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Abstract

It has been known that a strong solution of 2 dimensional almost incom-
pressible Navier Stokes equations with zero external force exists for all time
without any restriction of the size of initial data. In this paper, we prove the
global existence of strong solutions to almost imcompressible Navier-Stokes
equations when a sufficient regular external forces are given and the initial
data are almost incompressible. Our results hold independent of the size of
forces and the size of intial data if the Mach number is sufficiently small and
the initial data is sufficiently close to incompressible flow.

1 introduction

To avoid complicated boundary estimate, we consider 2 dimensional periodic domain
T, with periodicity 1 on both x and y directions. The isentropic compressible Navier-
Stokes equations of a polytropic gas are

pt+u-Vp+pdivu = 0in T

. . , J .. P
p(ul +u-Vu')+Vp = pAd + (p+ /\)87d1v + pf? in Ty,
J
where u = (u',u?) and p denote velocity field and density function, respectively.
Also, the pressure p is a function of density, p = Rp” for v > 1. The constants
1 and A denote the coefficients of viscosity. In terms of physical view points, we
consider the case 4 > 0 and u+ A > 0. We let ¢ be the Mach number. With the
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scaling, we can write the compressible Navier-Stokes equations into dimensionless
form

1 . .
pus + p(u - V)u + 6—2p7_1Vp = pAu+ (u+ AN)Vdivu + pf in Ty
pr+divou = 0 inTs.

If the initial density p, satisfies fT2 podx = p, then the conservation of mass
implies sz pdz(t) = p for all ¢ > 0 if p is sufficiently regular. Since we deal with
almost incompressible flows, we assume g > 0. In fact, if p = 0, there is nothing to
prove. Furthermore, with suitable changes of various coefficients, we assume p =1
without loss of generality. Now, by perturbing p near p = 1, we replace p by 1+¢2p.
Then, introducing initial velocity ug, we obtain the following perturbed equations

ug+u-Vu+ (1+e2p)2Vp=f (1)
+ (1+ &) H(pAu + (p+ A\)Vdivu)  in Ty
Ep+edivpu+ diveu=0 inTh (2)

for the initial data

u(z,0) = up(z) and p(z,0) = po(z). (3)

From the definition of p, we assume naturally that

/ podx = 0.
T

and we also assume all functions are periodic.

In a view of real phenomena, fluid behaves similar to incompressible flows when
the Mach number is small enough. It has been known that nonstationary incom-
pressible Navier-stokes equations in two dimensional domains have strong solutions
for all time if the given external forces are sufficiently regular. Moreover, if there
are no external forces, then the exponential decay (in time) of the solutions can
be proved. For the compressible equations, it is plausible that if the initial datas
are near incompressible flows and the Mach numbers are sufficiently small, then
there exist strong solutions of compressible Navier-Stokes equations close to the so-
lutions of incompressible equations. In 1998, Hagstrom and Lorenz [2] proved the
global existence of the strong solutions of 2 dimensional compressible Navier-Stokes
equations without force terms near incompressible flows if the Mach number are
sufficiently small and the initial data are almost incompressible. The essential in-
gredient of their proof is the fact that two dimensional incompressible flows decay
exponentially if there are no external forces.



We let LP(T,) be the usal LP-integrable Lebesgue space in T> and Sobolev space
W*P(Ty) be the set of LP(Ty) functions whose k-th derivatives are also LP-integrable.
Naturally we define the norm of W*? by

S =

lullep= | X [ [VouPde
o<k 12
For simplicity, we also denote H¥ = W*? and || - ||s2=] - ||x. We let J(Ty) ={h €

L*(Ty) : divh = 0 in the sense of distributions} and G(Ty) = {g € L*(Ty) : g =
Vp,p € H(T3)}. Then from Helmholtz-Weyl theorem we have

LX(Ty) = J(Tz) ® G(Tz)

and we define P as the projection of L?(T) to the divergence free space J(T%).

We let Uy = P(ug) and f € L%((0,00) x Ty). We suppose U € L*®(0, co; L2(T3))N
L?(0, 00; HY(T3)) be the solution to the 2 dimensional incompressible Navier-Stokes
equations

U — pyAU+U-VU +VP = § (4)

divU =0

satisfying the initial conidion U(z,0) = Uy(x). From Galerkin approximations and
2 dimensional regularity theory, we know there is a unique solution

U € L®(0, 00, LA(Ty)) N L2(0, 00; HY(T3)).

Moreover we can assume that P(-,t) € L?(Ty) is average free, that is,

/ P(z,t)dz = 0. (5)

We show the existence of unique solution (u,p) to (1) and (2) if f satisfies a
smoothness condition and the initial data ug is almost incompressible. We emphasize
that any smallness conditions are imposed on f and ug. The novelty in our paper
lies on the perturbation method of the incompressible Navier-Stokes flow with large
force and the corresponding Gronwall type inequality. To be more precise, we state
our main theorem.

Theorem 1.1 Suppose that an external force f is given to satisfy
f € L*([0, 00); H*(T2)) N L*([0, 00); H*(Ty))
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and
fi € L*([0,00); H3(T)).

There are positive constants eo(p, A, ug, f) and do(go, i, A, ug, f) such that if 0 < & <
g0 and for Up(z) = P(uo)(z) and Py(z) = P(z,0)

| wo—Uo |13 +€° || po — Po |13 6,

then there is a solution (u, p) to the isentropic compressible Navier-Stokes equations
(1) and (2) for all time t > 0 such that

(u, p) € C([0, 00); H¥(T3)) x C([0, 00); H(T3))
and
sup | (u = U)(0) [s +supe? | (0~ P)-) [

+52/0 | V(u=0U) |3 (t)dt < M

for some M depending only on €y, p, A, ug, f.

2 Preliminaries

Set v = u — U and 0 = p — P. Now, we get the following equations by perturb-
ing the compressible equations (1), (2) and (3) near the solutions (U, P) of the
incompressible Navier-Stokes equations (4).

u+(v+U)-Vo+v:-VU+ Vo = pAv+ (p+ A)Vdiv v (6)
+(1—(1+e*(o+P) *)V(s+P)
+((1+&*(o+P))™" = 1)(pAv + (u+ A)Vdiv v + pAU)
2oy +2(v+U) - Vo + ?odiv v + div v = —°P, (7)
—&*(v+U) - VP — *Pdiv v.

To make our equations symmetric, we set w = (v,e0)?. Then we can write our
equations as the following system from (6) and (7)

wi+ (v+U)-Vw— Aw=F +¢G, (8)

where A., F = Fy + F5 + F; and G are



9? 9?
MA+(M+/\2)@ (M+>\)m2 L T L 55:
A = (,LL—|—)\)6$‘196$2 ,LLA—}-(LL-FA)% 0 3 2 g e
0 0 0 321 da3 U

F = [ J+ (1 4o+ P))™ — 1)(uAv + (p + A)Vdivo) ]

- —eodiv v
0 —v - VU
Fz_g[—Pt—U-VP}’ F?'_[ 0 }

and

4 +e(c+P)-1)AU
G_[ —v-VP — Pdiv v }

Here J denotes the function
J=(1~-(1+¢&*c+ P))?)V(oc+P).

The defferential operator A, is not strictly elliptic, but we can show A, induces
a coercive map for H! modulo constant. This observation is crucial in [2] to show
global existence in the homogeneous cases. We follow the same idea for diffusion
parts. We interpret in terms of Fourier series. For u, v € L?(T5, R?), we define the
L? inner product and norm by

(u,v) = Z/ avjde and || u |lo= (u,u)%
j=1 7T

and the Sobolev inner products and norms on H* are

1
(w,0)g = Y _(D*@,D*) and || u lp= (v,u),k =1,2,---,

al<k
where D% = %. We recall Parseval’s equality
Ty 0%y
2
(U,’U) = Z Zﬁj(k)ﬁ](k)v
kez? j=1



where

1
o

(k) / expthrertkaza)y (1) g
T

In the frequency domain, our differential operator A, will be a Fourier multiplier
matrix such that

AM==210 0 k| =| (u+Nkks  ulkP+(u+NE2 0
“lk ke O 0 0 0

The eigenvalues of A, (k) are

+ ) 4
A= —ulkl? A :—(M k2 [(1+,/1—- ——
1 N‘ | y 2,3 9 | | ( \/ (u+)\)282|k\2>

and all of them have negative real part, more precisely,

©HA 1
Rej_123M;(k) < max{—p, — R /\)62} for k € Z2 k # 0.
We let ¢ so small that
1 w+ A
PESVE A G ©)

Then, if 0 < & < g9, Rej_123)j(k) < —co, where ¢y = max{y, “%)‘} As in the case
of symmetric hyperbolic system, we can find a symmetrizer H for A.. We define a
symmetrizer matrix H for A, by

1 0 0
H=5|0 1 |
0 _Z-s(l»t-l-)\ 1

where



The following lemma has been stated in [2](see Lemma 4.2 in [2]).

Lemma 2.1 There are positive constants cgy, c1, C1, Cs, €9, depending only on p
and pu+ X such that for 0 < € < gy, k € Z2%, k # 0, there are Hermitian matrices
H = H(u, A &,k) € C3*3 with the following properties hold.

0<(1—-Cie)I<H< (14 Ce)l
¢"(HA, + A1H)q < —coqg*Hq — c1|k*(|a1|* + |g2|*),  for all g € C®

To obtain the energy estimate, we define a new inner product on L? = L?(T}, R?)
by

(,0)g = Y a(k)*H(u, A ,k)d(k) for 0 < & < g9,k € 2%,k # 0.

keZ2
Then we deduce the following results from Lemma 2.1.

Lemma 2.2 a) For all w = (v,w?®)! € L?,

1=Cie) [w <l w z< 1+ Cre) [ w 1%,

b) If w = w(x) is sufficiently regular (e.g., w € H?) and w(0) = 0 (i.e., the
spatial averages of the components of w are zero), then

(w, Acw)g + (Acw, w)yg < —cp || w ||§1 —c; || Dv ||2 }

¢) If wy € L?, wy € H', then
(w1, Dwa) g — (w1, Dws)| < eCy || wy |o]| wa o -
_ 9 _ 9
ﬁﬂereD—a—w1 orD—a—“.

d) If wy,wy € H' then

(wh Dwz)H = —(le, wz)H-



3 A priori estimates for the compressible equa-
tions

The short time existence of the strong solutions of (1) and (2) has been proved by
several authors- Ebin [1], Klainerman and Majda [4], Beiraé da Veiga [6]- when there
are no external forces and the initial data are slightly compressible. The presence
of external forces makes the proof of the short time existence theorem a little com-
plicated. In this section, we suppose the short time existence of the solutions of (1)
and (2). The short time existence of strong solutions will be proved later. Conse-
quently, there is a maximal time T* > 0 such that there is a v € C([0,T*); H3(T»))N
L%([0,T*); H4(Ty)) and o € C([0,T*); H3(Ty)) N L%([0, T*); H*(T3)). In this section,
we will estimate the H® norm of w = (v,e0) from the equation (8).
Set

o(t)* = ) (Dw, D°w)g

al<3

and

U(t)’ = (D%, D).

al=4
If we take derivative D® to the system (8), we get the equation
(D°w)y — AeD*w + D*((v+U) - Vw) = D*F +¢D°G. (10)
Thus, applying D?w to (10), we obtain our basic inequality

d
5 2(t) =2Re Y (Dw, D*wy)y (11)
al<3
= Z ((D%w, AcD*w)g + (A:D%w, D*w)g)
al<3
—2Re Z (D%*w, D*((v+U) - Vw))u
<3
+2Re » (D°F,D°w)y +2:Re » (DG, Dw)
/<3 /<3
=I+IT+III+1V.



3.1 Estimate for /

From Lemma 2.2, we observe that

> ((D*w, A.D*w)gr + (A.D*w, D*w)g) (12)

laf<3

<= > (co | D*w |3 +e1 | D*Vo |?)
0<|al<3

o ((wa Asw)H + (A-gw, ’LU)H)

Let w® = w—(7,0). Here 7 = fT2 vdz. We observe that the mean of w® is zero, since

/ (v —7)dz = 0 by definition of @
T

/eada:za/(a+P)da:—s/ Pdz =0,
T> T> T

by (2) and (5). Now we estimate ||. We find that

and

5= / (00 + Po) (o + Uy)der — & / (0 + P)(v + U)da (13)

t
+e? / (o0 + P)fdzdt
0

b= /T2vd:v
= /Tl—i-&: ))(v+U)da:—/T2de—sZ/T2(a+P)(v+U)da:
= /T21+a ao—i-Po))(vo—i-Uodx—i-//T21+5(0+P))f
/TZUda:—a/ o+ P)(v+U)de

= 62/ o0 + Po)(vo + Up)dx — €* /(a—i-P)(v-l—U)dw
T2 T2

+a2/0 /TZ(0+P)fd:c.



by (1) and (4). We suppose

v Il +&* || o0 [I5< &

Note w® = 0. From (13), we get the following estimate for |5| such that

t
9] <eczdg + c=(l| Uo Ils + || Po ||§+/0 £ 15 dt)
+es(@(t)" + X)) +es( U lls + || P1I5)-

We obtain the estimate for the second term of the right hand side of (12):

(w, Acw) + (Aew,w) < —co || w® I —er || Vo [f5

< —co lwllE —er || Vo llg +clol*.

Therefore, from (12) and (14), we get the following estimate for I:

(14)

t
1] < = co®(t)” — 1 ¥(t)* + cedg + ce(|| o IIs + 1| Po 3 +/ I 16 dt) — (15)
0

+es(@(t)" + ¥ (t)") +es(|| U Il5 + || P1I5)-

3.2 Estimate for I/

Note that (v +U) - Vw! = 2 ((v' + U)w’) — div(v)w’. From Lemma 2.2, we know

L

that
Z |(D®w, D*((v+U) - Vw))g — (D%w, D*((v + U) - Vw))|
la|<3
<eCy || w [s]l (v +UY) - V! ||
< ce(®(t)’*+ || U [Is @(2)%).
Note that

(D*w, D*((v+1U) - Vw)) = (D*w, D*((v + U) - Vw)

1
—(v+U)- VD) — —/ div v|D*w|?*dz.
2 Jp,
By Gagliardo-Nirenberg inequality, we can estimate (17) such that

> [(D%w, D*((v +U) - V)| < c®(t)*(T(t)+ || VU [la)-

|of<3

Therefore, from the stimates (16) and (17), we estimate I so that

11| < c(e(2(t)*+ | U lls 2(£)*) + T(1)2()*+ || VU [Is 2(t)°).

10
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3.3 Estimate for /7]
Since F' is defined by F' = Fy + F» + F3, we write II1 as

IIT =2Re » (D*F, D°w)y +2Re » (D*Fy, D*w)y + 2Re Y (D*F3, D®w)y

|| <3 || <3 || <3
= (IIT — 1) + (III — 2) + (IIT - 3).

(i) Estimate for 117 — 1
If we define the function h(s) by

h(s) = S+ -G s iy #L
log(1+s)—s ify=1"

then we find that
1
(1-(1+&*(c+P)) V(e +P)= —?w(s?(a + P)).
Note that

h(s) = sg(s),
where ¢(s) is defined by

(vy—=2) fol fol(l +71798) Y 3rodridry  ify # 1
gls) = Jo fo i radryd ify =1
0 Jo [irirg)z 2072072 iy =1

So we can write J in Fj such that

1= (1+e*(o+P) V(o + P)=—"V((o + P)*g(c*(c + P))).

(19)

Consequently, from direct calculations with Sobolev inequality in mind, we

obtain

n

I Pl <e(e® 1 g el w® +eP |5+ || g |zl w® + P |I3
+ellg ol w*+eP 3+ 1| g lloll w® + P |3
+e||w+eP 3| Vv s
1

1+¢2(o + P)

+ [l w? 5]l v [ls)

+el [z [l w® + P [|s]| Vo |5

11
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Set a(t) = raprep llz=s bu(t) =[ g(ew® + €P) [|z= , ba(t) = ' (ew® +
e?P) |z, bs(t) =|| g (ew® +*P) ||z and by(t) =|| g~ (ew® + &*P) ||p. If
we apply Lemma 2.2, (19) and (20) and integrate by parts, we can see the
followings(we move one derivative of (D®FL, D®F2) to v* = (w!, w?)):

Y |(D*w,D*F)g — (D*w, D*FY))| (21)
0<|al<3
<C ) el D*wllo + || D*Vo flo) | Fi |2
0<|a|<3

<es(D(t) + U(1))(2(1)° + ca(t)*(2(8) + ¢ || P [1s)¥(2)
+ce’(B(t) + () (B(t) + || P lls)¥(2)
+ceby (8)(2(2) + T (1) (B(t) +¢ | P ls)*
+e’ba(t)(R(t) + R (1) (B(t) + || P lls)’
+¢e’b3(t)(B(t) + ¥ (1) ((t) + < || P ls)*
+e'ba(t)(B(t) + ¥ (1) ((t) + e || P [ls)*

Integrating by parts, we have the inequality

Y 0w E) < Y (1 D+ ePYo(eut +£2P)) ol D div v o
0< || <3 0<|a|<3
ew® + &2P _
1 1+ ewd 4+ e2P (1A + (1 + A)Vdiv v) [[jo) 2]l VO [|iafs1

+ || D (w*div v) [loll D*w?* o).

Hence, with (21), we obtain the inequality
D [(D*w, D*Fy)| < c(®(t) + ¥(t)D(t)?

0<|e|<3

£)*((t) + L) (2(t) +e || Plls)¥(t)
t)((t) + (1) (B(t) + = || P ls)*
o(t) + (t) o(t)+e |l Ps)
o(t)+e || Plls)*
o(t)+e || Pls).
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By Lemma 2.1, we know |H| < (1 + Ci¢), where |H| means the usual matrix
norm. We also have the inequality for the case a =0 :

[(F1,w |H<Z\F1 ) H (k)||@]

< (1+Ce) Y (1K) (o

k

w\»—n

< (14 Cie) || F1 loll w o,

by Schwarz inequality and Plancherel identity. Hence, from Holder inequality
and Sobolev inequality, we obtain the estimate for /1 — 1 as follows:

[ITT — 1| < c(®(t) + U(t))D(t)? (22)
+ cea(t)?(B(t) + () ((t) +¢ || P lls)¥(t)
+ chi (8)(2(t) + T(1))(B(t) +¢ || P |l3)?
+ ceby () (B(t) + U (1)((t) +¢ || P ls)?
B(t)+¢ |l P lls)*

+ ce”bs (£) (B (t) + ¥ (2))(D(
(®(t) +e |l P lls)°

(
)

v(t)
+ce®ba (1) (B(t) + T(2)

(
)
)
(23)

(ii) Estimates for 111 — 2 and I1] — 3
We get the following estimates for I7] — 2 and I1] — 3 by applying Lemma

2.1 and Lemma 2.2:
> |(D*w, D*Fy)u| < ce®()(|| P lls + | U lls]| VP [|s) (24)
|a| <3

and

Z |(D*w, D*F3)g| < ce || VU |2 ®(t)® + ¢ || VU ||s ®(¢)>.  (25)

la<3

3.4 Estimate for IV

By the same reasoning as (i4¢) in subsection 3.3, we have the following estimate for
the fourth term in (11):

[IV] < cea(t) || VU [|s (®(2

)+ ¥(0)(@() +e |l P ll2) (26)
+ega(t) || VU [Is (2(t) + 2(2)

(

|

)(@(t) +¢ || P ls)*
+ea(t)’ || VU |5 (2(t) + 2 (2))(2(t) + € || P lls)*

+ce®(t)(2(t) + ¥(1)) || P Is

13



4 Main result

In this section, we will derive the global time existence of the solutions to (6) and
(7) by establishing Gronwall inequality using the results from subsections 3.1, 3.2,
3.3 and 3.4. The short time existence is essenstial to continue indirect argument.
Although, the short time existence for homogeneous cases have been considered in
many papers(see [1], [4], [5], [6]), we do not know local existence theorem when there
is a large force. Following a similar argument to [4] or [6], we will find a contraction
map in short time and this implies the local existence via fixed point theorem.

First, we need global energy estimates for higher norms of (U, P) for incompress-
ible parts. The estimates will be useful in the proof for short time existence and
global time existence. In fact, the L! integrability in time of various space norms
are essential to find the global estimate. We suppose that

f € L*([0,00); H*(Ty)) N L™([0, 00); H(T))

and
fi € L*([0, 00); H3(Ty)).

We also assume that Uy € H3(Ty). Then we see the following facts from standard
energy estimates;

sup || U(-,9) s

0<t<o0

[IvUes B < an([ 069 B ds ] U )
0 0
up || P(s) s < Mol sup | £

0<t<o0 0<t<oo

; / | £(os) |12 dss || U |1s)
/ | VP(,s) [2ds < Ms(/ | £Cos) |2 ds; | Us |ls)
0 0
/0 | PGB < M4</0 1 £Cos) B+ 1 £iCos) 12 2ds3 1) Us [ls 2).

IN

My( / | £Cos) I ds; | Uo Ils)

IA

IN

Here M;(s1; s2; s3) means that the positive constant M; depending only on sy, s3, S3.
Since the proofs are rather obvious, we omit them.

Once we found the energy estimates for (U, P), we proceed to show the short
time existence of compressible parts. As far as we know, there seems no known
explicit proof of short time existence independent of Mach number when exter-
nal force presents. We have to deal with the perturbation terms involving with
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(U, P) since (U, P) remains large. We fix an arbitrary time 7. For given (v,0) €
C([0,T); H3(Ty)) x C([0,T); H*(Ty)), we suppose (w,n) is the solution to

wi+(v +U) - Vw — pAw — (p+ A\)Vdivw + Vnp = —v - VU (27)
+(1—(1+¢&(o+P))*)V(e+P)
+((14+€* (o + P))™' — 1)(uAv + (p + \)Vdive + pAU)
e’n+e(v + U) - Vi + divw = —e?odive — e° P (28)
—&*(v+U) - VP — 2 Pdivw.

in Ty x (0,T) satisfying the initial condition
w(z,0) = uo(x) — Uo(z) and  n(z,0) = po(a).
We will prove the global existence of solutions
(w,n) € C([0,T); H¥(T3)) x C([0,T); H(T2))

to (27) and (28) from Galerkin approximations. Since U is divergence free, we do
not need to impose any smallness condition on the norms of U. But, to obtain
uniform bound in time of the H? norm of (w,n), we need to assume that

sup || v [ls< comin(p, p + A) (29)
0<t<T

for some small ¢y depending only on A, x. Since ¢ is small, we can assume that

sup || v ||s + sup || o ||3 is small compared to min(p, i+ A). Let
0<t<T 0<t<T

K = {(v,0) € C([0,T); H¥(T3)) x C([0,T); H¥(T)) :

(v(2,0), (2, 0)) = (uo(x) — Us(x), po()),

sup || v |3 +e || o [[s3< comin(p, p+ A)}.

0<t<T
We define the map Mr; K — C([0,T); H3(Tz)) x C([0,T); H*(T)) by

Mr(v,0) = (w,n).
Lemma 4.1 We fiz a small positive constant g < %min(,u, A+ 1) and suppose that
| wo — Uo [I3 +¢ || po lI3< cogo

for some small small constant cy. Then, for each 0 < ¢ < &g, there is Ty independent
of €(as € goes to zero) such that the map Mr, is a contraction map in K. Conse-
quently there is a unique solution (v,0) € C([0,Ty); H*(Ty)) x C([0, To); H3(Ty)) to
(6) and (7) if 0 < € < &y.
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We only skecth the proof of Lemma 4.1 since we are following a similar argument
in [4] for hyperbolic systems. In fact they applied the contraction mapping argument
for compressible Navier-Stokes equations when there is no external force. Therefore,
we need only to take care of the perturbation terms involving with (U, P).

Proof. We let @ = (w',w? en)* and & = (v',v? e0)'. Then we can write (27) and
(28) in matrix form as in (8) such that

£

W+ (v+U)- Vi — A = F + @ (30)

with the initial condition
w(x,0) = (uo(z) — Up(),ep0(x))",

where AE,F = F, + F, + F; and G are

HA+ (N gr (n+ Naras, [0 g

2 2 d

A= (M-i-)\)ﬁ /JA—}-(,M-F)\)&?—Z% 0 3 g g e
0 0 0 %o 9o U

F = [ J+((L+e*(o+P))~ = 1)(uAv + (u + A)Vdive ]

—eodiv v
0 —v-VU
F2_8[—Pt—U-VP}’ F?’_[ 0 }

and

E(1+e*(o+P) ' —1)AU
G:[ —v- VP — Pdiv v }

Here J denotes the function
J=(0—-(1+&*oc+ P)))?)V(s+P).

We let {¢(z) : k = 1,2, -} be the smooth orthonormal L? basis and we approximate
w by

(2, t) = Y o (D)u(a),
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with the initial condition
N (0)= | on(x) - w(z,0)dz.
T

As usual, ¢f are solutions to ordinary differential system

d

i), (v+U) - V' (z, 1) (z)dzx — / Acw™ (2, 1) du(2)dz

T2

w (2, t)pn(x)dz + /

T

_ / FPoufe)ic +c / G u(z)da

T2
forn =1,---) N. The local existence is proved by Picard method. Then multiplying
cX and summing up, we obtain the energy estimate. In fact, since U is divergence
free, we get

1
/ (v+U) -V (z,t)w (z,t)de = ~3 / divo|w™ (z,t)[*dz
T

Ts

and then the smallness condition (29) of v implies sup, || w™(-,t) ||3 is uniformly
bounded as long as F,G € L?(0,00 : H?). This implies the global existence of
C(0,00 : H?) solution to (30). From subsection 3.3 and 3.4 with (v,0) for w, we
show that there exists T independent of £ such that w satisfies

sup || @ [|s< comin(p, p + A).
0<t<To

This implies that My, (v,0) € K and there is a fixed point for Mz, in C(0,00 : H?).
O
Now we are ready to prove our main theorem. Let Ky < 1 be a small positive

constant that will be determined later. If we suppose that the maximal time 7™
defined in section 3 is finite, that is, 7" < oo, there is a time 7 such that

®%(t) < Ky if t < Ty and ®*(T1) = K,.

Let €9 < 1 be a small positive constant that will be determined later. Let ¢ < &.
By Sobolev inequality, we note that

I w? lloo< By | w® ls -

If we take &y such that .
6%M2 S Z

17



and
1

Za
then there is a positive constant ¢ independent of U, P, ¢y, etc,such that

a(t), bi(t),ba(t),b3(t) < c.

Using the estimates (15), (18), (22), (25) and (26) in section 3 and applying Young’s
inequalities, the following Gronwall inequality is deriveded from (11) for the time
0<t<Ti:

icI)(t)2 +co®(t)? + 1 ¥(t)? < ec(bo, My, My, M3, My) (31)

dt
+cle+ @) +e(My + Mz)* + (| VU |13 + || P [3))2(t)?
+c(e + ®(t) + e(My + M,y)?)¥(t)?,

1
g0 Kg <

where ¢(dg, My, My, M3, My) is a constant depending on &y, My, My, M3, M,. Take
K, and &g so small that

6(80 + K() + €0(M1 + M2)2) S %

and c
c(eo + Ko + eo(My + M,)?) < 50-
Then from (31) we obtain the following:
d 2 % 2 4 2
%@(t) + Eé(t) + E\I’(t) < 5C(60,M1,M2,M3,M4) (32)

+e(l VU II5 + | P52 ()

for all 0 < t < T;. We know that || VU ||3 + || P |3 (¢) is integrable as a function
of t and

[ UVUIR 1P IE @t < M1+ s
0
Hence, if we solve the inequality (32), then we get the following inequality:
t
() + / T (s)%ds (33)
0
t
< ec(8o, M, My, M, My) / exp(~ 2 (¢ — ))Ca(t, T)dr
0

+3(0)? exp(—%ot)Co(t, 0)

18



for all ¢ € [0,T1), where Cy(t,7) = exp(c [* || VU |2 + || P ||? ds). Thus if we take
€o so small that

and

then we get the inequality
t KO
®(t)? +/ U(s)?ds < - forall 0<t<Tj.
0

This implies that ®(7})? < K, and leads to the contradiction to our assumption.
Thus the solution must exist globally if the Mach number ¢ is sufficiently small.
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