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Abstract

The possibility that Schrodinger’s equation with a given potential can sep-
arate in more than one coordinate system is intimately connected with the
notion of superintegrability. Examples of this type of system are well known.
In this article we demonstrate how to establish a complete list of such po-
tentials using essentially algebraic means. Our approach is to classify all
nondegenerate potentials that admit a pair of second order constants of the
motion. Here “nondegenerate means that the potentials depend on four in-

*Work supported in part by the Russian Foundation for Basic Research under grant
98-01-00330



dependent parameters. This is carried out for two dimensional complex Eu-
clidean space, though the method generalizes to other spaces and dimensions.
We show that all these superintegrable systems correspond to quadratic al-
gebras, and we work out the detailed structure relations and their quantum
analogs.

1 Introduction

It has long been known that Schrodinger’s equation with certain special po-
tentials can admit (multiplicative) separation of variables in more than one
coordinate system. This is intimately related to the notion of superintegra-
bility, [1, 2]. This subject has been studied by a number of authors, based on
the use of the corresponding differential equations that that are implied by
the requirement of simultaneous separability, [3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, 15, 16]. Specifically, superintegrability means that for a Schrédinger
equation in dimension N there exist 2N-1 functionally independent quantum
mechanical observables (i.e., self-adjoint operators that commute with the
Hamiltonian). There is an analogous concept of superintegrability for classi-
cal mechical systems. This relates to the corresponding additive separation
of variables of the Hamilton-Jacobi equation. A first step in studying sep-
arability in the classical case is to realise that the direct formulation of the
simultaneous separability requirement is not obviously tractable. An addi-
tional observation is that if we do have simultaneous separability then the
resulting constants of the motion close quadratically under repeated appli-
cation of the Poisson bracket, [12]. We also know that for spaces of constant
curvature separable coordinate systems of the free motion are described by
quadratic elements of the corresponding first order symmetries, [17, 18, 19].

Although concrete examples of superintegrable systems are easily at hand,
a complete classification of all such systems has presented major difficulties.
How can one be sure that all systems for free motion have been found? (For
example, Rafada’s classification [16] omits our system (5a) below.) Once
these are determined, how can one be sure that the most general additive
potential term has been calculated?

Here we take a new approach to the problem and apply it for the case
of two dimensional complex Euclidean space. In §2 we classify all nondegen-



erate potentials that admit a pair of second order constants of the motion.
Here “nondegenerate” means that the potentials depend on four indepen-
dent parameters. The requirement that a potential admit two constants of
the motion leads to two second order partial differential equations obeyed
by the potential, and the integrability conditions for these two simultaneous
equations permit us to classify all possibilities. The classification is greatly
simplified by the equivalence of two potentials that are related by an action
of the complex Euclidean motion group. We then prove that each nonde-
generate potential is associated with a pair of constants of the motion in the
classical case, and a pair of symmetry operators in the quantum case, that
generate a quadratic algebra. Furthermore, we verify that there is a one-to-
one correspondence between superintegrable systems and free-field symmetry
operators that generate quadratic algebras. Finally, we demonstrate explic-
itly that superintegrability implies multiseparability, i.e., separability in more
than one coordinate system.

This systematic classification approach introduces a “fine structure” into
our problem. it is easy to show that potentials admitting two constants of the
motion cannot depend on more than four parameters. However, potentials
that depend on fewer parameters, i.e., that cannot be embedded in a four
parameter family, are not associated with a quadratic algebra.

2 Completeness in two dimensional Euclidean
space

Due to the close connection between separation of variables and constants of
the motion, [20], a common approach to the classification and study of super-
integrable systems is to search for potentials that permit varable separation
in more than one coordinate system. Let us consider what our problem is in
these circumstances. The Hamilton-Jacobi equation is

Cpr Eyiven=8 @

H=p,+p.+V(z,y)=( 3

The additive separation ansatz implies a solution

S=U(u,E,a)+V(v,E,a) (2)



in a suitable coordinate system z = z(u,v),y = y(u,v). Here a is the
separation constant. In the complex Euclidean plane there are six different
separable coordinate systems, listed in the Appendix, in what we take to
be a standard form. One approach to our problem relates to the following
question. If the Hamilton-Jacobi equation with a potential V(z,y) admits
additive separation in a given coordinate system

z=x(u,v),y =y(u,v),

when does it also admit a separation in a coordinate system

z=x(p,g)cosf+y(p,q)sinB+a, y=—z(p,q)sinB+y(p,q)cosB+ b?

Here coordinates u,v and p, ¢ are two different systems taken from the list
in the Appendix, and we have allowed for the possibility that the second
coordinate system can be subjected to a Euclidean motion consisting of a
rotation through the angle 3 and a translation by the vector (a,b). To
attempt to solve this problem one could relate the two different coordinate
systems to each other and apply the additive separability conditions in one
coordinate system to the equation when written in terms of the other. This
is not a revealing approach. Instead we adopt a different method, one that
does not directly relate to variable separation.

Let us assume that in addition to the classical Hamiltonian we have two
quadratic constants of the motion

2

L= a?}{)(way)pkpj +Way(z,y) =l + Wy, h=1,2 (3)
kj—1

which must satisfy
{H,L,} =0

with {} the usual Poisson bracket. We require that the set {dH,dL;,dLy}
is linearly independent, so that H, L;, L, is a maximal set of functionally
independent constants of the motion. It is clear that R = {L;, Ly} is a

constant of the motion, so it and R? must be expressible as an analytic
function of H, Ly, Lo:

R?> = F(Ly, Ly, Ly), H=L,. (4)



Note that R has the form

2
R= Y ™pupipm + > d*py, (5)

k,lm=1 k=1

but that it doesn’t follow that R2 is necessarily a polynomial as a function
of Ly, Ly, L,. We will find conditions that guarantee that F' is a third-order
polynomial in its arguments.

Using the identity

(K.G} = YK L} 5 ©)

for a continuously differentiable function G(Ly), we find the relations

1 0F 1 0F

20Ly" {L2,R} = — -+ (7)

L — .
{L1, B} 201,

Thus, the constants of the motion {L;, R}, { L2, R} are easily computed once
F is known. Further, if F is a polynomial in the invariants, then so are
{Ly, R}, and {Ls, R}.

We first determine the conditions that the function

2
L= "z, y)ppj + W(z,y), o =d", (8)
J.k=1

must satisfy to be a constant of the motion. The requirement is {H, L} =0
where

(gy=32L 08 0700, () )= (a,), 9)

8pj 81}]‘ 3a:j 3pj

j=1

and
H=p; +p;+V(z,y). (10)

The conditions are thus

(9 11 (9 12 a 11

or ox oy

8&22 8(122 8a12

— =0 —+2— =0 11

oy Oz * oy ’ (11)
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and
8W_ 118V_a126_V_0 8W_ 128V_a226_V_

halddl - = - — =0. 12
ar oz Oy T Oy o Oy (12)
The solution for the terms quadratic in the p; is
a'' = oy’ + ay +aj (13)
a? = —ajzy— 104 T — 1Oz4y + 1ae (14)
1 502 5 505
a? = o’ + sz +aj, (15)

where the «a; are constants. The requirement that 0,W, = 0,W, leads from
(12) to the second order partial differential equation for the potential

5 (Qouzy+ oz + agy — 05)(Vae — Vi) + (v — 2% + 0oy — cuz + a3)Vyy
3 3
= (=3auy— 5042)Vx + (Bauz + 5044)%7 (16)
where a3 = o — . We denote the solution space of this equation by
[041,"',0{5]. (17)

Let us now return to our assumption that the Hamilton-Jacobi equation
admits two constants of the motion:

L= ) G{Z)Pkpj + Wy, h=1,2.

These two operators together with H are assumed functionally independent.
The constant of the motion L; leads to the condition (17) on the potential
V; whereas L5 leads to the second condition

[B1, -+, Bs]- (18)

The potential must lie in the intersection of the solution spaces (17,18) for
these two conditions. It follows that the equations

Voo = Vyy = AVo + BV, Vi = CVp + DV, (19)



must hold, where

3 3 3
AE = §H12(.’132 + yz) — 3H14:1:y + 3H13y — §H24.’L’ + §H23
3, 3 3
BE = §H14(33 + y ) — 3H123:y — 3H131E + §H24y + §H34
3 3
20 = —3Huy’+ (—§H24 + 3Hi5)y + §H25 (20)
3 3
2DE = 3H12£L‘2 + (—§H24 — 3H15)$ — §H45
28 = —Hpay® + Hiuz’y — Hipa® + Hiay® — 2Hizzy + H24(332 + 3/2)

+ His(2® — %) + (Haa — Hos)y + (Has — Haz)z — Has,

and Hyy = —Hy, = o8 — g
From the fundamental equations (19) we can compute all of the third
partial derivatives of V. Indeed

Vaew = (Az+BC+Cy+C?+ A)V, + (B, + DB+ D, + CD + AB)Y,

+ (A+ D)V,
Veey = (C +DC+AC)V + (D, + D? + BO)V, + CV,,
Vagw = (Cy +C*)V, + (D, + CD)V, + DV, (21)
Vow = (=4,+Cy+ DC)V,+ (=B, — AD + D, + D*> + BC)V,

+ (C-B)V,

Thus if the potentlal V is subject to the two conditions (17,18), then V can
depend on at most 3 parameters, in addition to a trivial additive constant.
We can choose these parameters to be V,(zo, yo), Vi (0, %0), Vyy(z0, yo) for any
fixed regular point (2, yo). Then V,,(x¢, yo) and all higher derivatives can be
computed by successive differentiation of relations (21). We require that our
potential be nondegenerate, i.e., that it depend on 3 arbitrary parameters.

Then, the conditions 0;Vzzy = OyVizw, OyVaay = 02Vayy, OyVayy = OzViyy
for the fourth partial derivatives lead to the integrability conditions

0;(2C —B) = 0y(2D+ A) (satisfied identically)  (22)
Coz — Cyy — Azy = 2CC, — DA, —2CD, + AA, — AC,

+ CB,+ BC, (23)
Dyy — D,y — B,y = —2DD,—CB,+2DC, — BB,
BD, + DA, + AD,. (24)
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Note that if we have another constant of the motion L3 associated with a
nondegenerate potential, then L3 must be a linear combination of H, L;, L,.
Indeed, if L3 is not a linear combination of the basis functions, then the
potential V must satisfy an equation (16) that is linearly independent of the
equations associated with Ly, L,. This means an additional constraint on the
solution space and that V' can depend on at most two parameters, which is
a contradiction.

We will use the conditions (23,24) to classify the possible potentials V
and the corresponding constants of the motion L;, Ls. For this we note that
it is only the three-dimensional subspace spanned by H, L, L, that matters;
we can choose any basis for this subspace. Hence we can replace the con-
ditions (17, 18) by linear combinations of themselves without changing the
potential. Moreover, to simplify the results we note that we can always sub-
ject the coordinates (z,y), and Ly, Ly to a simultaneous Euclidean motion,
i.e., we regard all translated and rotated potentials as members of the same
equivalence class.

Multiplying both sides of (23) and (24) by £2 we obtain polynomial iden-
tities in  and y. Equating the coefficients of the various powers z"y™ we
obtain conditions on the parameters Hj;. The simplest non-trivial condition,
which is associated with the coefficient of a fifth order power in either of the
equations, is

2H15(H124 - H122) + H24(H124 + H122) - 4H14H12H13 - O (25)

We exploit these and the remaining conditions, and Euclidean motions
to classify the possibilities for the L;. The full conditions (23) and (24),
expressed in terms of the parameter H;;, take several pages to list and are
complicated to solve directly. (Indeed a symbol manipulation program was
an important aid to our computations.) However, by dividing the problem up
into special cases and using Euclidean motions, we can simplify the conditions
and obtain a full solution. In the listing that follows we use the fact that the
constants of the motion can each be expressed as a quadratic element in the
enveloping algebra of the Euclidean group in the plane with basis elements

Dz, Py, M = xpy — Yo,

to which a potential term W (z,y) is added. (Strictly speaking, conditions
(23) and (24) are only necessary conditions for existence of nondegenerate
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potentials. However, in our case-by-case study we have found that they
are also sufficient: all solutions of these equations lead to nondegenerate
potentials.)

Suppose I = H2, + H?, # 0. Via an appropriate coordinate rotation
through complex angle 6 we obtain a new set of equations (19) in the rotated
coordinates where the new parameters Hj,, H;, are related to the original
ones by

H{z = H12 cos 6 =+ H14 sin 9, H{4 = H14 cosf — H12 sin 9, (26)

and for which I = I'. Thus, by an appropriate choice of #, we can assume
Hy5 = 0. Then, by an appropriate Euclidean translation that leaves His, H14
unchanged, it follows from (20) that we can assume H;3 = Hyy = 0. Then
(25) implies Hy5 = 0, so Hys = Hy3 = 0. Further, the fourth order integrabil-
ity conditions give H34H,s = 0, and under appropriate translations, we can
take H34 = H45 =0.

Case (1) HE +H: #0

[1,0,0,0,0], [0,0,0,1,0] (27)
Here,
Ly = aM*+wW, L, =-2Mp, + W® (28)
« 1 I} 0
Viz) = :
R Ak VS A=

(29)

This potential allows separation in parabolic or polar coordinates.

If, on the other hand, Hi, = +iHy4 # 0, then, via translation, we can
assume Hyy = 0. In this case (25) implies Hy5 = iHi;.
Case (2) Hyy = +iH14 #0

[1a0aa3a0a —7:0[3 - Zﬁg]a [01 _17[33’1;’2./63] (30)
Here,
2 a 2
Lo=m B (B By yw0, L= Mp 4 2w, 1)



where py = p, £ ipy, 2 = x + 14y, and Z = x — iy. There are two subcases to
consider. If u = 2a3 + (32 # 0, then via a rotation about the origin we can
achieve

Case (2a)
[110a 2c2a0a0]’ [Oa —1,’iC,i, _C]’ (32)
where,
Li = M+ +WW, L= Mp, +2p, +W®
Vi) = —2 4 B + i

(=27 \Jle—2)c+2) e+ (e+2)
(33)

The corresponding Hamilton-Jacobi and Schrodinger equations for this sys-
tem separates in elliptical coordinates, see the Appendix, as well as shifted
elliptical coordinates. In terms of the cartesian coordinates z g, yg associated
with the elliptic coordinates, the shifted coordinates are X = zg —c¢, ¥ =
yg — ic. The corresponding operator in this case is (M +ic(p; +1p,))? + ¢*p2.
If 1 =0 we have

Case (2b)

[1,0,2,0,2¢), [0,-1,24,4,—2], (34)

where,
Ly = M*+p2 +WW,  Ly=(M+2ip,)2 +p> +W®

o B gl
Vi) = <+ + .
() 2 JBE+2) Az +2)

(35)

This system separates in terms of hyperbolic coordinates, see the Appendix,
and displaced hyperbolic coordinates. In terms of the cartesian coordinates
zry,yg associated with the hyperbolic coordinates, the displaced coordinates
are X =zg —2,Y = yg — 2i.

Now suppose Hiy = Hyi4 = 0.
Case (3) Hi2=Hi4=0,a; #0

[1)0a0,0aa5]a [an)/83a0)/85]' (36)
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This breaks up into three subcases. A rotation through complex angle 6 has
the effect

H{5 = H15COS29+H13 sin29, H{3 = H1300829—H15Si1’129, H£4 = H24.
(37)
Thus, if H% + H?; # 0 we can achieve Hyjs = 0. Then, we can assume via

translation that as = ay = 0, so Hey = 0. An integrability condition gives
H35 = 0. Thus,
Case (3a) HZ + H% #0

[1,0,0,0,0], [0,0,1,0,0] (38)
Here,

Ly = M*+w®,  Ly=p2+W® (39)

g
V(z) = a(@®+vy?)+ o + %

(40)
This potential permits separation in polar, elliptic and cartesian coordinates.
If, however, Hy5 = +iH;3 # 0, we can again translate to get Hyy = 0,

and find two possibilities, depending on whether as = 0:
Case (3b) HZ + HL =0

[1,0,0,0,0], [0,0,2,0,+2i (41)
Here,

Ly = M>+WW,  Ly=p, +W®
z® + y? s

a
(x +1y)*  (z+1y)?

Viz) = +y(z? + y?).
(42)

(There is a similar solution where the term p% in L, is replaced by p*.) The
potential permits separation in hyperbolic and polar coordinates.
Case (3c) Hi + Hi =0

[1,0,¢%,0,0], [0,0,2,0,+2i] (43)

11



Here,

Ly = M?+cJp2+ w, Ly, = pi +w®
az 0Bz

+
V22— V22— 22+ V22— ?)?

Vi) = + 722

(44)

The potential permits separation in hyperbolic and elliptic coordinates. In-
deed, instead of the basis L;, Ly let us consider the basis M? + ¢?p? and
M? + 1c*(p, — ipy)®. Corresponding to these operators are (1) the normal
choice of elliptic coordinates and (2) the choice of hyperbolic coordinates
z = Lcxy and y = —icyg, (see the Appendix).

Case (4) H12 = H13 = H14 = H15 = 0, (67 7£ 0, H24 7é 0

[0,1,0,0,0], [0,0,0,1,0] (45)
Here,
Ly = —2Mp,+WW,  Ly=—2Mp, + W® (46)
Vi) = o +ﬁ(x/m+x)% (\/W—w)%_

_|_

(47)

Separation of variables is possible in two types of parabolic coordinates, the
usual parabolic coordinates and the interchanged parabolic coordinates x =
pv,y = 5(u* —v?).

Case (5) le = H13 = H14 = H15 = 0, (6 %)) 7& 0, H24 =0

[07 1,0(3,0[4,@5], [anaﬁ3a0aﬂ5] (48)

If (H3q — Hos)? + (Hys — Ha3)? # 0 we can make a complex rotation to achieve
Hys = Ho3. Then we can take Hy; = 1 and the constant term integrability
conditions yield Hyy = —H2, = 1.

Case (5a) (Hsy — Hos)? + (Hys — Hp3)2 # 0

[0,1,a3,+4,0], [0,0,+4,0,1] (49)

12



Here we choose the typical case

Ly = 4Mp +p2 +WO, Ly=p> + WO (50)
3 1
V(z) = alz—iy)+ Bz + iy — 5(3: —iy)?) +y(@® +v* — 5(90 —iy)?).
(51)

The possible separable coordinates are semihyperbolic coordinates corre-
sponding to operator Mp + pi and shifted semihyperbolic coordinates with
operator Mp_ + 6p> + pi. This corresponds to the standard coordinates
shifted via the transformation x — x + 6,y — y + 10 .
Case (5b) (Hsq — Has)? + (Hys — Ha3)> =0

Here (H3y — Hos) = +i(Hys — Ha3) # 0. The constant term integrability
conditions, and a translation in y, yield the solutions

[07 1) 07 Oly, 0]7 [Oa 07 /835 07 1]7 ﬂ3 = :tla 07 # 53' (52)
Then an appropriate rotation about the origin takes this to
[0,0,0,1,0], [0,0,1,0, i

This system, for which now a; = 0, corresponds to case (6b) below.
Case (6) Hypy=Hi;3=Hiy=Hi5=0,a,=0, a3 #0,
The constant term integrabilty condition is Hys(H3% + HZ,) = 0. There
are two cases.
Case (6a) Hy; =0

[0,0,1,0,0], [0,0,0,1,0] (53)
Here,
Ly = p2+wW,  Ly=-2Mp, + W& (54)
Y
V(z) = a(d4z?+9?) + Bz + 2
(55)
The possible separable coordinates are cartesian and parabolic.
Case (6b) Hy #0
[0,0,1,0,+34], [0,0,0,1,0] (56)
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Here we take

Ly = 2pps + WO, Ly = Mp, + W® (57)
«a 2x + 1y
174 = — =2
(a:) \/x+iy+ﬁx+7\/a:+iy

(58)

There is the possibility of separability in parabolic coordinates {Mp,} or
displaced parabolic coordinates {(M + §(p, =+ ipy))py } for suitable 6.

Now we demonstrate that there is a quadratic algebra associated with
each nondegenerate potential. Because we are working in two dimensions
there can only be three functionally independant constants at most. Conse-
quently all Poisson brackets must be functionally dependent on H = Lg, Ly
and L,. We want to show that in fact R?> = {L;,Ls}? = F(Lo, L1, L») is a
polynomial in these variables.

Note that for arbitrary L;, Ly, the F' is in general not a polynomial.
Consider the example:

Ly=p,+p,, Li=DM +pp, Ly=pl

Then we have R = {L,, Ly} = 4Mp,p, and

3
R2 = F(LO’ L]_, L2) = 16L1L2(L0 - L2) - ]-6-[/22 (LO - L2)%

Here, although F is defined and bounded at the point (Lg, L1, L) = (0, 0, 0),
it is not analytic at this point. Thus it has no power series expansion about
the origin. We conjecture that this is an illustration of the general problem:
if F' is not a polynomial, then there are branch points or cuts at (0,0, 0).

We will show, however, that for nondegenerate potentials the associated
F' is a polynomial. First, we can verify that this is true when the potential
is turned off, i.e., if we consider only the functions

2
. _
by = Z afh)PkPja i=h2 b= pi. +p§,
k=1

where Ly, = £, + W™, Let R = {l1,45}. Then for each of the cases listed
above it is straightforward to check that R? = Ps(fy, {1, {2) where P; is a

14



homogeneous third order polynomial in its arguments. * It follows that
R? = F(Ly, Ly, Ly) = P3(Lo, L1, L) + Fy(s, Lo, L1, L), (59)

where Fj is a fourth, second and zeroth order polynomial in the momenta
Pz, Dy, and Fy(0, Ly, Ly, Ly) = 0. Here, the parameters in the potential are
denoted by s = (V;,V;?,V;} ), evaluated at some fixed point (zo,yo) and Fj
is a polynomial function of these parameters.

From (7) we have

_ 10P;
{glaR} — 56—&(60’61’62)’
10P;
{6, R} = EA (o, €1, £2),
hence 19P 10F
_ Y 274
{LlaR} - 26[/2 (L07L1;L2) + 23[/2 (S)’
10P; 10F,
L = ———"(Ly,Ly,Ly) — ——
{ 2,R} 26L1( 0, L1, 2) 26L1(S)’

where the 9F, /0Ly (s) have only terms of orders two and zero in the momenta.
It follows that the 0F,/0L;(s) must be expressible as linear combinations
of the Lj. This shows that the commutators {L;, R} can be expressed as
polynomials in Lg, L1, Ls. It is then a simple matter to verify that F' itself
is a polynomial in Lg, Ly, L».

We now list the quadratic algebra relations for each of the cases studied
above. In view of relations (7) it is sufficient to give the relation R? =
F(Ly, Ly, Ly) for each case.

Case (1) [1,0,0,0,0], [0,0,0,1,0]

R? = 16 L2H—16L2L, —32(B+7) L3+64a(B—7) La+16a> L, —256 3y H — 320> (5+7).

! Moreover, it is straightforward to verify that the cases corresponding to nondegenerate
potentials are the only cases where Ps; is a homogeneous third order polynomial in its
arguments. Thus the possible quadratic algebras generated by second order elements in
the Euclidean Lie algebra correspond one-to-one with nondegenerate potentials.

15



Case (2a) [1,0,2¢%,0,0], [0,—1,ic,i,—c]

R = %c‘lH?’ — 44cld + 27 L2H — 4121, — *H?Ly — ic®H?Ly + %c‘*aﬂz +
2iac’ L3 — 2oLy +ic(B +v* — 2a?) Ly + %(—czﬁ2 +cta® + Ay H +
%(257 +ic2a®)ca.

Case (2b)  [1,0,2,0,2i], [0,—1,2i,4,—2]

R? = 21320342030 +2L3 Ly+32aH L1 +32aH Ly—83y L1 +883vLy+16 32 H+16a>.

Case (3a) [1,0,0,0,0], [0,0,1,0,0]

R? = —16L3L; +16Ly L H —163H* —16(3++) L3 —16aL}+32H Ly +64a37.

Case (3b) [1,0,0,0,0], [0,0,2,0,=42i]

R* = —16L3+32L2Ly,—16L3L,+16aH*+163H Ly—163H L, —64aryL;—163%y.

Case (3c) [1,0,¢2,0,0], [0,0,2,0, 2]

R? = 4ACPL3+8c’L2H — 16L3L, + Ac®H?Ly + (4iB — 2c*y)H? + 8ic*aL?
+  (4c*y® — 16iBy) L1 + (4’ — By® + 4ic®>yB) Ly
+ (=2¢%* + 8ic*yB + 8Ba) H + 2c*a’y — 2ic®y?a — 8c2afBy — 4ia’p.

Case (4) [0,1,0,0,0], [0,0,0,1,0]

R? =4HI3 + 4HL3 + 4(8% — ¥*) Ly — 887L1 — 4a*H — 4a(B% + 7%).
Case (5a) [0,—4¢,2,1,24], [0,0,2,0,—21]
R? = 64L5—64yH>—128aL2+1283H Ly+64~Ly L +640?Ly+643*L, —1283aH.
Case (6a) [0,0,1,0,0], [0,0,0,1,0]
R* =16L3 —32L3H +16H*L, — 160.L3 — 83H Ly + 83Ly Ly — 64aryLy — 43%.
Case (6b)  [0,0,—2,0,2], [0,0,0,1,0]

1
R? = 2iL3+ I3H — BHLy — 2iBLyLy — y*Ly — iaryLy + Zﬁaz.
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3 Quantum Superintegrability in two dimen-
sional Euclidean space

Here we give the analogous quantum algebras for superintegrable systems
arising from the potentials we have already computed. The only difference is
that the Poisson bracket is now replaced by the commutator bracket [A, B] =
AB — BA and the operators H,L; and Ly are the obvious (formally self-
adjoint) symmetry partial differential operators.

H=0+0+V(z,y), Lh_z(?k )0 + Wy (z,y), h=1,2. (60)
k,j=1

Just as for the Hamilton-Jacobi case, if we have another constant of the
motion L associated with a maximal potential, then L must be a linear com-
bination of H, L1, Ly. Indeed, if L is in self-adjoint form, then the conditions
that [H, L] = 0 are identical with (11), (12). Thus, if L is not a linear combi-
nation of the basis functions, then the potential V' must satisfy an equation
(16) that is linearly independent of the equations associated with Ly, L.
This means an additional constraint on the solution space and that V can
depend on at most two parameters, which is a contradiction.

Furthermore the proof of the existence of quadratic algebra relations
at the end of §2 goes through almost unchanged for the operator case:
[L1, Ls)* = R* and [Ly, R], [Ls, R] can be expressed as (symmetric) polyno-
mials in the operators H, Ly, Ly. To make the prior construction go through,
one need only note that since R? is a formally self-adjoint 6th order differ-
ential symmetry operator, the 5th order terms are fixed linear functions of
the 6th order terms. The expressions {4, B} = AB + BA and {A,B,C} =
ABC + CAB + BCA are operator symmetrizers. The explicit relations are:
Case (1)

[La, R] = 8L; + 8H Ly + 807,
[L1, R] = 8{Ly, L1} +16(1 + 28 + 27y)Ly + 32a(fy - B),
)L2 — 1—76H L,
3 3

32
+ 64a(B — )Ly + 160°L; + (_3 + 967y + 965 + 2563v)H

R*> = 16L3H {Lg,L2,L1}—16(2B—|—2fy+

32
- ?a2(3ﬁ + 3y —1).
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Case (2a)
L.osra o726 L2 Log o 1. n 1. o
(L1, R| = —5ic H*—6icL5+2c”H Ly—2{ L1, Ly }+(2iac —1)L2—§zc o -1—5205 -1—5267 ,

1
[Ly, R] = —c2H2 +2L3 + 2c o?

1 2
R? = 5c4H3 — 4icLd +2¢°L3H — g{Ll, Ly, Ly} — 2H?*Ly —ic*H?L,

1 11
+ (;cza + 12)H2 + (2iac® — ?)L2 —c?a’Ly +ic(B* +7° — c?a?) Ly

1 1
—?3 +cta® + ) + 5(2[3’)/ +ic’a® + —a)c’a.

5( 12

Case (2b)
[Li,R) = L3 — 3L3 4+ {Ly, Ly} + 16aH + L, — Ly + 40,7

[Ly,R] = 3L} — L3 — {L1, Ly} — 16aH + Ly — Ly + 43,7

11 11

R? = —2I3—2I3+= {Lz,L2,L1}+ {Ll,Ll,Lz} S h-50

16
+ (—?a + 168%)H + 16ay*.
Case (3a)
[Ly, R) = —8L5 + 8H Ly — 16aL; + 8a,

[Li1,R] = —8HLy, + 8{Ly, L1} — 8(1+28)H + 16(1 + 8 + 7y)Ls,

8 11

11 176 20
+ 16(26+ )HLz + TaLQ +16a(33 + 3y + 468y + ?)

Case (3b)
[L21 R] = _8L§ — 32av,
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[Ly, R] = 16{Ls, L1} — 83H + 16L,

8 176 64
R* = —g{Lz, L,, L1}+16aH2—TL§+16BHL2—64047L1+(?a7—16ﬁ27).

Case (3c)
[Ly, R] = L2 + 8if3y — 2¢*+?,
1
[Li, R] = 2¢* H*+6¢*L3+8c* H Ly —8{ L1, L2}+(—16+8ic2a)L2—50672+2a202+2ic2ﬁ7,

8 176
R? = 4 [348¢* LiH—2{ L, Ly, Ln }+4¢” H Lo+ (4if—2¢"y) H>+(8ic*a——=) L

+(4c*y? — 16iB7) L1 + (4a’c® — *y? + 4ic®yB) Lo+

4 162
(—2c%y%+8ic*y[+8Ba) H+2c o y—2icty*a—8ctafy—4ia* - 57204—# ?Zﬂfy.

Case (4)
(L2, R] = 4HL; — 4f,
[Ll, R] = —4HL2 + 2(’}/2 — ,82),
R?> =4L2H + AL3H + 4H? + 4(8*> — ¥*) Ly — 887L1 — 4a’H — 4a(y* + 3%).

Case (5a)
[Ly, R] = 32vLy + 3232,

[Li,R] = —96L2 — 643H + 128aLy — 327L; — 3207,
R®> = 64L5— 64yH? —128aL3 + 1283H Ly + 32y{Ly, L1} + 640’ Ly
+ 648%L, — 128BaH — 25672
Case (6a)
[Lo, R] = 8H? + 2412 — 321, H + 43Ly — (24 + 327),
[Ll, R] = 45H + 160{[12 - 4/8L1,
R? = 16L% — 32HL? + 16H?L, — 16aL2 — 88H Ly + 48{ L, L1}
— (64ay + 176a) Ly + 128aH — (4v3% + 35%).

Case (6b) '
[Ly, R] = 3L + HL, — iLy — %oz'y,
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1 ) 1
[L1,R] = 55—7‘[ +16L; + 572,

1
R?> =2i[3+ I3H — BHLy — iB{Ly, L1} — ¥*Ly — iayL; + Z(52 + a?B).

We note that the quadratic relations in the quantum case provide useful
information relating the special functions that occur as (separable) eigen-
functions for each superintegrable case [15].

4 Conclusions

In this paper we have used the concept of a “nondegenerate potential” to add
structure to the study of superintegrable classical and quantum mechanical
systems in E(2,C). We have shown how to classify all such systems in a
straightforward manner, so that gaps can be avoided. Furthermore, we have
shown the following:

1. Each system is associated with a pair of constants of the motion in the
classical case, and a pair of symmetry operators in the quantum case,
that generate a quadratic algebra.

2. There is a one-to-one correspondence between superintegrable systems
and free-field symmetry operators that generate quadratic algebras.

3. Superintegrability implies multiseparability, i.e., separability in more
than one coordinate system.

In a forthcoming paper we will prove the analogous results for superinte-
grable systems on the complex 2-sphere.

5 Appendix

As is well known [3, 17, 19] there are essentially six coordinate systems on the
complex Euclidean plane in which the free particle Hamilton-Jacobi equa-
tion separates: Cartesian, polar, parabolic, elliptic, hyperbolic and semi-
hyperbolic. We describe these coordinate systems and their corresponding
free particle constants of the motion L. (We adopt the basis pg,p,, M =
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zp, — yp, for the Lie algebra e(2,C) and define p, = p, £ ip,.) There is
one orbit of constants of the motion, with representative Mp,, that is not
associated with variable separation [20]. The systems are:

Cartesian coordinates

¢y, L=p] (61)
Polar Coordinates
x=rcosf ,
y=rsinf , L = M? (62)
Parabolic Coordinates.
ey = L=M
ep=5E&—m), yr=&n, = Mp, (63)
Elliptic Coordinates (in algebraic form)
m2E = Cz(u o 1)(,” - 1)a y%‘ = —C2’U/U, (64)
L = M*>+¢Jp
Hyperbolic Coordinates
r?+1r2s2 + 52 r2—r?s? 4+ §?
TH = Ta Y = ZTa (65)
2, .2
L = M +p7
Semi-Hyperbolic Coordinates
tsn = —(w—u)? + - Ysm = —~(w — u)? — = 66
su = —(w u) +2(w+u), WYsy = 4(w u) 2(w+u)( )
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