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Abstract

The possibility that Schrodinger’s equation with a given potential can sepa-
rate in more than one coordinate system is intimately connected with the no-
tion of superintegrability. Here we demonstrate how to establish a complete
list of such potentials on the complex 2-sphere, using essentially algebraic
means. Our approach is to classify all nondegenerate potentials that admit
a pair of second order constants of the motion. Here “nondegenerate means
that the potentials depend on four independent parameters. The method of
proof generalizes to other spaces and dimensions. We show for the 2-sphere
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that all these superintegrable systems correspond to quadratic algebras, and
we work out the detailed structure relations and their quantum analogs.

1 Introduction

It has long been known that Schrodinger’s equation with certain special po-
tentials can admit (multiplicative) separation of variables in more than one
coordinate system. This is intimately related to the notion of superintegra-
bility, [1, 2]. This subject has been studied by a number of authors, based
on the use of the corresponding differential equations that that are implied
by the requirement of simultaneous separability, [3, 4, 5, 6, 7, 8, 9, 10, 11].
Specifically, superintegrability means that for a Schrodinger equation in di-
mension N there exist 2N — 1 functionally independent quantum mechanical
observables (i.e., self-adjoint operators that commute with the Hamiltonian).
There is an analogous concept of superintegrability for classical mechanical
systems that relates to the corresponding additive separation of variables of
the Hamilton-Jacobi equation. Also, if we do have simultaneous separability
then the resulting constants of the motion close quadratically under repeated
application of the Poisson bracket, [12, 13]. We also know that for spaces
of constant curvature separable coordinate systems of the free motion are
described by quadratic elements of the corresponding first order symmetries,
[14]. Although concrete examples of superintegrable systems on constant
curvature spaces are easily at hand, a complete classification of all such sys-
tems has presented major difficulties. How can one be sure that all systems
for free motion have been found? Once these are determined, how can one
be sure that the most general additive potential term has been calculated?
In [15] we have solved the classification problem for all systems on two di-
mensional complex Euclidean space. Here we solve the problem for the more
difficult case of the two dimensional complex sphere, including real spheres
and hyperboloids as special cases. Our method is to classify all nondegen-
erate potentials that admit a pair of second order constants of the motion.
Here “nondegenerate” means that the potentials depend on four indepen-
dent parameters. The requirement that a potential admit two constants of
the motion leads to two second order partial differential equations obeyed
by the potential, and the integrability conditions for these two simultaneous



equations permit us to classify all possibilities. (We believe that this paper
contains the first complete list of the possibilities, as well as a completeness
proof. This is not a simple problem. For example reference [16] omits several
of our cases.) The classification is greatly simplified by the equivalence of two
potentials that are related by an action of the motion group SO(3,C). We
can prove that each nondegenerate potential is associated with a pair of con-
stants of the motion in the classical case, and a pair of symmetry operators in
the quantum case, that generate a quadratic algebra. Furthermore, we verify
that there is a one-to-one correspondence between superintegrable systems
and free-field symmetry operators that generate quadratic algebras. Finally,
we demonstrate explicitly that superintegrability implies multiseparability,
i.e., separability in more than one coordinate system.

2 Superintegrability on the complex sphere

We follow the approach of [15] and start by computing the possible second-
order constants of the motion for a Hamilton-Jacobi equation, with potential,
on the complex sphere. (Inevitably, the only potentials that are candidates
for superintegrability are those which are separable in more than one coordi-
nate system on the two dimensional complex sphere Syc.) Here one considers
the generators of the corresponding complex rotation group
Ji=yp. —2py, J2=2p; —Tp;, J3=1zpy — Yps. (1)
The Hamilton-Jacobi equation is
H=R+I+J+V'(2,y2) =F, (2)

where x24+y?+22 = 1. To sart with, it is convenient to make use of the natural
embedding of the complex sphere in complex Euclidean 3-space. Consider
the Hamiltonian
H=p,+p,+p0;+V(z,y,2) (3)
in F3c, where V = r2V' with r? = 2% + y? + 22. Then
H =1r2(xp, +yp, +2p.)* +r °H',

and we can identify the constants of the motion L for H' with constants of
the motion for H such that

{L,zp, + yp, + 2p.} = {L,r*} = 0. (4)
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Here of course

U =Yl t - L), wuma) =@y ©)

Op; 0x;  Ox; Op,
We now determine the conditions that the function
3
L= Z a*(z,y)pipe + W(z,y,2) =L+ W, do* =d¥, (6)
Jk=1

must satisfy to be a constant of the motion for H'. The conditions (4) imply

J

Furthermore, these conditions and the requirement {H, L} = 0 imply that
the quadratic terms in L are expressible as a second order polynomial in the
Jka

0= AJ; + BJ} + CJ; + DJsJ, + EJsJy + FJi Js, (8)
and that ,
O, W =Y a0, V. (9)
k=1

The integrability conditions

are

(—2Azy + Dyz + Exz — F2*)(Vyy — Vae) + (—=2Czz — Dy? + Eyz + Fyz)V,,
+2(A[y* — 2°) + [C — B)2> + Dzz — Ey2)V,, — (—2Byz+ Dazy— Ex® + Fz2)V,,

= (—6Ay + 3Ez2)V, + (6Az — 3Dz)V, + (3Dy—3Ex)V,,
(—2Czz — Dy + Eyz + Fyz)(V,, — Vau) + (—2A2y + Dyz + Exz — F2°)V,,
+2(C[#* — 2®) + [A — Bly* — Eyz + Fay)V,, — (—2Byz+ Dzy— Ex® + Fza)V,,
= (—6Cz + 3Ey)V, + (—3Ez +3F2)V, + (6Cz— 3Fy)V,, (10)
(—2Byz + Dzy — Ex* + Fzz)(V,, — V) + (—2A4zy+ Dyz+ Exz — F2*)V,,
+2([A — Clz® + B[2*> — ¥°] — Dzz + Fzy)V,, — (—2Czz — Dy* + Eyz + Fyz)V,,

= (-3Dy+3Fz)V, + (—6Bz +3Dz)V, + (6By—3Fz)V,,

4



The homogeneity requirement on the embedded potential can be expressed
as
xVy +yVy + 2V, = =2V,

and this leads to the additional second order conditions

ZEVM; + yV—zy + Zva:z = _3‘/&:
oV +yVyy + 2V, = =3V, (11)
mVa:z + y‘/zy + ZVtzz = _3‘/;

Note that here the “trival” solution for all of these equations is V' = ¢/r?.

One way to attack the problem of finding all superintegrable potentials
on the sphere is to classify all potentials V' that admit two functionally in-
dependent constants of the motion and is “nondegenerate” in the sense that
it depends on four arbitray constants, one of which can be considered to be
the trivial constant c¢. The potential must satisfy 2 sets of equations of the
form (10) and the conditions (11). These 9 equations, not all independent,
enable us to solve for the second derivatives Vg, Vyy, V.2, Va2, Vi, as linear
combinations of the derivatives V,,V,,V,,V,. Then all higher derivatives
can be expressed in term of those 4, and integrability conditions obeyed by
the higher derivatives imply linear relations between the 4 derivatives. Non-
degeneracy of the potential means that at a nonsingular point (zo, yo, 20) on
the sphere we can prescribe the values of Vy,, V, V,, V, arbitrarily. Thus the
coefficients of all linear relations between these derivatives must vanish iden-
tically for nondegenerate potentials. Similarly, the linear relations between
the terms in V4, Vi, V2, Vaz, Vi, on the left-hand sides of the original 9 equa-
tions imply the same linear relations between V,y, V, V,, V;, and these must
also vanish identically. This approach to superintegrability on the sphere
will prove useful in a forthcoming paper, where we study superintegrability
in 3-space. However, we will adopt a simpler method for the remainder of
this paper.

A second way to carry out the analysis (and the one that we shall follow) is
directly in terms of coordinates x, ¥, z on the 2-sphere where 22 +y?+ 22 = 1.
We shall take z,y as independent variables and set z = +4/1 — 22 — y? with
the sign depending on wether we are on the upper or lower hemisphere of
Ssc. In some formulae we will adopt the convention (z,y,2) = (y1, Y2, y3)-
In these coordinates the generators of the complex rotation group are

Ji = —ysp2, Jo=1ysp1, J3=yip2 — Yap1- (12)



The Hamilton-Jacobi equation is

H' =1 —y})p} — 2y1yepip2 + (1 — y3)p3 + V(y1,92) = E'. (13)

Now the Poisson bracket of functions f(yi,ys, p1,02), 9(Y1, Y2, P1, P2) iS

{f.9}= Z(—— — A7) (W) =(z,y). (14)

We next determine the conditions that the function

2
Z a]k yla Yo p]pk + W(yla y2) =/ + W a]k = ak]a (15)
]yk:l

must satisfy to be a constant of the motion for H'. It is straightforward to
show that the requirement {H’, L} = 0 implies that the quadratic terms in
L are expressible as a second order polynomial in the Jj,

(= o1 + i + asd; + asJsJi + asJs e + agi s, (16)

and that (with 9, W = W}, etc.)

1-43 b 1—y3)b
W, = (( yg)a+y1y2)vl+<( v3) erlyzc>v2 (17)

Y3 2y3 2y3 Y3
a 1— 42 b 1—19y2)c
Y3 2y3 2y3 Y3
where
a(y, y2) = (o1 —a3)ys + as(l — y7) — asyys,
by, ¥2) = —200Y1Ys + Qaloys + asyiys — as(l — v —v3),  (19)
ey, ¥2) = (o1 — a2)ys + aa(l — y3) — ay1ys-

The integrability conditions

0, (O, W) = 0,(0, W),



are

[2 a3 — o wyz + agy(l — 2%) + asz(1 — 2% — 29°) + ag2(1 — x2)]

X (Vm wy> (20)

+ [2 ) — ag)zyz — agy(l — 222 — 3?) — asz(1 — y?) — aez(1 — yz)]

1-— :c
X (Vyy wy)

= (6 o — ag]yz + 3auzy — 3as(1 — 22 — 29°) + 3a6a:z) V.
+ ( [y — ai]zz + 3ay(1 — 22° — y?) — 3aszy — 3a6yz) Vy-
We denote the V' solution space of this equation by
[og, -, ) (21)

Let us now return to our assumption that the Hamilton-Jacobi equation
admits two constants of the motion:

2
L= Y a{,’f)pkpj + Wy, h=1,2.
Jk=1

These two operators together with H' are assumed functionally independent.
The constant of the motion L; leads to the condition (21) on the potential
V'; whereas L, leads to the second condition

181, -+, Bel. (22)

The potential must lie in the intersection of the solution spaces (21,22) for
these two conditions. It follows that the equations

1—192 1—22
Viy = AVa + BV, Vg =~V = OV + DV, (2

V—zz_

must hold, where

AE = —12Hp2y*2” + 6Huuy?2(y? — 14 2%) + 12H32y*2® + 6 Higy2?(y — 22 — 1)
— 6Hszyz(z® + y?) + 6 Hyszyz(2y® + 2° — 1) + 6 Hagx’y2® — 12Hpzay? 2>
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+ 6Hyux’y’z + 6Hagy 2(1 — 20 — ) + 6 Hagy2?(1 — y*) 4+ 6 Hgszyz(1 — o/°)
+ 3Hgy(22® — 1 — 2y* — 4x%y® + 3y? — 22*) — 6Hyex®y2z + 3Hse2(2y* — 332 + 1)
BE = 6Hysx’z+ 12Hyu2yz(1 — y® — 20%) 4+ 6 Hig22® — 6 Hpg2?
+ 12Hpzyz(22* +y* — 1) — 6Hosz?2 + 3Hye2(1 — 22° — ) (1 — 29°)
+ 3Husa(l - 22" — y*)(1 - 2¢%)
208 = —6H.qy2% — 6H4y?2 + 6Hsqy2? + 6 Hauy’2
+ 3Husy(2y® +2° — 1) + 3Hsez(1 — 2% — 27)
2DE = —12Hy2’y2” + 6Hgx2?(1 — 22 + %) 4+ 6 Hysx?2(1 — o° — 2?)
+ 12Hy32%y2® 4+ 6 Hyyzyz(2 — 32° — y?) + 6 Hygzyz(z? — 1)
— 6Hoyx2?(1 — 2%) + 6Hosz?2(2y” + 2 — 1) — 12Ho52y2?
+ 6Hsuxyz(22® + y* — 1) — 6Hsezy®2* — 6Hys12y’2
+ 3Hyx(1 — 4y® + 62%y® — 327 + 22* + 2¢*) + 3Hyez(1 — 2°)(1 — 22° — 2¢°)
+ 6Hssxyz
£ = —4Hp;2?y*(1 — 22 — y?) + 2Hy6(1 — 2%)(2® — v*)zy + 2H 522 y2(y? + 2°)
+ 4Hpr’y* (1 — 2° — y®) — 2Hzy®2(2® + 9°) — 2Haezy(1 — 22 — o) (2® —
+ 2Hozy’z(1 — 2°) — 2Hos2’y2(2y + 2 — 1) + 4Hax?y?(1 — 2* — y?)
+ 2Hseay(l—2® — y*)(y° — 1) — 2Haazy’2(1 — 20% — y°) 4+ 2Hssz’y2(y” — 1)

— 2H45a:y(y2 —yt =20t — 2t + :132) — 2H46:I:2yz(1 — 3:2) — 2H56:cy2z(y2 - 1),

and Hyy = —Hy, = o8 — -
Differentiating each of equations (23) with respect to z and y, we obtain
4 equations for the 4 third derivatives of V', expressed in terms of V, V,, V-

1
zy(—1+y? +2?)

View = ((-’vy3—xy+yx3)Bz+(ym—2y3x)8z+(yw3—ym+y3x)AB

(25)
+(y*2® — y*2?)B, + (yz + y°z)CB + y°z&,
—2y32CB + (y*z? — y4x2)B£’> Vy
. 1
yz(—1+4y? + 2?)
+(yz + 3°z — 2y%2)C, + (yz + v’z — 20°2)CA + (v’2° — y*2?)BC

((:r3y —zy + 2y*) A, + (v*2* — y'z®) 4,



+(y’x + ya® — yw)A2) v,

1
+
yz(—1+y? + 2?)

((2y2+$2—y4—y4$2—1)A+(3y4—y6—3y2)0+y3x3B+yx£

=3z — 2y°2€ + 3zy” + ysx‘g) Vay,

-1

Viezy =
Ty x(_1+y2+$2)

<—$3y2BE + 322, — a:?’ysz (26)

—2?yCB — x? % y&, + y3w203> Vy

= 342 3,2 2 3.2
_a:(—1+y2+x2)<_$ y Ay +y'2°Cr —2"yCA+y2°CA

_x2yCz o x3y2Bc) Vz

1
Ca(—1+ 2+ a?)

(“”21’3 — 2yt A -y — 2Py + 1 +y’2%E

—2y*C — 2C + 222 + z'yB + 2:1:y20) Vi,

1

= 3.2 2 3 2 2
%yy_y(_1+y2+x2)<—xyBg-i-(l’y —.’I:y)By+y rBE (27)
+y’a?E, + y3x2CB)v;,
1 2 3,2 2 3 9
- A - BC
+y(—1+y2+x2)<(my Ty ) Ay + (Yo -y

HPCA+ PG )V,
N 1
y(—=1+y2 +a?)

—(zy* + x> C(z, y) — 2y — 1) Vs

((sjy2 —2°y*)A + (a'y — 22y + y) B + 2 + y’2?€

1
yr(—1+y% +2?)
+yzBE + 2°yBy + y2*E? + (zy — 22°y) B, — 22°yBE

Viyy = ((w3y+xy3—xy)5y+(y2x2—w4y2)£m—x4y2CB (28)
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+y*2’BC + 2°yBE + (y*z — yx)Sz)V:y

. 1
yr(—1+y% + 22)
+(@y — zy + 2y°)C, + (¥Px — yx + 2°y)EC + (y°2* — z*y?)CA

((y2x2 — 2'?)C, + (zy + 2%y — 22°y) A,

+(zy — 223y + a:5y)BC’> V.

1
+
yr(—1+y? + 2?)

((y2 —z*y?+22° — ' —1)E+ (2Py + 2y — 223y) A+ 23 C

+(32* — 2% — 322+ 1)B - 3y + 33:2y> Vig-

Thus if the potential V' is subject to the two conditions (21,22), then V
can depend on at most 3 parameters, in addition to a trivial additive con-
stant. We can choose these parameters to be Vy (o, %), Vy (20, ¥0), Vay (o, Y0)
for any fixed regular point (o, y9). Then Vi (20, ¥0), Vyy (2o, ¥o) and all higher
derivatives can be computed in terms of V, V,, V4, by successive differentia-
tion and utilisation of relations (23).

We require that our potential be nondegenerate, i.e., that it depend on
3 arbitrary parameters. Then, the 3 conditions 0yVizs = 03 Vaay, OyViay =
O Vayy and 0y Vyyy = 0.V, for the fourth partial derivatives lead to 9 inte-
grability conditions, since we can equate the coeflicients of V,V,, and V,, in
each of these identities. (Otherwise V' would necessarily depend on less than
3 arbitrary parameters.)

Note that if we have another constant of the motion L3 associated with
a nondegenerate potential, then L3 must be a linear combination of H' =
JE + J2 + J2, Ly, Ly. Indeed, if L3 is not a linear combination of the basis
functions, then the potential V' must satisfy an equation (10) that is linearly
independent of the equations associated with L, L,. This means an addi-
tional constraint on the solution space and that V' can depend on at most
two parameters, which is a contradiction.

The integrability conditions are only guaranteed to be necessary condi-
tions for the existence of a 3 parameter potential. However, we shall find
that they are in fact sufficient. Each of the 9 conditions can be expressed as
a polynomial identity in the variables x, y whose coefficients are homogenious
polynomials in the coefficients H;;. Since these relations must hold identi-
cally in z, y we can equate to zero each of the components in the polynomial
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expansion. The resulting expressions are lengthy; we used the symbol manip-
ulation program MAPLE to compute them. Even then they would have been
very cumbersome to solve if we had not been able to simplify the computation
further by taking advantage of SO(3, C) equivalence.

We will now use the 9 conditions to classify the possible potentials V' and
the corresponding constants of the motion L, L,. For this we note that it is
only the three-dimensional subspace spanned by H, Ly, L, that matters; we
can choose any basis for this subspace. Hence we can replace the conditions
(21, 22) by linear combinations of themselves without changing the potential.
Moreover, to further simplify the results we note that we can always subject
the coordinates (z,y), and Ly, Ly to a simultaneous complex rotation motion,
i.e., we regard all translated and rotated potentials as members of the same
equivalence class.

We will consider two superintegrable systems on the complex sphere as
the same if one system can be transformed to the other via an action of the
complex orthogonal group SO(3,C). One can identify the adjoint action of
SO(3,C) on the second order elements in the enveloping algebra of so(3,C)
with the action via similarity transformation of this group on the space of 3x3
complex symmetric matrices. A straight-forward computation shows that
this actions divides the second order elements into orbits. A representative
from each orbit class is given by:

1 J3, (29)
2] (Jy+14J2)%, (30)
3] Js(J1+1iJy), (31)
[4] J2+r2J2 |r?| <1,72#0,1, (32)
[5] (Ji +iJ2)? +sJs, s#0, (33)
6] J-J=J7+J3+J;. (34)

Here, J - J is invariant under the group action, and we can add arbitrary
multiples of J - J to any of these operators without changing the orbit class.

Our strategy to classify the three-dimensional subspaces of operators cor-
responding to maximal parameter dependent potentials is as follows. We
choose ¢; from one of the orbit classes (29)-(33), where L; = ¢; + W;. We
first take take £y, (Ly = £y + W>) as a general operator [y, ---,(s]. How-
ever, we can then simplify /5 by adding arbitrary multiples of ¢; and J - J
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to it, by multiplying ¢ by any nonzero complex number, and by applying a
complex rotation to £y that leaves ¢; invariant. Note that J - J is invariant
under all complex rotations. Finally we apply the 9 integrability conditions
to L; and the simplified L, to determine those choices of L, that admit the
nondegenerate potentials.

Suppose ¢; = J2. This operator is invariant under an arbitrary complex
rotation about the z-axis. Such a rotation will leave Gy, Iy = (s + (3, I, =
B2 — B2/4 and Iy = (i + (2 invariant. If we can rotate such that the
transformed B¢ = 0 then we can achieve the form [0,1,0, 34, 55,0]. The
integrability conditions require #, = 85 = 0.

Case (1a)
[1’ 07 07 0’07 0]7 [07 1’07 07 07 0] (35)
Here,
Ly = J2 wh, Ly=J024+Ww® (36)
B B Y
V(z) = :1:2 +y + T —
(37)

This potential allows separation in spherical and ellipsoidal coordinates.

If Iy = I, = 0 but not all of 35, 33, are zero, then we can rotate to
achieve [0,1, —1, B4, 05, 2¢]. Again integrability conditions require 54 = 35 =
0.

Case (1b)
[1,0,0,0,0,0], [0,1,—1,0,0,2 (38)
Here,
Ly = J24+WWO, L= +ik)?2+WwW® (39)
V) = 24P L e —w)

2 (z+wy)  (z+iy)*
(40)

This potential allows separation in spherical, horospherical and degenerate
elliptical coordinates of type 1.
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If B = B3 = B¢ = 0, I3 = 0, we can achieve 35 = —if4, which satisfies
the integrability conditions.

Case (1c)
[1,0,0,0,0,0], [0,0,0,1,—%,0] (41)
Here,
Ly = J24+WW,  Ly=Jy(Jy+iJy) + W (42)
1—22—y? )
V(z) = — + i
(z +iy)? 2 +yt (@ —y)(o +iy)?
(43)

Separability is possible in spherical coordinates and degenerate elliptic coor-
dinates of type 2.
If I3 # 0 we have

Case (1d)
[1,0,0,0,0,0], [0,0,0,1,0,0] (44)
Here,
Ly = J24+wWO,  Ly=JJ, + WO (45)
Ve = gt \/9021'1‘ e +ﬁy2 RN

(46)

Separation of variables is possible in spherical coordinates and rotated ellip-
soidal coordinates, { Ry, Ro}. A suitable choice of the latter is

i _ i (AL +A2)(RiRy +1) + 244 A (R + Ry) i _ 1RRy+1
B (4% - )RR, - T 2 VAR,

V(ALR + A)(A_Ri + AL)(ALRy + AL)(A_Ry + A,)
(A2 — A2)R:R, ’

with the associated operator (A% — A%)J;J; — (A2 + A%)J3.

Z9 =
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Now suppose ¢; = J2 + r2J2, corresponding to (32). In this case there
is no simplification possible by rotation and we must apply the integrabil-
ity conditions for general [0, 0, 83, B4, B5, Bs]. We find that the integrability
conditions are satisfied if and only if 33 = +ir, B3 = 6, = 0 and G = 1.
Case (2)

[0,1,7%,0,0,0], [0,0,4r,0,0,1] (47)

Here,

Ly = (=122 4272+ wWW,  Ly=cJ2 — (, — i)+ W®

Viz) = a(zy +c?z) N B(zy — 2z )(zrz + 23) LR e

\/(c2z_ —2,)2 —4c%22 zg\/(czz_ —2,)2 —4c%22 23

zp = x+idy, 23 =+/1—22—9y2 and ¢ = (1 +7)/(1 —r). Separation of
variables is possible in elliptical and elliptic parabolic coordinates.

Next suppose ¢; = (J; —iJ3)%. Then, eliminating Case 1b above, the only
posibilities for Ly are operators of the form [3;, 1,084, 35, 0], or [51,0,0,1, 0, 0],
or [31,0,0,1,—4,0], and only the last of these with §; = 0 satisfies the inte-
grability conditions.

Case (3)

[0,1,-1,0,0,—2¢], [0,0,0,1,—¢,0], (49)

where,

Ly = (J—i)2+WW, Ly = J3(Jy —idy) + WP
a Bz (1 — 422)

Vie) = (x +1y)? + (z+1iy)® (z+y)*

(50)

Separation of variables is possible in spherical coordinates and rotated semi-
circular parabolic coordinates.

One can verify from the integrability conditions that orbit (33) does not
occur for any nondegenerate potential. This completes the classification of
these potentials.

For a general choice of operators Ly, Ly it is not the case that R? is a poly-
nomial in Ly, Ly, Lo, i.e., there is no quadratic algebra structure. However,
we can demonstrate that there is a quadratic algebra associated with each
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nondegenerate potential above. Because we are working in two dimensions
there can only be three functionally independant constants at most. Conse-
quently all Poisson brackets must be functionally dependent on H = Lg, Ly
and L,. We want to show that in fact R? = {L;, Ls}?> = F(Ly, L1, L») is a
polynomial in these variables. First, we can verify that this is true when the
potential is turned off, i.e., if we consider only the functions

2
bh=" alypeps, h=1,2 Lo =(1—v})p} — 2v10op1p2 + (1 — 3)p3,
Jk=1

where L, = £, + W, Let R = {{1,£,}. Then for each of the cases 1-3
listed above it is straightforward to check that R? = Ps({y, £1, £s) where P3
is a homogeneous third order polynomial in its arguments. ! It follows that

R? = F(Ly, Ly, Ly) = Ps(Ly, L1, Ly) + Fy(s, Ly, L1, Ly), (51)

where Fj is a fourth, second and zeroth order polynomial in the momenta
Dz, Py, and Fy(0, Ly, L1, Ly) = 0. Here, the parameters in the potential are
denoted by s = (V;),V;,V,)), evaluated at some fixed point (zo, o) and Fy
is a polynomial function of these parameters.

From the definition of the Poisson bracket we have

10P;

{ElvR} 2 ae (£0a€17£2)
1 0P
{EZ’R} 2 8£3(£07£1a£2)
hence 1P 10F,
3 4
{LlaR} 28[/ (LOaLlaLQ)_l_ia—Lz(s)’
. 1(9733 18}714
{L2aR} 28[/ (LO’LlaL2) 26—111(8),

! Moreover, it is straightforward to verify that the cases corresponding to nondegenerate
potentials are the only cases where Ps; is a homogeneous third order polynomial in its
arguments. Thus the possible quadratic algebras generated by second order elements in
the Lie algebra of SO(3, C) correspond one-to-one with nondegenerate potentials.
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where the F, /0Ly (s) have only terms of orders two and zero in the momenta.
It follows that the 0F,;/0Ly(s) must be expressible as linear combinations
of the Lj. This shows that the commutators {Lj, R} can be expressed as
polynomials in Lg, L1, Ls. It is then a simple matter to verify that F' itself
is a polynomial in Ly, Ly, L».

We now list the quadratic algebra relations for each of the cases studied
above. In view of relations

1 0F 10F
{L, R} = 20L," {Ls, R} = “59L, (52)

it is sufficient to give the relation R* = F(Ly, L1, Ls) for each case.
Case (1a) [1,0,0,0,0,0], [0,1,0,0,0,0]
R?> = 16LyLy(H'—L1—Ly—a—B—7)—16[aLi+B(H'— L1 —Ly—a—B—7)*+vL?]
+64a3y.
Case (1b) [1,0,0,0,0,0], [0,1,—1,0,0,2¢
R? = —16L3L, —16yH'> —16yL? —168H'Ly — 32yH L, — 168Ly L, + 16a3L,
—32ayL; + 32avH' + 16ay(y — ).
Case (1c) [1,0,0,0,0,0], [0,0,0,1,—3,0]
2 i32

R? = —4I2L, — 4aL? + 4aH'Ly + 2yLyLy + if3yLy — ZH’ + B%a — R

Case (1d)  [1,0,0,0,0,0], [0,0,0,1,0,0]

R? = —4L3 4120, +4L2H'-2(B+7) L2 —2(B8+~)Li+4a L, Ly+48vL1+406L,
—4BvH' +208~(8 +v) — 260”.

Case (2)  [0,1,7%,0,0,0], [0,0,ir,0,0,1]

R? = 32¢*(® —1)H" —16¢*(c* — 1) L3 — 16 2L Ly + 32¢%(c? — 1) (2¢* + 1) L2 H'
+16(2¢2 — 1)L2L; — 16(c? — 1)(5¢% + 1)c2H" Ly + 16¢*H”’ L,
—32¢%(2¢> — 1)Ly Ly H' + 647(c* — 1)L2 — 128vc*(c®> — 1)H'Ly — 64~yc* Ly L,
+16¢*[(c2(a—03))2—(a+8)%|La—16¢*(B—a)? L1 —32¢* (B—a) (2 (B—a) +B+a) H'
—64c*y(B — o).

Case (3)  [0,1,-1,0,0,2i], [0,0,0,1,3,0]
R? = 413 +16yL% + 8al? + 16yH'Ly — 4B3LyLy — 4BalL, — B H'.
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3 Quantum superintegrability on the two di-
mensional sphere

Here we give the analogous quantum algebras for superintegrable systems
arising from the potentials we have already computed. The main difference is
that the Poisson bracket is now replaced by the commutator bracket [A, B] =
AB — BA and the operators H,L; and Ly are the obvious (formally self-
adjoint) symmetry partial differential operators, built from the symmetry
operators

Ji = —20,, Jy=20;, J3=10,—y0,, (53)

where z = /1 — 22 — y? and

2
H=J+J+J;+V(z,y), Lv= > ak(a?,’l))(?j +Wpy(z,y), h=12.
k,j=1
(54)
The Hamilton-Jacobi equation is replaced by the Schrodinger equation

HV = EV. (55)

Just as for the Hamilton-Jacobi case, if we have another constant of the
motion (symmetry operator) L3 associated with a maximal potential, then
L3 must be a linear combination of H, Ly, Ls. Indeed, if L3 is in self-adjoint
form, then the conditions that [H, Ls] = 0 are identical with (16), (where we
replace JyJi by 3{Jh, Ji}) and (17,18). Thus, if L3 is not a linear combination
of the basis functions, then the potential V' must satisfy an equation (10) that
is linearly independent of the equations associated with L;, L,. This means
an additional constraint on the solution space and that V' can depend on at
most two parameters, which is a contradiction.

Furthermore the proof of the existence of quadratic algebra relations
at the end of §2 goes through almost unchanged for the operator case:
[L1, Ly]*> = R? and [Ly, R], [Ls, R] can be expressed as (symmetric) polyno-
mials in the operators Ly, Ly, H. To make the prior construction go through,
one need only note that since R? is a formally self-adjoint 6th order differ-
ential symmetry operator, the 5th order terms are fixed linear functions of
the 6th order terms. The expressions {4, B} = AB+ BA and {A,B,C} =
ABC + CAB + BCA are operator symmetrizers. The explicit relations are:
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Case (1a)
[Li,R] = 4{L;, Ly} — 4{L;, L;} — (8 4+ 16a;)L; + (8 + 16ay) Ly, + 8(a; — ax)
R = g{Ll,Lz,L3}-—(16a14-12)Lf-—(16a24-12)L§-(16a34—12)L§
+ %HLMM}+UmL§+{hJ@n+%u&+wmﬁm
+ %(16 + 176a2) Lo + %(16 + 176a3) L3 + 33—2(a1 + as + as)
+ 48(ajaz + aras + azasz) + 64ajasa3 (56)

here, a; =v,a2 = a,a3 = 3, L1 + Ly + L3 + Y ap, = H and 4, j, k are chosen
such that €;;;, = 1, where € is the purely skew-symmetric tensor.
Case (1b)

[R,Ly] = 8L3+ 16vH + 83Ly + 16vL; — (87 — 16ay)
[R,L;] = —8{Ly, L} —88H —16Ly —88L; + 83(a — 1) (57)
8 1
R? :—gﬂ@L%h}—wﬂﬁ—%?@—imﬁ—&th—3hHm
176 176
32 32 32
+ (32ayv + ?7)1{ + (?'y + 165%a + Ea'y — 1602y — 126?)
Case (1c)
1
[RLﬂ::Z%—%H+aM+§a
[R, L] = —2{Lz, L1} — Ly (58)
2 11 11 1
R2::—gﬂ@L%M}—gig—a@+aHh+E?wy—ﬁaH
o, o 1
+ 4(5 + 6)
Case (1d)
1
[R, Ll] = —Q{Ll, L2} + 20{L1 - (2"}/ + 2/6 + 1)[/2 + (QOJﬁ + 50&)
1
[R,Ly] = Mﬁ+2@—AHLy+§H+Cw+27—3ﬂA—2@%
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— (B+v+267)

2
R* = —4I3 - g(L2, Lo, L1} + 4L3H + (11 — 28 — 2y) L3
11 11
+ (_3 — 28— 2)L3 - ?HLI +a{Ly, Ly}
22 11 1 3 3
+ A5 B+ +48y) L+ (Gatdba)la+ (— — 57 — 46y — S H)H
1.1 3, 3, . , 13 3, )
——B— -+ -2 2 —pfy-= 267%).
+ (=gB =g T F T 17 267 +26% + =By — ;a” +2677).(60)
Case (2)
[R,Ly] = —8c*H*—8(2c¢* —1)L2 +16¢*(2¢> — 1)HLy + 8{Ly, L1} (61)
+ 16¢*(2¢® — 1)H + 8(4yc> +1 — 2¢*) Ly + 16¢* Ly + 8[(a — B)? + 4]c?,
[R, L] = —8(c*—1)(5c+ 1)c®H? — 24c*(c* — 1)L5 — 8 L3
+ 32¢%(c* — 1)(2¢ + 1)HLy — 16¢*(2¢®> — 1)HL; + 8(2¢* — 1){ Ly, L, }
+ 16c3(2¢® — ¢t — 4Py — A + 4y + 1)H +16(—=c® + ¢t + 4cty — 4y — 1)Ly
+ 8c*(—4y +2¢* — 1)L, +8*[(*(a — B))* — (a + B)? + 4c*y]
16
R? = 32¢%(c® — 1)H® — 16c*(c* — 1)L3 — §c2{L1,L1, Ly}

8
+ 32¢%(* —1)(2¢ + 1) L3H + g(2c2 — 1){Ly, Ly, L1}

— 16(c* = 1)(5c* + 1)*H?Ly + 16¢*H? Ly

176
— 16¢*(2¢ — 1){Ly, L1} — T(:4(2c2 - 1)’H?

1 1
+ (64y(c* —1) — E(c8 +ct—1))L3 — ﬁc‘lLf

3 3
352
+ (—128yc3(F—1) + 78(2&5 —ct =2 —1))HL,

88 704
+ (=32v¢® + §c2(2c4 — I){Ly, L1} + (—16¢*(8 — a)® — —c*y) Ly

3
%027)%
(82648 — ) (5 — ) + B+ @) + et — 1211 — 5)cto)H

3
32 64 32
_ 6464,}/(/8_a)2+?C4a2_25672c4+3647_}_?64/82.

+ (16¢((c*(a = B))* = (a +B)] +
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Case (3)

[Ly, R] = —6L7 —8yH + BH + 8aL; — 2(a® + 37) (62)
[L1,R] = —16vLy —2BLy + 2003
R* = —4L%+16yL2+8aLl? —16yHL, + 26{Ly, L1} + 4afBL,

— (44y+40*)L, — B*H + (—252 + 32va).
(63)

We note that the quadratic relations in the quantum case provide useful
information relating the special functions that occur as (separable) eigen-
functions for each superintegrable case [19, 20]. For other applications of su-
perintegrability on the real sphere or the real hyperboloid see [17, 18, 19, 20].

4 Conclusions

In this paper we have used the concept of a “nondegenerate potential” to add
structure to the study of superintegrable classical and quantum mechanical
systems on the complex 2-sphere. We have shown how to classify all such sys-
tems in a straightforward manner, so that gaps can be avoided. Furthermore,
we have shown the following:

1. Each system is associated with a pair of constants of the motion in the
classical case, and a pair of symmetry operators in the quantum case,
that generate a quadratic algebra.

2. There is a one-to-one correspondence between superintegrable systems
and free-field symmetry operators that generate quadratic algebras.

3. Superintegrability implies multiseparability, i.e., separability in more
than one coordinate system.

5 Appendix

As is well known [14, 21] there are essentially five coordinate systems on
the complex 2-sphere in which the free particle Hamilton-Jacobi equation
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separates: spherical, elliptic, horospherical, and degenerate elliptic of the
first and second kinds. We describe these coordinate systems and their cor-
responding free particle constants of the motion L. (We adopt the basis
Ji = —zpy, J2=2zpy, J3=axp,— yps, for the Lie algebra so(3,C), where

z =+/1 — 22 — y2.) The systems are:

Spherical Coordinates

x = sinf cos @, y = sinfsinp,

z = cosf, L = J32

Elliptic Coordinates

2 (ru—1)(rv—1) 2 ru=1)(v-1)
N 1—r ’ N 1—r ’
22 = ruw, L = J+rJ;

Horospherical Coordinates.

z( +u2—1) 1( +u2+1)

x=—(v = —(v

2 v" y 2 v ’
z:%, L = (Ji+ih)

Degenerate Elliptic Coordinates of Type 1

4cuv iy = (u?v? + 1) (u? + v?)
(u2+1)(v2 + 1)’ Y cuv(u? + 1)(v2 + 1)’
(@ -1~ 1)

_ I — FTN2 272
z @)D (J1+idy)” — c°J;5

T4y =

Degenerate Elliptic Coordinates of Type 2

Tty =—iuv, T—1I1y = (u2+v2)2
y_ ) y - 4 U3U3
.2 2
) —v
= — L = Js(J — il
z 2 wv 3(1 Zz)
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