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Abstract. In this paper we study a model of necrotic tumor growth. The tumor comprises of necrotic
cells which occupy a radially symmetric core, and life proliferating cells which occupy a radially symmetric shell
adjacent to the core. The proliferating cells receive nutrients both through diffusion from the outer boundary
as well as by means of blood flow through a network of capillary vessels. The mathematical model describes
the evolution of the nutrient concentration o between the boundary of the necrotic core r = p(t) and the outer
boundary of the tumor r = R(t); within the core itself the concentration is a constant ¢ = opec, a level under
which life cells cannot be sustained. Both surfaces r = p(t) and r = R(t) are free boundaries, which are unknown
in advance. Under some assumptions on the parameters, we prove that (i) there exists a stationary solution
with radii » = ps, » = Rs; (ii) for any initial data near the stationary solution, the time dependent model has
a unique solution o(r,t) with free boundaries r = p(t), r = R(t), and (iii) p(t) — ps and R(t) — Rs as t — co.
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1. The model. In this paper we study a model recently proposed by Byrne and Chap-
lain [7] for the growth of necrotic tumor in the absence of inhibitors. The tumor consists of a
spherical core of dead cells (necrotic core) and a spherical shell of life cells surrounding the core
(nonnecrotic shell). The nonnecrotic region receives blood supply through a developed network
of capillary vessels (vascularized tumor). The blood supply provides the nonnecrotic region
with nutrients. On the other hand there is no blood supply within the necrotic region, and the
concentration of nutrients within it is at constant level, the threshold at which life cells cannot
be sustained. The boundaries of the necrotic core r = p(t) (where r = |z|, z = (21, zs, x3)),
and of the outer nonnecrotic shell » = R(t) are free boundaries, unknown in advance. An earlier
model was developed by Greenspan [13].

The present paper develops mathematical techniques for rigorous analysis of transient and
stationary solutions to such models with two free boundaries. In the particular model under
study they allow us to confirm, but also significantly extend, the results obtained in [7] through
numerical studies.

As in other models developed in the last few decades (see, e.g., [1-6, 13] and the references
cited there), Byrne and Chaplain represent the tumor’s evolution by means of the levels of
diffusing nutrient concentration. Their model also takes into account the possible blood-tissue
nutrient transfer that occurs in vivo through angiogenesis as described and modelled in [3, Chap.
5], [4]. (Angiogenesis is a process by which tumors induce blood vessels to sprout capillary
tips which migrate toward, and penetrate into, the tumor thus providing it with circulating
blood supply.) Further, their model includes a well-motivated cell loss mechanism, apoptosis
or shrinkage necrosis in the nonnecrotic region, and cell loss in the necrotic region. However,
in contrast with previous models the present model includes two free boundaries: r = p(t), the
boundary of the necrotic core, and, » = R(t), the (outer) boundary of the tumor.



As in [7], after nondimensionalization, the nutrient concentration, &(r,t), will satisfy the
reaction-diffusion equation
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where H(s) is the Heaviside function: H(s) = 0if s < 0 and H(s) = 1 if s > 0. Here
the constants op and I' denote the (dimensionless) nutrient concentration in the vasculature
and the rate of nutrient-in-blood tissue transfer per unit length, respectively. Thus I'(op — &)
accounts for the transfer of nutrient by means of the vasculature (in the nonnecrotic shell),
whose presence stems from angiogenesis. The term Ayé is the nutrient consumption rate, and
¢ = Tiiffusion/ Tgrowtn 1S the ratio of nutrient diffusion time scale to the tumor growth (e.g.,
tumor doubling) time scale. Note that, typically, Tuifusion ~ 1 minute (see [3, pp. 194-195])

while Tygrowin ~ 1 day, so that ¢ < 1.
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is meant to denote the radial part of the Laplace operator in 3-dimensions, and therefore one
must include the condition 96
o

(1.2) 5(0,8)=0.

In the sequel we take
G(r,t) = const. = opec >0 if r=p(t)

and assume that initially
(r,0) = onec  if 0 <7 < p(0).

Then, by the maximum principle,

(1.3) G(r,t) = Onec if 0<r<p(t), t>0.
We shall also prove that 6,.(r,t) > 0 if p(t) < r < R(t), so that

(1.4) G(r,t) > Onec if p(t) <r < R(t), t>0.

Assuming that the mass density of cells is constant in the nonnecrotic region, the principle
of conservation of mass coincides with the principle of conservation of volume. A reasonable
simplified approach to this principle, developed in [13], gives the relation

(1.5) jt( TR (t) /// )r2sin @ dr df dp — M (omec) p°(t)

where S(6) denotes the cell proliferation rate within the nonnecrotic region of the tumor, and
M (0pec) represents the cell loss due to necrosis.

We should clarify (cf. [7]) that whereas apoptosis refers to natural cell death caused for
example, by aging, necrosis represents cell death caused by the microenvironment which occurs,
for example, when the level of nutrient concentration is below a critical value necessary to sustain
the cell.



For simplicity we restrict ourselves to the proliferation rate [6, 7]

~

(1.6) S(0) = (35— 3)

where o and o are positive constants. This means that the cell birth-rate is py6 while the cell
death-rate (apoptosis) is given by uy 0. We also set

(L.7) ATp = M(Onec) ;  p>0.

Finally, the external nutrient concentration is assumed to be a constant &, so that

Qll

(1.8) b= at  r=R().

The above model in the nonnecrotic case was studied, by rigorous mathematical methods,
by Friedman and Reitich [12]; the case where inhibitors are present was studied, by rigorous
mathematical analysis, by Cui and Friedman [8]. In both of these papers the existence of
stationary solutions was established and their asymptotic stability was analyzed. The present
paper is written in the same spirit. However the mathematical analysis turns out to be far
more dedicate due to the presence of two free boundaries.

It will be convenient to work with the function
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Choosing also, for definiteness, pg = 1, we can rewrite the model in the form:
0 10 0

(1.9) ca—: - T—2§<r2 6—:) + Ao H(oc—09) =0, a.e. for 0<r<R(), t>0,

do
1.10 —(0,7) =0 if t>0
( ) 87‘( I ) 1 )
(1.11) o(R(t),t) = & if t>0,
(1.12) o(r,t) = oy if  0<r<p(t),t>0,
(1.13) Z—Z(r, t)y =0 if  r=p),

R(t)
(1.14) R(t) d]c%i—l(ft) = / (o(r,t) — &) r*dr — up®(t) , t>0
(1)

with initial data

(1.15) 0 < p(0) < R(0),
o(r,0) =09 if 0<7r<p(0), 0(R(0),0)=57, g9 <o(r,0)<a if p(0)<r< R(0).
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Of course as long as p(t) remains positive, the condition (1.10) is automatically satisfied.

Note that (1.13) means that do/0r is continuous from both sides of r = p(t) and its value
at r = p(t) is zero.

We shall be proving later on as that o.(r,t) > 0, so that p(¢) is such that o(r,t) = o if
0 <7 < p(t) and o(r,t) > o9 if p(t) < r < R(t); cf. also (1.4). As a consequence we could
replace (1.9) by

(1.16) c————<r2g—j>+)\0:0 if p(t)<r<R(t),t>0.

Since on the free boundary r = p(t) we have the two boundary conditions
(1.17) o(p(t),t) =09, or(p(t),t) =0, t>0,

o is also a solution of the parabolic variational inequality

0o 1 0 /([ ,00

- = - > >

cat r28r<r 6r>+)\0 > 0, o> o0g,

1.1

(1.18) [080 16(r2—20)+)\0](0—00) =0
r

ae. for 0<r<R(t),t>0.

For a given R(t), this variational inequality has a unique solution (satisfying given initial data
and (1.11)) (see [11, Chap. 1]); however, in our case the curve r = R(¢) is not given, and, in
fact, it is a free boundary. This complicates substantially the proof of existence of a solution
to the time dependent problem.

The structure of the paper is as follows: In §2 we establish the existence and uniqueness
of a stationary solution to (1.9)—(1.14), under certain assumptions on the parameters. The
remaining part of the paper is devoted to proving that if the initial data (o(r,0), R(0), p(0))
are “close enough” to a stationary solution (o4(r), Rs, ps) then a global solution to (1.9)—(1.15)
exists, and any such solution converges to the stationary solution as ¢ — co. Below we elaborate
in more detail on the outline of the proof.

In §8§3,4 we consider the free boundary problem (1.9)—(1.13) with fixed boundary r = R(t)
(“Problem (Rr)”) and prove that it has a unique solution, and that the free boundary r = p(¢)
is in C. It is assumed that the initial data o%(r) = o(r,0) and R(t) satisfy a set of conditions,
(3.5) and (3.7), respectively.

In §5 we prove that if ¢ is small enough then the free boundary problem (1.9)—(1.14) has a
unique solution provided o°(r) satisfies the condition in (3.5), and the solution exists as long
as R(t) remains in an interval (Ry, R;) which contains the point Ry; here Ry — Ry is assumed
to be small (but independent of ¢). Both free boundaries » = R(t) and r = p(t) are proved to
be in C*°.

Making the additional assumption (6.1), we derive in §6 the priori bound |dp(t)/dt| < N
where N is a constant independent of ¢. This bound allows us, in §7, to prove that for the
solution established in §5, R(t) never leaves the interval (Rp, R;); consequently the solution
exists for all £ > 0. Finally, in §7 it is shown that the solution converges to the stationary
solution as t — 0o, and the rate of convergence is e & ‘/i, where K is a positive constant.



2. Stationary solutions. As easily seen [7] if (0,(r), ps, Rs) is a stationary solution of
(1.9)—(1.14) then

(2.1) os(r) = é sinh(VA(r — ps)) + VAps cosh(VA(r — p,)) for ps<r<R,,

=09 for 0Zr<p,,

where Av/A = 0y, so that the condition o,(R,) = & becomes
(2.2) Ui VAR, = sinh(VA(R, — p,)) + VAps cosh(VA(R, — p,)) -
0

Finally, the condition (1.14) yields the relation

(2.8) -2 [VA(Ru—ps) cosh /(R =)+ (MRups =) sinh VAR, 1) = & (R g2) o} =0.
Setting
(2'4) n= \/XRS ) ¢= \/Xps )
equations (2.2), (2.3) become
(2.5) sinh(n — ¢) + (cosh(n — () = %n ,
(2.6) (n =) cosh(n = ¢) + (n¢ — sinh(n =) = o~ (" = ¢*) + 2 ¢°.
0 0o

We summarize:

LEMMA 2.1. (o4(r), Rs, Ps) is a stationary solution of (1.9)—(1.14) if and only if o4(r) is
given by (2.1) where Ry and ps satisfy (with the notation (2.4)) the equations (2.5), (2.6).

We now proceed to determine the solutions of (2.5), (2.6), setting

(2.7) a=

We shall henceforth make the natural assumption that v > 1.
If we define

§=n—C ie, n=E§+C
then (2.5), (2.6) reduce to

(2.8) sinhé 4+ Ccoshé = ~&+~(,
(2.9) gcosh & + (C2+ £C — 1) sinh € — 35(3@ +36C+E)—bC® = 0.
From (2.8) we get
_ ¥€ —sinh{
(2-10) C _— m .
Substituting this into (2.9), we obtain
(2.11) f(€)=0
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where

£(€) = €coshé + [(75 Smh&) +¢ (w) - 1} sinh ¢

(2.12) coshé — v coshé — v
' a ~¢ — sinh €2 ~€ — sinh & ~€ — sinh &\3
_56[3(cosh§—7) +3§(cosh§—7)+§2]_b<cosh§—7)

We have thus proved:

LEMMA 2.2. The stationary solutions (n,() are given by n = & + ¢ and (2.10) where £ is
the solution of (2.11), with f defined by (2.12).

Of course we are looking only for such solution for which n > ¢ > 0; the corresponding &
will be called admissible; note that & > 0.

LEMMA 2.3. If¢ is an admissible solution of (2.11) then

inh
(2.13) coshé >y > s1n§ ¢ :
Proof. Since ¢ > 0, (2.10) implies that either
(2.14) v& —sinh & > 0 and coshé —v >0,

or v§ —sinh £ < 0 and cosh & — v < 0. But since, as easily verified,
sinh &
é- Y

the second case cannot take place; thus (2.14) must be satisfied, and this yields (2.13).
Since v > 1, there exist unique solutions &;, & of

inh
(2.16) coshé§ =7, Smé. S v
2

by (2.15), 0 < & < &. Lemma 2.3 says that the admissible solutions of (2.11) must lie in the
interval (1, &2); for such a solution &,

v —sinh§  £cosh& —sinh &

(2.15) cosh ¢ >

(2.17) no= &t coshé —y coshé —y 7
' ¢ = v€ —sinh €
~ coshé—7
form a solution of (2.5), (2.6) with n > ¢ > 0. Note that
vé —sinh€\®>  v€—sinh¢
2.1 =|—-— _
(2.18) e (cosh£—7> +gcoshf—’y

a
LEMMA 2.4. The functions n = n(€), ¢ = ((&) defined in (2.17) are strictly monotone
decreasing in &, & < € < &, in fact n'(€) <0, ('(€) <0 if & <€< &, and

(2.19) Jm n(§)=oco,  lm n(E)=¢&,
(2.20) Jm ((§) =00,  lim (€)=



Proof. Computing 7'(£) and using the inequality v — sinh¢ > 0, we find that 7'(§) < 0.
Differentiating (&) we get a fraction with positive denominator and with numerator g(§) =
27 cosh é—y*—1—~€ sinh €. But g(€) is negative since g(0) < 0 and ¢'(£) = ysinh £ —v€ cosh € <
0 by (2.15), so that '(¢) < 0. Finally, the verification of (2.19) and (2.20) is immediate. a

COROLLARY 2.5. If (n,() s a solution of (2.5), (2.6) then n > &,.

We note that

. &ycoshéy —sinhé  a
(2.21) Jim f©= oo, fle)—g (BOREoE 2
?;;;;t m(n) = ncoshn — sinhn
: n) = 7 ;
so that
(2.23) f(&) =& |m&) - 3] -
LEMMA 2.6. (i) m/(n) > 0 for all n>0;
(@) imm(n) = 2, lim m(n) = oo .

Proof. We compute that m'(n) = h(n)/n° where h(n) = n*sinh n— 3n cosh n+ 3 sinh 7. Since
h(0) = 0 and
h'(n) = —ysinhn + n*coshn > 0,
by (2.15), the assertion (i) follows. The assertions in (ii) are rather immediate. O
From Lemma 2.6 it follows that m(n) > %, and, for each a > 1, there exists a unique 1} > 0
such that m(n}) = §. Combining this with (2.23) we conclude:
COROLLARY 2.7. (i) If a <1 then

_ \¢3
f(&) > % >0;
(i) If a > 1 then

f(&)>0  for &>,
f(€2) <0 for &< .

THEOREM 2.8. (i) If a <1 then (2.11) has at least one solution in (&1,&2);
(i) If a > 1 and v > (sinhn})/n% then (2.11) has at least one solution in (&1, &z).

Indeed, (i) follows from Corollary 2.7 (i) and the first part of (2.21). To prove (ii) note that
by the definition of & in (2.16), & > 7} so that, by Corollary 2.7 (ii), f(&) > 0. Now use the
first part of (2.21) to complete the proof.

We next prove uniqueness:

THEOREM 2.9. If either a <1 or a > 1 and vy > coshn then the solution established in
Theorem 2.8 is unique.

Proof. Using (2.18) and the last equation in (2.17), we can rewrite (2.12) in the form

£9)

o = [(g cosh & — sinh & — ggi*) n¢(sinh & — a§)]
(2.24)

C +
§ﬂ[§_2<£cosh§—smh§ 2>+(smh§ )} 4
¢ ¢ n¢ & 3 '




We shall use the last expression to prove that f(£)/¢? is strictly monotone increasing in &, for

&1 <€ <&

First note that the functions

2
¢ ¢ ¢ N ng
are strictly monotone increasing, by Lemma 2.4, and the function

£coshé —sinhé  a
& 3

is strictly monotone increasing, by Lemma 2.6. Furthermore (sinh &)/¢ is clearly also strictly
monotone increasing. We can also easily verify that

sinh & >3 &coshé —sinh &

2.25 forall £€>0.
(2.25) ¢ e
Consider the case a < 1. Then
sinh & §cosh§ —sinh{  a| a
AR 5 . _3(m(5) §>>0

so that the expression in brackets in (2.24) is positive and strictly monotone increasing, and
the same then holds for f(£)/¢3.

Consider next the case a > 1 with v > coshn} . Then & > 7} by definition of & in (2.16),
and so, by (2.25) and Lemma 2.6(i),

sinh N X
e = a > 3m(©) = m(n)] > 3m(&) = m()] > 0.
Thus f(£)/¢3 is again strictly monotone increasing in £&. Consequently, in both cases f(£) can
have just one zero in the interval & < & < &. a

3. Auxiliary problem. Consider the function

(3.1) F(R,p) = ﬁ [sinh(\/X(R — ) + Vpcosh(VA(R — p))| .

It is easy to see that

Fr(R,p) >0, F,(R,p) <0 for 0<p<R<x.
By (2.2), if (05, Rs, ps) is a stationary solution then
(3:2) F(Rs, ps) =1 -

Consequently, for any 0 < py < ps with p; — pp small, there exists an Ry, ps < Ry < Ry, such
that

(3.3) F(Ro, po) =1 -
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In this section we shall consider problem (1.9)-(1.13) with R(t) fized and prove existence
and uniqueness of a solution, with Lipschitz continuous p(t), as long as

In the sequel we assume that the initial nutrient concentration o(r,0) = ¢%(r) satisfies the
following condition:

(a) o € C'0, R(0)] N C?[p(0), R(0)],  R(0) > Ry ,

(b) a’(r) = oy if  0<r<p0), p0)>p, p0)<Ry,

(c) Uo(r)gﬁ% if po<r<Ry, o°(r)<a if Ry<r<R(0),
(3:5) (4) % O(r)>0 if  p(0)<r<R(0),

(e) o’'(R(0)) =7,

(f) A % o’(r) > %2 % (r2 &‘Ty)> - 2o%(r) if  p(0) <r < R(0)

for some positive constant A.

Note that, by our assumptions, py < p(0) < Ry < R(0). Note also that (c) is consistent
with (b) and (e) since

00 < G F(?”, PO)

~ F(Ro, po)

as F(r,po) > F(po, po) = 1 whereas F(Ry, po) = 7 = /00 by (3.3); the inequality (c) in fact

holds if [6° — 0| Lo (p(0),R(0)) is sufficiently small. We finally observe that the condition (3.5)(f)
is satisfied if and only if

if  po <7 <p(0)

62
(3.6) 5729 (p(0)) = A0°(p(0)) = 0;
this condition holds if ¢%(r) is a stationary solution; see also Remark 3.2.
In this section and in the following one we assume that R(¢) is a given function satisfying
the following conditions:

(a) ReCY™2)0,T], O<a<l,
(37) (b) Ry <R(t)< Ry for 0<t<T (R;isgiven),
| (c) R(o)aiOJrlﬁ(ﬁaio) — 6
¢ or  r?or or /| ,_r -

The last condition (on R(0)) arises from

d
0= EO’(R(t),t) as t—0

and is a natural consistency condition between the initial data ¢°(r) and the boundary data
o(R(t),t) = a; it will allow us to use the Schauder estimates up to the boundary at (R(0), 0).

DEFINITION 3.1. Given o°(r) as in (3.5) and R(t) as in (3.7), the problem of solving
(1.9)-(1.13) for (o, p) for 0 <t < T will be called Problem (Rr).

9



THEOREM 3.1. There exists a unique solution (o, p) to problem (Ry), provided T is suffi-
ciently small, and

(3.8) po < p(t) , 0<t<T,

(3.9) 0<o,.(rt) <K, if  p(t)<r<RE), 0<t<T,
(3.10) loy(r,t)| < Ko, (r,t) < C if  pt)<r<R@), 0<t<T,
(3.11) p(t)| < Cy a.e. for 0<t<T,

where Ky is a constant independent of T, c, and K,C,C} are constants which depend on T, c.
Proof. Let H.(s) be C*°(—o00, 00) functions for 0 < ¢ < 1, such that

H'(s) >0,
H.(s) =1 if s>e,
H.(s) =0 if s<0
and let
Qr={0<r <R(t), 0<t<T}.
Consider the equation
(3.12) coy — Ao+ AoH (0 —0p) =0 in Qr

with boundary and initial conditions

o =07 if r=R(t) 0<t<T,
(3.13) .
a(r,0) = o%(r) if  0<r<R(0).
The system (3.12), (3.13) has a unique solution o,, and, by LP estimates [14],
(3.14) el | 22(@r) + [|Datel | Lo@a) + [1D30¢|lLo@r) + 1D 0 1r(or) < C

for any 1 < p < oo, where C' is a constant independent of £. By the maximum principle we
also have

(3.15) 00 <0:.<3d in Qr ,
do.
(3.16) ai>0 at r=R({t), 0<t<T.

We can then take a sequence ¢ = ¢’ — 0 such that o — o uniformly in Qr, and D;o. —
Dyo, Dyoo — Dyo, D204 — D20, H.(0.—00) — k weakly in LP(Qr), where & is a bounded
measurable function, so that

(3.17) llol|22(@r) + 1D20]|Lo@r) + [1 D50 20(@r) + [1De0|1o(@r) < C',

and
coy — Ao+ Aok =0 a.e. in Qr .

From the last equation it follows that k = 0 a.e. on the set {o = 0y} (since D;o =0, Do =
0, D?0 =0 a.e. on the set {o = 0¢}). Also, Kk = 1 on the set {o > g4} (since H.(0. —0p) = 1

10



on any set {o > g9+ 6} (0 > 0) if € is sufficiently small). Consequently, Kk = H(oc — 0y) a.e.
(recall that H(0) = 0), and thus

(3.18) cor— Ao+ AoH(oc—0p) =0  ae. in Qr.

Clearly 09 < 0 < & and, by the maximum principle

(319) (o) S o<o in QT y
)
(3.20) a—:>o at r=R({), 0<t<T.

Next we apply the maximum principle to v = do/dr. Since
2
cvp—Av+ — v+ AGv =0
r

where G = L (sH,.(s — 59))|s=s. > 0, and
v>0 on 1= R(t) (by (3.16)) ,
v(r,0) >0 by (3.5)(d),

we conclude that

0o, .

or > 0 m QT )
so that also p

2 .
(3.21) 5, 20 in Qr
and, by strong maximum principle,
0

(3.22) a—: >0 in Qrn{o>o}.
Defining
(3.23) p(t) =inf {r; o(r,t) > oo}

we conclude that
o(r,t) = oy if and only if 0<r<pt).

Later on we shall prove that p(t) is continuous, and then (3.18) will hold everywhere for r # p(t).
Uniqueness follows from the fact that the function ¢ H (o — o) is monotone increasing in o.
We next prove (3.8). Consider the function

aF(r,
u(r,t) = u(r) Zﬁ for  py<r <R
= 0y for 0<r<pp.

It is easily seen that @(r) is continuously differentiable at r = py and

i — Au+AuH(u—09) = 0 if 0<r<Ry,
w(Rp,t) = 7,
a(r,0) > o%r) (by(3.5)(c) for o°(r)) .

11



Hence, by comparison,
o(r,t) < a(r) for 0<r<Ry, t>0

and, in particular, o(r,t) = 09 if r < po, so that (3.8) holds.
To prove the upper bound on o,, in (3.9), consider the function

we(r,t) = o (r, ct) .

It satisfies 7
w — Aw + AwH (w—09) =0, 0<r<R({)), 0<t<z

where R(t) = R(ct). The L? parabolic estimates hold for w, in any region
~ T
0<r<R() a<t<a+1, forany a< ——1
c

with a bound independent of a and c. By interpolation (see [14, Lemma 3.3]) we then have

Ow,
or

~ T

c*o
for some o > 0, where K is a constant independent of c¢. Taking ¢ — 0, we obtain the bound
o, < K.

For any 0 < v < po consider the system (1.9)—(1.13) (with obvious modification) in the

domain
Qr,={v<r<R({t), 0<t<T}.

All the results established above hold also for this new problem. Denoting the solution by
o,(r,t) and extending it by o¢ to r < v, it is clear that the extended function is a solution to
problem (R7), so that by uniqueness,

(3.25) o,(r,t) =o(r,t) .

We shall next use (3.25) in order to prove (3.10). Consider the function

Mt 60',,5 80us
=K,e¢ =+ ’ K.,>0, M>0),
w=Rew FoE5 )
where o, . is the solution o, in Qr, with 0, = 0¢ on r =wv. Then
2\ 0o, )
cwt—Aw+Gw:(M——2> 0’6>0 in Qr,
r or ’

if M > 2/v2, where G > 0 since the function s — s H.(s — g¢) is monotone increasing. We
assert that

w(r,0) >0 if K,>A/c, for r < p(0) and r > p(0) + Cov/z
where Cj is a constant independent of . Indeed, by (3.6) and Taylor’s formula,

P*(r) 2 30 + 3 Aao(r = p(0)) + O((r = p(0))°)
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for r > p(0), so that
o°(r)>o’(r)+e and  H.(c%(r) —op) =1

if r > p(0) + Coo/e. Hence, |00,.(r,0)/0t|, for r > p(0) + Cy+/e, is given by the right-hand
side of (3.5)(f), so that w(r,0) > 0 if K, > A/C. For r < p(0), w(r,0) is clearly equal to zero.
Next, by (3.20),
o
——= (R(t),t) > Co >0
%uc (R(t),1) > Co >

so that
w(R(t),t) >0

Oue

ot

if K, is sufficiently large. Finally, since 0, = 0y on 7 = v which implies
we also have w(v,t) > 0. Let (. be the solution of

=0onr=v,

cGt—AC+G(=0 in Qry
with zero values on the parabolic boundary of Qr,, except for

¢(r,0)=1 for  p(0) <7 < p(0) + Cov/c .

We can apply the maximum principle to w+ A, in @7, where A is a sufficiently large constant
(independent of €) and conclude that w + A(, > 0 in Qr,,.
As e — 0, (. — 0 and we obtain the inequality

(3.26) low(r,t)| < K o,(r,t) a.e.in Qr,

where K = K*eMcT.
Having proved (3.10) we now take any level curve r = p,(t) of o(r,t) = o9 +1, 7 > 0. By
(3.26)

Ot

Oy

<K

r=pn(t)

d
St -

so that
|pn(t2) - pn(tl)‘ < K|t2 - tl‘ .

Since p,(t) — p(t) as n — 0, it follows that |p(t2) — p(t1)| < K|t — t1|, and the proof of (3.11)
is complete. a

REMARK 3.1. Existence and uniqueness for problem (Rz) follow also from the variational
inequality formulation of the problem, by standard results for parabolic variational inequali-
ties [11].

REMARK 3.2. For the variational inequality corresponding to the Stefan problem one can
show (see [11, Chap. 1]) that o, is continuous across the free boundary. It follows from (3.26)
and the continuity of o, (so that o,(p(t)+0,t) = 0) that in our case oy is also continuous across
the free boundary r = p(t), i.e. o¢(p(t) + 0,t) = 0, so that, by (3.18), o,.(p(t) + 0,t) = Aoyp.
This equation for ¢ = 0 coincides with the assumption (3.6).
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4. p(t) is in C°.
THEOREM 4.1. Under the assumptions of Theorem 3.1, the function p(t) is in C*(0,T].
A similar result for the Stefan problem was proved by Schaeffer [15].

Proof. Let
y =r—pt), Uy, t) =oa(y+p(t),t) — oo
Ri(t) = R(t) —p(t), b =7 — 0y
and introduce the domains

Q={0<y<R(t), 0<t<T},
QF={0<y<R(t)-6, 0<t<T}

(4.1)

for any small § > 0. Then

(4.2) U — Uy — [ ] + c,b(t)] Uy + AU+ Xop =0 in QY ,

y+p(t
(4.3) URy(t),t) =0 it 0<t<T,
(4.4) U(0,¢) =0, ‘Z—Z(o,t):o if 0<t<T,
(4.5) Ul(y,0) = Us(y) = o°(y + p(0)) for  0<y<Ry(0).

Since the leading coefficients in (4.2) are smooth and the lower order coefficients are bounded
(recall (3.8) and (3.11)), we have, by LP boundary estimates,

U, Uy, Uy, Uyy, Uy € IP(Q%) for any l<p<o
and, by embedding [14, Chap. 2, Lemma 3.3], U, € C’;‘fﬁ forany 0 < a < 1.

Consider next the function w = U,. It satisfies

(4.6) cwt—wyy—[ 2 )+cp(t)}wy+[)\+m]w:0 in QY.

y+ p(t

Since w(0,t) = 0 we can again apply LP boundary estimates to deduce that
w, wy, Wy, Wy, € LP(QY)  forany 1<p< oo

where Q% = Q4. N {t > ¢}. Thus

d,e
(4-7) Uy’ Uty’ Uyya Uyyy € Lp( T)
and again, by embedding, also
(4.8) Uy € Copl? .

For any 0 < t; < t; < T and sufficiently small y, we integrate (4.2) with respect to ¢,
t; <t < ty, and divide by t5 — t1, to get

1 /t2 Uy (v, 8)dt = c Uly,t2) —Uly,t1) 1 /t2 [

ta —t1 Jy, ta —t1 ta —t1 Jy,

e + cp'(t)] U,(y, t)dt

+

A(n
ta — 1

t1

14



Taking y — 0 and using (4.4) and (4.8), we obtain

1 t2
/ Uyy(O, t)dt = )\0'0 .

to —t1 Jy,
Letting t2 — t; — 0, we deduce that
(4.9) Uyy(0,1) = Aoy 0<t<T

and, by (4.2), (4.4), also
(4.10) U:(0,t) = 0, 0<t<T.

Consider next the function z = Uy,. It satisfies a parabolic equation obtained from (4.6) by
differentiation with respect to y. Since, by (4.9), 2(0,t) = Aop, we can apply LP estimates to z,
and as before deduce that (cf. (4.8))

a,o/2
(4.11) Upyy € Co7?

Next we integrate (4.6) with respect to ¢, ¢t < t < t9, and let y — 0. We get, after
using (4.4), (4.9) and (4.11),

1 t2 A b2 2 _
2 1 t1

" 2 —t y + p(t)

Taking t5 — t; — 0 we conclude that

(4.12) Uyyy (0, 1) + Ao [% + c,o'(t)} =0.

Recalling (4.11), we deduce that p € C'+/2(0, T.

This allows us to repeat the above process with C?t® Schauder estimates instead of LP
estimates. Hence the functions in (4.7) and their y-derivatives are in C, /2 In particular,
Utyyy 1s in C;;a/z so that, by (4.12), p € C*T*/2(0,T], or p € C*/2(0, T).

We can now repeat the above process with C37* Schauder estimates (instead of C?7%), to
deduce (from (4.12)) that p € C*t*(0,T]. Proceeding step-by-step, we find that p(t) is in
C*>(0,T]. 0

THEOREM 4.2. Under the assumptions of Theorem 3.1, p(t) is continuously differentiable
up tot = 0.

Proof. The proof will be based on an integral equation representation for p(¢) or, rather,
are(p(t), 1)

To derive the integral equation we shall use fact (proved in Sections 3, 4) that p € C%*[0, TN
C*(0,T]. By differentiating the relation o(p(t),t) = oo we get (cf. (4.10))

(4.13) o, =0 on r = p(t)
Next, differentiating the relation o,(p(t),t) =0 we get
0-7'7'/.) +o0,4=0
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and, since

O +—0, — Ao =co; =0 on r=p(t),
r
we obtain the relation
(4.14) (o1)r + (Aog)p=0 on  r=p(t).
The function
(4]‘5) W =T0o¢
is easily seen to satisfy the equation
(416) CWi — Wep + Aw =10 in QR,T
where

Qrr={(rt); plt)<r<R@E), 0<t<T}
and, by (4.13), (4.14),

(4.17) w=0, w +Bpp=0 on r=p(t), 0<t<T (B=Aoy).

Furthermore,
(4.18) w(r,0) = r[Ad®(r) — Ao (r)] = °(7) , p(0) <r < R(0) .
We introduce the fundamental solutions
Gt 6,7) = Ve { an (e - =IE e L an (i - =~ Y }6_@
Next we let
5= p(0) + FO=400)
so that
p(t)+M§ﬂ§R(t)—M, 0<t<T

if T' is small enough, and introduce a change of variables:
(4.19) r=0—-r, W(z,t) = w(rt), s(t) =8 — p(t) .
The pair (W, s) forms a solution of the Stefan problem

Wi — Wee + AW =0, O<z<s(t), 0<t<T,

wW=0, W, =—-B(8 — s)$ if z=s(t), 0<t<T,
W(z,0) = w’(8—z), 0<z<s(0).

As in [9, 10], we can represent V(¢) = W,(s(t), ) in the form
V(t) = 2 /0 V() G (st),t s(r),7) dr
(4.20) +2 /O tW(O,T) Gajg(s(t),t; 0,7') dr
.y fo o G+ ((s(t),t; €,0) We(€,0)d + 26 (s(¢),%; 0,0) W(0,0)
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Here we used the smoothness of W up to z = s(t) ,¢ > 0, the Lipschitz continuity of s(¢) up to
t = 0 and the fact that W (s(0),0) = 0. We also have

(4.21) V(t) = —B(8 — )5 .

This integral equation with ¢ =1, A = 0 and 3 — s replaced by 1 in (4.21)) was considered
in [9]. However the estimates and results established in [9] extend with minor differences to the
present case. Thus existence and uniqueness for a bounded solution V() of (4.20), (4.21) can
be established by a fixed point argument. But the analysis in [9] also shows that the solution
V(t) is continuous for 0 < ¢ < T'; hence the same is true for p(t). a

5. Solution to (1.9)—(1.14). In this section we prove:

THEOREM 5.1. Assume that (3.5) holds and that Ry < R(0) < Ry, where Ry is any given
positive number larger than R;. Then there exists a unique solution to problem (1.9)-(1.14)
for 0 <t < T with R(t) in C***[0,T) N C>®(0,T) and p(t) in C1[0,T) N C>®(0,T) such that
Ry < R(t) < Ry for all 0 < t < T; furthermore, either T = oo, or T < oo in which case
R € C*(0,T] and either R(T) = Ry or R(T) = R;.

Proof. Define R(0) by (3.7)(c) and set

M, = |R(0)| +1.

For any positive number M introduce the class of functions

Ava={R(). 0<t<Ti  RO-RO. O =k0),
(5.1) . . dt
ER(t)‘<M0, ‘%R(t)agM}
and take 7" small enough so that, in particular,
(5.2) Ry < Rt) < Ry if 0<t<T,

(5.3) TM, < %(R(o) —p(0)) .

For any R € Ay consider the solution (o, p) established in Theorem 3.1 (with R(t) = R(t))
and define a function R(t) by (cf. (1.14))

~9 dR R(t) ~ 2 3
(5.4) R i o (o(r,t) — &) rdr — up°(t) .
p

This determines a mapping S: R = SR, and we shall prove:
(5.5) SAur C Aur ,

(5.6) S is continuous

provided T is small enough.
To prove (5.5) note, by (5.4), that

aR
dt

< Cy, Cy is independent of M .
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Also, since oy is uniformly bounded (by (3.10)), we also have, by (5.4) and (3.11),

R
W S Cl(Ma T)

where C1(M,T) depends on M and T in such a way that Tlirgl Ci(M,T) = Ci(M,0) < oc.
—0+
Therefore

Cil—]: <O(M,T)T"*< M
if T' is small enough and
dR(t : :
%‘ < |R(0)| + C1(M,T)t < |R(0)| +1 = My

if T' is small enough. This completes the proof of (5.5).
To prove (5.6) suppose R, € Ayr, Rmn — R in C'**[0,T]. Then the corresponding
(0m, pm) and (o, p) satisfy

sup |pm(t)| < C, sup |p(t)| < C
0<t<T 0<t<T
and, by Theorem 3.1,
2 om| < C 2 om| < C
or "= ot "~

It follows that, for a subsequence,
Om —+ 0, Pm — P

uniformly, and
Rm R
/ (Um—&)rzdr%/ (0 —&)ridr
Pm P

in CP[0,T], for any 0 < 3 < 1; clearly also
pps, = pp®  in CP[0,T].

Hence SR,, — SR in C**8[0,T], and the proof of (5.6) follows.

This proof also shows that the set S.Ay.r lies in C1*#[0, T, so that upon taking oo < 8 < 1
we conclude that S maps A into a compact subset. We can then apply the Schauder fixed
point theorem to deduce that S has a fixed point in A7, which is of course a solution of
(1.9)—(1.14).

If Ry < R(T) < R; then we can continue the solution to a larger interval 0 < ¢ < T+ T by
working with the class of C'*@[T, T + T} functions R(t) satisfying:

- dR . _dR

RT)=RT), —T)=—(T),
d - .
‘%R(t)‘SW(T)Hl for T<t<T+T,
ER(t) <M for T<t<T+T,
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and choosing 77 small enough so that Ry < R(t) < Ry if T <t < T + T;. The initial values
are taken, at £ = T', to coincide with the values at ¢t = T" of the solution already constructed.

Proceeding in this way step-by-step, we obtain a global solution unless R(t) happens to
decrease to Ry or to increase to R; at a finite time. Here, it should be pointed out that as
long as R(t) remains in the interval (Ry, R;), the estimates established in Theorem 3.1 do
not degenerate. Although the constant K in (3.10) grows with T like T, for any given time
interval, say 0 < t < Ty, K remains a priori bounded as the solution is extended to this interval,
and we can therefore extend the solution in a finite number of steps (provided R(t) it remains
in the interval (R, R1)).

We have already proved the asserted regularly for p(t). To prove that R(t) is in C*°(0,T)
note that as R(t) is in C***(0,T), o is in C’fja’Ha/z by the Schauder estimates, so that,

by (1.14), R(t) is in C?t%/2. This enables us to assert that o is in Cgia/z,(sm/z)/z and thus,
by (1.14), R(t) is in C%?+%/4. Proceeding in this way step-by-step, we deduce that R(t) is
indeed in C*(0,T). a

It remains to prove uniqueness. It suffices to prove it for 0 < t < T, where Ty is small
enough, for then we can proceed step-by-step to prove global uniqueness.

Suppose (o1, Ry, p1) and (09, Rz, p2) are two solutions and let
R(t) = min(Ry(t), Ra(t)) .
Consider the function 0 =07 —0y in 0<r < R(t), 0<t<T,. If

d = sup |Ri(t) — Ra(t)]
0<t<T
then
(5.7) lo(R(t),t)| < Cod  for 0<t<Ty,
where C; will denote constants independent of Ty and d. Since the function s — s H(s — 0y) is
monotone increasing, we deduce by comparison and (5.7) that
(5.8) lo(r,t)| < Cod 0<r<R(t), 0<t<T,.

Setting
_ R(0) + p(0)
p=" 0
and using (5.8) and parabolic estimates for o in f — ¢y < r < f+¢¢, 0 <t < Tj for some
small positive €y, we derive the estimate

(5.9) loe(B,8)| + [ Vau(B,t)| + [V2eu(8,t)| < C16

for 0 <t <Ty.
Consider now the integral equation (4.20). As proved in [9], the right-hand side, which we
shall denote by SV, is a contraction mapping; more precisely,

(5.10) |SVL = SVa|eo(o,m) < Cov/To |Vi — Va|Leo(o,m0) -

Using the estimate (5.9) we can deduce by the same argument used to prove (5.10) that a
similar bound hold for the solutions of (4.20) corresponding to o; and ;. Consequently, by
means of the transformation (4.19),

|p1 = P2|reo(0,m) < C3v/Tod .
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If we use this inequality and (5.8) in the equation (1.14) for Ry, Ry, we find that
IRy — R2|L°°(0,T0) < C4f .
By integration
0 = |Ry — Ry|r=(0,1) < CaTod

so that § = 0 if C4T < 1, and then the two solutions coincide.
REMARK 5.1. The proof of uniqueness requires only C**¢[0, T'] regularity of R(t) and p(t).
REMARK 5.2. Since, by (3.9),

g — oo =0(R(t),t) — o(p(t),t) < Ko(R(t) — p(t)) ,
the solution established in Theorem 5.1 has the property that
(5.11) R(t) — p(t) > Co >0 (0<t<T)

where Cj is a positive constant independent of 7', c.

6. A priori bound on p(t). In this section we shall improve the bound (3.11) by showing
that the constant C; can be chosen to be independent of 7" and ¢. This fact will be needed in
order to prove that a global solution exists, i.e., that 7" = co in Theorem 5.1.

We shall assume, in addition to (3.5), that

(6.1) oy (7) + %03(7") —Xo°(r)] < Cc(r—p(0)),  p(0) <7 < R(0)

where C, is a positive constant independent of c¢. This condition strengthens the assumption
(3.5)(f).

REMARK 6.1. The assumptions (3.5), (6.1) hold if [6® — o,|c1(y(0),r(0) s sufficiently small
and oy|;—¢ is bounded by C,co?, for some positive constant C..

THEOREM 6.1. Under the additional condition (6.1), there exist positive constants cy, N
such that the solution of Theorem 5.1 satisfies:

(6.2) p(t)| <N  for 0<t<T

provided 0 < ¢ < cy.
Proof. As in the proof of Theorem 4.2, the function v = o, satisfies:

cvp—Av+ v =0, p(t) <r < R(t), 0<t<T,
v(p(t),t) =0, 0<t<T,
v(R(t),t) = g(t) 0<t<T,
v(r,0) = h(r) , p(0) <7 < R(0)
and )
(6.3) plt) = ——u(pt),t),  0<t<T
where
(6.4) IR(t)| < My,
(6.5) 9(t) = —on(R(t), ) R(t) ,  |g(t)] < My,
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and

(6.6) A(r) = [o%(r) + 2 02(r) = Ao®(r)| . [kl < My

the constants M; are independent of T, c. The estimate (6.4) can be derived from (1.14) and
the boundedness of o(r,t), R(t) and p(t); the estimate in (6.5) follows from (6.4) and the
boundedness of o,(r,t) (c.f. (3.9)); and the last estimate follows from (6.1).

Let V =V (r; a,b) be the solution of

2
—V"—;V’—I—)\Vzl for a<r<b
V0pza =0, Vs =1.

It is given by

Vi = (1 o)

g s

(6.7)

A

and, as easily computed,

oV
(6.8) 0< o (r; a,b) < Cy
(6.9) Z—Z(TQ a,b)‘ﬁC’o, ‘%—‘;(7‘; a,b)‘SCO, for a<r<b.

Here Cy is a constant which depends only on A, lower bounds of a and b — a, and an upper
bound of b.
Since the function

_ bsinh(vA(r — a))
rsinh(v (b — a))

V(r; a,b)
satisfies
_{7”—217'4—)\‘7:0 for a<r<b,
Vi=a =0, Vi =1,

we obtain, by comparison,

q V(r: a b VAlr —a)
(6.10) V(r; a,0) 2 V(r; a,b) 2 sinh(v/A(b — a))
and, consequently, N5
oV (a; a,b) _ b A
(6.11) or = a smh(\/X(b —a))
By (6.3)
p(0) = ~ 55 H(6(0)



and by (6.1)
' [P (p(0))] < C. -

C : .
Hence if N > C; = o then |p(0)| < N and, by continuity,
0o

(6.12) ()] < N

if 0 <t <ty for some ¢y > 0. Denote by ¢* the supremum of all £ such that (6.12) holds for all
0 <t < t. We shall prove that for a certain choice of N, independent of ¢ and T, t* is equal to
T, which means that (6.12) holds for all 0 <t < T.

Suppose the assertion is not true. Then ¢* < T and either p(t*) = —N or p(t*) = N; we
take for definiteness

(6.13) p(t*) = =N ;
the case p(t*) = N can be handled in a similar way.

Consider the function .
V(r,t) = MV(r; p(t), R(t)) .

It satisfies

r
=M>v on r=R(t) if  M>M (by (6.5)) ,

and

. R(0) VA(r — p(0))

PO) sinh (VA(R(0) - p(0)))
for p(0) < r < R(0), by (6.1), (6.10), provided

R(0) VA 1
P0) sinh (VA(R(0) — p(0)) ) A0

> h(r) = v(r,0)

> O, .

(6.14) M

Further, with Cy as in (6.9),

_ 1 / _ .
th—T—ﬁ(ﬁa—V)—F)\V:cM(aV '+8—VR>+M2—CMC’0(N+M0)+M>O

2 or or 3"
if
0<e<ce < ;
=07 Co(N + My)
Thus, if M > M, and M satisfies (6.14) then V is a supersolution to v and, by comparison,
V(r,t) >wv(rt) if  p(t) <r < R(¢), 0<t<t*.
Since V = v on r = p(t) it follows that
oV ov
— > — f <t*.
gy (P(0),1) = == (p(t),t)  for  O<t<t
Recalling (6.3) we conclude that
1 ov 1
(t) > ——— M —(p(t); p(t),R(t)) > —— MCy > —N
pE) > —5 - M G (p(0): pl0), R(9) > = MCy
by (6.8) (here we used (3.7), (3.8) and (5.7)), provided N/M is sufficiently large. But for ¢ = ¢*
this is a contradiction to (6.13). a
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7. Global existence. In this section we shall prove global existence of a solution to (4.9)-
(4.11), namely, that T' = oo in Theorem 5.1.
Introduce the functions

a R(t)
[sinh (VA(R() = p(t))) + v Ao(t) cosh (VAR() — p(1))) |

(7.2) u(r,t) = @ [sinh (\/X(r - p(t))) + v Ap(t) cosh (\/X(r - p(t)))} ,

(7.1) Alt) =

LEMMA 7.1. Assume that (3.5), (6.1) hold. There exists a constant C independent of T
and c such that

(7.3)  |o(rt) —u(rt)] < C’(C + e*/\t/c) for  p(t) <r<RE), 0<t<T,
and
(7.4) \\/XA(t)—00|§C(c+e_’\t/°) for  0<t<T.

Proof. One can easily verify that
Au—Au=0 if  p(t) <r < R(t) 0<t<T,
0
8—‘;(,)(1:),1:):0, u(R(t),t) =5, 0<t<T.

Also

_ R u_ M) p(t) p(t) sinh(VA(r — p(t)))

(7.5) B A(t){ [f,\ cosh(VA(R(t) — p(t))) + Ap(t) sinh(VA(R(t) — p(t)))]
 (f = ) + VX cosh(VA(R(H) = p(t))) 5(2) } -

Since the function
1
r

[sinh(ﬁ(r — p(1)) + VAp(t) cosh(VA(r — p(t)))]

is monotone increasing in 7,

v
‘E‘i
=
>
5%
=

sinh(VA(R(t) — p(t))) + VAp(t) cosh(VA(R(t) — p(t)))

so that 5
0<Alt) < — .
(t) 7
Then, after cancelling out the terms v/ cosh(vA(R(t) — p(t))) p in {---} in (7.5), we get

Jue| < % & + V35| p(1)|p(t) sinh(VA(R())

o

VAR(t)
VAR(t)

+

[VXcosh(VAR(®)) + AR(t) sinh(VAR(H)) | | R(?)

+ AR(t) sinh(VAR(t)) |p(t)] < C
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by Theorem 6.1. Consequently
lcus — Au+ du| < Cec if  p(t) <r < R(t), 0<t<T.
Applying the maximum principle to
Clc+e ™M)+ (o —u)

the assertion (7.3) follows. Taking r = p(¢) in (7.3), we get the estimate (7.4). a
We recall some facts from §2 which we shall state in terms of the functions

G(n,¢) = sinh(n — () + (cosh(n - () —n,
F(n,¢) = (n—¢)cosh(n —¢) + (n¢ — 1) sinh(n — ()

a

w
3(773—C3)—§C3-

Setting & = 1 — ¢ we can solve for G = 0 to get (see (2.8))

7€ —sinh{
(7 6) C - C(g) - COShf—’y )
) _ &cosh& —sinh§

and ¢' <0, 7' <0. A stationary solution is determined by the equation f(£) = 0 where f(&)
is defined in (2.12), and

(7.7) f(&) = F(n(£),¢(8)) -
From the proof of Theorem 2.9 we have
o IR
and upon writing £ = &(n), ¢ = {(n), we then also have
d F(n,{(n))
(7% TGO

THEOREM 7.2. If (8.5), (6.1) hold then the solution established in Theorem 5.1 exists for
all t > 0 provided c is sufficiently small.
Proof. If the assertion is not true then 7" < oo and either

(7.9) R(T) = R,
(7.10) R(T) = Ry

Consider the case (7.9). Since R(T) < R for all ¢ < T, we have
(7.11) R(T)>0.
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Using (7.3) in (1.14) we get

R(t)

u(r,0) 7% dr — 3 5(RE) — 9(0)) — ()
+ Olet e MoV RY () — (1))

< AOTV3(R(0) - p(0)) cosh (VA(R() ~ p(t))

+ (AR()p(t) — 1) sinh(VA(R() — (1))

~ S8R0 ~ (1) — (D) + Ole+ e M)

R%(t) R(t)< /

p(t)

Recalling (7.4) and setting
n(t) = VAR(t), ()= V(D) ,

we obtain the inequality

(0 0(t) < o0+ Cle+e ™) |(n(t) = (1)) cosh(n(t) - ¢(1))
+ (1(6)C () — 1) sinh(n(t) - C(1))]

é&[(ﬂ3(t) — ()] — pC®@) + Clc+ e"‘t/C) ’

(7.12) 0 (t)0(t) < o9 F(n(t), (1) + Cle+e°).

The estimate (7.4) also yields

[sinh(5(t) — C(t)) + C(¢) cosh(n(t) — C(8)) — y(t)] < Cle+e ) |
(7.13) G(t), C())] < Cle+e ) .

Now set
no =n(T), G =¢(T), B = G(m, o) -
It follows easily from (6.4), (7.9),

R; — R(0)
>
T Vs
Hence, by (7.12), (7.13),
(7.14) o N(T) < 00 F(mo, Go) + Ce Bl < Ce.

From the equation G(7,,{;) = 0 and the fact that G # 0 it follows, by the implicit function
theorem, that if ¢ is sufficiently small, then we can solve, for any 3, |5'| < Ce, the equation

G(n,¢) =4

uniquely for 7 near 7,, in the form ¢ = ¢(n, ') where ¢ is continuously differentiable, and
&(ns,0) = (5. In particular, ¢(no, 5) = (o-
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Setting 7, = VAR, we have

F(ns, ¢(15,0) _ £(&) _

(¢(ns,0))? &4

where & = n7!(n,) and ¢, = ((&;) (see (7.6)). Consequently, by (7.8) and the fact that ny > 7,
(since Ry > R;), we get

F(no, ¢(m,0)) < =6 <0, dp is independent of c.
By continuity it then follows that, for sufficiently small c,

o0 F (0, ¢(m0,B)) + Ce <0, since 18] < Cc,

ie.,
o0 F(m0,¢) +Cc < 0.

Using this in (7.14) we conclude that 7(T) < 0, a contradiction to (7.11).
Similarly, if (7.10) holds then R(T') < 0, but using Lemma 7.1 and (1.14) as before, we can
deduce, by the previous arguments, that R(7T") > 0, which is a contradiction. 0

8. Asymptotic behavior. We extend o,(r) by (2.1) also to r > R;.

In this section we prove that the global solution established in Theorem 7.2 converges to
the corresponding stationary solution.

LeEMMA 8.1. Under the assumptions of Theorem 7.2, for any oy > 0 and 0 < a < ay, if

(8.1) [B(#) = Rs| < a,  [p(t) =ps| <,
: [R(@)| < o, o) <o,
(8.3) lo(r,t) —os(r)| < «

forall p(t) <r < R(t), t >0, and if 0 < c < ¢y for some sufficiently small positive number
co tndependent of a, then there exist positive constants C, K such that

(8.4) [R(t) = Rs| < Cear, () = ps| < Cear,
(8.5) |R(t)| < Cea, p(t)| < Cea
(8.6) lo(r,t) —os(r)| < Cea

1
for p(t) <r < R(t), t >1+ Kclog—; C and K are independent of a, c.
co
Proof. Proceeding as in the proof of Lemma 7.1 we can establish that

lo(r,t) — u(r,t)| < Calc+ e ),
IVAA(t) — 00| < Calc+e ),

for p(t) <r < R(t), t >0, so that

lo(r,t) —u(r,t)] < Cca,

(8.7) IWVAA() — go] < Cea
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if p(t) <r < R(t), t > 1 with another constant C. Using this in (1.14) we get

(8.8) [n(t)*(t) — o0 F(n(t), ¢(1)| < Cea

(8.9) G(n(t), C(t))| < Cea

for t > 1. Set

(8.10) B(t) = G(n(t),¢(2)) -

As in the proof of Theorem 7.2, we can express, from (8.10), ((¢) in terms of 7(¢) and £(t),
(8.11) ¢(t) = ¢(n(t), B(2)) ;

d F(n.¢(n 5Q1)) _
dn  (g(n,B(¢)))° ’

and F'(n, ¢(n, B(t))) has a unique zero n = ng(t) sufficiently near 7, provided c is small enough.
Substituting (8.11) into (8.8) we get

[n(8)*7(t) — o0 F(n(t), 6(n(t), B(t)))| < Cea if  t>1

and then (using (8.12)) we deduce (cf. [8, Lemma 5.4]) that

(8.12)

(8.13) In(t) — ns| < Cea if  t>1

or, equivalently
(8.14) R(t) — R,| < Cea if t>1

Next, since (5 = &(ns, 0),

C(t) = G| = [¢(n(t), B(2)) — ¢(ns, 0)] < C|[n(t) — ns| + |6(2)]

and using (8.13) and (8.10), (8.9), we get

(8.15) C(t) = G| < Cear,
or
(8.16) lp(t) — ps|] < Cea if t>1.

If we substitute (8.13), (8.15) into (8.8), we get

n(t)| < Cea,
or ‘
(8.17) R(t)| < Cea if t>1
We next claim that
1
(8.18) o) < Cea if t>1+ Kclog -

where K is a positive constant independent of ¢, a.
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To prove this estimate note that, by (6.3),

(8.19) pt) == —vr(p(t), 1) -

where v = 04. Also

and, by (8.17), _
[v(R(),1)| < [on(R(2),t) R(¢)| < Cea .

Hence, by the maximum principle,
Cea+ Ce M4y >0 if pt) <r<R({), t>1.

It follows that
1

C
<20 if t)<r< R(t t>t; =— log— .
v|<2Cca i p(t) <r<R(), t>t=ylog_—

Now, by Theorem 6.1 and the proof of Theorem 4.1,
PRI <c i t>1 (j=1,2).
We can therefore apply the interior-boundary Schauder estimate [10, 14] to v/ca to deduce that

0 v

< t =p(t), t>t;+1.
or ca| — & r=p(t) 1t

Substituting this into (8.19), the proof of (8.18) is complete.
Finally (8.6) follows from (8.7) and (8.4). a
Having proved Lemma 8.1 we can now apply it with some a = Cy. If we then choose ¢ small
enough so that Cc < ; (Cc is as in (8.4)—(8.6)) we find that the assumption (8.1)—(8.3) hold
with a/2 and t > ¢; where

t; = Kc log

caj2

Repeating this process with /2 and initial time ¢ = ¢;, then with /22 and t = t,, etc., we
arrive after n steps at the estimates

(67 (67
R - R <oy o) —nl <.,
. (0% . (6
o(r,t) = ou(r)| < 5

for

But for T,, < t < T,, + t,,1 we have Kyn’c log% > t for some positive constant Ky, so that

1/2

& < e it/(clog L)
on =
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for some § > 0. We thus conclude:
THEOREM 8.2. If (8.5), (6.1) hold and if c is sufficiently small, the (o, R, p) converges to
the stationary solution as t — co; more precisely:

IR(t) — Ry| < Ce™®Vt | |p(t) — p| < Ce®VE,
|R(t)| < Ce vt |p(t)] < CedVE
lo(r,t) — o (r)| < Ce0oVt

for p(t) <r < R(t), t >0, where 6y = 6(c log %)_1 and C,§ are positive constants independent
of c.

Conclusion. In this paper we considered a model of necrotic tumor with spherical necrotic
core of radius r = p(t) surrounded by a shell p(t) < r < R(t) of life cells. The nutrient
concentration satisfies a diffusion equation which incorporates vascularized structure as well
as apoptosis. The free boundaries r = p(t) and r = R(t) satisfy a conservation of mass law
which includes the effect of cell proliferation in the shell p(¢) < r < R(t) and shrinkage due
to necrosis. We have proved by rigorous mathematical methods that, for a certain range of
parameters, there exist stationary solutions (dormant tumors), with radii, say, p; and R;.
Further, any such dormant tumor is stable in the following sense: for any initial data “near”
the stationary solution, there exists a unique global solution of the time evolution problem, and
its radii p(t) and R(t) converge to the radii p, and R;, respectively, as t — oo.
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