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Abstract
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I Introduction

It is well known that the problem of a body moving under the influence of a central force
field with potential V(r) = —u/r has a singularity at the origin. We refer to this as the
Kepler problem. This problem is usually posed in 3 dimensions, but since the motion is
always constrained to a plane perpendicular to the constant angular momentum vector
we can reduce it to 2 dimensions with Newtonian equations of motion and energy integral

d? U 1(dr\> u 1
— pp=_T =] -S4+ - = 1
ae’ B <dt> r + 212 h, (1)

where 72 = 7 -7, r’% = ¢ and r = (z,y) = (rcosf,rsinf). As is well known [1, 2],

in two dimensions the Levi-Civita transformation effectively removes the singularity and
rewrites this problem in terms of the classical harmonic oscillator. In this process the
original problem has been regularized. To achieve the regularization, instead of ¢ we use
the variable s defined by
st d_1d

- )

d_1d 2
r dt rds 2)
With &’ = 9 etc., the original equations (1) are

rll_lr_,',,l_}__,,.:O’ _/,al./r,_—:h,_ (3)
T

x
Y

_— or 7 =L(u)u. (4)

From the explicit form of these relations it follows that ' = 2L(u)u'. The equations of
motion are equivalent to

E—u'-u h
u"+2uTu=u, g:u'-u'—gu-u. (5)

Consequently we have the regularized equation of motion

h
n
——u=0.
ul - Ju
This is essentially the equation for the harmonic oscillator if A < 0. The solution u; =
acos(ws), us = Bsin(ws), w?> = —h/2 is equivalent to elliptical motion.

The relationship between the harmonic oscillator and the corresponding Kepler prob-
lem can also be easily seen from the point of view of Hamilton-Jacobi theory. Indeed the
Hamiltonian can be written in the two equivalent forms

1 7 1
H= (247 = o+ DL, + 8. 6
5 (P2 1) + e 8(U%+ug)[pul+pw+ ul (6)

If we now write down the corresponding Hamilton-Jacobi equation via the substitutions

Puy — 8u1S = Sum Puy — 8u2S = Suz



we obtain
S2 +S2 +8u—8E(ul + u3) = 0. (7)

This is just the Hamilton-Jacobi equation for a mechanical system with Hamiltonian
H'=p,, +p,, — 8E(ui +u3)

and energy —8u. (This is the pseudo-Coulomb problem, see [4, 5]. Reference [4] also
obtains (7) as an application of Stéackel transform theory).

This transformation also achieves a regularization of the corresponding quantum me-
chanical problem, which we call the quantum Coulomb problem. Indeed, the Schrodinger
equation in the presence of the potential V(r) = —u/r in two dimensions has the form

L

1
(R4 ) —

¥ = EV. (8)

In the coordinates (uq,us), (8) becomes [3]
(82, +82,)® + {8+ 8E(u? + u2)}® = 0. ()

Here, (9) has all the appearances of the Schrédinger equation in a oscillator potential
V(uy,up) = —4E(u? + u2) and energy £ = 4u. Note that for scattering state E > 0
we have the repulsive oscillator potential and for £ = 0 the free motion. For E < 0 we
get the attractive oscillator potential and the corresponding bound state energy spectrum
can be easily computed from this reformulation of the Coulomb problem, although the
weight function for the inner product is no longer the same [2, 3, 4, 6]. (Indeed, the Virial
Theorem states that for the Coulomb problem the change in weight function does not
alter the bound state spectrum, [6]). The wave functions have the form ® = ¢; (u1)p2(us)
where the functions ¢, satisfy

(812‘)\ + KA + 8EU§)(‘0A = O) )\ == 1, 2, K1 + Ko = 8/1,
The bound state eigenvalues are quantised according to

where ny, no are integers. Taking into account [7], ®(—ui, —uz) = (—=1)" " ®(u;, us) and
using that ¥(z) is even in variable u: ¥[z(u)] = ¥[z(—u)], [because two points (—u;, —us)
and (u1,us) in u-space map to the same point in the plane (z,y)] we find from (10) the
energy spectrum of the two dimensional Coulomb system [8, 9]

2

7
Ey=—-———1——, N=
NN+ L

n1 + Na

=0,1,2---.

It is well known that the regularizing transformations (4) that we have discussed for
the Kepler and Coulomb problems in two dimensional Euclidean spaces are also possible
in the case of three (Kustaanheimo-Stiefel transformation for mapping R4—R3) [2, 10,
11, 12] and five (Hurwitz transformation for mapping Rg—R5) [13, 14, 15, 16, 17, 18,
19] dimensions. The only difference in these cases is that additional constraints are
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required. These transformations have been employed to solve many problems in classical
and quantum mechanics (see [14] and references therein).

As in flat space, the study of the Kepler-Coulomb system in constant curvature spaces
has a long history. It was first introduced in quantum mechanics by Schrédinger [20], who
used the factorization method to solve the Schrodinger equation and to find the energy
spectrum for the harmonic potential as an analog of the Kepler-Coulomb potential on
the three-dimensional sphere. Later, two- and three-dimensional Coulomb and oscillator
systems were investigated by many authors in [21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31].

However, in spite of these achievements the question of finding all transformations that
both generalize the Levi-Civita, Kustaanheimo-Steifel and Hurwitz transformations for
spaces with constant curvature and preserve the Kepler-Coulomb and oscillator duality
has been open till now. The answer to this question is a main aim of our paper.

The paper is organized as follows. In §2 we present the transformations that generalize
the flat space Levi-Civita transformation and correspond to the map Ssc—Ss from com-
plex into real two-dimensional spheres. We show also that this transformation establishes
the correspondence between Kepler-Coulomb and oscillator systems in classical and quan-
tum mechanics. In §3, in analogy with §2, we construct the Kustaanheimo-Steifel and
Hurwitz transformation and show Kepler-Coulomb and oscillator duality for mappings
S4c—Ss; and Sgc—Ss, respectively. 84 is devoted to a summary and discussion of our
findings. In the Appendix we give some formulas determining the connections between
Laplace-Beltrami operators and the volume elements in different spaces.

II The transformation on the 2-sphere

The potential, which is the analogue of the Coulomb potential in quantum mechanics and
the gravitational potential for the Kepler problem, is taken to be [20, 21]

Y . (11)

where (s1, 89, s3) are the Cartesian coordinates in the ambient Euclidean space and R is
the radius of the sphere
s-8=s>+s2+s3 =R
(Note that V' = —£ cot o where « is the arc length distance from s to the north pole of
the sphere. Furthermore, the leading term in the Laurent series expansion in a about the
north pole is —4-).
This problem is easily transformed into a much simpler one via the transform

2

2
. Uy — U
51 = ud+ud+ui- ;

2U3
sy = i\/u%-l-u%—i-u%-ulw, (12)
Us
u? + u3
s3 = \/u%+u§+u§-<u3+ L2,
27.1,3



or in matrix form

s 1y —u 0 U
1 Vul+ud 4+l |t T 1
Sy | = Wy Uy 0 Uy |. (13)

2u
S3 3 U1 U9 2U3 Uus

The advantage of this transform is the Euler identity [3]
s+ 83+ 85 = (ud +ul+ul)? (14)

from which we see that the point w = (u1,us,u3) lies on the complex “sphere” Syc:
u? +u2 4+ u2 = D? with the real radius D if s = (sy, 82, 83) lies on the real sphere S, with
radius R, and R = D2

In the general case the two-dimensional complex sphere Soc may be parametrized by
four real variables (the constraint u? + u2 + u2 = D? includes two equations for real and
imaginary parts). The requirement of reality of the Cartesian variables s; leads to two
more equations and the formula (12) corresponds to the mapping from a two-dimensional
submanifold (or surface) in the complex sphere Ss¢ (four dimensional real space) to the
sphere S,. To verify we introduce ordinary spherical coordinates on Ss:

sy = Rsinycosp, 8= Rsinysinp, s3= Rcosy. (15)
From transformation (12) we have
S3 1 (Ug D)
LA i 16

Putting s3 = Rcos x in formula (16) we get u3 = De* and then the corresponding points
on the complex sphere Sy are

u; = DV1 — e?X cos g, us = DV'1 — e%X sin g, us = De'X (17)

where 0 < x <, 0 < ¢ < 4m. Note that the transformation (12) is not one to one; two
points (—uy, —u2, u3) and (u1, us, u3z) on the sphere in u-space correspond to one point on
the sphere in s-space. Thus, when the variables (uy, us, u3) cover the sphere in u-space,
the variables s; cover the sphere in s-space twice.

Let us now introduce nonhomogeneous coordinates according to [32]

s=RY  @=D2  D*=R, i=12 (18)
S3 Us

Then formula (12) transforms to

. _2 _2 P— —
_ \ujy —u _ U1 - U
5 = (1—1%1222, S0 = o (19)
2(1 + 2D?2 ) (1 + 2D2 )
In the contraction limit D — oo we obtain
=2 =2
uy —u
§1 = Z%, 52 = i’l_Ll N Z_LQ, (20)



which coincides with the flat space Levi-Civita transformation (4) up to the additional
mapping @; — e *i/24;.

The relationship between the infinitesimal distances is
(u - du)? (u% + u3

ds-ds = (u} +uj + uj) [ 2 22 ) du - du] + 3(u - du)?. (21)
3 3

Thus, when restricted to the sphere, the infinitesimal distances are related by

ds-ds__(u%—i—u%

2
R u3

) du - du, (22)
and we see that as in flat space the transformation (12) is conformal.

I1.1 Classical motion

Just as in the case of Euclidean space, the classical equations of motion under the influence
of a Coulomb potential can be simplified. The classical equations are

§=—(5-8)s—VV, (23)

where the first term on the right hand side is the centripetal force term, corresponding to
the constraint of the motion to the sphere, and the potential satisfies

s-VV =0. (24)

Here, 5 = 4s. (In studying (23) and (24) we initially regard the coordinates s as un-

constrained and then restrict our attention to solutions on the sphere). In the case of
potential (11) these equations become

d? K 883
L —_c.(g.8)— L J° ) — ]_ 2
dtz 8.7 S](S S) R (5% + 5%)% ) .7 )
d? LB 1
= e = — S [ —
g = (8 8) R(s2 + s3)3

subject to the constraints
s-s=R? (25)

and its differential consequences
s-§=0, s-s+s8-8=0.

From the equations of motion we immediately deduce the energy integral
1

We choose a new variable 7 such that

dr 1 u3

dt  D? ul+ud
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In terms of the variables 7 and u;, the equations of motion can now be written in the
form

2 2 2 2 i 2D* iy
()" + () + ()° = 2D(E+ 1) + = (B = ) = 0 (21)
i )
zq+%E+ﬁ@m=0,ug+%E+$@W - 0 (28)
om 2D om
subject to the constraint w - w = D? and its differential consequences w-u' = 0, u - u" +
u'-u' =0, where u; = ‘fi’f. These equations are equivalent to the equations of motion we

would obtain by choosing the Hamiltonian

1 o D* o
H= 5(1021 + 15, + k) — (E+ ﬁ)(uf + uj + uj) + U—%(E - ﬁ), (30)
regarding the variables u; as independent and using the variable 7 as time. In fact, to
solve the classical mechanical problem from the point of view of the Hamilton-Jacobi
equation, we use the relation

1 , 2 2 u S3 _
FPn P TR T e TS
2 2 .
Us 1 2 2 5 Y D N
e e ) G B B ) <0 e
together with the substitutions p,, = % and Ps; = % to obtain the Hamilton-Jacobi
¢ J

equations
as\> (0S\? [0S\’ 2u s
= = 2) B8 _9p= 2
(881) i (8Sz> ! (083) R /s + 83 > (32)

0S\*, (05\", (05\" _, 0 ik Yo
<6_> +<6—> +(a—> "Gt B (B ) =0 (39

This last equation can be solved by separation of variables in the spherical coordinates
on the complex sphere So¢ (17).

I1.2 Quantum motion

If we write the Schrédinger equation on the sphere for the Coulomb potential (11)

%&W+(E+ﬁ—ji—>W:m (34)

and use the transformation (12), we obtain [see formula (145)]

(35)

2N2,,2 2
%&M+(6—WDQ”+%)w:o

2
2 us3



where

£=2iu  wr=2E- L)

= (36)

Thus we see that the Coulomb problem on the real sphere S, is equivalent to the cor-
responding quantum mechanical problem on the complex sphere So- with the oscillator
potential (Higgs oscillator [21, 26, 27]) and energy 2iu, but with an altered inner product
(see the Appendix).

Let us consider the Schrédinger equation (35). Using the complex spherical coordinates
(17) we obtain

1 0 . oy 1 oy
——— Sln +
sin y Oy

ot oz X
— — D* —i€D =0. 37
X8X+sin2x<9<p {w ‘ sinx}d] (37)
To solve this equation we first complexify the Coulomb coupling constant p by setting
k =iy in the formulas for £ and w
2 k
E =2k, w*=2(F — ﬁ) (38)
Further, we analytically continue the variable y into the complex domain G: 0 < Rey <7
and 0 < Imy < oo, (see Fig.1) and pass from the variable x to ¥, defined by

e’ = cos . (39)

For real 6 this substitution is possible if Rex = 0 or Rex = 7 and Imx € (0, o), which
corresponds to the motion on the upper (0 < 9 < 7) or lower (5 <9 < m) hemispheres of
the real sphere. In any case conditions (39) and (38) translate the oscillator problem from
the complex to the real sphere with spherical coordinates (¢, ¢/2). In these coordinates
we can rewrite (37) in the form

Siiﬁ% sinﬁg—:ﬁ + Si; 1932—;2 + {(28D2 + w?D*) — Z;?;} Y =0. (40)
Using the separation of variables ansatz
eimy
»(¥9, ) = R(9) ors m=0,+1,+2, ... (41)
we obtain
Siiﬁ% sin 19% + {(251)2 + w?D*) — ;2812); — S::;ﬁ} R=0. (42)

The corresponding solution regular at the points © = 0, 7/2 takes the form [7]

Rom(®) = Chm(v)(sin®)™ (cos®) 2 oF\(—n,, ny + v + |m| + 1; |m| + 1;sin? 9)

Himl! .
_ o) e)iml! (sin9)/™ (cos )3 PY™)(cos 20) (43)

(nr +|ml)



with energy spectrum given by expression

1

= el D+ 2) + v - D+ 1], v=(wD'+7) (44)

where Cp,m(v) is the normalization constant, P{®#)(z) is a Jacobi polynomial, n, =
0,1,2... is the “radial” and n = 2n, + |m| is the principal quantum number.

To compute the normalization constant C,,,(v) for the reduced system we require
that the wave function (41) satisfy the normalization condition (see the Appendix):

¢n m¥y u + s dv(u) = D* " R, RS sinydy=1 45
r nym r Ty 1T xax
3 0

where the symbol ”¢” means the complex conjugate together with the inversion y — —x,
i.e. ¥°(x, ) = ¥*(—x, ). [We choose the scalar product as ¥°y because for real w? and
£ the function ¥°(x, ) also belongs to the solution space of (37).]

Consider now the integral over contour G in the complex plane of variable x (see Fig.1)

T+i00

¥
]f Ry mBC., sinydy = /0 Ry, m RS, sin ydy + / Ry, m B, sin ydy
T

100 0
+ / Ry, mRS, . sin de+/ Rp,mR,, ,sinxdyx. (46)

T+i00

Using the facts that the integrand vanishes as e*** and that R, ., (x) is regular in the
domain G (see Fig.1), then according to the Cauchy theorem we have

T+1400

g 100
/ RpmRS, sinxdy = / RpmR2,, sin ydy — / Ry, mR:. sin xdx
0 0

™

= [1— et / Ry RS, sin xdx. (47)
0
Making the substitution (17) in the right integral of eq. (47), we find
/ Ry, mRy ., sin xdx = [1 — ezi”(”+%)] /E [Rp,m]? sin 9 tan? 9dd). (48)
0 0

Using the following formulas for integration of the two Jacobi polynomials [33]

e PP — 2T+ DB )
[1(1 2)*(1+2) [Py (z)Pdz = 2n+a+B+1)nT(n+a+p8+1)

29T (n+a+ 1)I'(n+ B+ 1)

[ @ or s P @) =

-1 B)nT'(n+a+L+1)
we find
() = 2 —v(v+2n, + |m| + 1) (ne + Im)IT(jm| +np + v + 1). (49)
(Jm/)! DA[1 — €2 +3))(2n, + |m| + 1) (ne)!T(ny + v + 1)

9



The wave function ¥(9, ¢) = ¥, m (9, @) is then given by egs. (41), (43) and (49).
Now we can construct the Coulomb wave functions and eigenvalue spectrum. From
(50)

transformation
¢nrm(ﬁa p+ 271') = eimﬂ¢nrm(ﬁ’ (,0)

and requirement of 27 periodicity for the wave functions (41) we see that only even
azimuthal angular momentum states of the oscillator correspond to the reduced system.
Then, introducing new angular and principal quantum numbers M and N by the condition
n=2n,+|m|=2n,+2/M=2N, N=0,1,2,..., |M|=01,2,.N, (51
comparing (38) with expression (44) for the oscillator energy spectrum, and putting k£ =
(52)

iu, we find the energy spectrum for reduced systems
2

> _NN+1) L
N7 oRe 2(N + 1)

This formula coincides with that obtained from other methods in works [21, 26, 27].
Transforming ¥} back to the variable x by (39), we see that (44) and (38) imply
1 uR
=10 — N — =
v=io—(N+ 2), =5

N[

Using
['(1/2 + |M| + i0) _ (_1)|M||F(1/2+\M\+ia)\2
[(1/2 — |M| + io) IT(1/2 + i0)|?

(=D coshom [T(1/2 + | M| +io)|? (53)

we easily get from (41), (43) and (49) the eigenfunction of Schrédinger equation (34)

Unu(x,9) = Cnu(o)e X WN=IMI=io) (g )| M|
Fi(—=N + |M]|, |M| +1 12M 1: 1 — X e 54
X 21(_ +| |7| |+ZU+§) | |+ y1L—€ )ﬁ ( )
where now
2IM| (N +1)2+02(N+ |M])! o
= = IT(|IM|+1/2 + 55
Corr(2) R<2|M|>!\l T D o © ML 12 )] (5

By direct calculation it may be shown that the Coulomb wave function (54) satisfies the

normalization condition
T 2
‘/0 SlIleX 0 d(p‘I’NM\I’}kVM :5NN’5MM’-
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Thus, by reduction from the two-dimensional quantum oscillator on the complex sphere
we have constructed the wave function and energy spectrum for the Coulomb problem
on the two-dimensional real sphere Ss. Formula (54) for Coulomb wave functions on the
two-dimensional sphere is new.

Now let us consider the flat space contraction. In the contraction limit R — oo the
energy spectrum for finite N goes to the discrete energy spectrum of the two-dimensional
hydrogen atom [8, 9]

2

. _ M _
I%EEOEN(R)— 72(N+%)2’ N=0,1,..

In the limit R — oo, putting tanx ~ x ~ 5, where r is the radius-vector in the two-

dimensional tangent plane and using the asymptotic formulas [34]

1 ,
lim oF (=N + |M|, | M| +io + =; 2|M| + 1; 1 — €*X)
R—o0 2

x—0
= F(=N+ M|, 2M|+1; 2Ty
— 141 ) 9 N—i—%
x Iz + a)
lim [[(z +iy)|es¥ [y[z® = V2w, lim ———= = 227P, 56
|y|—>oo‘ ( y)| ‘y‘ z—00 (SL‘—}—/B) ( )

we obtain the well known Coulomb wave function with correct normalization factor [9]

__pr
2 (N + [M])! ( 2ur )M' e N3

lim ¥
A Num (X, ¢) (N+ 132\ N— M)l \N+1 (2|M|)!

x—0
2ur etMe

X 1Fi(-N+ |M|,2|M|+1;, —) —.

1 1( | | | ‘ N-I—%) \/ﬁ

In the case for large R and N such that N ~ kR, (where k is constant) we obtain the
formula for continuous spectrum: E = k?/2. Now taking into account that o ~ £ and

using the asymptotic relation (56), we have

(57)

lim VRO (x, ) = \/E w |D(|M|+1/2 +i /k)|<2L)|M| ik
1;%1%0 NM\X, P - 71'6 17 (2|M|)' €

My

w1 L L€
Fi (M| +—+ =; 2|M|+1; 2ik
X 11(‘ ‘+k+2’ ‘ ‘_’_a 27‘)\/%’

which coinsides with the formula for the two-dimensional Coulomb scattering wave func-
tion in polar coordinates [35].

(58)
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IIT The three and five dimensional Kepler - Coulomb
problems

In complete analogy with the three- and five-dimensional Euclidean case the corresponding
regularizing transformations exist for the Kepler and Coulomb problems in spheres of
dimension 3 and 5. Indeed if we consider motion on the sphere of dimension n then the
classical equations of motion in the presence of a potential are just (23), (24) again, where
now

s = (sla"':sn-f-l)a (59)

subject to the constraints
s-s=R? (60)

and its differential consequences
s-§=0, s-85+s8-8=0.

If we choose our potential to be

S
—_L__nit (61)
R./s24+. . +s2
these equations assume the form
d2 .. M SiSpt1 . 1 (62)
—8; = —8;8§-8— — , =1,...,n,
dt?™’ ’ R(s-s)s g
d? I
—Sp41 = —Sp118-8+ ——. 63
dt2 n+l n+1 R(S ] s)% ( )

The energy integral again has the form (26).
We are particularly interested in dimensions n = 3,5. We deal with each of these cases
separately.

I11.1 Generalized KS transformation

For n = 3 we choose the u; coordinates in five dimensional space according to

. U1U3 + UgUsg
s = z\/u%-l—u%—i-u%-l—ui—i-u%-i,
Us

. UgU3z — U1U4
sy = z\/u%-l—u%—i-u%-l—uﬁ—i-u%-i,
Us

2 2 2 2

s3 = i\/u%-l—u%-l—u%-l—ui-l—ug

I

2’U5

(64)

ul +ud +ul+ud
2U5 )

sS4 = \/u%+u§+u§+ui+u§- (u5+

12



The basic identity is
sT+ 55+ s34+ 55 = (Ul +us+ui +uj +ud),
and the basic relationship for the infinitesimal distances is

ds? + ds3 + dsi + ds3 = (65)

2
u—g{(u% + 2 + w2 + ud)[du? + dul + du? + du? + du?]

+(ugdus — uzdug + ugduy — urdus)?},

where the constramt for mapping between the 3-sphere: Y% = R? and the complex

4-sphere: Y°°_ u? = D? is clearly

11@

ugduz — usdug + usdu; — urdug = 0. (66)
In this section we will use the Eulerian spherical coordinates on the complex 4-sphere Sy¢
uy = D1 — e2x cos cos m, = D+/1 — e2X cos 2 5 sin "+7
uz = Dv/1 — e?xsin g cos %571, = D+/1 — eixsin g sin &2 (67)
us = De®X,
where the ranges of the variables are given by
0<x<m, 0<p<m, 0 < a<2r, 0 <y <A4m.
The corresponding spherical coordinates on S; are
sy = Rsinysinfcosa, s = Rsinxsin(sina,
s3 = Rsin x cos g, s4 = Rcosy.
I11.11 Classical motion
In analogy with our previous analysis we choose a new variable 7 according to

dar 1 u?
dt D2 ul+ul+ui+ui

In the u coordinates the equations of motion can be written as

om 2D i
()’ + (wg)” + (u3)” + (ua)” + (w)* = 2D*(B + 35) + —(F — 355) = 0,
5
W+ 2B+ By =0, j=1,2,3,4 (68)
J D2 J )
i 2D* 1



subject to the constraints
5
Sup =D > wpuy =0,
k=1

5
S (upuy + (up)?) =0,  uguy — uzuy + usu) — uguh = 0.
k=1
Note that equations (68) are compatible with these constraints. Here, the Kepler problem
on the sphere in three dimensions is equivalent to choosing a Hamiltonian

1
H = S(pu + o + Pl + Doy + 1) (69)
i D4 i
—(E-I—ﬁ)(uf-l—ug-i—ug-l—uﬁ-i—ug)+u—g( _ﬁ)’

regarding the variables u; as independent and 7 as time. The only difference is that there
is now the constraint

UgPus — U3Puy + U2Pyy — ULPuy = 0.

In terms of the Hamilton-Jacobi formulation we have the relation

1 K S4
2
Us 1 2 2 2 2 2
Cuit+ud+ud+ud [2D2(p“1 + Puy  Pug + Py + Pug)
—(E+ Z'—“)(u%+u§+u§+ui+u§)+D—2( - i—“)] — 0.
D? u? D2

With the usual substitutions, the corresponding Hamilton-Jacobi equations are

24: <8—5>2 e s )y (70)
iz \ 9k R \/ st+s3+ 53 ’

or

1 &[S\ [D? m om

— — —(F - —=)—-(E+ —=)| = 1
2D? kgl (auk) + [u% ( D2) (B+ D2) 0, (71)

and the constraint has become
L-5=0 (72)

where operator L is
0 0 0

L= - - } 73
Uz 8U1 b 6U2 T 6u3 Us 8U4 ( )

Equation (71) can be solved by separation of variables in the spherical coordinates (67)
on the complex sphere Syc.

14



I11.12 Quantum motion

The associated quantum Kepler-Coulomb problem on the sphere corresponding to the
potential (61)

%Agﬂ')\p + (E + ﬁs—“) ¥ =0 (74)

R\/s%—l-s%—ksg

translates directly to [see formula (152)]

1 2192 4,2 2 2 2
§A£4)¢>+<5—“’2 “1“““2;%“3“““4)@:0 (75)
with the constraint
L-®=0, (76)
where £ is given by (73),
v = ’U,5%@, (77)
and
£ = 2ip— — 2D — 9ED? — 2iu+ — (78)
= 2iu D’ w = i D

Here A§3) and Aq(f) are Laplace-Beltrami operators on the spheres S3 and S4¢, respectively.
Consider the Schrodinger equation (75) in complex spherical coordinates (67). We
have
e”™ 9 0P eiX I?
_.I_

— eXgin? y — + |w?D* —iED?
sin? xy Ox X ax siny sin?y

=0 (79)

where the operator L? are defined in (150). We complexify the angle x to the domain

G (see Fig.1) by the transformation (39), such that ¥ € [0,7] and also complexify u

by setting k = iu in expression for £ and w?. Then equation (79) transforms to the
Schrodinger equation for the oscillator problem on real sphere Sy.
We make the ansatz

89, B,7) = (sin¥) 2 Z(9)D, 1y (v, 5,7) (80)

where

Dfnl,mQ (a) ﬂ) 7) = eimla dfnl,mg (ﬂ) eim27 (81)

is the Wigner function [36], satisfying the eigenvalue equation

*DE, (@, B,7) = L+ 1)DE, . (o, B, ), (82)
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and normalization condition

! x ]. .
| Di (@08, 7D,y (@, 8,7) 5 sin fdBdady =

Then the function Z(1) satisfies

2m?

20+1

Ogp 5m1m'1 5m2m’2' (83)

9

2z [(26D2+w2D4+—> WDt (204124

cos? 1 sin? ¥

— t ; Z =0. (84)

The corresponding solution regular at ¥ = 0,7/2 and energy spectrum are given by

Zn,o(¥) = const (sin9)*(cos 19)"+% o Fyi(—ny, np + 20+ v+ 2; 20+ 2; sin® ), (85)

1
E = W[(n+1)(n+4)+(2u—1)(n—|—2)], (86)

1
where v = (w2D4 + %) . mn=2n,+20=0,1,2.. is the principal quantum number. The
other quantum numbers are

n. =0,1,..n, 2(0=0,1,..n, my,me=—4,—0L+1,... . 0—101F

Thus the wave function ®(9, a, 3, y) normalized under the condition (see Appendix)

iD? dv(u
T Dt Bt (0 3 4 0 0) D) =1 (57)
T JSsc Us

has the form

[20+ 1
Qnrem1m2 (197 a’ /87 ’Y) = C’nre(y) 277(—2 Rnre(lﬁ) Dfn;[,mg (a’ /67 7) (88)

with
Ro®) = (sin®)*(cos®)’ 2 yFy(—n,, n, + 20+ v +2; 20 + 2; sin® V), (89)
Covs() VT | (i) (v + 204 2n, + 2)[(20+ ne + DIT(20+ v + 1, + 2) (90)
nrt D} (1— &™)+ n, + D[(2¢ + D 2(n)T(v +n, + 1)

We now construct the wave function and energy spectrum for the Schrodinger equation
(74). The corresponding wave function ¥(s) connecting with ®(u) by formula (77) is
independent of the variable v and 27 periodic in « (the transformation a — «a + 27 is
equivalent the inversion u; — —u;, @ = 1,2,3,4). The constraint (76) in the spherical
coordinate (67) is equivalent to

0

% ) @n,«f’mqmz (19’ «, /6’ 7) = m2¢nrlm1m2 (19’ «, 16’ ’7) =0

and we have ms = 0. From 27 periodicity we get that ¢ and m; are integers. Then,

upon introducing the principal quantum number N = (n, +£) +1 = ¢ + 1 and using the
expression (78), we obtain the energy spectrum of the reduced system

N2 -1 2

E=—=r ~ane

N=12.. (91)

16



where k£ = iu. This spectrum coinsides with that obtained from other methods [20, 24, 23].
Returning from ¢ to the variable y, observing that

. uR
= —_ N = —
v =10 : o=
and using the relations (m; = m)
Dl o, 6,7) = (<1 =2 Yim (6, 0) (92)
m 0L 20 +1 ’

we obtain the wave functions (with correct normalization) for the reduced system in the
form

, —1)m . .
\IJNem(X? ﬁi Oé) = \/EGZX/z (I)nrlmO(Xa Q, /Ba 7) = (, /R)3 Cnrl(o') (Sin Oé)‘Z e—za(N—Z—w)

XoF (=N +L+1, 1+ L+40; 20+ 2; 1 — e %) V},,(8, ), (93)

where

21 | (N2 4 02)(N + £)!
Co o) = \l( WV +0)

-|IT(1 + £+ i0)|.
I+ 01\ NV — =1y LA HEF0)]
This solution is identical to that given for the Coulomb eigenfunction on S3 in papers
[23, 25]. Note that in [25] it already has been shown that the function (93) contracts as

R — oo into the flat space Coulomb wave function for discrete and continuous energy
spectrum.

II1.2 Generalized Hurwitz transformation

The analogous problem in five dimensions can be realized via the variables
9 2 i

81 = (Z ’U,z> U_ (U1’U5 + U2Ug — U3UT — u4u8),

9

7

” (urug — UgUs + UsUg — UgUy)
9

So =

i
— (urur + ugug + usus + ugtg), (94)
9

S3 =

(2

(2

“ = (gp@) (g — gt — gt + ugus),
(2
(2

Ug

1
2 2 2 2 2 2 2 2

Ug

1
2 1 8 )
u;;—i—ﬂZuk y

9 k=1
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which satisfy

6 9 2
dosi= ( uf) . (95)
j=1 =1

The relation between the infinitesimal distances on the five dimensional sphere Ss:

/82 = R? and eight dimensional complex sphere Sgc: Y5, uZ = D? (R = D?)

18

8 9
Sy dst= [(zug)zduzwﬂwgwg], (96)
j=1 9 k=1 =1
where
w1 = ugduy + uzdus — usdus — urdug — ugdus — urdug + ugdur + usdug,
Wy = ’U,3d’U,1 — U4d’U2 — uldu3 + ’U,2dU4 - U7dU5 + ’Ugd’d@ + U5dU7 - u6du8,
W3z = U2dul — UldUQ + U4d’d3 - U3dU4 —+ uﬁdu5 — U5d’d6 + ugdu7 - u7du8,

and the constraint for mapping Sgc —Ss corresponds to
w; =0, i=1,2,3.

Following [16] (see also [18]) we can supplement the transformation (94) with the angles

1 2uiu 2uzu
ag = = larctan . ! 22 + arctan—; & 42] € [0,2m)
2 Uy — Us Uz — Uy
1
u? +u?\?
= 2arctan [ ————2 | € [0, 97
6 (459) < o (o7
1 2U1U2 2U3U4
= — |arctan——— — arctan € [0,4m).
TH 2 [ u? —ul uZ — u3 | )

The transformations (94) and (97) correspond to Sgc—Ss=S5®S3. If we now choose the
spherical coordinates on S as

sl—i—zsz:Rsmxsmﬁcosge’ 7, s5 = Rsinxcosv,

. . . . 'Q*l
53—1-234=Rsmxsmﬁsm§eZ 7, S¢ = Rcosy.

then the corresponding (nonorthogonal) spherical coordinates on the eight dimensional
complex sphere take the form (D? = R)

. 0, Q
u; = D+v1—e?Xcos 5 cos ﬂ—H cos on + 1

2 2
. 9
us = D+1 — e2Xcos B cos ﬁTH sin w
. 9 —
us = D+/1— e?Xcos B sin BTH CoS w
. 9 —
us = D+1— e?Xcos 3 sin ﬂTH sin #

18



us = Dv1—e?xsin— : (Cosgcosﬁ_HCOSaerr;HﬂH

+ sin g sin %I cos 27 _;H + 7H> (98)
. 9
ug = D+v1—eZXxgin 3 (cos g cos ﬁTH sin aty +2aH +
: . Bu . CY—'Y_OéH+’YH)
—sin — sin — sin
2 2 2
ur = Dv1—e?Xsin — (sm g cos %{ cos 2 +2aH +H
—COSE51nﬁ—Hcosa+7_aH+7H)
2 2 2
: 9 —
ug = D+1—e%Xxgsin §(sin g cos %I sin =7 +2aH + H
+cosésinﬁ—Hsina+7_aH+7H)
. 2 2 2
ug = DeX
where x € [0, 7], ¥ € [0, 7], a € [0, 27], B € [0, n] and 7y € [0, 47].
I11.21 Classical motion
The Kepler-Coulomb potential on the five dimensional sphere S5 has the form
K S6
V=-= . (99)
R \/s2+ 3+ 3+ s]+s2
As before we can define a new coordinate 7 such that
dr _ 1 _u5
dt D28 _ ud
The corresponding equations of motion are given by
9 2
i 2D (m
S ()" = 2B + 1)~ (B = 1) =0 (100)
W+ 2B+ Yy =0, k=1,...,8
D2 ) ) )
om 2D? i
2(FE —(EF—-—=)=0
+ ( + D2) ug ( D2) Y

subject to the constraints

9 9 9
2 2 i " "2 _
up=D% D uuy=0, > (uwe + (uy) ) = 0,

=1 =1 =1
! ! ! ! ! ! ! ! _
UgUy + U3Uy — UgUg — UUy — UglUy — UrUg + UgUy + Usug = O,
! / ! ! ! ! ! /
U3Uy — Ugly — U U3 + Uly — U7Us + Uglg + UsUy — UgUg = 0,

! ! ! ! ! ! ! !
Ul — ULUg + Uglz — UsUy T+ UsUy — Uslg + UgUy — UTlg =

19



These equations of motion are equivalent to what we would obtain by choosing the
Hamiltonian

H=33p, - E+— Zu +— E—ﬂ), (101)
=1

regarding the variables u; as independent and using 7 as time. The associated constraints
are
Ugap1 + UgPs — U2P3 — U1Ps — UsPs — UrPe + UeP7 + Usps = O,
U3p1 — UaP2 — U1P3 + U2Ps — UzPs + UsPe + UsPr — UgPs = O, (102)
U2P1 — U1P2 + UaP3 — U3Ps + UePs — UsPe + UsPr — urps = 0.

If we wish to solve this problem from the point of view of the Hamilton-Jacobi equation
we use the relation

Se

1 6
2 Zpij B % 2 2 2 2 > E=
i V/$?+ 83+ 83+ 8% + s
2 9 9 2 :
Uy 1 9 o
i h B m s T ) o
EZ:1U%{2D21:Z1 ‘ 2:21 D?
The corresponding Hamilton-Jacobi equations are
1 &, 08 n Sg
z Z(_)2 - = —E =0, (103)
2= 0s; Rz\/s%-l-s%-l-s%-l-si-i-s%
! Z Z“+E)i 2+Dz(E Wy g (104)
—_ u B~ —_—— —_—
2D? auz (D> = g D>

subject to the constraints

os oS oS _ 95 _ 9S _ 9S 05  9S
ou U1 ou U2 28’&3 16’&4
9S 89S 8S 9S 9SS  8S 9as  dsS

8’&1 U a’u,z —w GU3 + U 611,4 B
9S 9S 9SS @S as 9S 9SS  aS

Ty, T Mon, Yo, T

I11.22 Quantum motion

The Schrodinger equation for the 5-dimensional quantum Coulomb problem

1
“AOY 4 (B4 E %6 =0 (105)
2 R.[s2 463+ 52+ 53 + 52

transforms to the 8-dimensional oscillator equation (see Appendix)

v iu ) (106)

=1

2D2

1
“A®)P
a0 (-

20



with constraints
T;® =0, (107)

where operator T is given by formula (155),

15
= (2ip — — 2D2:2<D2E—2' —)
& (zu ), w zu+8D2 ,

(108)
and
U = (ug)? ®. (109)

Considering the oscillator equation (106) in complex spherical coordinates (98) we get
(see Appendix)

e 3ix ) eix M2
—— —e*Xsin' y — + |w?D* —i€D*— + —— | ® =0, (110)
sin® x Ox ax siny = sin”y
where the operator M? has the form
. 1 9 o I J?
2 .3
_ el ) — — — 111
sin9 09 > 09 sin?  cos? ¥’ (111)
and
J=L+T, J*=L*+T?>+2L-T. (112)

As before, we make the complex transformation (39) and also complexify parameter u by
putting k£ = iu. We make the separation ansatz [18]

® = R(9)Z(0)G(a, B,7; am, Bu, Yr) (113)

where @ is an eigenfunction of operators L2, T2 and J2 with eigenvalues L(L+1), T(T+1),
J(J + 1), respectively. Correspondingly the wave function Z(6) is the eigenfunction of
operator M? with eigenvalue A(A + 3). Because there is L - T interaction the eigenvalue
equation

jQG(aa/B,’Y; aHaﬂHa’YH) = J(J+ 1)G(Ol,/8, Y3 aH,ﬂH,’YH) (114)

can not be separated in variables («, 3,7; am, B, Yg) but we can apply the rules for the
addition of angular momenta L and T and, following [18] express G as a Clebsch-Gordan
expansion

Gifn{Tt = Z (Ja M|La m,; Ta t,) Drﬁ,m’(aaﬁary) D’tl,ﬂt’(aHaﬁHafyH) (115)

M=m'+t'

where (JM|Lm;Tt) are the Clebsch-Gordan coefficients. Note that the functions G{ .z,
satisfy the normalization condition

M 271'2 27T2
/Q dQ o dG Gl iy = (2L+ 1) <2T+ 1) 8771611 077 O 01 207 O O - (116)
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If we substitute ansatz (113) into the Schrodinger equation (110), then after separation
of variables we obtain the differential equations

1 d . ,,dZ | 2L(L+1) 2J(J+1) _
sin%’@sm 0@+_)\(A+3)_ 1—cos®  1-+cosf Z=0, (117)
14 rgdR + -(2D28 + w?D*) — DO+3) WD) 0 (118)
sin” 9 dv a | sin? 9 cos29|
with real parameters
6 99 9 15
5:(2k—ﬁ), wD:2(DE—2k+W). (119)

Consider equation (117). Taking the new function by v(f) = (sin#)2Z(#) we obtain
the Poschl-Teller equation. Then the solution Z(f) = Z{*(6) orthonormalized by the
condition

/ " ZJ2(9) 23 (6) sin® 0.8 = Sy (120)
0

has the form

200 = | (AFIOL T+ LA =L = J)!
A 22I42L+2(\ — [+ J + )I(A— J + L+ 1)!

(1 — cos0)” (14 cos§)* PEEH27H) (cos §), ng =0,1,2, ... (121)

where A is quantized as A — L — J = n,.
Let us now turn to the quasiradial equation (118). Setting w(¥) = (sin¥) 2 R(d), we
can rewrite this equation in the Poschl-Teller form

d>w

49, (2A+3)* -1 wD*
e " 1

4 )~ sin? ¥ " cos2 )

l(2D25 + w?D* + w = 0. (122)

Solving this equation we have following expression for quasiradial functions R(¥) =
Rnr)\(g)l
Roa(f) = (sin®)* (cos®)" "z,
X oFy(=n,, n, + v+ 2X+4; 2X + 4; sin’9), n, =0,1,2,... (123)

with energy levels given by

& n+1)(n+8)+ (2v —1)(n +4)], n=0,1,2.. (124)

=50l
1
where v = (w2D4 + %) ?, and principal quantum number

n=2mn,+A) =2(n. +ng+L+J).
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Thus, the full wave function @ is the simultaneous eigenfunction of the Hamiltonian
and commuting operators M2, J2, L?,T?, J3, L3 and Ts. The explicit form of this function
satisfying the normalization condition (see Appendix)

.5 8
_iD / PILL  GILT N2 dv(u) 1
M M i -
327‘(’2 Ssc neAMmt ~ n. A\Mmt P 7 ’LL%

1S

2L +1)(2T +1)

272

@JLT Cnr)\(y) \/(

ny AMmt =

Rnr)\(ﬂ) ZS\IL(Q) Gii\nd;Tt(oﬁ /6’ v CH, ﬁHa 7H) (125)

where R, »(¥) is given by formula (123) and

(126)

4 (v + 22 +2n, +4)T2A+ v +n, +4)(n, + 2X + 3)!
Cnr)\<y) =

(2X +3)! DB72(1 — e2™)(A +n, + 2)(n,) T (v +n, + 1)
Let us construct now the five-dimensional Coulomb system. The constraints tell us
T?®(u) = T(T +1)®(u) = 0. (127)

and therefore the oscillator eigenstates span the states with 7' =0and L = J. For L = J
the Jacobi polynomial in (121) is proportional to the Gegenbauer polynomial [34]

2L+3

Ci_af (cos ), (128)

PREFLL (g ) — (4L + 2)!(A + 1)!
A2k (20 + 1)!2L + A + 2)!

and we obtain

Z3*(6) Zin(0)

3. [@A+3)(A—2L)! . 2L+3
2L+1 9 2L D
22" (2L + 2) \] TO 20 12) (sin6)*" C\_ 57 (cosh).  (129)

Then from properties of Clebsch-Gordan coefficients (JM|Lm;00) = 6550y and using
Dg,o(aH, Br,vn) = 1 we see that the expansion (115) yields

Gi%;OO(a) /Ba Y CH, /BH; ’YH) = D'rlrlz,m’(aa /Ba 7) 5JL 5Mm’- (130)

Thus, the function ® now depends only on variables (¥, 6, a, 3,7). Observing that A =

ng + 2L = 0,1, 2,...n, introducing the new principal quantum number N = (n, + A) =
5 =0,1,2.. and setting k = iy, we easily get from the oscillator energy spectrum (124)
the reduced system energy levels

N(N +4) u?

Ey = - . 131
N 2R2 2(N +2)2 (131)
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Noting that v = io — (N 4 2) and taking into account the formulas (123) and (125)-(130),
we finally have the solution of the Schrédinger equation (105) as

3 34
lIlﬁ?mm’(X? e;a,ﬁ, 7) = D2 eQzX Qﬁj\mm’(X) e;aHB) 7)

2L + 1
= No20) Ran(9) Z0a(0) (| =5~ Drgwe(@: B,7) - (132)

where Zp,(6) is given by (129) and

Roa(x) = (sinx)*e XNV A9, B (—N + A, A+ 2 4105 2X + 4; 1 — €2%), (133)

N 22T (N +2)2+02](N + A+ 3)!
wal0) = (2X + 3)! 2R5T(N + 2)(N — \)!

IT(A+2 +i0)]. (134)

Thus, we have constructed the wave function and energy spectrum for the five-dimensional
Coulomb problem. In the contraction limit R — oo for finite N we get the formula for
the discrete energy spectrum of the five-dimensional Coulomb problem [37]

2
~ -+ —
}%E[)I(;IOEN(R) = TN N=0,1,..

Taking the limit R — oo and using asymptotic formulas as in (56) we get from (132)-(134)

. 2L +1
lim U (x,0;0,6,7) = Rwa(r) Zoa(9) s— D (e, 3,7) (135)
R—00 27 ’
with
45/ (N4+A+3)! / 2ur \* e 742 2ur
= Fi(—N 4+ X; 2X + 4;
Blr) = w2 \ v = <N+2> ooy N A28 T,

which coincides with the five-dimensional Coulomb wave function obtained in paper [37].

IV Summary and Discussion

In this paper we have constructed a series of mappings Soc —Ss, S4c —S3 and Sgc —Ss,
that are generalize those well known from the Euclidean space Levi-Civita, Kustaanheimo-
Steifel and Hurwitz transformations. We have shown, that as in case of flat space, these
transformations permit one to establish the correspondence between the Kepler-Coulomb
and oscillator problems in classical and quantum mechanics for the respective dimensions.
We have seen that using these generalized transformations (12), (64) and (94) we can
completely solve the quantum Coulomb system on the two-, three- and five-dimensional
sphere, including eigenfunctions with correct normalization constant and energy spectrum.

For the solution of the quantum Coulomb problem, first we transformed the Schrodinger
equation to the equation with oscillator potential on the complex sphere. Then, via com-
plexification of the Coulomb coupling constant u (u = Ze?) and the quasiradial variable
x this problem was translated to the oscillator system on the real sphere and solved.
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It is interesting to note that the complexification of constant Ze?/R and the quasiradial
variable were first used by Barut, Inomata and Junker [24] in the path integral approach
to the Coulomb system on the three-dimensional sphere and hyperboloid, and further were
applied to two- and three- dimensional superintegrable systems on spaces with constant
curvature [27, 30]. The substitution used in [24]

e = — coth 3, B € (—o0,00) (136)

is correct as an analytic continuation to the region 0 < Rex < m and —oo < Im < 0 and
translates the Coulomb quasiradial equation with variable x to the modified PGschl-Teller
equation with variable 3. It is possible to show that there exists a connection between
(136) and generalized Levi-Civita transformations on constant curvature spaces. Indeed,
for instance, along with the mapping Soc—S2 we can determine a mapping Hoc—S,, i.e.
from the two-dimensional complex hyperboloid to the real sphere:

2, 2, .2 /2 2 22
s7+ 85+ s3 = (uz — uj —uz)”.

This transformation has the form

2,2
) u? —u

s = iyJuz—wu?—wuZ- 2 2
3 1 2 2 )

Us

U1U2

sy = Wui—ul—u}- : (137)
Us
_ 2 2 2 uf +uj
53 — U3_U1_U2' ’U3— )
QU3

and translates the Schrodinger equation for the Coulomb problem on the sphere to the
oscillator problem on the complex hyperboloid. Then the substitution (136) transforms
the oscillator problem from the complex to the real hyperbolid, a solution well known
from papers [30, 29].

The method described in this paper can be applied not just to (11) but to many
Coulomb-like potentials. In particular the generalized two-dimensional Kepler-Coulomb
problem may be transformed to the Rosokhatius system on the two-dimensional sphere
[28].

As we have seen, in spite of the similarity of transformations (4) and (12) on the
sphere and Euclidean space there exist essential differences. Equations (12), (64) and
(94) determine the transformations between complex and real spheres or in ambient spaces
a mapping Cypi1 — Ryi0 for p = 1,2,4. Evidently these facts are closely connected to
Hurwitz theorem [38], according to which the nonbijective bilinear transformations satisfy
the identity

ST+ 83+ o+ 5= (U] +uj+ ...+ u))’ (138)

only for four pair of dimensions: (f,n) = (1,1),(2,2),(3,4) and (5, 8), which corresponds
to a mapping Ry, — R,11 for p = 1, 2, 4 respectively.

For transformations between real spaces of constant curvature the situation is more
complicated, and more interesting. For example, the two-dimensional transformation on
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the hyperboloid is

u? — u’

51 = Yultudt+ui 12
QU3

sy = (Judtult+ui- uluz’ (139)

Us

u? + u2
s3 = \/ugiu%j:ug-(ug,:i: L 2
2U3
and
53— s —s5 = (ud £ ul +ud)’ (140)

Thus, the upper and lower hemispheres of the real sphere or the upper and lower sheets
of the two-sheet hyperboloid in u-space map to the upper and lower sheets, respectively,
of the two-sheet hyperboloid in s-space.

The next example is the transformation

2 2

u? —u
1 Uy
s1 = yJultud—ui- :
2’LL3
UilU2
sy = yJul+ui—ud-—=, (141)

Us
o = Vidrd - (w1
and
s7+ 55— 52 = (ul +ul—ud)? (142)

Here the one-sheet hyperboloid in u-space maps to the one-sheet hyperboloid in s-space.
From transformations (139) and (141) (using methods as in §2) it is easy to show that in
the contraction limit D — oo this transformation goes to the real Levi-Civita transforma-
tion (up to the translation @; — 1/2@;) (4).This shows that the method of this article can
be adapted to treat a Kepler-Coulomb system on the two- and one sheet hyperboloids.
Finally, note that in this article we do not discuss two important questions. First is the
correspondence between integrals of motion for Kepler-Coulomb and oscillator systems.
Second is the connection between separable systems of coordinates (not only spherical)
under mappings (12), (64) and (94). This investigation will be carried out elsewhere.

V Appendix

We present some differential aspects of the generalized Levi-Civita, KS and Hurwitz
transformations. These calculations we are related to those in [15, 18] for flat space.

V.1 Transformation Syc —S,
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The Laplace-Beltrami operator on the u - sphere in complex spherical coordinates (17)

1S
1

Az(zz) = [(u18u2 U28u1)2 + (’U38u2 - U28u3)2 + (u38u2 — u28u3)2]

21
—sin x

D2
< ) 1 0 8 1 0
= in —
pz XE sin y O 8)( sm2 x 0p?

(143)

while the usual Laplace-Beltrami operator on the s - sphere in spherical coordinates (x, ¢)

has the form

AP = |

i 0 1 &
- R? smx@x 8x 51n2)<8<p2

The two Laplacians are connected through

2
A W1 e
s u? +u3 D?
The volume elements in v and s - spaces are

2

D2
dv(u) = —%e’xdxdgo, dv(s) = R?sin xdxdyp

and
1 uf + u}
Ed’u(s):— 2 dv(u)
We have (the variable ¢ runs the from 0 to 4)
D2
[ dn(s) === i PR
Sa 2 Sac U3

V.2 Transformation S;. — S3

The Laplace-Beltrami operator on the u - sphere in (x, a, ,y) coordinates is

AW = 12;2 sin ye X lsfnixx%elx sin’ % + Slf—;x
where
Ly = <cosacot 53 + sin a% — ZTE;%) ,
Ly, = <smacot ﬁ% — cos a% — :2;%)
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31852 32851)2 + (33682 - 32683)2 + (83882 - 82883)2]

(144)

(145)

(146)

(147)

(148)

(149)

(150)



and

72 [62 d 1 (8_2 o 9 62)]’ (151)

652 —+ cot ,8—5 sz ﬁ

while the usual Laplace-Beltrami operator on the s - sphere in (x, 3, &) coordinates is

A(‘Q’)—i 1 3sin2 i-l——l > +cotﬁ£+ L &
s sin? y Ox X@x sin? y \ 932 98 ' sin?B8a2)|"

The two Laplace-Beltrami operators are connected by

21 1 1 1
Zzsmxe 2X[D4A( ) + (Z —icotx) +

sin? y sin? 3

AW —
“ D

o (0 0 i
—9 — || e2”?
Xay <8'y Cosﬁaa)] o

and the operator acting on functions of variables (x, 5, «) is

1 u? 1 1 3u? + uZ 4 w2 + u? _1
AB) — _ 2{ 5 [ A(4)——<2 DU T U T U3 4)]} 7 (1592
s Us U1+U2+U3+U4 D2 D4 + 4 ug s ( )

The volume elements on Sy, and S3 are given by

4

D* ..
dv(u) = i e*™ sin y sin BdxdBdady, dv(s) = R?sin® xsin fdxdBda,

where
24 22 22 2 ;
uy + us + u3 + uy )
u dv(u) = 302 dv(s) dr. (153)

Integration over vy € [0, 47| gives

D2 2,2 22 | .2
/ ~..do(s) = = / ....u1+u2—:u3+u4dv(u).
Ss 2m Jsueo

Us

V.3 Transformation Sgo—>Ss
The Laplace-Beltrami operator on the u - sphere in (x, ¥; o, 3,7, ag, Bu, vm) coordi-
nates is

_ 2 ix{ e ¥x 9 5, 1 [ 1 9 o)
sin® ¢ 9Y oY

— sin xe e gint y — + —— — sin® 9—
ox

sin* x Ox sin? x

A(L? + 2L - Tsin? 2 + T?sin® 2)

- 2 2], (154)

sin” 9
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where operator L is given by (150) and T is

0 cosag O )

0
T, = i<coschotﬁHa—+sinozH —

(0524 8ﬁH sinﬁH 8’)’]{
. . 0 sinaH 0
T, = — - E 1
2 i (sm ag cot ﬁHa " aH@ﬂH S0 0, 871{) (155)
0
Ty = —i
3 280[}1

The Laplace-Beltrami operator on the five dimensional sphere in (x, 9J; a, £, ) coordinates
is

11 1 8 d 1 1 9 o 4AL?
AP = — | — T ginfy— 4+ —— —sin®9— - —— 156
4 R? [sin* x Ox S Xax + sin? y \ sin® o 89 sin 09  sin?v¥ (156)
The Laplace-Beltrami operators are related by
21 5i 9 1 21_: . T + T’2 3i
(8) — 5 4 A (5) 2 6 _ g
Ay =12 sin ye~ [D Ay + <4 6zcotx) sy cos2g ]e X
and the operator acting on a function of variables (x, ¥; «, 3, ’y) is
32 (1 u2 1 15 1 _3
AP = 2 { 9 [A(8> (12 2)] } 2, 1
s u§ | e T a2 | P D2 + — 1 ug _luz Ug (157)
The volume elements on Sg- and Sy have the form
dv(u) = —8D8%** sin® ysin® 0dxdfdQdQy,
dv(s) = R®sin® ysin®0dydfd,
where
1
Q) = 3 sin BdadBdry. (158)
We have
13 164
— > uldv(u) = —’ " dv(s) d (159)
9 i=1
and integration over the variables (ag, By, vH) gives the formula
iD? dv(u)
du(s) = / . 160
/,;'5 327T2 Ssc i— 1 5 ( )
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Re x

Figure 1: Domain G ={ 0 < Re x < m; 0 < Im x < oo} on the complex plane of x.



Figure 1: Domain G ={ 0 < Re x < 7; 0 < Im x < oo} on the complex plane of x.



