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ADbstract

Image inpainting involvesfilling in part of an image or
video using information from the surroundingarea. Ap-
plicationsincludetherestoition of damajed photayraphs
and moviesandthe remaal of selectedbjects.In this pa-
per, we introducea classof automatednethodgor digital
inpainting Theapproac useddeasfromclassicalfluid dy-
namicsto propagate isophotelines continuouslyfrom the
exterior into the region to be inpainted. Themain ideais
to think of the image intensityas a ‘streamfunction’ for a
two-dimensionaincompessibleflow ThelLaplacianof the
image intensityplays the role of the vorticity of the fluid;
it is transportedinto the region to be inpaintedby a vec-
tor field definedby the streamfunction. The resultingal-
gorithmis designedo continueisophoteswhile matding
gradientvectos at the boundaryof the inpainting region.
Themethods directlybasedontheNavierStolesequations
for fluid dynamicswhich hasthe immediateadvantaye of
well-developedtheortical and numericalresults. Thisis
a new approad for introducingideasfrom computational
fluid dynamicdnto problemsin computervisionandimage
analysis.

1. Introduction

Imageinpainting[2, 10, 20, 38] is the procesf filling in
missingdatain adesignatedegion of astill or videoimage.
Applicationsrangefrom removing objectsfrom a sceneto
re-touchingdamagedaintingsandphotographsThe goal
is to producea revised imagein which the inpaintedre-
gion is seamlesslyneigedinto the imagein a way thatis
notdetectabldy atypical viewer. Traditionally inpainting
hasbeendoneby professionahrtists.For photographyand
film, inpaintingis usedto revert deterioration(e.g.,cracks
in photographsr scratchesinddustspotsin film), or to add
or remove elementge.g.,removal of stampediateandred-
eye from photographstheinfamous‘airbrushing” of polit-
ical enemieq20]). A currentactive areaof researchs to
automataligital techniquegor inpainting[2, 3, 16, 21, 22].
In this paper we introducea novel algorithmfor digi-
tal inpainting of still imagesthat attemptsto replicatethe
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basictechniquesisedby professionatestorators.Our al-

gorithm, motivatedby a methodproposedn [2], involvesa

directsolutionof theNavier-Stokesequationgor anincom-
pressibldluid. Theimageintensityfunctionplaystherole

of the streamfunction whoseisophotelines definestream-
lines of the flow. After the userselectsthe regionsto be

restored,the algorithm automaticallytransportsinforma-

tion into the inpaintingregion. Thefill-in is donein such
a way that isophotelines arriving at the region’s bound-
ariesare completednside. The techniquentroducedhere
doesnot requirethe userto specifywherethe novel infor-

mation comesfrom. This is done automatically(and in

a fastway), therebyallowing for simultaneouslfill-in of

multiple regions containingcompletelydifferentstructures
and surroundingbackgrounds.In addition, no limitations

areimposedon the topologyof the region to be inpainted.
The only userinteractionrequiredby the algorithmis to

mark the regionsto be inpainted. Sinceour inpaintingal-

gorithmis designedor both restorationof damagedpho-

tographsand for removal of undesiredobjectson the im-

age theregionsto beinpaintedmustbemarkedby theuser

Our methodinherits a mathematicatheory alreadydevel-

opedfor the fluid equationsjncluding well-posednesand

thedesignof efficient corvergentnumericalmethods.

1.1. Prior Work

First note that image denoisingis different to filling-in,
sincethe regions of missingdataare usually large. That
is, regionsoccupiedby top to bottomscratcheslongsev-
eralfilm frames,ong cracksin photographssuperimposed
large fonts, and so on, areof significantlylarger sizethan
the type of noisetreatedby commonimageenhancement
algorithms.In addition,in commonmageenhancemerap-
plications thepixelscontainbothinformationabouthereal
dataandthenoise(e.g.,imageplusnoisefor additive noise),
while in our applicationthereis no significantinformation
in theregionto beinpainted.

A very active arearelatedto our work is the restora-
tion of damagedilms. The basicideais to useinforma-
tion from pastandfuture framesto restorethe currentone,
e.g.,[16, 22]. Of course this generalapproachcannotbe



usedwhen dealingwith still images. In addition, it can
not deal with movies wherethe region to be inpaintedis
staticwith respecto its backgrounde.g.,alogoonashirt),
sinceconsecutie framesdo not provide new information.
This is also the casewhenthe region to be inpaintedoc-
cupiesa large numberof frames. Anotherarearelatedto
ourwork is texture synthesisin which atextureis selected
andsynthesizednsidethe region to befilled-in (the hole)
[9, 13,15, 34]. Thesealgorithmsoften requirethe userto
selectthe texture and are not often well-designedo fill in
structurefrom boundarydata.

Theclosesimethodgo ourapproactarethefundamental
works on disocclusiorandline continuation.A pioneering
contritution in this areais describedn [28]. The authors
presentedtechniqueor remaving occlusionswith thegoal
of imagesegmentation.Sincetheregion to befilled-in can
be consideredisoccludingobjects remaving occlusionss
analogougo imageinpainting. The basicidea suggested
by the authorsis to connectT-junctionsat the occluding
boundarie®f objectswith elasticaminimizing curves.The
techniquewas primarily developedfor simpleimagesob-
tainedfrom a sggmentationwith only a few objectswith
constangray-levels. Thus,they endedup by connectindl’-
junctionsatthesamegraylevel. (Otherresearcher®.g.,D.
JacobsR. Basri,andS. Zucker, have followedthisinterest-
ing researctareamainly developingtechniquegor smooth
curve continuation.)

Masnou and Morel [25, 26] recently extendedthese
ideas,presentinga formal variationalformulationfor dis-
occlusionand a particular practicalimplementation. The
algorithmusesgeodesicurvesto join the isophotesarriv-
ing at the boundaryof the region to be inpainted. The in-
paintingregionsrequirea simpletopology In addition,the
angle,with which the level lines arrive at the boundaryof
the holes, is not (well) presered, andthe algorithm uses
straightlinesto join equalgrayvaluepixels.

1.2. Imageinpainting along isophotes
Recently the conceptof smoothcontinuationof informa-
tion in the level-linesdirectionhasbeenaddressedh [2].
This is the work, aswe will seebelow, that we follow to
male the connectionwith fluid dynamicsandthe Navier-
Stokes equations. The proposedalgorithmpropagateshe
image Laplacianin the level-lines (isophotes)direction.
The algorithm attemptsto imitate basic approachesised
by professionarestorators.The algorithmalsointroduces
the importanceof propagatingooth the gradientdirection
(geometry)andgray-values(photometry)of theimagein a
bandsurroundingheholeto befilled-in. Someof theideas
of [2] whereadoptedn [1], while deviating from thepartic-
ular modelin orderto beableto definea formal variational
approacho thefilling-in/inpainting problem.

Thework in [2] inspireda very elegantapproactto the

filling-in problemrecentlyreportedin [7] (this work was
performedindependenthof the onereportedin [1]). The
authorspresenta clearandintuitive axiomaticapproacho
the problem. The main algorithmthey proposeis to min-
imize the Total Variation (TV) [33], of the imageinside
the hole (they alsouse,as proposedn [1, 2] and here,a
bandsurroundingthe region). As in the work of Masnou
andMorel, theirinterpolationis limited to creatingstraight
isophotesnotnecessarilgmoothlycontinuedrom thehole
boundary and mainly is developed(asthe authorsclearly
state)for small holes. Although straightconnectiongive
visually pleasantesultsfor small holes, it is importantto
develop a theory that permits interpolationof level lines
acrosdarge gaps,whereconnectingwith straightlineswill
be unpleasaneven for simpleimages. In orderto obtain
sucha smoothinterpolationand continuationof isophotes,
it is necessanto go into high-order Partial Differential
EquationgPDE’s) or systemsof PDE’s, asdonein [1, 2]
andhere (the authorsof [7] have alsorecentlyintroduced
higher order models). Researchn perception,from the
Gestaltto morerecentwork (e.g. [31]) supportsthe idea
of performinga smoothcontinuationof the angleof arrival
of thelevel linesatthegap.

Thepaper2] proposesnalgorithmdesignedo project
thegradientof the smoothnessf theimageintensityin the
direction of the isophotes. The resultingschemes a dis-
creteapproximatiorof the PDE

I, =V+iI.VAI 1)

for theimageintensityI, whereV ' denoteshe perpendic-
ulargradient(—9,, . ) andA denotesheLaplaceoperator
02 + 85. Additional anisotropiadiffusion of theimagecan
producea PDE of theform

I = VI -VAI + 0V - (g(|VI|)VI). )

Thegoalis to evolve (1) or perhapanoreappropriately(2)
to a steadystatesolution,satisfyingthe conditionin thein-
painting region that the isophotelines, in the direction of
V1, mustbeparallelto thelevel curvesof the smoothness
AT of theimageintensity which for » = 0 becomes

VLI VAI =0. (3)

We note that while the authorsof [2] presenttheir
method as moving image intensity along isophotelines,
thereis anothersensein which to think of the dynamics.
Equation(1) is atransporequatiornthatcorvectstheimage
intensity I alonglevel curvesof the smoothness)I. This
canbeseenby notingthat(1) is equivalentto DI/Dt = 0
whereD /Dt is thematerialderivative 9/9t + v - V for the
velocity field v = VLA In particular! is corvectedby
thevelocity field v whichis in the directionof level curves
of thesmoothnesd\ /. In the next sectionwe discusshow



thisis relatedto a classicaproblemin incompressibldluid
dynamics.Our goalis to make useof expertisedeveloped
in thatfield to designbetterinpaintingalgorithms.

2. Analogy to Transport of Vorticity in
I ncompressible Fluids

IncompressibleNewtonian fluids are governed by the
Navier-Stokes equationswhich couplethe velocity vector
field ¥ to ascalampressure:

vi+v:-Vo=—-Vp+rvAv, V.v=0. (4)
In two spacedimensionsthe divergencefree velocity field
v possessea streamfunction ¥ satisfyingV-+-¥ = v. In
addition,in 2D thevorticity, w = V x v, satisfieaverysim-
ple adwectiondiffusion equation,which can be computed
by takingthecurl of thefirst equationin (4) andusingsome
basicfactsaboutthe geometryin 2D:

wi +v-Vw =vAw. (5)

Note herethatin 2D the vorticity is a scalarquantitythat
is relatedto the streamfunction throughthe Laplaceop-
erator AY = w. In the absenceof viscosityr = 0,
we obtainthe Euler equationdor inviscid flow. Both the
inviscid andviscousproblems,with appropriatdooundary
conditions, are globally well-posedin two spacedimen-
sions. Solutionsexist for ary smoothinitial conditionand
they dependcontinuouslyon the initial andboundarydata
[17,18,23,24, 36, 40].

In termsof the streanmfunction,equation(5) impliesthat
steadystateinviscid flows mustsatisfy

V4o . VAT =0 (6)

which saysthat the Laplacianof the streamfunction, and
hencethe vorticity, musthave the samelevel curvesasthe
streanfunction. Theanalogyto imageinpaintingin thepre-
vious sectionis now clear: the streamfunctionfor inviscid
fluids in 2D satisfiesthe sameequationasthe steadystate
imageintensityequation(3).

Thepointis thatin orderto solve theinpaintingproblem
proposedn the previous section,we have to find a steady
statestreamfunctionfor theinviscid fluid equationswhich
is aproblempossessing rich andwell developedhistory

2.1. Thestream function-image intensity anal-
ogy

Themainanalogythatwe build onin this paperis theparal-

lel betweerthestreanfunctionin a2D incompressibléuid

andtherole of imageintensityfunction  in theinpainting
methoddescribedn Sectionl.2. This allows usto design

anew inpaintingmethodthatwill achiese the samesteady
equation(3).

Let(2 bearegionin theplanein whichwewantto inpaint
from surroundingdata. Assumethattheimageintensity I,
is a smoothfunction (with possiblylarge gradientsputside
of Q andwe know both I, and A, onthe boundaryof2.
We now designa ‘Navier-Stoles’ basedmethodfor image
inpainting.In this methodthefluid dynamicquantitieshave
thefollowing parallelto quantitiesn theinpaintingmethod.

| Navier-Stoles
streamfunction ¥

fluid velocityv = VIO
vorticity w = AW

fluid viscosityr

| Imageinpainting |
Imageintensity]
isophotedirectionV L1
smoothness = Al
anisotropidiffusionv

Our goalis to solve a form of the Navier-Stokes equa-
tionsin the region to be inpainted. The methoddescribed
next is basednthevorticity-streanform (5) of the Navier-
Stokes equations,however it is also possibleto consider
othermethodshasedn the primitive variablesform (4).

For easeof notationwe denoteby w thesmoothnesa I
of theimageintensity Insteadof solvinga transportequa-
tion for I asin (2), we solve a vorticity transportequation
for w:

ow/dt +v-Vw =vV - (g(|Vw|)Vw), (7)

wherethefunction g allows for anisotropiadiffusion of the
smoothness. Theimageintensityl which definesheve-
locity field v = VL1 in (7) is recoveredby solving simul-
taneouslythe Poissorproblem

I|oq = Iy. (8)

For ¢ = 1, the direct numericalsolution of of (7-8) is a
classicalway to solve boththe dynamicfluid equationsand
to evolve thedynamicgowardsa steadystatesolution[30].

For fluid problemswith smallviscosityr, theabove dy-
namicscantake a long time to corverge to steadystate,
makingthe methodlesspractical.Insteadtherearepseudo-
steadymethodghatinvolve replacingthe Poissorequation
(8) with a dynamicrelaxationequation

Al = w,

L —aAI+w] =0, a>0, Iyg=1I. 9)

wherethe parameterr determinesa rate of relaxation. In

our situation,diffusion canresultin a blurring of sharpin-

terfaces,gradientsof I, in the inpaintingregion. Henceit

is oftendesirableo includeanisotropiadiffusionin the so-
lution of I. This canbe addeddirectly to the dynamical
problem(9) or asanadditionalstepin conjunctionwith the
Poissonstep(8). In our testcaseswith anisotropicdiffu-

sion,we did notfind a significantdifferencebetweerdirect
solutionof the Poissorequationin (8) versugherelaxation
method(9).



Oncesteadystateis achieved,we have effectively found
a solution of (3) for the intensity I (perhapsmodified
slightly by the anisotropidiffusion). Hencewe expectand
indeedfind that the Navier-Stolkesinpainting methodper
formsin mary wayslike themethodproposedn [2]. There
areseveral advantagego usingthe Navier-Stokes method.
First, thereis a well-developedtheoreticaland numerical
literaturefor this problemonwhichwe canbuild inpainting
algorithms.Secondhereis thepossibilityto testthe perfor
manceof themethodagainstnumberof classicakxamples
from fluid dynamics Finally, we areableto implementthis
methodefficiently andwe have a theoreticaframevork in
which to understandhe transportof informationfrom the
exteriorinto theinpaintingregion.

2.2. Isophote continuity and boundary condi-
tionsfor Navier-Stokes

Whenusing ary PDE-basednethodto do inpainting, the
issueof boundaryconditionsbecomesrery important. In
orderto producea resultwhich, to the eye, doesnot distin-
guishwheretheinpaintinghastaken place,we mustat the
veryleastcontinueboththeimageintensityanddirectionof
the isophotelines continuouslyinto the inpainting region.
This meanghat ary PDE-basednethodinvolving the im-
ageintensity I mustenforceDirichlet (fixed I) boundary
conditionsaswell asa conditionon thedirectionof VI on
theboundaryImmediatelywe seethatthis posesaproblem
for lower-order PDE-basednethods. Indeed,ary first or
secondorderPDE (including anisotropicdiffusion) for the
scalarl couldtypically only enforceoneof theseboundary
conditions,the resultbeingan inpaintingwith discontinu-
ities in the slope of the isophotelines, or a methodwith
ajumpin I itself on the boundary From a mathematical
pointof view, to fix this, onecaneitherchoosea higheror-
der equationfor I, asin [2], thatrequiresmoreboundary
conditions,or considera vectorevolutionfor VI, whichis
theideaof the Navier-Stokesmethod.

The Navier-Stokes analogyguaranteesin a very natu-
ral way, continuity of the imageintensity function I and
its isophotadirectionsacrosghe boundaryof theinpainting
region. First considera solutionof the Navier-Stokesequa-
tion (4) in primitive variablesform satisfyingthe classical
no-slip conditionv = 0 onthe boundarydQ2. This condi-
tion guaranteeswo features:(a) that the streamfunction
¥ mustbe constanbn the boundary sincethe boundaryis
trivially a streamlineof the flow; (b) that the direction of
the fluid velocity © is alwaystangentto the boundary A
more generalform of the no-slip boundarycondition, for
whichwell-posednesis known, is to prescribehe velocity
vectorv = ¥, onthe boundary This would be the natu-
ral choicefor a moving boundary Specifyingthe velocity
ontheboundaryis equivalentto specifyingboththe normal
andtangentialderivatives of the streamfunction ¥ on the

boundarysincev = V-+W¥. However, specifyingthe tan-
gentialderivative of ¥ determinesl ontheboundaryupto
a constanbf integration, by simply integratingaroundthe
boundarywith respecto its arc length. Similarly this in-
formationdetermineshedirectionof flow ontheboundary
The resultis thatif we solve the Navier-Stokes equations
with v fixed on the boundary we obtaina solutionwith a
streamfunction ¥ and velocity field v both of which are
continuousaup to theboundary

For the Navier-Stokesinpaintingmethod,we inheritthe
continuity acrossthe boundary For example,supposeve
fix V+I onthe boundary Thensolvingthe Navier-Stokes
inpaintingequationwith theseboundaryconditionswill not
only resultin continuoussophotesbut alsowill producean
imageintensityfunctionthatis continuousacrosss2.

In this paper we are interestedin solving the vortic-
ity streamform (7) which, practically speaking,requires
boundaryconditionsfor the streamfunction and the vor-
ticity. For viscousNavier-Stolkes, there are several well-
studiedmethodsfor doing this, all of which involve some
sort of Dirichlet conditionfor w on the boundary In the
caseof afluid, informationaboutw outsideof theboundary
is typically not known, hencefirst andsecondorderaccu-
rate methodsuseinformationaboutthe streamfunction at
the previoustimestepin orderto numericallycomputeA ¥
ontheboundaryIn thecaseof imageswe have moreinfor-
mationaboutATI outsidethe boundaryandcanusethis to
constructaccurateboundaryconditionsfor w = AT atthe
boundary For a discussiorof how this is treatedin fluids,
seg[30] Chapter6.

2.3. Existence and uniqueness of solutions

The Navier-Stokesbasednpaintingmethodinheritsa the-
oretical framewvork from the mathematicatheory of the
Navier-StokesequationsAlthoughafull treatmenbf such
issuesis beyond the scopeof this paper we discussthe
problemof uniqguenesandits relevanceto inpainting.

Firstwe notethatwithoutthe presencef viscosityin the
methodwe do not have a uniquesteady-statsolution. This
canbeseenin thefollowing simpleexample,motivatedby
problemsinvolving the mathematicatoncentratiorof vor-
ticity in solutionsequencesf the Euler equationd8, 12].
Considerthe problem(6) with v = 0 on 9Q2. Considera
disk D, of radius2 R, centeredat the point ¢, contained
insideQ). Letw, (r) andw»(r) betwo differentcompactly
supportedfunctionson [0, 1] so that fol w;(r)rdr = 0.
Fromeachw; we canconstructinexact“radial eddy” solu-
tion of theinviscid (v = 0) fluid equationsthevorticity w;
is givenasw;(z) = wi(@), |z—=z0| < R, andzerooth-
erwise. This resultsin a streamfunction satisfying(where



wedenoter = |z — x¢)

Ui(r) = l/7 swi(s)ds
r Jo

for0 < r < 2R. Notethat®}(r) =0for R < r < 2R. We

canintegratethe equationfor ¥/ to recover ¥; wherethe
constantof integrationis chosenso that ¥; is identically
zeroin R < r < 2R. Outsideof thedisk D, we continue
¥, andw; aszero. Notethatthisis a C*° continuationpy

construction. Sincethe initial functionsw; andw, were
chosento be different, but both satisfyingthe meanzero
constraint,the resultis two different smoothsolutionsof

the inviscid steadystateproblem. In termsof the actual
image,theresultwould be two differentbull’s eye patterns
on a disk in the interior of Q. Note that this construction
worksfor ary disk or for multiple disks.Soit is possibleto

constructa wide rangeof differentsolutionssatisfyingthe
samezerovelocity boundarydata.

At the otherextremewhenviscosityis sufficiently large,
for smoothboundariesthereis a unique solution of the
steadyNavier-Stokesequation$11]. Forviscousflowswith
moderateandsmallviscositythe problemis morecomple;
for example,thereare classicalexperimentalexamplesin
which known steadystatesolutionshave varying stability
propertiesdependingon the viscosity For example,in the
caseof Couetteflow, the fluid is constrainedo move be-
tweentwo concentriccylindersrotatingat differentspeeds.
Thereis anexact,radially symmetric solutionthatsatisfies
the Navier-Stokesequatiorfor all viscosities Howeverthis
solutionis unstableor sufficiently high viscosity resulting
in the creationof multiple eddiesin suchexperimentysee
e.g.[37] p. 80-81).

We expectthat Navier-Stokes basedinpaintingmay in-
herit someof the stability anduniquenessssuesknown for
incompressiblduids, althoughtheeffectof anisotropidaif-
fusionis notclear In fact,somedegreeof non-uniqueness
of the steadystateproblemcould be favorablefor inpaint-
ing, sincelargeinpaintingregionsmighthave multiple ‘pos-
sible’ solutions,the bestchoiceof which might be deter
minedby patternmatchingor informationfrom a previous
frame,asin the caseof video. Ultimately we hopethatthe
choiceof magnitudeandanisotropy of viscosity aswell as
theinitial conditionin theinpaintingregion, maydetermine
thebestpossibleoutcomefor theinpaintingmethod.

Existenceanduniquenessf time-dependerdolutionsof
the Navier-Stokesequationswith isotropicviscosity(g = 1
in (7)) is well established17, 18, 23, 24, 36, 40]. In our
problemwe considerthedynamicswith anisotropicviscos-
ity, both at the level of the smoothnessindat the level of
theintensity This methodof selectve smoothingis known
to beill-posedfor awide classof functionsg, however the
ill-posednessan be easily removed with a small amount
of smoothnesappliedto the gradientinsidethe functiong.

Catteet. al. [6] establishednexistenceanduniquenesthe-
ory which could be extendedo includenonlineartransport
termsfrom the Navier-Stokesequations.In fact, nonlinear
diffusion hasa natural physicalanalogy; Non-Newtonian
fluids have a viscositythatdependdocally andnonlinearly
ontheshear(|Vwv|) of thefluid [32]. Anotherform of vis-

cosityfor Navier-Stokesincludefourthorderhyperviscosity
whichis commonlyusedin numericalsimulationsof turbu-

lence[4].

3. Computational Examples

We now shaw via someexampleshow the Navier-Stokes
inpaintingmethodperforms.In eachexampledescribede-
low, the Navier-Stokesequationsaresolvedin the inpaint-
ing region. We startby computingthe vorticity w from

theimagel, usinginformationfrom the exterior to deter

minetheboundaryvorticity. We evolve thevorticity stream
form (7), usinga simpleforward Eulertime steppingwith

centeredifferencesn spacefor the diffusion anda min-

modmethod[29] for the cornvectionterm. The diffusionis

anisotropic.

After onetime stepof (7) we computethe imageinten-
sity I by solving the Poissorequation(8) usingthe Jacobi
iterationmethod.Fromthis updatedl we recomputer and
startagain. Every few stepswe performanisotropicdiffu-
sionon I, which helpsto sharpenedges. Steadystateis
achieved after N iterationsof this cycle, typically N=300.
We cansetthealgorithmto stopautomaticallywhen’ does
not changeappreciably Parametergor the algorithmhave
beenchosenin sucha way asto work for a wide rangeof
examples:dt = 0.01, dz = dy = 1, v = 2, 50 stepsfor
Jacobip stepsof anisotropidiffusionof I every 10 cycles.
Theevolution (7) mightbe mademoreefficientby usingan
ADI (alternatedirectionimplicit) method[39].

Whenworking with a colorimage,we performinpaint-
ing on its threecomponentseparatelyfoneluminanceim-
ageandtwo chromaimages)andjoin theresultsattheend
(in the samewasasin [2]). Thealgorithmis programmed
in tensof lines of C++ code. Theresultsshovn herewere
obtainedin a few secondsf CPU time of a standardPC
underLinux.

3.1. Inpainting of stills

In this examplewe considera still image, shovn in Fig-
ureltop,with thick linesobscuringpartsof thephotograph.
The bottomimagein the figure shovstheresultof Navier-
Stokesinpainting appliedto the photowith the inpainting
region correspondingo the obscurindines.

Notice the resultis sharp,edgesare not blurredinside
Q nor do color artifactsappear This is a clearexamplefor
which texture synthesi®or manualselectionalgorithmsare
not a good choice,sincethe inpaintingregion is comple.



Figurel: (top) Color photograptwith linesobscuringparts
of theimage,(bottom)Navier-Stokesinpaintingrestoration
of thephotograph.

Thetopologyof theinpaintingregion doesnot posea prob-
lem, unlike the approachn [25, 26).

3.2. Videoinpainting

Figure2 shavsfour framesof the‘Foreman'videoin which
letteringoverlay hasbeenremovedusingNavier-Stokesin-
painting. The inpaintingis doneframe-by-frameusingthe
samemethodoutlinedin the previous subsection.Notice
thatthisapproachthoughstraightforvard,shovsverygood
results:sharp,no color artifacts,no motionartifacts.

3.3. Super-resolution

This exampleusesNavier-Stokesinpaintingto increasehe
resolutionof animage. We have taken a detail I of size
(n,m)of theoriginalimage theright eye of thegirl in Figure
3. Thenwe increasedts size9-fold with replication(zero-
th orderinterpolation)to obtainI’ of size(9n,9m). Finally
we apply Navier-Stokesinpaintingto I’, while fixing I and
V-1, from theoriginal smallimage onthelattice of points
with coordinateg9i,9j). Notice how inpaintingreproduces
aroundiris.

In this example,we use Navier-Stolkes inpainting only
for the brightnesscomponenf the color image. A sim-

Figure2: Four framesfrom the ‘Foreman’videoin which
theletteringhasbeenremovedusingNavier-Stokesinpaint-
ing (availableelectronically).

plerfilter is usedfor the chromacomponentsBetterresults
may be achieved via harmonicmap smoothingof vectors
(see[35]). For anaxiomatic/PDEbasedtechniquefor im-
ageiterpolation,see[5].

4. Summary and Conclusions

In this paper we showv the importanceof computational
fluid dynamics(CFD) in generalandNavier-Stokesequa-
tionsin particulay to vision problems AlthoughCFD ideas
have beenusedin computergraphicsfor such problems
asmodelingnaturalphenomenain shapeanalysisfollow-
ing [29], andasan interpretationfor anisotropicdiffusion
[27], the connectionand application hereis to the best
of our knowledgenovel. Having sucha direct interdisci-
plinary connectiorhasseveralbenefitsor the computewi-
sioncommunity Firstit bringswell-establisheschumerical
methodsandtheoryto a problemof centralimportancein



Figure3: Topleft: Originalimageof girl, 120X160pixels.
Top right: one of her eyes (19x27 pixels) magnifiedwith
zerothorderzoomto 169x241pixels, Bottomleft: bicubic
interpolation Bottomright: Navier-Stolkesinpainting.Note
how theedgesaresmoothemwith the NS approache.g.,the
eyeball.

vision researchSecondthevery closeconnectiorto CFD
hasthepotentialto draw morepeoplefrom thatcommunity
to explore problemsin imageprocessingandcomputervi-

sion. This canonly sene to acceleratehe developmeniof

thefield.

Although we presenta new methodthat seemgo per
form well, there are several interestingproblemsand is-
suesto beworkedoutthatshouldgive improvements First
thereis the designof the numericalalgorithm. We usea
vorticity-streambasedmethoddueto its direct connection
to themethodintroducedn [2]. Howeveronecanconsider
mary othermethodsjncludingdirectsolutionof the prim-
itive variablesform of the Navier-Stolkesequation(4) with
linearviscosityreplacedy anisotropidiffusion. Thereis a
vastliteratureof CFD methodghatcanbe modifiedto suit
theimageproblems.Moreover, the closeanalogybetween
Navier-Stokesandthe methoddescribedn [2] suggestshe
possibilityto try hybrid methodghatcrossbetweerthetwo
equationstherebygiving a rangeof parameter¢hatcanbe

tunedto optimize the end result. Moreover, the theoreti-
cal knowledgebasedevelopedin connectionwith Navier-

Stokesmight pravide moreinsightinto atheoryfor thePDE

proposedn [2]. Finally thereis a very interestingconnec-
tion thatwe have not yet exploredrelatedto the dynamical
evolution of the fluid equationsand stability of solutions.
For exampleit is possiblethat classicaltwo-dimensional
fluid dynamicsinstabilities, like the Kelvin-Helmholtzin-

stability [19, 14] for shearlayers, might allow usto gen-
erateinterestingpatternformation in large inpainting re-

gions. The control of suchinstabilitiesshouldbe linked to

the magnitudeof diffusion presenin the modelandto the

choiceof initial condition.

At the very practicallevel, we have not dealtwith tex-
tures,andthe parametersare setmanually In this respect
we believethattheusermayberequiredto tuneboththepa-
rametersandinitial datain the inpaintingregion to suitthe
particularproblemat hand. However, our experiencesug-
gestthatlarge classe®f problemscanbe efficiently solved
with the sameor similar rangesof parameterand initial
conditions.

We also expectthat this connectionwhen extendedto
higherdimensionswill allow usto generalizehe inpaint-
ing problemto otherfeatureqe.g.,optical flow) andother
modalities. We are currentlyworking on a video inpaint-
ing technique basedon the framewvork presentedere,to
automaticallyswitch betweertextureandstructureinpaint-
ing, aswell asto permitthe useof informationfrom other
frameswhenit is available.
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