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§1. Introduction

In this paper, we develop a general method for the study of nonlinear stability of equilibrium
solutions to free boundary problems. For definiteness we exemplify this approach by considering the
classical Stefan problem. The v-dimensional quasi-static one phase Stefan model seeks to find a family
of v-dimensional domains 2(¢) and a function p(z,t), where z = (x1,...,2,) is a variable point in R”,
such that at each time ¢t > 0

(1.1) Ap =01in Q(2),
9p
(1.2) 5y = Ve on 90(1),
(1.3) p = vk on 9Q(t) (the Gibbs — Thomson condition)

where A is the Laplace operator Y 8%/0z2, n is the outward normal to 9€2(t), s is the mean curvature
along 09Q(t), Vi, is the normal velocity of the boundary in direction n, -y is a positive constant, and

(1.4) Q(0) is given.

The problem (1.1)-(1.4) is sometimes called also the Hele-Shaw model.
In case ©(0) is the unit ball By, the solution is

(1.5) p=r, Q) = B.

In this paper we consider the nonlinear stability of this solution. Introducing polar coordinates (7,w)
where w = (w1, ...,wy_1), we shall prove that if

(1.6) Q) = {r < 1+ e\o(w)}

where \°(w) is a smooth function and |e| is sufficiently small, then there exists a unique solution to
(1.1)-(1.6) with the following properties:

(1.7) Q) ={r <14+ Aw,t, e)}, \Mw,t, €)= i An(w, t)e™,
(1.8) p(ryw,t,e) =~ + an(r, w,t)e"

n=1

where the series are absolutely uniformly convergent and define smooth functions in the variables (z,t, €)

for z € Q(t), |e| < e, for some €y > 0. We shall also prove the following stability result:
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There exist convergent series

Too(€) = ane", Aoo(€) = Z Ao (Zn = (An1y. ) an))
n=1 n=1

for |e| < €y such that in terms of the polar coordinates (7, w),
F=|z—2x(€)|, wasin (1.6),

there holds: B
o t) = {F = A(w, t,¢€)}

where ;\(w, t,€) is again a power series in €, as A\(w, t, €), and
(1.9) A(w, t,€) — Aoo(€)] < Ce™Pt (C > 0,8 > 0).

For v = 2, the existence, uniqueness and global stability for the corresponding two-phase problem
was proved independently by Chen [3] and by Constantin and Pugh [7] (see also Appendix to [6]). Chen’s
approach is based on replacing the free boundary condition (1.2) by the more regularized condition

8_p _ 0%k

o —Va + Urw (s = arc length parameter),

deriving estimates which are independent of 7, and then letting » — 0. The Constantin-Pugh approach is
based on conformally mapping €2(¢) onto the unit disc and studying the evolution (in ¢) of the associated
flow.

A different approach for (v = 2) was earlier developed by Duchon and Robert [8] in the case where
090(0) is a curve z3 = f(z1), —00 < &1 < co. They write the free boundary condition (1.2) in the form
YTk =V, where T is the Dirichlet-to-Neumann mapping, and use the decomposition

0 0
on H@s R
where H is the Hilbert transform and R is a compact operator.

We also mention that the (more regular) Stefan problem with the Gibbs-Thomson condition (1.3)
and (1.1) replaced by 9;p — Ap = 0 was considered in the literature; see [13] [15] [5] and the references
cited there.

Chen [3] assumes that

00(0) = {(Ro(0) cosb, Ry(#) sinh), 0 < 6 < 27}

where
”RO - 1||C1 S €, ||vp |t=0 ”L2 S €,

€ is positive and sufficiently small, and establishes global existence and uniqueness of a classical solution.
Furthermore, he proves that

(1.10) dist(0Q(t),Ts) < e Pt (C >0,8>0)
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for some circle I' .

Constantin and Pugh [7] assume that the initial boundary 9€(0) is analytic, and they prove, in
addition to (1.10), that the solution is analytic in the spatial variable.

In the case of dimension v > 3 local existence for (1.1)-(1.4) was proved in [4][2][9]. More recently
Escher and Simonett [10] proved global existence for v > 2 in case (0) is close to a ball, and they also
established the stability result (1.10). Their method uses the tool of center manifolds.

The papers [2-4],[7-9] mentioned above deal with the two phase problem where p is harmonic from
both sides of 9(t) and on the left-hand side of (1.2) there appears the jump of dp/dn across 9(t). For
simplicity we consider in this paper just the one phase problem, but the two phase case can be treated
in the same way.

Our approach has two advantages:

(1) It enables us to actually compute the limiting sphere to any order €".

(ii) It has a great flexibility in terms of regularity: basically we can show that the surfaces 0€(t) are
as smooth as 9Q(0); in particular, if 9Q(0) is analytic then so are the 9Q(t) (in fact, they are analytic
jointly in (w,€)).

For the sake of clarity, we divide the paper into three parts. The first two deal with the case v = 2.
In Part I we impose the constraint:

(1.11a) A0(0) = D etm

where the /,, are integers such that

(1.11b) > mbm # £1 Y integers 7y,

We then prove the results mentioned above with X, (€) = 0. In Part II we remove the restriction (1.11).
Finally in Part III we extend the results to any dimension v > 2.

Our approach is entirely different from those of [3][7][10]. We shall briefly describe it in the case
where v = 2 and (1.11) is satisfied. In this case we can derive, formally, recursive formulas for \,, py.
However, as explained in our recent paper [11] (which dealt with a different problem), there is a serious
difficulty in deriving estimates on A, p, by simply taking bounds on absolute values in the recursive
formulas. Indeed, such a procedure fails to take into account important subtle cancellations. We shall
therefore use another approach based on first transforming the free boundary into a circle. The trans-
formation we have in mind is

, r
(1.12) r BEESY AT
However, by this transformation the equation Ap = 0 is transformed into an elliptic equation with
coefficients, some of which are not smooth enough at the origin. To overcome this handicap we first
consider the problem outside a small region {r > §}, imposing a “transparent” boundary condition on p
at r = J; this condition allows us to extend the solution, later on, from {§ < r < 1+A} to {0 < r < 1+A}.
Correspondingly, instead of the change of variable (1.12) we shall take

(r=86+01+A-r)

r_
(1.13) r' = T3 =3 ;
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note that the free boundary r = 1+ ) is mapped onto 7’ = 1 and the circle r = § is mapped onto 7’ = §.
In Section 2 we reformulate the problem (1.1)-(1.4) after the change of variables (1.13). Letting

(1.14) p'(r',6,t,€) = p(r,0,t,¢€)

we then wish to prove that (1.7) and

(1.15) P8t e) =7+ pL(r,0,t)"

n=1

hold, where the power series are convergent for |¢| small. This leads to a sequence of elliptic problems,
with parameter ¢, for (p},, A\,), in terms of (p),, A\p,), 1 < m < n. Writing this system in the form

(1.16) Alpl, \p) = Fy,

where F,, is assumed to be known inductively, we study this system in Section 4, and prove existence,
uniqueness and bounds on some of the derivatives (in terms of F;,); an auxiliary result on ODE, needed
in Section 4, is proved in Section 3.

In order to apply the results of Section 4 we also need to evaluate, in Sobolev norms, the product
of functions that appear in F;,. This is done in a general way in Appendix A, by means of interpolation
inequalites. We further need to estimate higher order derivatives of composite functions, and this is
done in Appendix B.

Finally, in Section 5 we apply the results of Section 4 and the Appendices A,B in order to deduce
from (1.16) estimates on p! , A\,, which establish the asserted convergence of the series for A and p’.

The constraints in (1.11) are needed in order to eliminate the neutrally stable modes (wave numbers
+1) in the derivation of the bounds on )\, p,. However, by choosing the origin at appropriate points

we overcome (in Part IT) this possible source of instability, and prove both global existence and the
asymptotic estimate (1.9). The extension of our results to v > 3 (in Part IIT) proceeds as in the case
v = 2 (Part II), but requires several additional properties regarding the mean curvature of a surface in
RY and some norms defined in terms of spherical harmonics in R”.

Part I. Two dimensions; A Special Case
§2. Reformulation of the problem

We shall later on use the fact that in two dimensions the boundary condition (1.2) can be written
in the form

op B Ao Op oA

(21) or  (+N208 ot
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Indeed, the free boundary can be written as » = 1+ A = A or, in Cartesian coordinates x = (z1, z2), as
z(6,t) = A(cos,sinf). The tangents are in the direction

zg = Ag(cos,sinf) + A(—sin 6, cosf)

and the normal is

N
n—=-—

[N

where
N(0,t) = (Agsinf + Acos6, Asin@ — Agcos@).
Then
v o B A A
n=—%Tt N = —(A2—|—A3)1/2
On the other hand,
0 0
Vp = (cos 8 p, — sin po, sinf p, + — Do)

so that A A A

(AZ 1 A2)L/Z

Comparing this with the expression for V,,, the assertion (2.1) follows.
We shall later on use also the fact that the mean curvature x of r =1+ A is given by

222 — (14 M) Ago + (1 + A)2

(2.2) k=k(1+A)= (1+ N2+ )\3)3/2

We anticipate that Q(t) D {r < 3} for all ¢ > 0. Since Ap = 0 in Q(¢), we can then write

,t>0

[\Dll—‘

(2.3) p(r,6,t) = ch(t)rlnleine if r

where the series is uniformly convergent. In particular, if § € (0, %),

(2.4) p(4,6,1) Zc (t)5mlein?
But then

Op op
(2.5) o (5 0,t) = 5 (89(5 6,t))
where

H() me™) =) (~i)(sgn (n))yme™

is the Hilbert transform; H is an isometry in H*. Set Bs = {r < §}.
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Lemma 2.1. The problem (1.1)-(1.4) is equivalent to the problem consisting of
(2.6) Ap =0 in Q(t)\Bs
with the boundary condition (1.2), (1.8), (2.5) and the initial condition (1.4).

Proof. If we solve the modified problem (2.6), (1.2), (1.3), (2.5), (1.4) and then extend p(r,0,t) tor < ¢
as a harmonic function p(r, 8, t) with boundary values p(6, 6,t) at »r = §, then

p(r,6,1) Zc r'"'ema

holds for r < §. Asin (2.5) we have, at r =4,

D P S

where we used the fact that p = p at » = §. It follows that p is the harmonic extension of p across r = 9,
thus providing a solution to the original problem (1.1)-(1.4). //

The boundary condition (2.5) is called transparent. The mapping

1__ 0p
SH(ZE
p— SH(5,)
is called the Dirichlet-to-Neumann map.
We next proceed to transform the modified problem (1.2)-(1.4), (2.5), (2.6) by the change of variable

(1.13). We can write

,_(1—(5)r+5/\ B ,_(1—5)(5—7")
27 e v S G i
) o L, (1=0)r+6x
p(r,@,t)—p(r,@,t)— ( 1+A—5 aaat)'
Then

9p  (1-=96) 8 9 _ (1-6)> 9%
o  (A+r—0)or o2 (I1+Ar-0)20r?
Op 0p'  (1—=08)Ag(6—7)0p" 0Op' | Ne(6—1") Op'
99 80 ' (1+Ar—06)2 or 00  (1+r—o)or’
8p 8% 21—0)he(6—1) 3% D ,(1—)Ne(6—1) O
862~ 962 (1+A—06)2 0r'od Tk (1+A—20)2 ) or
((1 - 6))‘0(5 - T))282pl
1+r—20)2 ' or2
_ 0%p’ N 2X0(6 —7") 0% ()\9(5 —7r') )2821)’
862 T (1+\—0)000r  ‘1+A—35' or>
Ao Ao 2 n Op'
39(1+A 7 Sy v D i w

+1
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and
10p (1—4)2 op’

ror  (L+X=08)r" —0N(1+\—20)or

The boundary condition (2.1) becomes

X Op (-0 9 X 0P N(6-1) 9pf
or (1+X200 (1+X—=6)0r (1+X)209 (1L+X-90)0r
1-9¢

2 5, 0p'
- (1+/\—5)(1+A)2[(1+)‘) TAalgs T T

)

Dropping “” both in p’ and 7', the system (1.1) (1.2) (or (2.1)), (1.3) and (2.5) becomes:

(2.8) Ap=F' §s<r<i,
op OX _
(2.9) E+E_F’ r=1,
(2.10) p+Y((A=1)+ Ago) =F3, r=1,
op 1__0p, 4 .
(2.11) oL~ SH()=F4, =38
where
1 (=92 0 1, (1—6)%r dp
F=0-ao e T @z —onar a9 or
(1—5)2 )\9 82}) 0 Ag
2.12 —2(5 — — =) (D
(2.12) M (S S T VA Gk crny ways -7 Rl 78 oy
Ao 82]) Ao Op
— (5 — r)2 2 _ A S VA 4
O =g o T e o

(1=8)((1+ X2+ A2),0p X Op
(L+A=86)(1+N2 "0r  (1+1)206°

(2.13) F?2=[1-

22 — (1+ A)Ago + (1 + A)?

3
(2.14) F ’Y[ ((1 )\)2 )\3)3/2 — 14 Xgg + )\],
4 A op
(2.15) F =Ty

8

Ao 0P _
(1+X)206

oA

a.

)

9p
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Definition 2.1. The problem of solving for (p,\) the system (2.8)-(2.15) with the initial condition
A |t=0= €X?(#) will be called Problem (A).

We intend to prove that Problem (A) has a unique solution of the form

(2.16) p(r,0,t,€) =v+ Z P,(r,0,t)e",
n>1
(2.17) L+ A0, t,6) =14 Aa(6,t)€".
n>1

If we substitute these series into the system (2.8)-(2.15) we find that (P,, A,) satisfy the following
equations

(2.18) AP, = F}(r,0,t), 6<r<1,t>0,
oP, O\
2.1 oy R R? =1
(2.19) o + 5t =(6,t), r , t>0,
2
(2.20) P, +’y(% +An) =F3(6,t), r=1,1t>0,
oP, 1__ 0P
2.21 " __H(=>2)=F% =
( ) 5 5 (89 ) (0,t), r=04,t>0

where the FJ depend on the Py, A, for 0 < m < n; here Py =, A\ = 1.
In Section 4 we shall study this system and derive estimates, which depend on the F; these estimates
will be used later on to establish the convergence of the series (2.16), (2.17).

§3. An ODE Lemma
In this section, we prove:

Lemma 3.1. Consider the initial value problem

(3.1) B(t)+ KB(t) = F(t), t>0

(3.2) B(0) = By

where F € L?>(0,T) for any T > 0. If 0 < a < K, then the following inequalities hold:

(3.3) /0 eQaS(B(S))2d$§ ﬁ/o eQas(F(S))2ds+ KB_Oaa
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(3.4) /0 €25 (B(s))%ds < 2(% + 1)/0 e?**(F(s))%ds + £Bg.

K-«
Proof. We have .
B(t) = / e~K(t=5) F(5)ds + Boe~ X!
0

or

¢
B(t)e*t = / e~ (K=a)(t=9)cas p(5)ds + Bye™ (K2,
0

Hence

t t
B(t)2e2t < 2(/ e—(K—a)(t—s)ds)/ e~(K=a)(t=2) (o0 [7(5))2ds + 2 BRe—2(K o)t
0 0

<

t
K — o /0 e_(K—a)(t—s)(easF(S))zdS n 2Bge_z(K—a)t

and, by integration,

t 9 t T B2
/0 B(1)%e**7dr < K—a/o dT/O e (K=a)(r=3) (e F(5))2ds + K—Oa

2 f 2 B}
as
=2 | e205(F(s))2ds +
(K—a)2/0 (F(s)) K —«o’

which proves (3.3). The assertion (3.4) follows easily from (3.1) and (3.3). //

§4. A Fundamental Lemma

In this section we consider a system for (P, A) of the form

(4.1) AP =F'(r,0,t)in B={6 <r <1}, t >0,
OP OA
4.2 Ty 2% — i
(4.2) 5 + 5 F*(6,t)on hB={r =1}, t >0,
(4.3) P+ v(Agg + A) = F3(6,t) on 61 B, t > 0,
oP 1__ 0P
4.4 & _CH(Z)=F* — [ —
(4.4) o~ sH(gg) =F'(6,t) on 9B = {r =6}, t >0,
(45) A |t=0: AO on 813,
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where the functions F7, A and the constant + are given, and v > 0.
We introduce the norms

1Flls,B = {/0 e IFC, )5y + () Fre-s(m)

+ ||Ftt(-,t)||§13_6(3)]dt}1/2,

(4.6)

1flls,08 = {/0 e [ (s om) + £ ()| 7o (om)
+ 1 fee (s )l o) At}
for s > 6 where F = F(x,t), * = (z1,22) and f = f(6,t), and OB is the interval 0 < 0 < 27; f(6,t)

is assumed to be periodic in #. The function f will be viewed as defined either on 9; B or on 0sB,
depending on the context. We also restrict o to

(4.7)

(4.8) 0 <a<by.

When s is not an integer then the H*(B) norm can be defined either by Fourier transform or by
interpolation [1]. On the other hand the H*(9B) norm can simply be defined in terms of Fourier series:

If
FO)= D fae™
—oo<n<oo
then
fllemy = D |falP(L+[n]?)*)"2
—oo<n<oo
In the sequel we shall use the norm (4.6) only for s integer and the norm (4.7) only for s+  integer.
In Lemma 4.1 below we shall use the expansions
(4.9) Fi(r,6,t)= > Fi(r,0)e™,
—oo<n<oo
(4.10) Fi(g,t)= >  Fi(t)e™ (j=2,3,4),
—oo<n<oo
and
(4.11) A(B) = > Anem?
—oo<n<oo
and seek a solution to (4.1)-(4.5) in the form
(4.12) P(r,6,t)= Y Py(rt)e™,
—oo<n< oo
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(4.13) ABt) = D ().

—oo<n< oo

The following important assumption will be needed:
[e’s) 1
(4.14) M+ [P0 - FL0 - #FL 0 - | *PLp 0l =0

Lemma 4.1. Assume that

(4.15) 1A% 2 om), IF?

l6,8: 1F2ll61,0m: IF° = F3ll71 08 IF 61,05

are finite, where F> is some constant. Then there exists a unique solution P, A of (4.1)-(4.5) satisfying
the following estimates:

1P = Peolls,B + [[A = Acolloz o5 + [ Atlls1,05

(4.16)
< C{lIFYle,5 + I1Fll63,08 + |1F? = Fllzy,08 + [1Fllsx,08 + 1A% a3 0m) }
where
[e’s} 1
(4.17) Ao = A) + / [F2(t) — 6F(t) — / rEy(r,t)dr]dt,
0 é
(4.18) Py = F3 — yA,

and the constant C depends only on 0,7y and .
Note that from (4.17) we get the (very crude) estimate

(4.19) Aol < CllIA%NL2om) + IF lo,5 + 1F2 61,08 + 1F 61 08]-

Proof. Substituting (4.12), (4.13) into the system (4.1)-(4.5) we obtain the following system for the
P, A\

(4.20) Py + %Pn,r — :—jpn =FEXrt), d<r<l,
(4.21) P (1,8) + Anyo(t) = F (1),

(4:22) Pu(L,8) +7(1 - n2)Aa(t) = F2(2),
(4.23) P (8,0) = Il Pa(5,2) = FA(0),
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(4.24) An lt=o= 2.
Consider first the case n # 0, £1. The general solution of (4.20) is

Py (r,t) rinl | |+1F1( )d L | |+1F1( )d
n(rt)=—5—= [ p " E,(pst p——/ p™ T E, (p,t)dp
(4.25) 2[n| J, 2In| Js

+ eir Pl eor?l = By (r,t) 4+ eor P cprl,

where ¢; = ¢1(t), ca = c2(t) are independent of r; we also have

1., (" _ | T
Poy = 5rh™ 1/ p M (o, t)dp + 5™ 1/ P EL (p, t)dp
1 é

— |nlerr™ M7 4 ey nrin =t

(4.26)

We claim that

- C
(4.27) 1Pa (5 t)lz2y < ———<I1Fn (- )l 22(m)-
B) = Tnl(ln[+ 1) ®)

To prove this, let ~
_2|n|Pn =Ip1+ Pn2

where )
P = r'”'/ p~ "L (o, t)dp,

Py = r""'/g "I (p, t)dp.

Then

)
S

1 1 1/2
:AsW*(A/fﬁw%mm%m@) ds (r=ps)

1 1 1/2
=/ si"! (/ p4(F$(p,t))2pdp) ds
é é/s

1Fa (-, 1)l 2(B)-

1 s 1/2
< / ds </ 7‘4(F,}(C t))2rdr> sI"1=3 (by Minkowski’s inequality)
é é

so that
~ (n[+1)
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Similarly

1/2

2
1 1 1

(/ (P3)?rdr)'/? = / (/ r s'"'“Fé(rs,t)rds) rdr (p=rs)
Fy é §/r

) ) 1/2
< / ds (/ ro(F} (rs,t))zdr> sIm+1 (by Minkowski’s inequality)
4 é

/s
1 1p5 1/2
= [ s (/ S—6<F;<p,t>>2dp) (r = p/s)
so that o
P, )|z < F -, O)|lL2m)-
| Pr2(5 )|z (B)—\n\+1” w ()2 my

Combining the L? estimates on P,1, P, the assertion (4.27) follows.

Similarly one can prove that

0 =~ C

||5Pn(', t)||L2(B) < W”Fﬁ(', t)||L2(B)

and, therefore, from (4.20),
9% -
155 Pn ()l < CIFR (5 )lam)-

Inductively it can also be established that

s+2

1
S e [ DR, o) rar
é

(4.28) 7=0

s 1
<O (1 + [nf26-) / DIF(r, ) *rdr.
)

j=0

We next insert (4.25), (4.26) into the boundary conditions (4.21)-(4.23) and obtain

1 1
(429) 3 | AR o nles + Inles + A = F2(0),
)
1 1
(4.30) pIMHLEY (p,8)dp + 1 + 2 +v(1 — n?)A, = F2(1),

2|n| Js
and (after some cancellations)

(4.31) c(t) = —ﬁ&'”'“ﬂ‘f(t).
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If we multiply both sides of (4.30) by |n| and subtract from (4.29), we get
1
/ PP (p,t)dp — 2[nfer + Ane +In|(n? = 1) A = F2 — [n|FY.
b
Substituting c¢; from (4.31), we arrive at the differential equation for A,:

1
(432) Ant +7[nl(n* = 1)An = F — |n|F2 — 8"+ Py — / P (p,t)dp
. [

= Gp(t)
with initial condition (4.24).
After solving for \,, we can compute co from (4.30) and (4.31):
§lnl+1
2|n|

1 1
ealt) = F2(0) + S Fa) + 5 /5 PR (5, t)dp

+5(n? — )A,.

(4.33)

We next apply Lemma 3.1 to (4.32), (4.24) (noting that 0 < a < 6y < 7y|n|(n? — 1) if n # 0,41).
We obtain

T 2as $))2ds 2 T62as e
(4.34) /o e n(s))d = (inl(n? )_a)2/0 (Gn(s))°d
(A)?
Tl —1) -
' 2as s))%ds 2(7|n|(n2—1))2 Te2as s)2%ds
(4.39 [ e Onaloas < 2R T G +1) [ e @t
2(y|n|n® — 1))? (A0)2
A2 =) —a )
Note that
%|n|m/0 e2aS(Gn(S))2ds§ ‘n‘m/o e2as(F3(s))2ds+|n\m+2A €2as(F3(S))2ds
(430 e [ eton i)

T 1
np / & /5 PPHE (p, 5)dp)2ds
0

for any m > 0, and

T 1 T 1 1
/0 ezo‘s(/(s PR (p, 5)dp)2ds < / 620‘3([s p2|"|+1dp)(/6 (Fr(p;))?pdp)ds
0

(4.37) ) . )
< — 620‘3/ Fl(p,s))’pdpds.
i Jy <, Fo)
15



If we differentiate (4.32) in ¢ and again apply Lemma 3.1 we also get, analogously to (4.35),

[ a0 <2 20010y [

2(y|n[(n” — 1))
(4.38) il —1) - (An,t

T
<c / ¢23(G (5))2ds + C 1 (At l1mo)?
0

t=0)’

and the integral on the right-hand side can be estimated as in (4.36), (4.37) (with F} replaced by F ).
Similarly, if we differentiate (4.32) twice in ¢ and apply Lemma 3.1, we get

T T
€225 (A5 (8))2ds < C/ e2%5(G" (s))%ds
w39) | e On@as <0 [ @i
+ C n®(Anet lt=0)”.
Consider next the case n = 0. One easily finds that the solution py has the form

T 1
poz/ sFol(s,t)ds-logr—l—/ sFy(s,t)logs ds + ¢y logr + co,
0 T

and

The boundary conditions then reduce to
1
/ sFy(s,t)ds + c1 + Aot = F2,
0
c2 + 7)‘0 = Fg”

é
/ sFy(s,t)ds + c1 = Fyé,
0

so that

1
(4.40) Aot = F§ —8Fy — / sF,ds,

)
é
(4.41) c1 =0Fy — / sFids,
0

(4.42) ca = F3 — ).

16



It follows from (4.15) and (4.40)-(4.42) that

(a) Mo(t) — Mo(o0) = — / " Nodt,

(B) Ao(00) = Ao(0) + / " Nowdt = A,

(4.43)

© (o) < ho0)|+ ([ etira )12

(d) po(r,00) = F3(00) — yAo(o0) = F2 — yA = Ps, (= const.),
and

( /0 2! (Xg — Ao(00))?dt)'/? = ( /O e**t( /t N Xo,i(s)ds)?dt)'/?
T [
— ( /0 dt( /t e (=)0 ), (s)ds)?)
(4.44) — / " / T emamealthi )\ (¢ 4 w)dw)?) 2 (s =t + u)

[e’s) T
< [ eau([ (Nt + )y
0 0

(by Minkowski's inequality)
e’} T+u

— / e du( / €2 (A1 (£))2d0) 2 (t+u— t).
0 u

Consider finally the case |n| = 1. By (4.32),
1
(4.45) A1 =F3, - F3, - 8°Fi, — /6 p°FL,(8,t)ds = G4 (t)

so that ~
Mar(00) = A2, + / Gur(t)dt=0 by (4.14).
0

We then obtain, as in (4.43),

T o) T+u
(4.46) ( /0 e2t(Ay1(2))2dt)'/2 < /0 e % du( / ’ et (i1 4(t))2dt) /2.

We now multiply (4.34) by |n|'®, (4.35) by |n|'3, (4.38) by |n|” and (4.39) by |n|, add the three
inequalities and sum over n, |n| > 2. For |n| = 1 we use instead the inequality (4.46) and the estimates
on Ay, Attt and Apq gy that follow from (4.45). Finally for n = 0 we use (4.43) and (4.40). We then
arrive at the inequality (4.16) with

Py = Fy(00) = 7A0(00), Ao = Ao(o0)

17



and with the additional terms

(4.47) At |t=0 |5 am) + [|Att t=0 [|2(0B)

on the right-hand side.
Setting

AY = [|F" |i=o llgore () + IIF} le=o llmsr2(m) + IF? le=o a5 (o)
(4.48) + |F li=o llm2(0m) + I1F? |i=o llms(om) + II1FY li=0 lm2(om)
+ IF* =0 lz2(om) + I F} |t=0 lIL2(0B),

we shall prove that

(4.49) IAe lizo larsom) < CUIA s oy + A,
(4.50) [Aet [e=0 2oy < ClIA |13 (o) + Ad]

and that

(4.51) A? is bounded by the right — hand side of (4.16).

It then follows that the expression in (4.47) can be dropped from the right-hand side of (4.16). This
completes the estimate (4.16) for A — Ao, and A;. Using this bound to estimate ¢y (in (4.33)) and using
also (4.31) and (4.41)-(4.43), we get the bound on P — P, as asserted in (4.16), and the proof of the
lemma, is thus complete.

To prove (4.49) we note by (4.3) that

IP |t=0 || ms(98) < CA where A = ||A°||gs (o) + AJ.
Applying L? elliptic estimates to (4.1), (4.3), (4.4) at t = 0 we then get

H®3 (B*) <CA

1P Je=o |l
when B* = {26 < r < 1} (we take § < 1). Consequently

oP _
”E lt=0 ||z5(6B) < CA

and then, by (4.2), the inequality (4.49) follows. Similarly, by differentiating the system (4.1)-(4.4) in ¢
and using the same arguments, as well as the bound (4.49), we derive the inequality (4.50).

To prove (4.51) we shall first prove that
(4.52) IF? le=o llzrs (o) < ClIFll6s,0 -

18



Let u(0,t) be a function defined for 0 <
t

< 21, —o0 < t < oo, which coincides with F? for
0 <t <1, and which vanishes for t < —1 and 2,

0
> 2, such that

2
7
AIEAlé;ﬁ?”M”HQfDmP+Wy%MﬂSCQWM;MV-

To prove (4.52) it suffices to show that
(4.53) 1108, )75 o3y < CM.

By the trace theorem [1] the left-hand side of (4.53) is bounded by

2
¢ [ [ Dm0 + IV Dju(e. o))
0 JOB

when V = (%, %). Hence taking the Fourier transform of u we see (as in Appendix A) that (4.53)

would follow from the inequality
(4.54) (€12 + |7 M21e]* < (1€ + €I + €]|7[*)
for || > 1, |7| > 1. But since

ITE < ITlIE7/21E2 < |7 el + Jg] .

(4.54) is indeed true.
Having proved (4.53), we can similarly prove that

1F2 [¢=0 llz2(0B) < CllF?|ls1,05-
Here, in the Fourier transform variables we have to show that
(€12 + 1712221l < 1€ + €] |7 + [€]|7[*)
which easily follows from the relations

IT21E[* = (|77 |€3/%) ¢ 3/
< (ITP1EP/4)*3 + €| O3/D% = g 7* + €2

The other terms in A°, can be estimated in the same way by the corresponding terms on the right-hand
side of (4.16).

§5. Convergence

In this section we apply Lemma 4.1 in order to estimate inductively the solutions (P, A, ) of (2.18)-
(2.21) with initial conditions

A ifn=1
1 A limo=
(5.1) e=0 {0 if n > 2.
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Lemma 5.1. Assume that \° € H8(0B) and (1.11) holds. Then the system (2.18)-(2.21), (5.1) has a
unique solution satisfying the bounds

]{" 1
(5.2) 1P = Ppolls,B, [[An = A Mlo1,68> Antllez,08 < Co

}{n 1

(5.3) [Paols A < Co

for all n > 1 where Cy, H are positive constants; furthermore, the modes of the function P,, \, are of
the form

(5.4) aném, Nm integers.

Proof. Note that from (2.12)-(2.15) we have FJ = 0 for 1 < j < 4. Thus, by (1.11), the assertion (5.4)
holds for n = 1. Also, by Lemma 4.1, the estimates (5.2), (5.3) are valid for n = 1 with H = 1 and some
constant Cy. From now on (Y is fixed, and we proceed inductively from n — 1 to n, n > 2; the constant
H will be determined in the inductive process (independently of n).

In order to express the F which appear in (2.18)-(2.21) in a convenient way, we introduce auxiliary
functions:

log(1+)\) = ZLkOt 1+)\ ZaeLth
k>1 k>1

log(L+ A —6) =Y Li(8,t)e" +log(1 - 5),
k>1

(6, t)e (6, t)e
1-|—/\ =2 Ukl 1+)\ 1+A—06 =2 R
k>1 k>1

1 1 .
= Wi(8,t)e", 1+)\_5—1_5+2Gk(0,t)6
k>2 k>1

1 1
RSO IR

k>2

(35
_: 2)3/2 ZQth

(1+( /\ k>2

A 3 k
k>1 k>1

y

2

and . .
=14+ ) Ii(8,t)é*
(1+A)? (1—%(11—3)2)3/2 1
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By Theorem A.4, Lemma B.2 (see Appendices A and B) and the inductive assumption, for 1 < k < n—1,
there holds:

k—1
k2’

(@) Lk = Li’llog,0m: 1Lk = L lloz 08> 1Bk — Bi’llos,0m: HIGk — G’ llog o0 < 2CCo

(5.5) -

[e%s) T 00 oS oS H
(b) ‘Lk " |Lk |7 ‘Rk |a ‘Gk ‘ < 2CC k2

and, for 1 =1, 2,3,

k—1

(@) Ik = I Mloz,08 < 2CCo o
(5.6) e

K2

(b) |Jp®| <20C

here and in the sequel C' is a generic constant > (1—4§)~! which depends only on Cp, and H is sufficiently
large (depending only on Cp, C). Since \g/(1+ \)?2 = —05(1 + \)~1, we also have

k—1

H
5.7 Uk||s1 < 2CC 1<k<n-1).
81,0B

12
By Theorem A.4, Lemma B.1 (N = 2) and (5.5(a)) we also deduce that

Hk:—2
(5.8) [Willsz,o5 < AoMo(2CCo)* 5 (2<k<n-1),
and then, by Lemma B.2,
. 21’{’“_2 .

Since

k—1

L(0:8) = Qi+ Ji + D QuTit—m

m=2

we have

2
e = I |lsz 08 < ||Q119||s%,63 + 12 - I lls1 08

k-1
2 2
+ Mo Z ||Q11*17,||8%,8B[‘Jk,—070n‘ + T — Ty ls1 o8]
m=2

k—1

HFk-1 4CyC' Ay M, 9 H™?2 H—™
<20C 1+ 2M, k2(8 AgMyC?C? .
Hence
Hk—l
(5.10) 12 = i lls3 o5 < 3CCo—
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if H is large enough.
Consider now F?2. Comparing (2.13) with (2.19) we find that

n—1
8P, dP;
2
= [Unk—y, (1
F:(6,t) Un—k 50 (1,0,t) + Vi—k 5 (1,0,1)]

where

DBt T L (S R S S PR .

1 (1+XN2(1+X2-68) 1+A1-96 T+A2(1+A—0)

=) {Rr—(1-6 Z[U - O L] }e*.

k>1

Applying Theorem A.4 and (5.5), (5.7) we get

k—1

Hm—l Hk—m—l
Ve = Villog.on < IR = Bllsg 05 + (1 =8) D, Mo(2CCo)* =m0y
HE-1 2 Ao M,
< 20C, 1+ (1 - §)2CC0Mo)
H
so that
Hk 1

Vi, — Vk°°||8 aB < 3CCy

We also have, by (5.5)(b),
Hk 1

Vol = |Rg°| < 2CCo
Next by the trace theorem and the inductive assumptions,

0Py 0Py Hk1
15555 (1,8, ey 0m> 1552 (1,6, 1)l 05 < CCo=

if kK <n — 1. Combining these estimates with (5.7) and using Theorem A.4, we get

-1
n Hn—lc—l Hk—l Hn—k—l CcC Hk—l
21 4 < S — —_— 0
(5 11) ||Fn||6§,BB = kz::l M0[2CCO (n — k)zcco k2 +5CCo (n _ k)2 k2 ]
. Hn—2
< TMyAC?*Cf——.
n
Similarly
n—1
P
= Rn_ ka (5,6,),
k=1
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so that

n—1
1F2lls3,08 < Mo Y [IRn—k = R klley,0m - Cll P — PClls,5
k=1
(5.12) + |Rak|Cl|Pe — P[5, 5]

n—1

Hnr— k-1 k—1 o Hn—2

< My ) 2CCo (=2 Oz < 20°CoModo— 5=
k=1

Next we consider F2. Writing F3 (in (2.14)) in the form

(£%)? 2 1 1
F? =] =+ -1 — 1]Ags
1+ (£5))%21+X0 (14 (£%5)2)%2 (1+A)?
1 1 A2
- -1 - :
[(1+(*—A) 2)3/2 i
we see that . )
Fs = 7{2 Z anj,; m + 2Q721 - Z Im)‘n—m,ee
m=2 m=1
n—1 n—1
+ ) QnTnm +Qn+ D TnAnm}-
m=2 m=1
Hence, by Theorem A.4, (5.6), (5.9) and the inductive assumption on \,_,y,,
Hn 2
(5.13) I1FS — F®ll61,05 < CoCi
where C; is a constant independent of n and H.
We finally consider F;} and write it in the form
) — 8P, 82P, oP,
5.14 E,(r,6,t) A, _r(r,0,t By, _(r, + D, _(r,
(514 0 000) = S lAnk (0.0 + Bak (0.8 + Dokl 0,05 )
Then
1 (1-96)2 (1—94)2 g
A = —8k — 1— _ 2 _ 2
515) 0= o U= T “ @A — e oz ira s O
5.15
1 (1—6)%(6 —r)2 1 (6N)* Ao
= ag(0,t) — =0 | = (+1
(0,8) = 4 6‘—0{;(+ ) rort (1+)\—5)2(1+)\—5)f(1+)\—5
where

Hk:l

lex = aiflloz,05 < 2CCo

23
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iFrom the expansion of A\/(1 + A — §) and the estimates on the Ry (in (5.5)) we deduce, using Lemma
B.1, that

Ty —s) = 2 e
k>m
where
o B 3 Hk—f
IB% = Ry lloz,om < Mg~ (2CC00) A5~ =5~
Also
e S (36Gr) et
Y
1+X=9) i1
where, by (5.5),
Hk—l
106Grlls1,08 < 2CCo 2
Hence, by Lemma B.1 (N = 2)
(g = S0
(RTINS
where
_ Hk—2
Gllay o5 < 4C>CAoMy =
We can now write
Ag 9
( 5)°( = > o
(1+X-=9) 1-|-/\ 5 koTi2
and deduce, using Theorem A.4, that
.- Hm -1 ¢ HF ™t
ok lls,0m < Mo > 4C2C2A0M0 M (2CCod) A ———
~ (k—m)
Hk—£—2
< C%C2AMy(2CCo6 Ag My)* =
Since
1—-6)2(6—r)?
Ak_ak—Z(Z—l—l)( )2452 ) i(G,t),
£>0
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it follows, by Theorem A.2 and the inductive assumptions, that

n—1 n—1
0P,
1) Ani(r, 9,t)87;||6,3 < Mo ) [l An—k — A% klle,Bl1P — P2lls,B + [Ap k]| Pe — P s, ]
k=1 k=1
n—1
< MoC Z[”‘%—k — o’ klle1,08
k=1
+lapl il + ) llon_illes,on(1 +O71IP: — Plls,
>0
n—1
H’n—k—l Hk—l
< MyC » 4CC, C
< Mo kzz:l O(n—k)2 0773
n—1 Hn—k—£—2 Hk:—l
+ MoC > ) (14 £)7C*CE AgMy(2CCod AgMo)* 5 Co—3
k=1 £>0 (n—k) k
Hn—2
< CoCyr—
n

where the constant C, is independent of H; notice that a factor of (1+£)% comes from the six derivatives
of 1/r¢+2.

The coefficients Bg(r,0,t) and Ck(r,60,t) in F! have a similar structure to Ag(r,6,t) and can be
estimated in the same way. We thus conclude that

Hn—2
n2

(5.16) |1 Fylls,8 < C3Co

where the constant Cj3 is independent of H.

;From the structure of A,_; in F! (see (5.14), (5.15)) it is clear that it is a sum of products of
functions \j, Dg);, D3); and their powers. Since, by the inductive assumptions, each of these functions
has only modes of the form (5.4), the same is then true for A, _j. Similarly, A, _x0%P:/0r? has only
modes of the form (5.4), and the same is true also for the other terms of F} and, similarly, for the other
FJ. Recalling (5.1) and (1.11)(b) we deduce the condition (4.14) for the system (P,,\,) is trivially
satisfied (each of the terms in this condition is zero). Thus Lemma 4.1 can be applied.

The proof of Lemma 4.1 uses Lemma 3.1 and shows that the solution P,, \,, will only have modes
of the form (5.4). Next, using the estimates (5.11)-(5.13), (5.16) we conclude that (5.2), (5.3) hold with
the right-hand sides
Hn—2

n2

CoC*

when C* depends on Cj but not on H. Hence, choosing H > C*, the proof of (5.2), (5.3) is complete.
(From Lemma 5.1 we obtain the following:

Theorem 5.2. If \° € H8(0B) and it satisfies (1.11), then there erists a unique solution (p,\) to
problem (A) of the form (2.16), (2.17) where the series are uniformly convergent for |e| < 1/(2H), and

(5.17) 1P — Poolls,B < o0,
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(5.18) A= Alloz am5 IAellez 0 < o0

where Poo, Ao are constants having the power series exrpansions

1
5.19 o = n.oo€ s Ao = M oo€” < —).
(5.19) P 7+nz>:1p J00€ nz>:1 oo™ (el < 5

Note that the uniform convergence of the series expansions (2.16), (2.17) follows from the estimates
of Lemma 5.1 and Lemmas A.1, A.3 (which imply that the L°°-norms of P— Py, and A\— A\, are bounded
by the norms in (5.17), (5.18), respectively).

(From (5.18) we also deduce that

(5.20) IAB,t,€) — Aoo| < Ce™ @ V0 < a< 6y.
Reversing the transformation (1.13) and using Theorem 5.2 and Lemma 2.1, we have:

Theorem 5.3. If \° € H8(0B) and it satisfies (1.11), then there erists a unique solution to the problem
(1.1)-(1.8), (1.6) with free boundary of the form (2.17), where the series is uniformly convergent for
le| < 1/(2H), and (5.18) holds.

Proof. We only need to prove uniqueness. Note first that if we apply the transformation (1.13) to a
solution (p, A) of (1.1)-(1.3), (1.6) with A analytic in €, we obtain an elliptic problem for p’ (the transform
of p under the change of variables) with analytic coefficients. We can then estimate

D?pl |e:0

inductively, as in Lemma 5.1, but actually much more simply since )\ is already analytic in e. We find
that p’ must be also analtyic in €, so that we can write a convergent power series expansion for p’, with
coefficients, say, P,. But then the system (P,,\,) must coincide with the system in Lemma 5.1, and
the uniqueness for p’, A (and then also for p, \) follows.

//

Part II. Two Dimensions; The General Case
§6. Reformulation of the problem

Part II is devoted to extending Theorem 5.2 (for v = 2) to the case where the condition (1.11) is
dropped. In that case, we expect that the global solution will exist and that the free boundary will
converge to a circle with center P, which depends on €. We write, in polar coordinates,

Py = (po(€), Bo(e)) = (po,bo)

and prove that the global solution is analytic in € and, furthermore,
Po = Z pO’memv
m>1

fo = 6o + Z Bome™.

m2>1

(6.1)
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As in Part I, we modify the original problem by considering it in a region {§ < r < 1+ A} with the
additional boundary condition (2.5).
It is natural to introduce a new coordinate system centered about (po, ) with polar coordinates

(). Then
(6.2) p? = p3 + 12 — 2pr cos(f — )
where (r,6) are the original polar coordinates. One can easily verify that

sin(f — )  sin(fp — 0)

- bl

Po p
from which we deduce the relation
. po sin(fy — 0)
6.3 =0— 1 .
(6:3) ¥ S [[7"2 + p& — 2rpg cos(f — 90)]1/2]

For r > %5 and po small, the function on the right-hand side of (6.3), written in the form ¢ =
¥(0, 7,00, po), is analytic in all its variables and, for fixed (r, 6y, po), it has an inverse 6 = 6(+, 7, 8o, po)-
Later on we shall find it more convenient to work mostly with the independent variables (p, 8) rather
than with the polar coordinates (r,8), or (p, ).
Along the free boundary

(6.4) p=[pg+ (1+X)? = 2p0(1+ A) cos(8 — 6p)]"/? = N(6 — 6o, po, \)

where A = \(6,t). The function N (6 — 6y, po, A) is analytic in the variables (8 — 6, po, A) (for pg small).
It will be convenient to use the notation

(6.5) N(8 — 6o, po, A(8, 1)) = N (6,t) = N(,1)
where
(6.6) % =6 —sin~! posin(6o —6)

(14 X(6,1))2 + p2 — 2(1 + A(8, 1)) po cos(6 — 6p)] /2

is the mapping 6 <> 9 along the free boundary.
It will also be useful to express A in terms of N from (6.4): Since

(14 X)? —2p(14 ) cos(8 — 6p) — (N? — p2) =0
we get
(6.7) 1+X=N+ pgcos(fd — ) + N{[1— Po sin?(6 — 69)]*/% — 1]}

where the last two terms on the right-hand side are small if py is small. We shall find it convenient to
rewrite (6.7) in the form

(68) 1+)\=N+pocos(0—00)+W(0—00,p0,N), W(O—eo,po,N) :O(pg)
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where W (6 — 6o, po, V) is analytic in all its variables for pp and |V — 1| small. On the free boundary,
the independent variable N, in (6.8), is to be substituted by N(6,t).
The circle 7 = § can be written as

(6.9) p=[p2+ 6% — 2podcos(6 — 00)]Y/%2 = M (6 — 6o, po) = M(6).

We next introduce another change of variables p — p, by

A

(1= 8)p+ N (6,4)5 — N1(6)

(6:10) O ey )

which maps
p=N(6,t) ontop =1, and

p=DM(§) ontop =34.
(From (6.2), (6.8)-(6.10) we see that

= @(pl,a - GO,IOO,N),

(6.11) , )
p = \I’(raG_HOaIOOaN)

where ®, ¥ are analytic jointly in all their variables provided po and |N — 1| are small and r > §/2,
p>6/2.
We introduce the function
pl(plv 0, t) = p(’f‘, 0, t)

and, as in Part I, we want to transform the problem for (p,A) in {§ < » < 1+ A} into a problem for
(', N) in {6 < p’ < 1}, in the variables (o, 8).
We first compute

op (9p’ op' Op 0p 9y  op
dr  Or 9p'’ 90 00 8y ' 98’
a2p _ 82,0/ 8pl apl 282]),

ot = a2 op o) g

9% 0 ,0p 0p 8p’)

(6.12) 557 = %(Wa—p,-l-%
0% ap'  0p' 0p O 0. op 0p 0 o  9p
~ %920, " 98090, " 983, e o, T 50) a8
_ 62,0'(9_])' (3_[)I)2(92p’ 28_[)' 82pl N @
962 0y ‘00’ 0p2 " 00 090 T 962

The boundary condition (2.1) becomes

op'
ap

o’

(6.13) o

T Ve T T  TENZ 89y
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and we shall later on express ), \g in terms of N, Np.
The boundary condition p = vk becomes p' = k. Since the free boundary in polar coordinates
(p, ) is given by p = N(1,t), we then have

2N2 — NNyy + N?
(N2 + N£)3/2

I

(6.14) p =7

and later on we shall express N(¢,t) and its derivatives in terms of N(6,¢) and its derivatives.
Finally, the boundary condition (2.5) becomes

op'9p' 1__0p" 0p' 9p '
-1 _— = — [ - fond
(6.15) oo or 5 5g Y agay) NPT
and, by (6.10), at p = M (p' = 6)

?9—’; = ﬁ{(ﬁ% — My)(N = M) — (Ng — My)[(1 - )M + 6N — M]}.

Since the expression in brackets is equal to J (]\7 — M ), we obtain

A~

9p" _ (6 —1)My

(6.16) 6= N _i at p' = 6.
Later on we shall use the relations
(17 T+ ™ gt
where
(6.18) W =W(6,t) = W(0 — 6o, po, N(6,1))

and N is defined as in (6.5). Note that all the derivatives of W in (6.17) are taken as total derivatives.
We shall also need the following relations along the free boundary:

Ny = Noby, (Ny)? = N§ + N [(6,)* — 1],
5 P . R R
(6.19) Nyy = %(%No) = Nybyy + (6)*Noo

= Nog + {Nobyy + Noo[(6)* — 1]};
|1 — 60y and |y| are small if pg is small (see (6.6)).
For simplicity we shall henceforth drop the “’” in p’. Collecting the previous formulas, we can now
reformulate the problem in the variables (o', 6) as follows:

(6.20a) Ap=F! in 6<p <1,
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0p' 5. 0% 0% Op 1 0p' Op
Fl=[1- ()2 —(ZENYEE L 2= 2 EE
(6.20b) [ ( or ) ](‘)p’2 ( or? )8p’ 7'( or )8,0’
| RN Ca L AT L/
r2- 0602 0p 00’ 9p? 06 960p'”
(6.21a) a—p, +N,=F%atp =1,
dp
/ % _ . _ a ~ ~ )
(6.21b) F? = —W, +(1— ‘9_/’)‘9_1’, (No = posin(6 — o) + Wy) Op , (No + Wo) 3_/)3_1),’
Or " 0p" (N 4+ pocos(fd —60p) + W)200 (N +W)2 96 0p
(6.22a) p+v(Ngg+ N —=1)=F3 atp =1,

F3 = 7{2]%2 — NNgg + N* + 2((6y)* = 1) NG = N(Nobyy + Nog((65)> — 1))
(6.22b) [N2+ NZ + NZ((64)% — 1)]3/2
+ Nae +N— 1},

op 1__0p _4 ;o
8p' Op 1. (6—1)My dp
2 F4: 1—— - —H — =~ —— ).
(6.23b) ( aT)ap'Jra (N_M (9,0’)

The inhomogeneous terms F7 will be treated, in the sequel, as small perturbations of the linear
system for p, N.
We finally write down the initial condition for the free boundary, in terms of N:
N Je=o = [pg + (1+€x%)? = 200(1 + €x°) cos(6 — 6)]'/*
= [((1 + eX) — pocos(8 — 6p))? + psin(8 — 6,)]*/?,

or
R e~ cifo
N im0 =[14+ e\’ = po e? — pp——e Y]
(6.24) 2, 2
x [1+ posin” (6 — o) ]1/2 = N°,

(1 4+ eX0 — pgcos(8 — 6p))?

§7. Convergence
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Analogously to the procedure in Part I we substitute

(7.1) p=7+ Y Pap,0,t)e",
n>1
(7.2) N=1+> Ny(b,t)e"
n>1

and pog, 6y from (6.1) into the system (6.20)-(6.23), and equate the coefficients of €" to obtain a system
similar to (2.18)-(2.21):

(7.3) AP,=F), §<p <1,
OP, ON,
4 n n — F2 / -1
(7 ) 8p, + 8t n? p )
9°N,, 3 ,
(7.5) P, +7(W +N,)=F3 p =1,
or, 1 0P, 4 ,
. ——-H =F =9
with initial condition
(7.7) Ny |e=o= N, (6)
where
(7.8) N°(@) =1+ > N2(0)e", N°asin (6.24).
n>1
Set
Fr{ — FrJL meime,

2
—oo<m<oo
Po= ) Pum(pt)e™,
—oo<m<oo
2

im6
N, = Nipm (t)e™,
—oo<m< oo
0 __ 0 imé
N, = E Nn,me .
—oco<m< oo
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We aim at choosing the coefficients of 6y, pg in the expansion (6.1) in such a way that

Noart [ B2 an(®) = F3an(t) = °FE (0
(7.9) 0

1
- [ Pl naa =o.

This condition, which is analogous to (4.14), will enable us to apply Lemma 4.1 to the system (7.3)-(7.7).
For clarity let us first consider the case n = 1. It is easy to check that Fj1 = 0 so that (7.9) reduces
to

P

+ A =0,

—pPo1
(7.10)

1000

P01 + A2, =0;

MY | is actually the complex conjugate of 9. Consequently, if

(7.11) AP+ (A2, 2 >0

then (7.10) has a unique solution given by

(712) por = 2004, o = +arg(AL,).

If, on the other hand, (7.11) is not satisfied then (7.10) is satisfied with pp; = 0, and this leaves 6y
undetermined.

We have a similar situation when n = 2, whereby if pg; = 0 then either (pg2,600) is uniquely
determined, or else pps = 0, etc. For simplicity we shall first consider the case where (7.11) is satisfied.

Lemma 7.1. If \° € H8(0B) and (7.11) is satisfied then, for all n > 1, (pon,00.n—1) can be uniquely
chosen such that the system (7.3)-(7.7) has a unique solution P,, N, satisfying the following estimates:

o o Hn—l

(7.13) 1Pn = Plls, 5, [Nn = Ni®llog 08, [[Nntllez,om < Co— 5,
Hn—l
(7.14) PRl INL, [ponl, [0.n-1] < Co=s5—,

where Cy, H are positive constants.

Proof. We shall first prove existence. We proceed inductively from n — 1 to n, n > 2. We need to
estimate the various terms that appear in F?. We begin with the term dp'/dr in F'. We expand the
analytic function (see (6.11))

r=o(p,0 - 907P07N)
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about (6 — g0, 0, 1), keeping p’ fixed. We obtain

',9—9 ,0,1 SRR o
P8~ 600, 0.1) g gy pes (K7 — 1y,

. D*®
(7.15) r=®(p',0 — 6,0, N) =p' + Z (
|| >0

a!

Similarly, we expand the analytic function

o _

\I’r ,0—0, aN
or (r 0; Po; V)

about (p’,0 — 69,0, 1) to get
o _
or

. Da\I}T(plae_eomoal) Y-’ as \J a
_1+|2|:O - (r — p')** (B0 — 00)** P (N — 1)°=.
al>

\IIT(T’ 0 — 90; Lo, N)
(7.16)

To compute 0p'/dr we shall substitute r — p’ from (7.15) into the right-hand side of (7.16).
We now observe that if we substitute the power series in € for 8y, pg and for NV —1 into the right-hand
side of (7.15), we get

(7.17) r:p'—l—ZXk(p',G,t)ek

k>1

where, as in §5, by the inductive assumptions and Appendices A,B,

k—2

H
(7.18) | Xklle. < C1C0 =

f1<k<n

where (7 is a generic constant which depends on Cj but is independent of H; here we use the convention
HF2=1ifk=1.

Next we substitute the series expansions for 6o, po, N — 1 and r — p’ (from (7.17)) into the right-
hand side of (7.16) and again use the inductive assumptions (as well as (7.18)) and Appendices A,B to
conclude that

a—p’:1+ZY(p' 0,t)e"
ar k Uy
k>1
where
Hk:—2
||Yk||6,B S 0100 k2 if 1 S k S n.
Another application of Appendices A,B yields
(7.19) 8—"')2—1:22 (0, 0,t)e"
. r k Uy

k>1
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with

Hk—2
(7~20) ||Zk||6,B < 01007-

The other terms in F,} can be treated in the same way, with the result that

Hn—2

n2

17, lle,5 < C1Co

We next consider F2. Using the relations (6.17),(6.18), W (6 — 6p,0,1) = 0, and the inductive assump-
tions, we can proceed, as in the case of F}, to apply Appendices A and B and conclude that

n—2

||F3||6%,BB < CiCo 2

In the same way, but more easily, we can derive the estimate

Hn—2

1Fallex,0m < C1Co 3

(From (6.6) and (6.7), (6.8) we see that, on the free boundary,
9_1[) :L(O_GONDO)N)

where

D*L(0 — 640, 0, 1 e
p= Y0 PO P 0D gy, oy e (7 - 1)
|a|>0

Hence [0, — 1| is small and 6, can be treated similarly to 9p’/0r. Similarly 0y, is “small” in the sense
that the corresponding power series in € vanishes at € = 0. Using the inductive assumptions and applying
Appendices A and B, we derive the estimate

n—2

IS~ Fllo3 05 < G100
for some constant F2 which is bounded by C;CoH" "2 /n?; this constant arises from the constants N°
in the inductive assumptions.

In order to be able to apply Lemma 4.1 we need to satisfy the condition (7.9). We begin by
expanding (6.24) in powers of ¢, dropping all the coefficients of 6o, por with k > n, and collecting all
the coefficients of €”e’. Substituting into (7.9) (m = 1), we find that

e 000 _ e 000
9 + po1(—1) 5

(721) Pon 00,71—1 = An

where, by the inductive assumptions and Appendix B,

Hn—2

[An| < C1Co——
n
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Similarly, collecting all the coefficients of €”e~*® we arrive at an equation

A ‘eiaoo
(7.22) Pon— + p012700,n_1 =B,
where )
H™
|Bn| < 10y 7

The system (7.21), (7.22) has a unique solution (pgy, 6o,n—1) and, clearly,

n—2

|pon| + 0o,n—1] < C1Co .
For this choice of (pon, 0o,n—1) the condition (7.9) is satisfied. We can therefore apply Lemma 4.1 to the
system (7.3)-(7.7) and conclude that the left-hand sides in (7.13)-(7.14) are bounded by C1CoH™ 2 /n?.
Choosing H > C; the proof of (7.13), (7.14) is complete.
To prove uniqueness note that the assertion (7.13) implies that any mode Ny, ,,, m # 0, goes to
zero as t — oco. In particular,
Ny +1(t) > 0 as t — oo,

and this condition is equivalent to the condition (7.9) which, in turn, was used in determining (pon, 0o,n—1)
uniquely. Thus (pon, 0o,n—1) is unique, and the uniqueness of (P,, NV,,) follows from the above existence

proof. //

In Lemma 7.1 we have made the assumption that (7.11) holds. If this is not the case then pp; = 0
and 6o is undetermined at the step n = 1. Going to n = 2, the condition (7.9) takes the form

e 1000

P02 + K; =0,

(7.23)

eifoo

P02 + Ky =0,

where the K; depend on \° and the solution P;, Ni; here again K, is the complex conjugate of K;. If
|K1|? + |K2|? > 0 then the system (7.23) has a unique solution. We can then proceed as in Lemma 7.1,
the only difference being that at the level €" we determine (pon, 6o,n—2) instead of (pon, 0o,n—1)-

If, on the other hand, K; = K3 = 0, then pg2 = 0 whereas 6y is yet undertermined. Proceeding to
n = 3 we are again in a similar situation as before where either (pps3, foo) is uniquely determined by the
condition (7.9), or else pg3 = 0 and 6y is undetermined. In the first case we proceed as in Lemma 7.1,
determining (pon,0n—3) at the level €. In general we either run into a situation where pg, # 0 for a
first n, and then we proceed analogously to Lemma 7.1, as already explained above, or pg, = 0 for all n.
The second alternative means that the condition (4.14) is satisfied for all n, so that we do not need to
move the origin; we simply proceed as in Lemma 5.1 and adopt the convention 8 = 0 in case pg = 0.

Thus we have:
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Theorem 7.2. If \° € H%(0B) then there exist unique (po, o) and (p, \) with the following properties:
(i) po, B0 have power series expansions as in (6.1), for |e| < 1/(2H); (ii) (p, A) is a solution to Problem
(A) having the form (2.16), (2.17) where the series are uniformly convergent for |e| < 1/(2H); (i)
lp — Psclls,B < 00; (iv) denoting by p the distance from a point (r,0) to (po,6o) and, writing

(7.24) r=1+X0,t) as p=N(b,1),
there holds:
(7.25) IV — Noolloz,0m: INellsy om < 00,

and (v) poo and Noo are constants having power series erpansions

1
7.26 = noo€”y Noo =1 Ny oo™ ).
(7.26) oo =74 3 et 3 Nowe® (1l < )

Reversing the maps r — p — p’ we obtain from Theorem 7.2 the following extension of Theorem
5.3.

Theorem 7.3. If \° € H®(OB) then there erists a unique solution of the problems (1.1)-(1.4), (1.6)
with free boundary r = 1+ A having the following properties: (i) 1+ A\(60,t,€) has a uniformly convergent
power series expansion as in (2.17), for |e| < 1/(2H); (ii) There exist convergent power series (6.1), for
le| < 1/(2H), such that with the representation (7.24), where p is the distance from (r,80) to (po, 6o), the
estimates in (7.25) hold.

We summarize a part of Theorem 7.3 in simpler words: The quasi-steady Stefan problem with
surface tension has a unique solution with free boundary which is analytic in € and which converges
exponentially in ¢ to a circle whose center and radius are also analytic in e.

Remark 7.1. If DJ'A\° € H®(0B) for m < { where { is any positive integer, then we can apply D}’
successively to the system (7.3)-(7.8) and conclude that the solution to the problem has additional ¢
f-derivatives. From the differential equation Ap = 0 we then deduce that p also has additional ¢ (r,6)-
mixed derivatives and in fact, also ¢ z-derivatives (z = (z1,z2)); cf. [7]. Similarly, if A°(6) is analytic in
f then we can establish by induction on n that

1

1
Il

Dg(Pn = P)ls,B, 17506 (No = Ni2)lloz 05

k!
Ak—lHn—l

1
DNl on < Co~ gy

I

for all ¥ > 0 and some constants A, H with A/H << 1. This shows that the solution is analytic
in (6,¢). Using the differential equation Ap = 0 we can then also deduce analyticity in (z,€) for
|z| < 1+ by, for || < 1/(2H). Thus, if A\°(#) is analytic in 6 then the free boundary is analytic in (6, €)
(0 <0 <2m, |e| <ep) and p(z,t,¢) is analytic in (z,t) (|z| <1+ do, |e| < €p) for some ey > 0, §g > 0.
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Part II1I. General dimension v

In this part we extend Theorem 7.3 to v-dimensional domains for any v > 2. We introduce spherical
coordinates (r,w), where w = (wq,...,wy—_1), by

Ir1 = COSWw7y
Ty = Sinwj COS Wy

T3 = sinwj sin wy COS w3

T,_1 =Sinw;isinws...SiNw,_5COSW,_1

T, = Ssinw) sinws . ..sinw,_5 Sin w, _1.
The Laplace operator can be written in the form [14]

v—1 1
(8.1) Ap = prr + — Pt Aup

)
where A, is a second order elliptic operator in w; for v = 3, w = (6, ¢) and

1 90,. Op 1 0%
Ayp= —— 2 (sing P op
P=n7g 08" 03) T 5i7g 902

Consider a surface
Se:r=1+¢€f(w)

with |f|c2 < 00, and denote by x the mean curvature of S..

Theorem 8.1. There holds:
1
(8.2) klw)=1—€(f+ mAwf) + O(€?)

as € — 0.

Proof. From the direct definition of x one deduces the structure
k(w) =1+ eM(w) + O(e?)

where M (w) is a nonlinear function in the derivatives D® f(w), |a| < 2. In order to compute M (w) we
may, without loss of generality, assume that f € C'°.

It suffices to prove (8.2) at, say w = 0. Denote by d = d(r,w) = d(r,w, €) the distance from (r,w)
to Se. The normals N(w) = N(w,€) to Se at (1 + ef(w),w) for w near 0 cover in 1-1 way a region
{lw| <m0, 0 < d <o} (no > 0) where d = d(r,w,€), 7 < 1+ €f(w). Denote by wg = wo(r,w,e€) the
angular coordinate for which (1 + €f(wp), wp) is nearest to (r,w) on S.. Thus wy is determined by the
relation

(8.3) d(r,w,e) = [(1+ ef(wo))N(wo) - rN(w)|
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where N (&) is the unit vector in the direction from (1,d) to the origin.
Note that the normals N(w) vary smoothly (i.e., C*®) in (w,€) and, for any § > 0 and small, each
point on the surface

Ses: (F,0) = (1+ef (), w) + 6N (w)

has distance § to Se, attained at (1 + €f(w),w). The mapping w — @ is C* jointly in w and the
parameters (d,€). The inverse function is then also C'* jointly in @ and the parameters (6, ¢), and we
write it as

& =W(w,d,e).

Clearly
wo(r,w,e) = W(w,d,¢) if r =7, § = d(F,w).

Since, furthermore, the mapping 7 — d(7,w,€) is in C* in 7 and the parameters (w,€) and has an
inverse, we can write
wo = wo(r,w, €) = wo(d,w,e) (d=d(r,w,e€))

where both wg and @y are C* in all their variables.
By Taylor’s theorem we can then write

wo(r,w, €) = wo(r,w,0) + €Ap(d, w, €)
where Agy(d,w,€) is in C*°. But if € = 0 then S, is a sphere, so that wg(r, w,0) = w; consequently,
wo(r,w,€) = w + eAp(d, w, €).

We can also write
Ao(d,w,€) = Ap(0,w, €) + dA1(d,w,¢)

where A;(d,w,€) is C*°. But if d = 0 then wy = w and therefore Ay (0, w, €) = 0. We thus conclude that
(8.4) wo(r,w, €) = w + edA(r, w, €)

where A(r,w,t) is C* in all its variables.
Note that
1+ ef(wo) = 7 = (1+ ef(w) — 1) + e(f(wo) — ()
> d+e(f(wo) — f(w)) >d—Ce*d

since dist((r,w), (1 + €f(w),w)) > d. Using (8.3) and (8.4) we can also derive the estimate
1+ ef(wo) — 7 < d+ Céd.

Hence

(8.5) %d< 1+ ef(wo) — r| < 2d.
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We want to estimate the first two derivatives of d. From (8.3) we get

d=[(1+ef(wo))?+ 72— 2r(1+ ef (wo) N (wo) - N(w)]*/?
(2.6) (14 ef(wo) — r)2 +2r(1+ ef(wo)(1 — N(wo) . N(w)]l/z
8.6 » 20 (1 + ef ()

1+ ef (wo) —7)[1+ 00 flon)

1+ef(wo) =)+ (1 +ef(wo) —7)- G

(1= N(wo) - N(w))]"/?

= (
= (

where
2r(1+ ef(wo))

(1+€ef(wo) —r)?

G={1+ (1= N(wo) - N(w))]*/? —1}.

Consider the function 5 3
g(wo,w) =1~ N(wo) - N(w).

Clearly
g(wo,w) = 1 — cos(wp — w) < |wo — w|?

By Taylor’s expansion
g(wo,w) = g(w,w) + G1 - (W —wp) + (w — wo) T Ga(w — wp)
where G1, G5 are C*° functions. Since g(w,w) = 0 and
|g(wo, w)| < Clwo — wl?,

GG1 must also vanish, so that
g(wo,w) = (wo — w)TGa(wo — w).

Using also (8.4) we see that
(8.7) g(wo,w) = (ed)? By (r,w, €)
where Bi(r,w,€) is C*°.
The function 1+ ef(wg) — r may be viewed as a C* function in (d,w, €) and, by (8.5), it vanishes

linearly in d. By Taylor’s theorem we then have

1+ ef(wo) —r =dC(r,w,e€)
where C(r,w, €) is C*® in (r,w, €). Using this and (8.7) in (8.6), we find that

d= (1+ef(wo) —7) + Ba(r,w, €)e’d
where B(r,w,€) is C* in (r,w,€). By (8.4) we also have
ef(wo) — ef (w) = Bs(r,w, €)e’d.
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Hence
d=1+¢ef(w) —r+ B(r,w,e)e’d

where B(r,w,€) is C* in (r,w, €). Writing

_ 14ef(w)—r
(8.8) d(r,w,€) = 1= B(r.w. )
we find that 52 ( ) o
. v—1 1 _ 9
Ad_(6r2+ . E+r—2Aw)(1+ef(w) r) + O(€”)
v—1

€ 2
= — ; +7~_2Awf+0(6 )

Using the relation 7 = 1 — d + ef + O(e?d) we conclude that

v—1 (v—1)

Ad=—
d=—1—5 (T ae

f+Auf) + O(ed) + O(e?),
and letting d — 0 we obtain
(89) Ad lgmo= (v~ D1+ e(f + T2 A )]+ O().

On the other hand, we have the well known formula (see, for instance, [12; Lemma 14.7])

v—1
K‘
Ad+) - _;id =0 (d=d(r,w,e))
=1

where k; = k;(wp) are the principal curvatures of S¢ at (1 + €f(wp),wp). Letting d — 0 we obtain

1

Adlg=o +(r —1)r=0 (k=-— Y ki(w))

where k¥ = k(w) is the mean curvature at (1+¢€f(w),w). Comparing this formula with (8.9), the assertion
(8.2) follows. //

If we proceed as in §2, then Theorem 8.1 will allow us to rewrite (2.10) in the form
1 3
(8.10) p+y(A—-1+ —1Aw)\) = F°.
V _

We note that the surface 9Q(t) to which we apply Theorem 8.1 is in C?*# (a posteriori); this is
a consequence of the estimate on A in (8.23) below. If 9Q(t) is in C%*# then, at each point (r,w) on
0Q(t), the direction of the normal differs from the direction of the ray {sw, s > 0} by O(e) and therefore
the boundary condition (1.2) yields

N dp
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where O(e) involves first order derivatives of p and of the free boundary. It follows that the boundary
condition (2.9) does not change for v > 2.
We next consider the boundary condition (2.5). We write it, for general v > 2, as

(8.12) % =T(p)

where T is the Dirichlet-to-Neumann mapping in Bs = {r < §}. If we expand

p= Z r" Ap(w)

then
AyA, +n(n+v—2)A,=0

and we can write

Ap = Za‘njynj(w)a Jj= (jl,j% <. ’jV—l)
J

where the Y),; are the v-dimensional spherical harmonics. We thus have the representation

(8.13) T(p) = %Zn&"ﬁln = %ZZn&"aannj(w).
n n g

Before proceeding to extend Lemma 4.1 to v > 2 we need to establish two lemmas.

Lemma 8.2. Set B={6 <r <1}, 0B = {r =1}, let s be a nonnegative integer, and let

F(r,w) = Z Fom (7)Ynm(w),

n>0,m

f(w) - Z fannm(w)-

n>0,m

Then, there exists positive constants ci,cs independent of F, f such that

$ 1
B alFlim <30+ n ) Y [ DI < el Pl
j=0n>0 m V0
(8.15) Al e om < DA+ 0 )Y " | faml® < call fllFres1/20m):
n>0 m

Proof. To prove (8.14) we first note that, by effecting an appropriate radial extension of F' € H*(B) we
may assume without loss of generality that F' is compactly supported in B. Then, from classical elliptic
estimates, for each integer k£ there exists a constant K; such that

|A*F |2y < |F || e () < K1||AFF| 125y,
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and from Poincare’s inequality (and elliptic estimates)
IVA*F|| 228y < | Fllg2v+1(m) < Krl[VA*F|2(5).

Thus, it suffices to show that (8.14) holds with || F'|| s () replaced by ||AkF||L2(B) and ||VAkF||L2(B)
when s = 2k and s = 2k + 1, respectively. On the other hand, since [14]

A Fan (1) Yo (@) = S (s 0, (710, Frm) — 21 + ¥ — 2) Fogn) Yo,

pr—1 T
n,m

we have, using the othogonality properties of Y,
1
_ 1 v
(8'16) ||AkF||L2(B) = Z/ r’ 1‘[7ay—_16r(7‘ 187") - n(n_'_ V= 2)]anm(r)|2dT
m,n 6

and

I|VAkF||L2(B) :/

VAFF . VAFF = — / (AFIF)(AFF)
B B

1
= — Z/ 7'1/—1( Vl_lar(r’/_lar) _ n(n +v— 2))k+1an
n,m g r
(817) X (La (,r.l/—lar) _n(n+y_2))anm

TV—l T

= Z/& ry_l{[ar(f,«ul_lar(ry_lar) - n(n tv-— 2))anm]2

(v =250 70,) = nln+ v — 2) Fu ')

and therefore we need only establish that the norms in the right hand sides of (8.16), (8.17) are equivalent
to

s 1
(8.18) S (14 n2e )Y / DI Fyp[2r¥~Ydr
m YO

7j=0 n

when s = 2k and s = 2k + 1, respectively. Since the norms in (8.16), (8.17) are clearly majorized by a
multiple of (8.18), it is enough to show that this latter quantity can be dominated by constant multiples
of (8.16), (8.17) for s = 2k and s = 2k + 1, respectively.

To see this we shall first show that if we set

1

o= W—_la,,(r“—lar)F —n(n+v—-2)F

then for each integer L we have

L 1
S~ [ (Di0zR? + |10, P 4+t DLF )
(8.19) ’

L 1
<KoY [ DipPr
j=0"9
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Note that once (8.19) has been established, an easy inductive procedure will show that (8.18) can
be majorized by a multiple of (8.16) (or (8.17)). Indeed, this is obviously true if s = 2k = 0, and if we
assume that

2k
Z Z(l + n2(s=9)) Z/l |DI Fypp |27 dr
m YO

7=0 n

1
1
< K, 2/5 P O 0,) =l + v = 2)]} Fy

we then have

1
K> Z/é 8, (7 1,) — n(n + v — 2)]FH Fy [2dr

/rIJ

2k 1
iy a1 L
> 3371+ n2E9)) Z/ P DI g0 (0, P — (v — 2) P
)

7j=0 n m
C(k) & . 1 .
> 2 2.2 () S / P Y| DJO2 Fm* + 1| D} 0 Fm[* + 1 P 2],
7j=0 n m Yo

by(8.19), which proves the assertion for s = 2k + 1. A similar argument then also shows that (8.18) with
s = 2k + 2 is dominated by a constant multiple of (8.19).

Thus, it remains to prove (8.19), which again can be established inductively in L. When L = 0,
(8.19) follows from straightforward energy estimates. Indeed

1 1 1
/ 00, (r'=10,F) = / Tul_l (0r(r'=10,F))* = n(n+v —2) / FO,(r*~'0,F)
5 5 5

1
-1
= [ rrg@ir + Yo m 4 nn +v - 2)0.FP,
5
from which one can deduce that
1 1
(8.20) / ' H(92F)? + 0?0, F|*} < Kg/ ©>.
h) 5

Similarly

/(Pr”—ln(n-l-v—Z)F:/&(r"—l&F)n(n-i-V—2)F—/(n(n+v—2))2|p|2ru—1

=-—n(n+v-—2) /r“_1|8rF\2 — (n(n+v—2))>2 / |F|?rv—1

1 1 1
n2/ r“_1|8TF\2+n4/ |F\2r“—1§K4/ o
) ) )
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which together with (8.20) establishes (8.19) for L = 0.
Now assume that (8.19) if valid for L = M. Then, since

-1 1
O + (1/7-72)8TF = W——lar(ru_lar)arF —n(n+v—2)0,F,

we have, from the inductive assumption,

M 1
Z/ (|D1628,F|? + n?|Did,.0,F|® + n*|Did, F|*)r'tdr
j=0"9

P

M 1 .

<k [ IDioe+ S o mpar
j=0"9
M+1

1
<Koy [ Dief
j=0 79

which proves (8.19) for L = M + 1.
Finally to establish (8.15) we consider the harmonic extension F(r,w) of f(w),

F(ryw) = Z FrmT" Yom(w)

n>0m

Then, from the trace theorem [1],

1f | zrs+1/20my < ClIF || ety

and from classical elliptic estimates

[1El| o418y < Clifllme+2/2(a8)-

Thus, since
1 n—
[ D = (e
P (n—75" "2n—-2j+v

the inequalities in (8.15) immediately follow. //

)= O™,

Lemma 8.3. For any harmonic function p in Bs and for any derivative D2 = Dgr .. .Dg¥=1 there
holds:

(8.21) IT(DZp)lr2(0B5) = DT (P 22(0B5) < Cllpll 10141 (08B5)
where |a| = a1 + ...+ ay—1 and C is a constant independent of p.

Proof. We can write

p(8,w) =Y ani6"Vy;.
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Then, by (8.13) and the orthonormality of the Y,
IT () Z2085) = D 1*lans|6>" 2.
n,J

On the other hand, since by Lemma 8.2,

Ip(8, M o,y = Y (1 + Inf*)lan;|?6>",

n,j
(8.21) follows for || = 0. The proof for |a| > 0 is similar. //

We can now proceed to extend Lemma 4.1. Assuming that
(8.22) A° € H*H3WHD)(HB),
we need to replace in the statement of the lemma, (4.16) by
||P - Poo||2+3(u+1) + ||A - Aoo||3(u+1)+3§,aB + ||At||3(u+1)+%,83

(8.23) < C{IF Msw+1),8 + IF?l3011)+1,08 + 1IF? = FXllsp41)+3,08

+ ||F4||3(1/+1)+%,BB + ||AO||H2+3(V+1)(BB)}'

In the expansion of P we replace (4.12) by

P(r,w,t) = Z Z Pam (7, 1) Ynm(w)

where m = (my,...,m,_1), and similarly make the corresponding changes in (4.9)-(4.11),(4.13).

We need to make just a few changes in the proof of Lemma 4.1. In (4.20) (with P, replaced by Py, )
we replace n?/r? by n(n +v —2)/r? and 1/r by (v — 1)/r, in (4.22) we again replace P, by P,,, and
n? by n(n+ v —2), and (4.23) is replaced by using the explicit expression for T'(p), as described above.
Then no changes are made in (4.25), but in (4.29),(4.31) and (4.33) we replace n? by n(n+v—2)/(v—1).
We also take, in (4.33),

2
(8.24) 0<a< 27(—"1 —1).
V p—

We next proceed as in §6, but, for clarity, consider first the case v = 3. We need to move the origin
into a new center

(po,wo) where wo = (6o, o)

where
_ m
Po = E Pom€
m>1
wo = woo + E Wome"" .



Take any point (r,w) and denote by p its distance to (po,wp). Then
,o2 =724+ pg — 2pgr coso.

On the other hand, using spherical coordinates of (r,w) and (pg,wp) we can write

p> = (rcos® — pocosBp)? + (rsinf cos ¢ — po sin By cos pg)?

+ (rsin@sin ¢ — pg sin B sin p)?
so that, by comparison,

(8.25) cos o0 = cos f cos Oy + sin 6 cos ¢ sin Oy cos ¢g
- + sin 6 sin @ sin 6 sin .

The functions cos 6, sin f cos ¢ and sin ¢ sin ¢ are linear combinations of the spherical harmonics Y7, _1, Y1 ofj
and Yl,l-

The relation (6.4) holds with 8 — 6 replaced by o so that, by (6.24) and (8.25), we find that in order
to eliminate the first three modes for N° (analogously to (7.9)) we need to choose po1, 80, oo such that

po1 cos Bpo + A1 = 0,
(8.26) po1 sin Bgg cos Yoo + Ao2 = 0,

po1 sin Ogp sin Yoo + Aoz = 0
where Ao1, Aoz, Aos are linear combinations of the first three modes AY 1, A ; and A? | of A%, If
(8.27) A1+ A8+ 253 >0

then there exists a unique solution (po1, 600, @oo) of (8.26) and we can proceed as in the proof of Lemma
7.1; here use Appendix B and Theorems A.5, A.6. Although the forms of the F7 are more complicated
than in (6.200)-(6.23b), the structure is the same, and the estimates are similar although lengthier.

If (8.27) is not satisfied, then pg; = 0 and we proceed to consider €2 terms, exactly as we did in §7.

In case v > 3 we can proceed in the same manner, using the more complicated expressions for cos~y
that result from the representation of p by means of spherical coordinates.

We summarize the final result that is obtained from the above considerations:

Theorem 8.2 If \° € H2t3"+1)(9B) then there exists a unique solution of (1.1)-(1.3), (1.6) with free
boundary

(8.28) r=1+ \w,t)

having the following properties:

(8.29) Aw,t) = An(w,t)e

n>1
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where the series is uniformly convergent for |e| < €g, for some ey > 0;

(ii) there exist convergent series

po=Y_ pome™,

m2>1
w = woo + E Wome "
m>1
N =1+ E N, oo€™
m2>1

for |e| < eo;

(ii) if the free boundary r = 1+ Mw,t) (A(w,t) as in (8.29)) is written as p = N(w, t,€) where p is
the distance from (r,w) to (po,wo), then

||N - N00||3(V+1)+3%,8B < o0,
| Nellsw+1)+2,08 < 00

Remark 8.2. Remark 7.1 extends to the present case. In particular (i) if A\%(w) € C* then the free
boundary is C* in w; (ii) if A\°(w) is analytic then the free boundary is analytic jointly in (w,€), and
then p(z,t) is analytic in (z,¢) for |z| < 1+ €, |€| < €.

Remark 8.3. We have not considered in this paper higher regularity in . But it is clear that we can
use norms with higher derivatives in ¢ than just the two derivatives we have used. In particular, if \°(w)
is C* then we can deduce that the free boundary is C*° in (w, €, t).
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Appendix A: Interpolation inequalities

Lemma A.1. Let B = {|z| < 1} C R? and let F(z,t) =0 ift > 2, and

|F||s,B < co where s > 6.

Then
IDLF||r < C||F||s,B
(A1) 00 if0<j<s—-5
where r =

% if s—4<j<s,

and
|ID:DLF || < C||F||s,5
(A.2) 6 ifo0<j<s—6
) where r =

Proof. We extend F(z,t) to all R® in such a way that F(z,t) = 0if t < —1 or || > 2 and at the
same time the norm ||F||s g, (defined as in (4.6) but with B replaced by {|z| < 2} and the t-integration
starting at ¢ = —1) is bounded by C||F||s,p. Denoting by F(&, 7) the Fourier transform of F', we then
have:

(4.3) /Rs[(l + €)% + A+ NI+ 7)) + L+ [EN*EO A+ [T)IF (€ 7) > < ClIF |6, 5-

We want to find the largest 8 > 0 such that
(4.4) ID}F||lss < C|IF|ls,s;

then, by Sobolev’s imbedding [1] we shall obtain the estimate (A.1) with

_[G=5)7 itp<
(A.5) r—{og 3 it 5>

[NSJ[S¢ NI [eV]

Taking the Fourier transform equivalent of (A.4) and recalling (A.3), the inequality (A.4) will follow
from the inequality

(4.6) (€17 + |7 22)[€ ]2 < O(1g > + [€PC2 [ + €27 )

for €| >1, |7| > 1.
Clearly we must then have

(A7) 0<f<2 B<s—j
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and it remains to show that |7|2%|¢]% is bounded by the right-hand side of (A.6). This is evidently the
case if

(A.8) B=20<j<s—6,

which completes the proof of (A.1) in case j < s — 6.
If j > s — 6 then we can write

T[*P1E17 = |r[2P]g] =008 x g~ (a)

B o 1 1
< [ Pg]e=9Pp + igPa=e%e, =4 - =1,

P oq
and to show that this is bounded by the right-hand side of (A.6) we choose
28p=4, (2j — (s —6)B8)g=2s

(note that 2j — (s — 6)3 > 0 since j > s — 6). This yields

(49) §=305-)

a choice which satisfies the earlier restrictions in (A.7), and substituting this into (A.5), the proof of
(A.1) for j < s follows.
To prove (A.2) we proceed in the same way, but now we have to show that

(4.10) (€17 + |71%) 7€ < C(lEf>* + €2~ r > + [P~ O|r[)

for || > 1, |7| > 1; from this inequality it follows that (A.2) holds with the same 7 as in (A.5).
For (A.10) to hold it suffices to show that

(A.11) I7[21€[28+2 < C|r|2|g[2)

and

(4.12) TP < C(lg) + €2 ).
We take

(A.13) B+j<s—3.

Then (A.11) is satisfied. If
ﬂ = 17 .7 S s—6

then (A.12) is clearly satisfied and then (A.2) holds with » = 6. Thus it remains to consider the case
(A.14) s—6<j<s-—3.
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As before, if § < 1, we estimate the left-hand of (A.12) by writing
[T PFRRIE2T < (|7 [PH20 ) |(HR=Op (g7 - (A (s=0))a

where 1 1
2te= 1, 2+208)p=4, [2j — (1+B)(s—6)]lg = 2s.
This yields
1 .

For this choice of 3, 8 < 1 and (A.13) holds (since s — 6 < j < s — 3), so that both (A.11) and (A.12)
hold. Substituting this § into (A.5), the proof of (A.2) is complete. //

Theorem A.2. Let B = {|z| < 1} C R%. If s > 6 then there is a constant My such that
(A.14) I1FGlls,B < Mol|Fl|s,8IGlls,5
for any two functions F,G with finite || ||s, norm.

Proof. We introduce a partition of unity {xm}, m > 0, of {—1 < ¢ < oo} where x,,(t) is supported in
the interval m — 1 <t <m 41, and set

Fm:FXma Gm:GXm‘

Then
F=) Fn, G=) Gm,
and
(A.15) D*F-D'G =) DFF, -D'Gm+ Y DFFy - D*Grsy

for any derivatives D¥, D*.
To prove (A.14) we need to show that

(A.16) / /B | A2 < C|[F|2 5lIGI2

where A is any one of the functions

(A.17) DIF.D:IG, 0<j <s,

(A.18) D,DIF-D:9G, DIF-D/D:IG, 0<j<s—3,

and

(A.19) D?D)F-D:7IG, DyD)F - DyD: G, DiF - D?D579G, 0 < j <s—6.
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Consider first the case where j > s —4, j < 4. By Lemma A.1,if Fp, =Gog=0fort>2o0rt < —1,
then

IDFollz- < Cl|Folls, s,

(A.20) ID; ™ Goll . < ClIGolls,5,
1 1
where 2(~ + —) < 1.
R

We shall prove that (A.16) holds with A = DJF - D:77G.
Consider first the series

/ |DLF,, - D77 Gp |2
B

m

I:Ze2am/

By (A.20), if » = 2p, ' = 2q.
m—+1 ) . m—+1 ) )
m m B m B

m—+1 ) 1
<ClIFpsun([ [ D56
m m B
< CIFII3 5lIGI: 5-
Similarly one can estimate the other two series on the right-hand side of (A.15). We conclude that

(A.16) holds for A = DIF - D:77G provided j > s — 4, j > 5.
If j < s—5 then, by Lemma A.1,

| D2 Follz < C||Folle,g (Fo=0if t >2ort < —1)

and we can again prove (A.16) , in fact much more simply. The same applies to the case j > 5.

We can now examine all the functions in (A.17) and check that each of them is estimated by the
above procedure. The same arguments apply to the functions in (A.18) and (A.19), and thus the proof
of the theorem is complete. //

Lemma A.3. Let B = {|z| < 1} C R?, 9B = {|z| = 1} and let f(6,t) =0 ift > 2 and
| flls,oB < co where s > 6.

Then

I1D3 £l o) < Cllf|ls.0m

where r = ¢ arbitrarily large if j =s—3
6/3—(s—j)) ifs—2<j<s

o1



and

1D D} fllz- < ClI s,
(A.22) arbitrarily large if j <s—6

if s—5<j<s—3.

where r = { 6
6—(s—j)

Proof. As before, to prove (A.21) we want to find the largest number 3 > 0 such that

(4.23) (€17 + |7 29)[€[* < O(1€>* + [€PCDr|? + €27 )

where [£] > 1, |7| > 1; here f (&, 7) is the Fourier transform of f(6,t), so that £ is actually a discrete
variable (i.e., £ varies over the integers). Once (A.23) is proven, it follows that (A.21) holds with

1 1
—:——éifﬁ<1,
r 2 2

(4.24) r=occif g > 1,

r any positive number if 3 = 1.

As before, if 0 < j < s — 6, we can take 8 = 2 so that » = co. If j > s — 6, we can choose [ as in
the proof of Lemma A.1, and then (A.24) gives r = oo if j < s — 4, r arbitrarily large if j = s — 3, and
r=6/3—(s—j))ifs—2<j<s.

To prove (A.22) we need to establish the inequality
(4.25) (€128 + [7[*P)|7[21€1% < C(1€** + €7D |r? + 1¢2C~)|r|*)
for |£| > 1, |7| > 1. This inequality holds if

ﬂ = 13 .7 S s—6

so that, by (A.24), we obtain the estimate (A.22) if j < s — 6.
If j > s — 6, we can proceed as in Lemma A.1 and find that (A.25) holds if

1 .
1+5=§(5—J)

and, together with (A.24), the assertion (A.22) follows. //

Theorem A.4. Let B = {|z| < 1} C R?, 0B = {|z| = 1}. If s > 6 then there is a constant My such
that

(4.26) 1£9lls,08 < Mol| f|ls,08ll9lls,05

for any two functions f, g with finite || ||s,a3 norm.

The proof is the same as for Theorem A.2.
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We need to extend the previous results to the case where
(A.27) B={lz| <1} CR", v>2.
Following the proof of Lemma A.1 we find that, for B as in (A.27), (A.1) holds with

_ 6(r+1)
3w +1)—2(s—j)

if the right-hand side is positive, and (A.2) holds with

6(v+1)
3(v+1)+6—2(s—j)

if the right-hand side is positive. Similarly Lemma A.3 extends to the case where B is given by (A.27)
and f = f(w,t), with

_ 6v
"T 20— )
in (A.21) if the right-hand side is positive and
6v

" r6-2(s—7)
in (A.22) if the right-hand side is positive.
Theorem A.5. If B is as in (A.27) then the inequality (A.14) holds provided s > 3(v + 1).
Proof. Indeed, as in the proof of Theorem A.2, we need to show that
|ID’F - D*77G||12(B) < C||F||5,8]|Gls,5-
By Holder’s inequality we deduce that this holds if

3v+1)—2(s—j) 3(v+1-2j)
6(v+1) 6(v+1) — 7

which is true when s > 3(v + 1). One can easily check that also the other products D;D’=3F .
D*7iG, D?D’=8F . D*7J@G are bounded in the L? norm by C||F |Gl|s,B- //

|s,B
Similarly one can prove:

Theorem A.6. If B is as in (A.27) then the inequality (A.26) holds provided s > 3(v + 1).
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Appendix B: Estimating derivatives of composite functions

Let D be a domain in R? and let || || be a norm defined for functions f(z), = € D, such that

19l < Mol Fllllgll, Mo > 1.

Lemma B.1. Let u(x,€) be a function of the form

o0
(B.1) p(z, €)= (@), zeD

n=1
such that

Hn—l n—1
(B:2) ltn = 1) < Co™ o, ] < Co=y
for some constants u;°. Let
(B.3) G(s) = sV, N positive integer,
and set
(B4) Gu(z,€)) = (Y pm(@)e”)¥ = ) &) (2)e”,
n>1 n>N

(B.5) (Y ppeyN = 3 alvecen,

n>1 n>N
Then

(B.6) eNo| < C’O(COAO)N_lHZ;N, n> N

and

(B.7) @7 — 30| < CO(COAOMO)N_I%;Na n>N

where Ag is a universal constant.

Proof. Consider first the case N = 2. Then

n—1 Hn—k—1 k-1
Z 2

2, —
|¢n00| - |ZM$1,O—klu‘zo| S CO (n _ k)2 k2
k k=1
Hn—2
< CZ:Ap — (n>2),



provided

|||
B
@

(B.8) Ao > sup Z e

Proceeding inductively from N — 1 to N,

Hn (N— l)kal

2| = \Z@iﬁ BT < Oy Ay 22

“k)? k2
_ H
<oNaA) — (= N).
Having proved (B.6), we next prove (B.7) for N = 2. Writing
— oy = Zukun k— Zﬂn Kl
n—1
= Tk = 12 (nk — 152 k) + 172 (ke — i) + i (e — 172)];
k=1
we get
n—-1 Hn—k—1 gk-1 n—2

|82 — ®2°|| < 3ZC’OMO(
k=1

H
— k)2 k2 < CgMOAOT, n Z 2

provided Ag > 34,, A as in (B.8).
Proceeding by induction from N — 1 to N, we write

n—1
N _ N — Z (&) "tk — ‘PkN beopee )
k=N-—1
-1
N— N-—1,
= Z (@ = @8 ") (ln—k — o)
k=N-1

- N— ) N— ’
+u§i°_k(<1>kN LBy 1°o)+‘1’k Y (g — )]

so that
n—1

3 Hk—N+1 Hn—k:—l

1@ — &2l <3 > C3(CoAoMo)N > Mo K2 (n— k)2

k=N—-1

n—N
N—-1 H
n? ’

< Co(CoAoMy)

n > N.
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Lemma B.2. Let u(z,¢) be as in Lemma B.1 and let

(B.9) G(s) = Za s

where
la,| <C™, C > 0.

Set
(B.10) Glu(z, ) = 3 Gal2)e",
n=1
(B.11) G(z UL Ee) = ZG;OGTL.
n=1 n=1
Then
n—1
(B.12) G| < 2CCy
Hn—l
(B.13) |G — G| < 2CC,

provided H > 2CCyAyM,.

Proof. Writing

DGR =D am( ) I

n>1 m>1 n>m
we get
GXl=1 ) am®™|
m<n
< ™ Co(Codo)™ " (by Lemma B.1
< Z 0( 0 0) n2 (y emma )
1<m<n
n—1
< 2CCy

if H > 2CCyAy, thus proving (B.12). To prove (B.13) we note that

G(u(z, ) =G pure) =) am()  Be) Zam > epen)

n>m n>m

n

=3 am (@ - ) = D (Ga — G,
n>1

m=1 n>1
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so that

n Hn—m
1Gn = G2II < ) lam|Co(CoAgMo) ™ ——  (by Lemma B.1)
m=1
—~ (CCoAoMy)™ t HM ! Hr !
< CCo mZ:l e —5— <20Co——5—.

//
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