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Abstract

We present an hp-analysis of the local discontinuous Galerkin
method for diffusion problems, considering unstructured meshes with
hanging nodes and two- and three-dimensional domains. Our esti-
mates are optimal in the meshsize h and slightly suboptimal in the
polynomial approximation order p.
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1 Introduction

The aim of this paper is to present an hp-error analysis of the local discon-
tinuous Galerkin (LDG) method, introduced by Cockburn and Shu (1998),
for the diffusion problem

-V-(vVu)=fin Q u = gp on 01, (1)

where  is a bounded polygonal or polyhedral domain in R?, d = 2, 3, and
v € L*®(Q)?*? a symmetric, uniformly positive definite diffusion tensor.
The right-hand side f belongs to L?(Q2), and the Dirichlet datum gp to
Hz(69). Deriving error bounds that take into account both the elemental
meshsize and approximation order completes previous work by Castillo,
Cockburn, Perugia and Schétzau (2000) on the LDG method applied to
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purely elliptic problems. This is relevant since the LDG method, being
based on discontinuous spaces, is ideally suited for hp-adaptivity.

The analysis in this paper follows the same lines as the one developed in
Perugia and Schétzau (2001) in the more complicated situation of the low-
frequency time-harmonic Maxwell equations, and uses the general frame-
work introduced in Arnold, Brezzi, Cockburn and Marini (2001). For un-
structured meshes with hanging nodes, we prove error estimates that are
optimal in the mesh-size h and slightly suboptimal in the polynomial degree
p (half a power of p is lost). We point out that, for two- or three-dimensional
elliptic problems on unstructured grids, no better p-bounds can be found in
the literature (see, e.g., Riviere, Wheeler and Girault (1999), Prudhomme,
Pascal, Oden and Romkes (2000), Houston, Schwab and Siili (2000), where
the same bounds have been obtained for different discontinuous Galerkin
methods and with different analysis techniques). Optimal hp-bounds have
been proved in Castillo, Cockburn, Schétzau and Schwab (2001) for one-
dimensional convection-diffusion problems and, recently, in Georgoulis and
Siili (2001) for two-dimensional reaction-diffusion problems on structured
quadrilateral grids.

The outline of the paper is as follows. In section 2, we define the LDG
method for the diffusion problem (1). We carry out the error analysis in
section 3, obtaining hp-error estimates in a problem-related energy norm,
as well as in the L2-norm. We end our presentation in section 4 with
concluding remarks.

2 LDG Discretization

2.1 Meshes and Finite Element Spaces

We consider shape-regular meshes 7; that partition the domain € into
triangles and/or parallelograms, if d = 2, and tetrahedra and/or paral-
lelepipeds, if d = 3, with possible hanging nodes and aligned with the
possible discontinuities of the diffusion tensor v, so that v is smooth within
each element of T,. We denote by hx the diameter of the element K € Tp,.
We define the (d — 1)-dimensional faces of 7}, as follows. An interior face of
Tr is the (non-empty) interior of K+ NOK~, where Kt and K~ are two
adjacent elements of 7j, not necessarily matching. Similarly, a boundary
face of T, is the (non-empty) interior of K N 9N, where K is a boundary
element of 7. We denote by £7 the union of all interior faces of Ty, by Ep
the union of all boundary faces, and set £ = 7 U Ep.

Let p = {pk }keT;, be a degree vector that assigns to each element K €
Tr a polynomial approximation order px > 1. The generic hp-finite element
space of piecewise polynomials is given by S2(T3) := {u € L%(Q) : u|k €
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SPX(K), VK € Tp}, where SP¥ (K) is the space PP¥ (K) of polynomials of
degree at most px in K, if K is a triangle or a tetrahedron, and the space
QPx (K) of polynomials of degree at most px in each variable in K, if K
is a quadrilateral or a parallelepiped.

2.2 The Flux Formulation of the LDG Method

By introducing the auxiliary variables ¢ = vs and s = Vu, the diffusion
problem (1) can be rewritten as

q = vs in{) —V-q = f inQ
s = Vu in u = gp on .

We approximate the variables (g,s,u) by discrete functions (g, sp,us) in
the hp-finite element space Q) x Q;, x Vj,, where Q,, = S2(T,)? and V}, =
S2(Th), for a given degree distribution p.

The LDG method then consists in finding (@, Sh,un) € Qp X Qp XV,
such that for any (r,t,v) € Q) x Q) x V}, and for any element K € Ty,

/ qh-rd:z:z/ vsy -rdr

K K

/ sh-tdm—}—/ uhV-tdm—/ upt-nrgds=0 (2)
K K oK

/qh-Vvda:—/ ?Ih-ndesz/ fodx.
K oK K

Here, ng denotes the outward unit normal vector to 0K. The quantities
uy, and @), are the so-called numerical fluzes, which are approximations to
the traces of u and q on OK, and are defined as follows.

Consider an interior face e shared by two elements K+ and K~. Denot-
ing by v* and r* the traces on K™ of functions v and 7 that are smooth
in K*, we define the averages and jumps of v and r across e by

fol = (" +v7)/2 fr}=(*+r7)/2
[v] = v ng+ + v k- [rl=r" ng+ +r~ -ng-.

If v € H(Q2), then [v] = 0 on &z. Similarly, if » € H(div; ), then [r] = 0
on &z. In particular, for the exact solution u, we have [v Vu] = 0 on &7.
The numerical fluxes are defined by

il = {u} +b-[u] ifeCcéz il = {a}} — afu] —blq] ifecC &z
N ifecép e = g—alu—gp)n ife C &p,

with parameters a and b to be properly chosen. This completes the defi-
nition of the LDG method. Notice that the flux in u is independent of q.
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This allows for an element-by-element elimination of the auxiliary variables
q and s, giving rise to the so-called primal formulation of the method in the
variable u only. This local solvability gives the name to the LDG method.
We refer to Castillo (2001) for a discussion of this elimination process from
a computational point of view. Let us also point out that the LDG method
defined above is consistent and, if a is strictly positive, defines a unique
discrete solution (g, sp,v) € Q) X Q}, X V; see Castillo et al. (2000).

2.3 The Primal Formulation

We develop the error analysis of the LDG method in the framework intro-
duced in Arnold et al. (2001), by considering its primal formulation.
For v belonging to V(h) := V}, + H}(Q), we define L(v) € Q,, by

/QL(v)-'r'da::/gz({{r}}—b['r']])-[v]]ds-i—/ vr-nds Vr € Q.

Ep

Similarly, we define the lifting Gp € Q,, of the boundary datum gp by

/gp-rdw:/ gpr-nds Vr € Q.
Q Ep

Notice that, for the exact solution u, we have L(u) = Gp. Adding the first
and second equations in (2) over all elements and simple calculations yield

a, = [v(Viup — L(ur) + Gp)], (3)

with IT denoting the L2-projection onto @, and V, the elementwise gradi-
ent. Inserting this expression in the third equation of (2) yields the primal
form of the LDG method: find u; € V3, such that

Ap(up,v) + I (up,v) = Fp(v) Vv € Vp, (4)

where

Ap(u,v) = /Q v (Viau— L(u)) - (Viv — L(v)) do
Ih(u,v)z/g a[[u]]-[[v]]ds—}—/g auvds

Fh(v):/ﬂf11d.1:+/89 agpvds—/QVgD-(th—L(v)) dx.

For discrete trial and test functions, the primal form (4), together with
identity (3), is equivalent to the original flux form (2) of the LDG method.
However, unlike (2), the formulation (4) is no longer consistent. Neverthe-
less, the form Ay + Ij, has continuity and coercivity properties that allow
us to carry out an error analysis in a straightforward way by using Strang’s
lemma.
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3 Error Analysis

In this section, we develop the hp-error analysis of the LDG method. We
start by specifying the parameters a and b in the definition of the method.
Then we prove abstract error estimates in a broken norm and derive the
actual hp-error bounds. Finally, we address the issue of the stability of the
LDG formulation.

3.1 The Discontinuity Stabilization Parameter

We introduce the functions h and p in L*®(£) related to the local meshsize
and approximation degree as

h = h(z) = min{hg,hg:} if « in the interior of 0K N 0K’
- ) hi if  in the interior of 0K N 6N}

— o(z) = max{pk,pk:} if  in the interior of 0K N K"’
P=PW@)=1 pi if 2 in the interior of 8K N O9.

Regarding the diffusivity, we assume v to be Lipschitz continuous in K,
for any K € Tp. This implies that v|x can be extended up to 0K, and we
denote this extension by vk . Therefore, for any K € 7T}, there are positive
constants nx and Ng such that nxg < A\;(vk(x)) < Nk for all € K,
where \;(vi (x)), i = 1,2, 3, are the eigenvalues of v (x). For any K € Ty,
the constants nx and Nk are assumed to satisfy

Nk < kng, VK € Ts,

with a constant £ > 0. Whenever v is a piecewise constant scalar function,
this assumption holds true with k = 1. We set

(@ max{|vk(x)|, vk (x)|} if = is in the interior of 0K N OK'
n=—n =

vk ()| if 2 is in the interior of 0K N 612,
where |v(z)] is the spectral norm of the tensor v(x).

We define the discontinuity stabilization parameter a € L>°(£) in terms
of h, p and n by

2
n

with a > 0 independent of meshsize, approximation order and diffusion.
Moreover, the parameter b is taken to be of order one, i.e.,

[1bllco,62 < 9,

with & > 0 independent of meshsize, approximation order and diffusion.
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3.2 Continuity and Stability

We introduce the energy norm
1 11 11
lullh =11v2Vaullg o + alh™2pn2[u][g ¢, +allh™2pnzullg ¢,
We have the following continuity and coercivity properties.

Proposition 3.1 Assume the above hypotheses on v and on the coeffi-
cients in the definition of the numerical fluxes. Then

|[Ap(w,v) + In(w,v)| < Ceontf| w nl|vln  Yw,v € V(h)
Ap(v,0) + In(v,v) > Ceoer| v |2 Yv € Vy,

with Ceony and Ceoer only depending on «, §, k and the shape-regularity of
the mesh.

Proof. With arguments similar to the ones in Perugia and Schétzau (2001,
Proposition 4.2), we have

I3 £v) o0 < Cire s (3 + DIl 2pnd[olllo.e; + I 2pntulloes| (5)

for all v € V(h). The constant Cig > 0 only depends on the shape-
regularity of the mesh. The continuity and coercivity of Ay, + Ij, are now
easy consequences of estimate (5). O

From Proposition 3.1 and Strang’s lemma, we immediately have the
following abstract error bound.

Theorem 3.1 Assume the above hypotheses on v and on the coefficients
in the definition of the numerical fluxes. Then we have
Ccont |Rh (u’w)l

1
u— up, h§<1+—) inf [|u—ov|s+ sup
Il I Coce ) 2 I Il Coome S9p0 =

with the residual Ry (u,w) = Ap(u,w) + I (u,w) — Fp(w).

3.3 hp-Error Estimates

We make the assumption that the local meshsizes and approximation de-
grees have bounded variation, i.e., there exists a constant £ > 0 such
that ~'hg < hg' < flhi and £~ 'px < pgr < Ipg for all K and K’
sharing a (d — 1)-dimensional face. This assumption forbids the situa-
tion where the mesh is indefinitely refined in only one of two adjacent
subdomains, but allows for geometric refinement and linearly increasing
approximation orders. For any element K, we define Nsx := max{Ng :
K and K' share at least one face}. We have the following error bound.
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Theorem 3.2 Assume the above hypotheses on v, on the coefficients in
the definition of the numerical fluxes and on the meshes and polynomial
degree distributions. Let the exact solution u satisfy u|x € H**+1(K) and
vVu|g € H?¢ (K), for all K € T, with local regularity exponents sg > 1.
Then

h2 min(pk ,Sk)

1
lu—unlf <C Y g [Nonclulldy i1 i + Il Vull2, k],
KEeTh K K

with C independent of hx and pgx. Moreover,

2min(pk,Sk)

. h _
la—axli3 0 < O g [Noxcllull i + (10 I Vul2, ]
KeTh K

Remark 3.1 The bound in Theorem 3.2 is optimal in the meshsize and
slightly suboptimal in the approximation order. On structured quadri-
lateral meshes in two dimensions, the p-bound can be improved by using
the hp-projector of Georgoulis and Siili (2001), provided that the solution
belongs to certain augmented Sobolev spaces.

In order to prove Theorem 3.2, we need the following hp-approximation
result (see Babugka and Suri (1987, Lemma 4.5)).

Lemma 3.1 Let K € 7, and suppose that v € H¥ (K), tx > 1. Then
there exists a sequence of polynomials 77;}11{‘1; in 8% (K), px = 1,2,...,
satisfying

min(pr+1,tx)—¢q

llo = Ty vllgx < O [oller, e VO<q<tr

tK—q
Pk

min(pK—i-l,tK)—%

llv = mpKollo,ox < C—E P loller .k
Pk 2

with a constant C independent of v, hx and pg, but depending on the
shape-regularity of the mesh and on tx.

Let now IT%v be given by Iiv|x = 7% (v|k), for any K € Tp, with
7hE from Lemma 3.1. For a vector-valued function r = (ry,...,7q) we set
HZT = (ngl, ..., dpry). First, we give an estimate of the residual.

Lemma 3.2 Let u be the exact solution. Assume (v Vu)|x € H**(K)4,
K € Ty, with local regularity exponents sg > 1. Then, for w € V(h),

h2 min(pgx+1,sk)

1

2

[Raw,w)| <C[ Y E— — o Vul?, ] vl
KETh Pk nK
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Proof. Simple calculations lead to
Ry (u,w) :/ ({vVu-T(vVu)} — b[v Vu — II(v Vu)]) - [w] ds
&z
+/ w (v Vu —II(v Vu)) - nds,
Ep

with IT being the L?-projection onto Q. By writing vVu — II(vVu) =
[vVu-— HZ(qu)] —II[yVu-— HZ(VVU)], the assertion follows as in Perugia
and Schotzau (2001, Lemma 4.11) by the triangle inequality, the Cauchy-
Schwarz inequality, inverse estimates for II[yVu — HZ(VVU)] from 0K to
K, K € Ty, the L?-stability of IT and the approximation properties in
Lemma 3.1. O

We are now able to prove Theorem 3.2.

Proof of Theorem 3.2. We start by estimating || u — IIu ||5. Our assump-
tions on v, meshes and polynomial distributions and the approximation
properties in Lemma 3.1 yield

h2 min(pk ,sk)

lu-Thuli <C Y ZEgm— Nollull}, 41,5
KeTh K

By inserting this and the result of Lemma 3.2 in the bound of Theorem 3.1,
we obtain the estimate of || u — up ||p-

To estimate ||g — g} |lo,0, we use (3), the triangle inequality and L(u) =
G to obtain [lg—aylloe < [l Vu—TI(v Vaup) o + [T £(u—1))o.0-
From the L?-stability of IT and (5), ||TI(v £L(u — ur))|lo,e < Cllu — up |-
By the triangle inequality, the identity HZ(V Vu) = H(HZ (vVu)), and
the L2-stability of II, we get

[lv Vu — II(v Vyun)llo,0 < 2|y Vu — HZ(V Vu)lloo + | w—up |-

Therefore, the desired result follows from the bound for ||u — up || and
Lemma 3.1. O

An estimate for the L2-error in u can be obtained by using a standard
duality argument. We assume that  and v are such that the following
elliptic regularity result holds true: for any A € L2(2), the solution z to
the problem

-V-(wVz)=Ain Q z =0 on 09, (6)

satisfies z € H2(Q), vVz € HY(Q)? and ||z|]2,0 < C |0, [l¥ V2|
C || Mlo,@, with a constant C' > 0.

1,0 <



An hp-Analysis of the LDG Method for Diffusion Problems 9

Theorem 3.3 With the same assumptions as in Theorem 3.2 and the
above hypothesis on 2 and v, we have

hmin(p,s)+1

llu = unllo,o < C (lullssre + v Vulls0),

pte
with h = maxkeT, hx, p = minge7, px and s = minge7;, sx > 1.

Proof. Let z be the solution to problem (6) with A = u — u. Simple
calculations give [lu—u||§ o = An(2,u—un) + In(z, u—up) — Ru(z,u—up).
Since Ap(zn,u — up) + In(zn,u — up) = Rp(u,2zp), for any z, € Vi and
Rp(u,zp) = —Rp(u, z — z3), we obtain
[|u — uh||§,9 =Ap(z — zp,u —up) + In(z — zp,u — up)
— Rp(u,z — z1) — Ru(z,u — up).

Therefore, from Proposition 3.1, Lemma 3.2 and the regularity of z,

. h
[lu —unllg 0 < [Ccontlll 2=zl C ol Vallua v —un ln

pymin(p+1,s)
+ O P Vulloal z =2 fln-

By choosing z, = ng, from the estimates in Lemma 3.1 and the ellip-
tic regularity assumption, ||z — zp |n < C% |2]l2,0 < C% [lu — wpllo,@, in
addition to ||[v Vz|l1,0 < C|lu — upllo,q- The result then follows from the
estimate of ||u — wy, ||, in Theorem 3.2. O

The stability of the LDG formulation with respect to the right-hand
side, under mild smoothness assumptions, is implied by the following result.

Proposition 3.2 Assume that  and v are such that the solution z of (6)
with right-hand side A € V' (h) satisfies v Vz € H*(Q)? and ||v Vz||s,0 <

1 1 1
C[Allo, for s > 5. Then, |Fy(v)] < CllIf[§ o + b~ 2pn2goll§ e, ]2 v I,
for all v € V(h).

Proof. The assertion follows from the broken Poincaré inequality ||v||o,0 <
Cllv|ln, v € V(h), that can be proved following Arnold (1982), and the
estimate ||u%gp||0,g < C’limeh_%pn%gDHo,gm obtained as in Perugia and
Schétzau (2001, Proposition 4.2). O

4 Conclusions
In this paper, we presented the first hp-error analysis of the LDG method

for diffusion problems in several space dimensions and extended the pre-
vious h-analysis in Castillo et al. (2000). Although we used the setting of
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Arnold et al. (2001) to cast the LDG method in its primal form, we pro-
posed a new technique to actually derive error estimates which is based on
Strang’s lemma and which might be of independent interest in the analysis
of discontinuous Galerkin methods.
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