that any front
entering the side of a triangle has two points to provide values before the third one is computed.
This way we restrict the update to come from within the triangle. To see this, consider the situation
in Figure 2, where we have considered an obtuse triangle ABC, and the arrows show the direction
of the moving front. In this case, the front would first reach point A, then point C, and finally
point B. So, point C' is supported only by point A what means that the actual direction of the

coming front can not be recovered.



Figure 2: Obtuse triangles and advancing fronts.

Therefore, non-acute triangulations require a special treatment in which every obtuse triangle
is split up into two acute ones. The procedure to find the third vertex involves its search in the
unfolded adjacent triangles, where the search is restricted to a limited section of incoming fronts,
see Figure 3. This limited section, obtained between the perpendiculars to both sides of the obtuse

angle, guarantees that each resulting triangle would be acute, as required.

Figure 3: Handling procedure for obtuse triangles. Triangle ABC is divided into two acute ones ATC and BTC.
Left: Triangulated surface in 3D space. Right: Unfolded surface in the plane. The shaded region shows the limited

section of incoming fronts for vertex C.

This construction procedure introduces a new neighboring relation between vertex C' (where the
obtuse angle occurs) and vertex T (the corresponding new vertex in the unfolded surface). As we
will see, this cause the need of special handling procedures (and slight modifications to the original

algorithm) in both constructing the distance function and obtaining the exact geodesic path from



the back propagating algorithm described in the following section.?

The nature of the upwind operators guarantee that the solution is build in a monotonous
fashion, i.e., from lower distance values to higher ones. Nonetheless, the previously mentioned
splitting procedure for obtuse triangles can lead to situations in which the marching procedure
suddenly finds a smaller distance value than a previously computed one. Consider for example a

simple situation like the one in Figure 4. Suppose that the update procedure is approaching by the

Figure 4: Undesirable situation caused by splitting obtuse triangles. See text for explanation.

lower-left side of the figure, where we have just computed the final distance values for vertices T
and B, in that order. Assuming that B was updated from 7', we have d(B) = d(T)+TB.* Next, we
proceed to compute the distance at C. As we have an obtuse angle at C we must find the appropriate
vertex in the unfolded surface, corresponding to T' (as seen before). If CT < BT we may find a
value for d(C) satisfying d(C) < d(B), contrary to the upwind nature of the method. If we have
uniform weights, the value at B is still correct, since the update of B from T' (d(B) = d(T)+TB) is
always smaller than the update of B from C (d(B) =d(C)+CB =d(T)+TC+CB > d(T)+TB),
just using the triangular inequality TC'+ CB > T'B. On the other hand, if weights are non-uniform
(as is our case) the mentioned inequality does not hold anymore, and we may find a smaller value
for d(B) if its update comes from vertex C. For example, suppose that the cost to reach B is much

higher than the one to reach C. In this situation, it may be cheaper to reach B via C, than going

3Strictly, this only happens when we have non-uniform weights, i.e. g # 1.

4 Assuming for simplicity, that the update comes directly along the direction of BT.

10



directly from T to B, thus obtaining a smaller value for d(B).

This situations cause the algorithm to obtain smaller distance values than previously computed
ones, in contradiction with the monotonous construction procedure intended by fast marching
methods. The cause of this problem is the previously mentioned unilateral neighboring relationship
that exists between C' and T'; T is C’s neighbor, but C' is not T’s neighbor. So, when we update
the neighbors of T', we do not consider C, when we actually should.’

In the implementation of the algorithm, any time a situation like this arose, we recompute
distances at all vertices with greater distance values than the newly computed one. Doing this,
we guarantee monotony in the construction procedure, as initially intended. In practice, only
immediate neighboring vertices can be affected, and we have found enough and much faster to
recompute distances only at these vertices.

So far, we have described the update procedure for a given point over one triangle. If we consider
each point neighbors in the triangulation, we obtain for every vertex a situation similar to that
shown in Figure 5. In order to compute the appropriate distance value at the given vertex (central
point in Figure 5), we should consider the possible contribution of every triangle sharing that point
as a common vertex. Accordingly, only the neighboring triangle that produces the smallest new

distance value is considered.

Figure 5: Local neighborhood defined around every given vertex. Only the triangle that produces the smallest

distance value is considered.

Finally, the complete algorithm to compute dg(s,)(71,72) starts by initially letting d(x1) = 0,

®In practice, handling this unilateral neighboring relationship requires a significantly different data structure than

those provided by most triangulated data representations tools.
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and then marching the solution upwards (using the procedure here described) just until we reach

9.

4 Optimal weighted paths on triangulated surfaces

We have just described how to compute the weighted distance dys A)($1,ZE2) between two points
on a triangulated surface. We now describe how to compute the path (geodesic) that achieves this
minimal distance. The basic idea is once again to show that the geodesic curve C(s) holds (see for

example [16, 28])
aC(s)
0s

In order then to compute the geodesic curve we have to back propagate from zy in the direction

= Vd. (4)

given by Vd. We now describe, following and improving on [16], a technique for numerically
implementing this back propagation.

There exist many numerical methods to integrate the path resulting from Equation (4). The
first step is to construct an approximation for the distance function over every triangle, and then,
based on this approximation, compute the gradient direction which gives the direction to follow in
the minimizing path.

The simplest approximation for the distance function uses a linear interpolation at each triangle,
i.e. a plane, determined by the distance values at its vertices. Standing at certain point P; over
the perimeter of a triangle, we compute the line segment along the gradient direction, obtaining
P,, the next point of the path. See Figure 6 (left). When we are standing precisely at a vertex,
as shown in Figure 6 (right), we have an estimate of the gradient direction for each neighboring
triangle. In this case, we choose the one that gives the maximum absolute value of the gradient,
thus following the correct direction.

Better approximations for the optimal path can be obtained using higher order approximations
of the distance map. For example, in [16], a second order approximation (Heun’s method) is given.
Although it gives more accurate results, if the triangles are small enough, we have found that the

first order approximation described above is sufficient.

4.1 Handling Obtuse Triangles

If we consider the distance map for any point 1 € Sa, it should have only one minimum (global

minimum) corresponding to the point itself, having zero distance. However, the splitting strategy

12
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Figure 6: Building the path using a first order approximation of the distance function. Left: Situation when we
are standing over one side of the triangle. Right: If we are standing precisely at a vertex (C'), we have one gradient
direction (dotted arrows) for each neighboring triangle. We choose the one that gives the maximum absolute value

of the gradient.

for obtuse triangles used in the construction procedure of the distance function may produce local
minima, thus, causing the back propagation algorithm to stop prematurely.

In fact, such local minima does not actually exists, but we may have situations like the one in
Figure 7, where we show a local neighborhood around vertex C. As the angle ACB is obtuse, we
must consider the corresponding vertex 7" in the unfolded surface.

Suppose that the distance function (already computed) has the smallest value at T', followed

by C' and then all the others vertices, i.e.
d(T) < d(C) < d(other shown vertices in Figure 7).

A situation like this can be obtained as the result of updating vertex C from T in the distance
construction procedure.

Now, standing at point C, we see as immediate neighbors vertices A, B and the other three
below C, see Figure 7 (left). In this situation, vertex C appears as a local minima, and the
back propagating algorithm would fail. Instead, we have to see further and consider the new
neighboring relationship existing between vertices C and T, leading to the situation shown in Figure
7 (right), where two new triangles are added as neighbors. This way, we now follow the correct

path, traversing through the unfolded surface towards the minimum.

13



Figure 7: Handling obtuse triangles in the back propagation algorithm. Left: Considering the shown neighborhood
leads to the local minima situation. Right: Neighborhood that gives the correct path through the unfolded surface.

5 Curvature computations

In order to detect sulci (and gyri), we follow [15] and search for valleys and crests on the 3D brain.
Clearly, we will detect this by the search of paths minimizing
T2
[ (w1, Ko)dz,
1
where f(-,-) is a (positive) function of the surface principal curvatures k1, ko.
For this, we use the technique described above (g < f). For example, to detect sulci, we search

the deepest paths in the valleys, called the fund beds.
Khaneja et al. in [15] do this by selecting

f(Klla "72) = (Kfmax - ’C)2a

where Kpax is the maximal absolute principal curvature, and K is the largest maximal curvature of
the surface. Crests are similarly detected.

In our case, we proceed differently and choose f to be a decreasing function of a certain crease-
ness/valleyness measure. This measure, inspired by the work in [21] for Euclidean grids, is partially
extended here to arbitrary triangulated domains.

In [21], Loépez et al. classify and review the most widespread ridge and valley characteriza-
tions that have been proposed in the literature. In order to determine the validity of the different

crease/valley characterizations, they devised a set of desirable properties referring to the clean
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and robust extraction of salient ridges and valleys. Accordingly, they introduce a new crease-
ness/valleyness measure, which was shown to outperform existing ones. The proposed measure
satisfies each of these properties, thus providing a sound ridge/valley characterization. We now
show the main idea and its extension to the 3D case at hand.

Instead of looking at maximal principal curvatures, we take the mean curvature value H as a
creaseness/valleyness measure. As the mean curvature is an average of the principal curvatures,
it should be more robust to noise. Over creases or valleys where one of the principal curvatures
is locally maximum, its value will predominate in the averaging and this measure will caught the
most relevant creaseness of the surface. We are left then to the computation of the triangulated
surface mean curvature, which we follow to describe in the rest of this section.

Computations of any intrinsic geometrical properties from polygonal datasets require derivatives
estimations to be computed from the given data. Several approaches can be taken in this respect.
Approximation by an analytic surface is the most usual approach. In this case, an analytic surface
is locally fitted to the input points, and the derivatives are computed for this approximating surface.
Quadratic [14, 15, 29] and cubic [24] patches were mostly used in the literature.

Another approach uses discrete estimation methods that are applied directly to the triangulated
data and are based on polyhedral metrics. In this case, estimates for the mean and Gaussian
curvatures are constructed directly from the given vertices, see for example [8, 18].

We have found that none of the above methods provide suitable approximations for arbitrary
triangulations, so, inspired by the work in [21] for Euclidean grids, we develop an alternative way
to compute H on triangulated surfaces. First, and as described before in this paper, we compute

the mean curvature as the divergence of the normal vector:
H = —div N (5)

where N is the outward unit surface normal.
Consider an oriented surface A with closed boundary é.4; by the divergence theorem (see [20]

for example) we have

/dw/\?ds:/ <N.i> dl
A dA

where 7i is the outward unit normal to the curve 6.4, whose length element is dI.

We now consider the following approximation for the mean curvature

. 1 -
H=—divN=—1lim~ | <N,@> dl. (6)
A50 A SA

15



The discrete version of Equation (6), when we have a triangulated surface Sa, becomes

dw/\?:%ia\*@,ﬁp dl;, (7)
i=1

where p is the number of neighbors of the current vertex, and A is the local surface area, computed
as the sum of areas of all triangles sharing as common vertex the one at which we are approximating

the mean curvature.
The sum in Equation (7) is computed along the polygonal curve .4, as shown in Figure 8.
Surface normals N; are naturally associated to each vertex, and are computed using common
normal estimation procedures over triangulated surfaces. Curve normals 7i; are only defined along

the sides of the polygonal curve, so standing at a given vertex, we average the normals from both

sides of the curve, thus obtaining an appropriate estimation.

da

Figure 8: Triangulated surface element considered to compute the mean curvature at the central vertex using

Equation (7).

Note that the proposed approximation for the mean curvature has a well defined dynamic range,
namely H| < sups, ;'nj‘“ﬂ, which remains fixed once the triangulation is given. This is a desirable
property, that avoids having outlier curvature values, being particularly important when dealing
with arbitrarily triangulated data.

Having computed the mean curvature H (that we use as a creaseness/valleyness measure) all

over the surface, we now select a particular weight function f, namely

16



f(@) =w+ (z— M) (8)

where w is a positive constant, z is the creaseness/valleyness measure, M = mazs, {z}, and p is a
positive integer (usually p = 2). As f is a decreasing function of z, it gives priority for advancing
over high curvature zones, and penalizes advancing over flat (low curvature) regions.

Following the work in [7], if x is the curvature of the minimizing path C(s) over the surface, we

can bound its value by

v/ vy
v < sups, {51} = sups, {z s |
- vy _ o, (VS (9)
= Sups, w+ming , (z—M)P [ = w .

Therefore, if we want to control the regularity of the resulting path C(s) (i.e. bound its maximum
curvature value), we have to increase the constant w, which in turn increases the denominator

without affecting supg, {|V f/}-

6 Boundary extraction

In this section, we briefly introduce another application of the techniques presented in this paper:
Boundary detection of images defined over surfaces. This is a simple extension of the work in
[7], and also available in our public domain software package. In order to detect edges, we must
use weight values based on local image properties. As an example, we can choose as weights any
decreasing function of the image gradient, which should take bigger values over flat regions (null
gradient), and smaller values over high gradient zones. This way, the resulting path obtained from
the back propagation algorithm should follow image boundaries as required.

Proceeding in the same manner as in the crease/valley extraction problem, we manually specify
the start and end points along the boundary we want to extract. We compute the distance function
starting at the first point, and applying the back propagation algorithm we found the geodesic curve
joining the start and end points. The path thus obtained corresponds to the image boundary we

are interested in.
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7 Examples

We now present a number of results for our algorithm. As previously mentioned, the corresponding
software package is available to the research community at www.ece.umn.edu/users/guille.

Figure 9 present the first brain used in our examples (left) and the distance function computed
with the technique here described for an arbitrary point on the surface. Here we used g = 1. In
Figure 10 we show the first example of computation of a geodesic path on this brain.

Figure 11 shows the first example of the detection of sulci and gyri with the approach here
presented. In this case, a crease (gyri) is shown. Additional examples are given in Figure 12 and
in Figure 13.

In Figure 14 we show the computation of valleys (bottom of sulcus). Additional examples are
given in Figure 15.

The following set of the figures in this paper repeat this for an additional, lower resolution,
brain data obtained from the authors of [15].

Finally, we show some results for the boundary extraction algorithm introduced in Section 6.
As simple examples, we define two binary images over the brain surface, as shown in Figure 21 and

Figure 22, along with the resulting boundaries.

8 Concluding remarks

In this paper we have described a public domain software package for the computationally optimal
generation of curves on 3D brain surfaces. The system can be used for a number of applications
in computational neuroscience, including brain flattening and brain warping. The package concen-

trates on triangulated surfaces, while its extension to implicit surfaces will be reported elsewhere.
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Figure 9: Left: Triangulated data for brain 1. The surface contains 63000 triangles and 31500 points. Right:
Distance function computed over the surface. Color values range from red (zero distance) to blue (greatest distance

values).

Figure 10: eodesic curves over the surface between the specified start and end points. Left: The curve is shown
over the original surface. Right: The same curve is shown over the distance function defined on the surface, colored

with the same criteria as before.



Figure 11: Crease extraction for brain 1. Left: Crease line shown over the original surface. Right: Crease line

shown over the distance function.

Figure 1 : Crease extraction for brain 1. ach row corresponds to the same crease. The different columns show

the curves over the original surface, the curves over the distance function, and various corresponding zoomed views.



Figure 13: arious crease extraction examples for brain 1. The visualization criteria is the same as before. In the

last figure we show a crease line shown over a triangulated view of the surface.



Figure 14: alley extraction for brain 1. ach row shows the same valley line. Curves are shown over the original

surface and over the distance function. oomed views are also provided.



Figure 15: alley extraction for brain 1. ach row shows the same valley line. The different columns show the

curves over the original surface, the curves over the distance function, and various corresponding zoomed views.



Figure 16: Left: Triangulated data for brain . The surface contains 00 triangles and 3 00 points. Right: Distance
function (i.e. g = 1) computed over the surface. Color values range from red (zero distance) to blue (greatest distance

values).

Figure 17: eodesic curves over the surface between the specified start and end points. Left: The curve is shown
over the original surface. Right: The same curve is shown over the distance function defined on the surface, colored

with the same criteria as before.



Figure 1 : Crease extraction for brain . ach row shows the same crest line. Left: Crease line shown over the

original surface. Right: Crease line shown over the distance function.



Figure 19: alley extraction for brain . Images are arranged in pairs: valley lines are shown over the original

surface, and over the corresponding distance function.
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Figure 20: alley extraction for brain . Left: alley line shown over the original surface. e te: alley line
shown over the distance function. Right: The distance function is only computed until we reach the selected end

point.

Figure 21: egmentation example 1. The first column shows the selected region over the surface. The middle
column shows the segmentation along the region edge (shown over the plain surface), and the last column shows the

same segmentation now over the distance function. The second row shows for each case the oomed views.
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Figure 22: egmentation example . The first column shows the selected region over the surface. The middle
column shows the segmentation along the region edge (shown over the plain surface), and the last column shows the

same segmentation now over the distance function. The second row shows for each case the oomed views.
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