Superintegrability in Three Dimensional Euclidean Space

E. G. Kalnins and G. C. Williams
Department of Mathematics and Statistics,
University of Waikato,

Hamilton, New Zealand.

W. Miller, Jr.

School of Mathematics, University of Minnesota,
Minneapolis, Minnesota, 55455, U.S.A.
and
G. S. Pogosyan
Laboratory of Theoretical Physics,
Joint Institute for Nuclear Research,
Dubna, Moscow Region 141980, Russia

November 23, 1998

Abstract

Potentials for which the corresponding Schrodinger equation is maximally superinte-
grable in three-dimensional Euclidean space are studied. The quadratic algebra which is
associated with each of these potentials is constructed and the bound state wave functions
are computed in the separable coordinates.
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I Introduction

The present paper continues our study of the systems with hidden symmetry or so-called su-
perintegrable systems in spaces with constant curvature.

The best known systems of this kind in three-dimensional Euclidean space are the harmonic
oscillator and Kepler-Coulomb problems, that have many special properties distinct from other
spherically symmetric potentials. These include the phenomena of separation of variables for the
Hamilton-Jacobi and Schrodinger equations in more than one orthogonal coordinate system and
the existence of integrals of motion in addition to the total angular momentum L2. In particular
for the isotropic oscillator there is the Demkov tensor D;, = p;pr + w?x;z) [1], and, in the case
of the Kepler-Coulomb problem, the Pauli-Runge-Lenz vector A = 1/2([Lxp] - [pxL]) - r/|r|.
Both these systems possess five functionally independent integrals of motion [2, 3]. The first
systematic search for all potentials for which the Schrédinger equation admits separation of
variables in two or more coordinate systems was begun by Smorodinsky and Winternitz with
co-workers in the papers [4, 5, 6] and continued by Evans in [3, 7]. They found all such systems
in two- and three-dimensional flat space and introduced the notion of superintegrability. In
general, a physical system in N-dimensions is called minimally superintegrable if it has 2N — 2
integrals of motion, and mazimally superintegrable if it has 2V — 1 integral of motions. There
are five known maximally (and some minimally) superintegrable potentials listed in [3, 8, 10]
and investigated from different points of view in the last decade [8, 9, 10, 11, 12, 13]. Note also
that superintegrable potentials in spaces of constant curvature were introduced in the papers
[14, 15, 16].

In previous articles [17, 18, 19] we have looked at potentials in two dimensional Euclidean
space and the two dimensional sphere and hyperboloid, for which the Schrédinger equation is
maximally superintegrable. In this article we extend this study to the case of three dimensional
Euclidean space. As previously seen in the case of two-dimensions, some of these potentials
(see Table 1) admit bound state or finite solutions and it is these to which we draw attention
in this article.

The basic equation that we investigate is of course the Schrédinger equation (i =m = 1)
1 ( 0? 0? 0?

-3 _+—+—>\II+V(x,y,z)\I!:E\II. (1)

1
U= AU U=
H 2 +Vi(ey,2) ox2 0y 022

The idea is to find solutions of this equation via a separation of variables ansatz

¥ = [T ¢5(w)

j=1

for some suitable orthogonal coordinates u; (see Table 2).

In Sections II-IV we consider three maximally superintegrable potentials (see Table 1) and
use the Niven-type (or Bethe [20]) ansatz for constructing the solution of the Schrédinger
equation in coordinates such as spheroidal, sphero-conical and ellipsoidal (see Table 2). In
addition we discuss the extension to the quadratic algebras that were in evidence in the case
of two dimensions and see what their implications may be.

Section V is devoted to the calculation of interbasis expansion coefficients for the V3 potential
between spherical and parabolic bases.
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II Generalized isotropic oscillator
The first potential (see Table 1) on our list of three is

w? 1[(R2—1/4)  (R—1/4) (k2 —1/4
Vl(a:,y,z):7(x2+y2+z2)+§ (1x2/)+(2y2/)+(3zz/) (2)

where the constant k; > 1/2. For k; = 1/2 we have the ordinary isotropic oscillator potential.
The corresponding Schrodinger equation admits solutions via a separation of variables in eight
coordinate systems: Cartesian, spherical, sphero-conical, cylindrical polar, cylindrical elliptic,
prolate and oblate spheroidal, ellipsoidal. We summarize the bound state solutions in each
case.

Before considering various coordinate systems we note that a basis for the symmetries of
Schrodinger’s equation with the potential (2) consists of the six operators:

k2 -1
o= oS e @
— 2 2 J 2 i ..
Jij = Lij_(ki_z)m_zg_(kj_z)w_g_i 1,7=1,2,3 (4)
where L;; = ;0,, — ©;0,,, Dis = —02, + w’a? - is a diagonal components of the Demkov tensor

[1] and we have the notation z; = z, zs = y, 3 = 2.
The commutators of the operators (3)-(4) can be closed to form a quadratic algebra as
follows

[M;, M;] =0, [M;,Jx] =0, [M;,Jy]= Qi = Qpiji, [Jij, Jir) = Rjijryy = R

where Q;; is totally antisymmetric and the totally antisymmetric quantity R is denoted by
R. Further commutators are calculated to be

[Mi, Q] =0, [Mi, Qij] = 4{ My, M;} + 16J5,  [Mi, R] = 4{ My, Ji} — 4{ M;, Jur },
[Jij, Qi) = 4{ M, Jij} — 4{M;, Ji;} — 8(k? — 1) M; + 8(k} — 1) M,
[Jij» Qin] = H{Mi, T} — 4{Mj, Ju},
[Jij, Rl = 4{Jij, Tjn} — 4{Jij, Juu} — 8(k] — 1) T + 8(kZ — 1) Jr,
where {A, B} = AB + BA. The expression for the commutators of the @ and R are
[Qij, Qux]l = H{M;, Qjn},  [Qujy Rl = —4{Jij, Qun} — 4{Jij, Qjr }

All the commutators of the operators M;, Jmn, @pg and R can be expressed in terms of quadratic
symmetric products of themselves. The algebra therefore is closed quadratically. There are
relations between the symmetric products of the generators of this algebra. The exhaustive list
of these is as follows.

8 64
= g{J,-j, M;, M;} + ?{Mi, M;} + 16w2J3j —16(1 - kf.)Mf —16(1 — k,?)Mf
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12
—78002@-,- — 64w (1 — k3)(1 — k)

8 8 8
{Qij, Qic} = g{Jij, M;, My} + g{JikaMian} - g{ij,Mi,Mi}
+32w*(1 — kD) {Jij, Jir} — 32(1 — k) M; My, — 64w*(1 — k7)) Jj
8 8 8 64 64
{Qij, R} = g{Jz’ja Jij, My} — g{Jija Jin, M} — g{*]ija ik, M;} — ?{JijaMk} - ?{JikaMy‘}
64
—?{ij, M;} +16(1 — k) {Jjk, M;} + 16(1 — k3){ Ji, My} — 64(1 — k) (1 — k3 ) M,

4 64 64 64
R* = —g{Jij, Jik, Tk} + E{Jija Ji} + E{Jz’j’ Jjk}y + g{‘]ik’ ik} = 16(1 = k) J3

128

128
- (1= ki) Jij +

—16(1 — k3)J5 — 16(1 — k7) 5 + 7(1 — k2) Tk

n 128
3

where {A, B,C} = ABC + CAB + BCA. Note that only five operators from (3)-(4) are func-
tionally independent [7] and for all the coordinate systems that provide separable solutions for
the Schrodinger equation the operators characterizing the separation are always combinations
of the M; and J;.

In the limiting case k; = %, we obtain a quadratic algebra too. In this case

(1= &) Ty + 64(1 — k7)(1 — &) (1 — ki)

Qij = 2(LijDi; + D;;Ly;), R = {Liy,{Lij, Lx;}},

and instead of operators {M;, J;;, Qij, R} we can consider as a basis for the symmetries the
Demkov tensor - D;; and the components of orbital momentum - L;;. In this regard we arrive
at the Lie algebra corresponding to the symmetries of the isotropic oscillator [1].

Of all the coordinate systems for which separation is possible in the case of this potential
there are only five which are not essentially a Euclidean two-space coordinate system supple-
mented by an additional Cartesian coordinate z. Such coordinate systems we do not consider
further here and the corresponding solutions of the Schrodinger equation and invariant algebra
are given in our previous paper [17] (see also [3, 8]). For the remaining systems we now work
out bound state solutions and their corresponding symmetry characterization.

2.1. Oblate spheroidal basis. Let us consider what we call oblate spheroidal coordinates
(see Table 2). If we write these coordinates in the form

r=2x'cosp, y=2'sing, z=1y (5)

and putting ¥ = (') 1/2®, the Schrodinger equation (1) with potential (2) assumes the form
g

0?’d 0?9 1 0?2 k21 fp2_1 1 k3 -1
2F — 2(,.12 /2 - M 4 M2 4 V2 4 d=0.
Ox' + Oy" + wi(="+yT) + 22 \0¢? cos?p  sin?p + 47" e

If we now write

® = A, )Y (p)
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the ¢ dependence can be extracted by requiring that
l * K-3 K-j

4
0p2  cos?p  sin’gp

Y(p) = —M*Y (p) (6)

The orthonormal solution of equation (6) for ¢ € [0, 7/2] has the following form

Y(kl,kz)( ) = 22m + k1 + ko + 1)mIT(m + ky + ko + 1)
mT L(m+ ki +1)L(m +ky +1)

(cos )* 4 sin )+ P #) (cos 2¢), (7)
where P(*#)(2) is a Jacobi polynomial and the separation constant quantizes as
M:2m+k1—|—k2—|—1, m=0,1,2 (8)

The remaining equation for the function A(z',y’) is

82 62 ' I} kg_l M2_l 1
{8:1:’2 e [2E—w(w2+y2)— y'24_ :I:’24 Az’ y) = 0.

This is exactly the equation we have already found (see [17]) in the case of two-dimensional
Euclidean space in elliptic coordinates. In terms of the original Cartesian coordinates the bound
state solutions have the form

2
N2 (2,y, 2) = e FEHE0) (g2 1 2ymi B kot H (CZ L i 9; : es 1) (9)
i=1 -2

where the 6; satisfy of the system of n nonlinear equations

M+1 ks+1 3 2
+ —w=0
01'—61 01'—62 #i@—&j

We note that this prescription does correctly give a separable solution by noting the identity

:vz—l—y2+ 22 _1__(u1—0)(u2—0)
0—61 0—62 N (0—61)(9—62)

The energy E is quantised according to
E=w@2n+ M +ks+3) =w(2N + ky + ko + k3 + 3), (10)

where N = n + m is the principal quantum number.
Consider the Schrédinger equation in the spheroidal separable coordinates (uq, us, ). After
the substitution ¥ = 1y (u1)12(u2)Y (¢) the separation equations are

d%ﬁ(u)_ﬁ_%( 2 N 1 )d@b()+4{2Eu—w(u—el)(u—ez)+)\

du? u—e u—ey) du (u—e1)(u—e)
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(e2 — er) M? N (e1 — e5) (k3 — 1)

+(u —e1)?(u—ey) (u—er)(u—ep)?

bo(w =0 (1)

where u = wui,us and A is the oblate spheroidal separation constant. The operator whose
eigenvalue is A is

. U2(U1 — 61)(U1 — 62) 82 1 [ 2 1 ] 8
Ly = {511% + 2 L +

U1 — Ug — €1 Uy — €2 8U1

_ul(uz—el)(uz—e2){a2+%[ 2 N 1 ]a} 1

2
2 + —|w (6262 - U1U2)
U — U Jus Ug — €] Ug — €] OUuy 4

(k3 — D)(e2—e1)
(u1 — e2)(uz — e9)

M2(61 — 62)

+(U1 —e1)(uz — 1)

(U1+U2—61)+

(w1 + ug — e2)]

3
= Ji3+ Joz + Jio + (e1 — ea) M3 — eaH — (k] + k3 + k3) + 1 (12)
with eigenvalues

" M4+1 " ks +1
— 4e, _

A= —4e
21-91'—61 Z.O,-—ez

3
2[(ey + e2) + (e1ks + eaM)|w — (k2 + k3 + k3) + 1 (13)

and the second operator which characterizes the separation of variables in these coordinates is
Lo0 = (Jip— kI — k3 + 1)V = —M*V. (14)

To close this paragraph let us note that in the limit (e—e;) — 0 and (ea—e;) — oo the oblate
spheroidal coordinate are changed into spherical and cylindrical polar coordinates respectively
[8]. Correspondingly the oblate spheroidal basis transform to spherical and cylindrical polar
ones.

2.2. Prolate spheroidal basis. For prolate coordinates the description is almost exactly
the same. All that is essentially involved is the interchange of e; and e,.

2.3. Ellipsoidal basis. For ellipsoidal coordinates (see Table 2) we proceed as follows. We
consider the Schrodinger equation in Cartesian coordinates
(aw A INCA (k-3 (k-3  (K3-12)

2F — (2 + > + 2%) — — ¥ =0.
8x2+8y2+822>+l w(z® +y" +27%) p " t 0

If we now write
__—w(z?+y2+22), 2k1+1, 2ko+1 _2ks+1
‘P(.’L‘,y,z) - e ( v )a: y Z ¢($7y7 Z)

the equation for & becomes

—+ s+t

ox?  0y? 022 x Oz y Oy z 0

0? 0? % 2ki+10 2ko+10 2k3+1
[ — + — +
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0 0 0
w<x6:c+y8y+z(9z> w(k1+k2+k3+3)

To obtain the appropriate finite solutions we can make use of the identity

z? y? 22 (u; — 0)(uz — 0)(us — 0)
+ + —1=-
0—61 9—62 0—63 (0—81)(9—82)(0—63)
and write
72 2 2
Y z
s -1 (75 + i ) (15
where

ki +1 k2+1+k3+1 N2
91'—61 91'—62 91'—63

i i
and the energy level E given by equation (10).
Writing the Schrodinger equation in terms of the ellipsoidal coordinates u; and using the

identities
P(u;)

= Mz (wi — )’ 3 i (i — uj)’

~
7™
[l V]
=
N
~
R‘
NN
\_/
—~
W‘
wN
Ll
N—
w
—~
S
-~
SN—r

xr2 y2 22

where P(u;) = (u; — a1)(u; — a2)(u; — a3) and [a = (a; — ag)]

+ a12032 )
U — ay U — Qs u—as

k2 1 2 1 k2 1 )

A(U) = Q310921

we arrive at the following equation

3

44/ P(u;) uz — —|— 2Eu? — w?P(u;) — A(uz)} ¥ =0,
; ]_[Z;,éj(uZ — u;) { 6u

which after the substitution ¥ = v (u1)1s(us)13(usz) and introduction of the ellipsoidal con-
stants A; and A, is divided into tree identical differential equations

diﬁ 2 (k2 _ %)
\/P( )du\/P( )du 4[2E WP+ = - (u—al)(aa—al)(az—m)
(kz__) —a —<k§_%)a—a as —a -
(U—a2)(a1 az)(as 2) (u—a3)( 1 3)(az 3)|[v =0.

where u = u1, u2, u3. The operators that specify the eigenvalues A; and A\, are

A1 J12 -+ J23 -+ J23 -+ (a2 —+ (13)M1 + ((12 -+ (11)M3 ((11 =+ a3)M2 — (kf —+ kg =+ kg) + -
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and
Ao = azJi2 + asJis + a1 Jos + agas My + aza; M3 + a1a3 My — k%(a?) +as — ay)

3
—k%(al +(13 - ag) - k?’(al =+ Qg — a3) + Z(

respectively. In terms of the zeros 6; the eigenvalues of these operators are

ai +a2 =+ a3)

)\1 = —2[k2(a1 + (L3) + kl(az + a3) + k3(a1 -+ (12) — 4(&1 —+ [¢5)) + ag)]w

9
—2(ky + ko + k3)(ky + ko + ks + 1) — 3

N ) N 1 N ks
e ™

i=1

and
1
Ay = —5((11 + as + a3) — 2wlasaz(ky + 1) + azaq(ks + 1) + aras(ks + 1)]

—al(kz + k3 + 1)2 - a2(k1 + k3 + 1)2 - a3(k2 + kl + 1)2

ka+1) X (ky+1) Y (ks +1)
. 1
[Za3a1 9 — &) Z21613(12 6 — ) —1-;(12(11(9 — ) (17)

2.4. Spherical and Sphero-conical bases. For spherical type coordinates there are two
possibilities.
If we choose coordinates in Euclidean space accordingly

T =78, Y=rSs, Z=TSs3 (18)
where s? + s2 + s2 = 1 and put the wave function in the form

U = R(r)5(p1, p2), (19)

where p;, po are the spherical or sphero-conical coordinates, after separation of variables, we
arrive at two equations

>R 2dR

J(J+1)

22 J\WUT L) _

W—i_rdr-i_ 2E wr 7"2 ]R 0, (20)
B2 1 k2 _1 k21

Lis + Loz + L3 + J(J—i—l)—(l 4)—( 4)—( 1) S =0 (21)
st s3 53

where J is the spherical separation constant.
2.4.1. In the spherical coordinates (see Table 2) the wave function S(p, p2) have the sepa-
rable form

S0, @) = Z(9)Y, 1+ ()
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where Y,(F152) () is given by formula (7). This leads to the equation for Z:

1 d . dZ
Sinﬁ%smﬁ@-l— [J(J—i—l) —

2 2 1
sin?9¥  cos??

The solution of the above equation is (see [8])

Z(@) B 2[2(m+l+1)+k1+k2+k3]l!1"(l+2m+k1+k2+k3+2)
B Dl +ks+ 1T +2m+2+ ki + k)

X (cos 0)%“3 (sin H)MIDI(M’kS)(cos 20), leN (22)
and for spherical separation constant we get
1 3
J:2l+M+k3+§:2l+2m+k1+k2+k3+§. (23)

2.4.2. If we choose the sphero-conical coordinates on the sphere (see Table 2) the solution
of the equation (21) has the form

3 n 2 2 2
ke+3 S S S
S(pr,p2) =TT 7 11 (0. —ati—ata- ) (24
=1 J

j=1 €1 0]' — €9 9]' — €3

and the spherical separation constant is quantized according to equation (23) where n = [+ m.
This achieves a separation of variables solution because of the identity
51 s3 53 (b1 —0;)(p2 — 65)

+ + =
0j—er Oi—es Oj—e3 (0 —e1)(6; —e2)(0; —e3)

and the Niven equations

ki +1 k2+1+k3+1 a 2

="

0,'—61 0,'—62 91'—63 i

The functions S(py, p2) have the separable form

S(p1, p2) = Bi(p1)Bz(p2) (25)

and the separation equations are [P(p) = (p —e1)(p — e2)(p — e3)]

VP P 4 Mgy - )

(e1 — ea)(e1 — e3)

do¥" dp T 4 (o)
(ks —5) —e1)(ea—e —(kg_i)e—e es —e =
e (e2 —e1)(e2 — es) (p_eg)( 3 —ez)(es —e1)|B =0, (26)
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where B = Bj, By according as p = pi, po respectively. The sphero-conical wave functions
satisfy the eigenfunction equations

1
(ot To+T)S = [(B+H+k) - (2a+2+k+k+h) - 3|5 (@0)

(61J23 + €2J13 + €3J12)S = [k%(ez +e3 — 61) + kg(el + e3 — 62)
3
+ k?,(el + ey — 63) — 2(61 + e9 + 63) — )\:|S (28)

where
A= 2[k1(62 + 63) + k2(61 + 63) + k3(62 + 61) + egklkz + 62]{51]{?3 + 61k3k2]

ki +1

3 ke +1 k +1
+2(€1+62+€3)—4[626322 +61 32 ’ + eze 12 : (29)

zli_ zlz_ 3

Let us now go to the radial equation (20). This equation is very reminiscent of the radial
equation for the three dimensional harmonic oscillator except that the orbital quantum number
l is replaced by 21 4+ 2m + ky + ko + k3 + % The orthonormal solution of the radial equation
(20) in terms of Laguerre polynomials L%(x), is

Ry (1) = \l i (voor) exp (=2r2) 220 wr®) (30

T(n, + 20+ 2m + ky + ko + k3 + 3)

and the energy spectrum is given by formula (10) where the n, = 0.1, 2.. is the radial quantum
number and the principal quantum number now is N = (n, + n) = (n, + 1+ m).

III Generalized anisotropic oscillator

The second potential (see Table 1) is

w2 k2_l k%—l
Vo(z,y,2) = 2(3: +y +4z)+2[ p 4 4+ yzﬂ.

(31)
The corresponding Schrodinger equation has separable solutions in five coordinate systems:
Cartesian coordinates, cylindrical polar coordinates, cylindrical elliptic coordinates, cylindrical
parabolic coordinates and parabolic coordinates. It is the last of these that gives interesting
new solutions. The first four coordinate systems are of cylindrical type and can be deduced from
what we already know for Euclidean two-dimensional space (see [8, 17]). Before considering the
bound state solutions in the case of the parabolic coordinate system we consider the quadratic
algebra of second order symmetry operators which are associated with this potential. A basis
for these operators is

21 k2 _ 1
=0 - 22-{—713:24, M2:8§—w2y2— y24, P =07 — 4%2? (32)
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1. y? 122 1
L=1L%— (k- 7)>% — (b — )

47 x?

1 ki — %
Sy = _§(pr13 + Lispy) + 2 (w2a:2 - 4) ;

1 2 2 k%—%
52=—§(PyL23+L23py)+Z Wy — )

where pg, = 0y

11

(34)

The relations that define the quadratic algebra are obtained by exhaustive commutation.

The nonzero commutators of the above basis are

[Ml,L] - [L, M2] == Q, [L, Sl] == [Sz,L] == B,

Further non zero commutators with () are

[M;, Q] = [Q, My] = 4{ My, My} + 16w°L,  [S1,Q] = [Q, Ss] = 4{ My, M}

[L,Q] = 4{My,L} — 4{M,, L} + 16(1 — k)M, — 16(1 — k2) My;

non zero commutators with A; are

[Mi, AZ] = 16(1)25,', [L7 Al] = [A2a L] = 4{M1a 52} - 4{M27 Sl}a

[Si, Ai] = {M;, My} — 2{M;, P} + 8u*(1 — k),

non zero commutators with B are

[P, A;] = —16w>S;,
[Si, Aj] = {M;, M;} + 40°L;
[My, Bl = —4{M,, S}, [M,, B] = —4{My, B}, [P,B]=4{M,,S,} —4{M;,S,},
[L,B] = —4{L, S} + 4{L, So} — 16(1 — k3)S; + 16(1 — k2)Ss,

[S1,B] = {L, M} — 2{L, P} — 4{S;, Sa} — 4(1 — k) M,

[B, Sy] = {L, My} — 2{L, P} — 4{S;, So} — 4(1 — k2) M.

The remaining nonzero commutators are

[@Q, 4] = —4{M;, A;}, [Q,B]=—4{L, A} —4{L, A5}, [Ai1, As] = 4°Q,

[AlaB] = {Ml,Q} - 4{51,142}, [B,Az] = {M2,Q} - 4{52,141}-

There are also various relations amongst the generators of our quadratic algebra
{Ml,B} = {L, Al} - {Sla Q} - 4(1 - k%)A%

{M2’ B} = _{L’A2} - {S2a Q} + 4(1 - k%)Al’
{P,Q} = 2{S1, Ay} — 2{Ss, A1}, {My, Ay} — { My, A1} — 4w’B =0,

Q7 = (L, My, My} + 8{L, L} — 16(1 — K)M? — 16(1 ~ )M
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64 128
+?{M1, My} — 7sz —128w%(1 — K?)(1 — k2)

8 8
{QH%}:g{MhMgSJ—g{MhML&ﬂ+1&ﬂﬂ;&}—GMl—kb&
8 8
{QH%}:—gﬂmwM;&ﬁ+g{Mgm&Sﬁ—i&fﬂg&}+GMl—k@&
8 8
&lB}:—gﬂwaSﬂm—§MLJ;&}+1&1—kﬂﬂwh&}+1ﬂl—k@ﬂ%b&}
64 64
_g{MIJSQ} - ?{M27S].}
2
Af:g{MbMLP}+&ﬁ&hSﬁ+1&FO—ka—3%ﬁM}
4
L%H%}:g{MLAbJ%4AMw%Sb&}+8quJﬂ
8 8 4 32
{A1, B} = g{Ml,Sl,Sﬂ - g{Mz,Sl,Sl} + g{Ml,L,P}"‘ E{Mth}
2 64 2
—&1—MHMLP}—§wL
8 8 4 32
{42, B} = _g{M%S?aSl} + g{MhSz, Sy} — g{MmL,P} - g{Mh My}
4
+&1—@HM¢Py+%w%

B = g{L, Si, Sa} + §{L, L, P} + %4{51, Sz} — 16(1 — k1)S5 — 16(1 — k3) S}

32

16 16 32
F LMY = DL PY+ S R)My + (1 - KM, — 16(1— k) (1 — k)P

12

This completes the nonzero relations for the quadratic algebra and the associated relations
amongst the generators. For the last coordinate system in our list we develop the bound state

solutions.

3.1. Parabolic basis. The Schrédinger equation in Cartesian coordinates with this po-

tential has the form

0?v N 0% N 0%
ox?2  Oy? 022

-3 B-D

20,2 2 2
)—!—l?E—w(a: +y° +42°) — - /7

Jw=o

If we choose the coordinates (z',y’, ¢) according formula (6) and the wave function ¥ in the

form
\If(xl, y/’ S0) _ (.’L‘I)_l/2A($,, yl)Yn(zkl’kQ)(So)’ m=0,1,...,

where Y,(F152) () - given by (7), then the equation for the function A(z',y') is

o 0 20 12 2 (M2 _ %)
l Y (wl +4yl ) - 272

927 | oy

+ 2E] A(z',y") =0
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This just the problem whose solution has been found (see [1]) in the case of two dimensional
Euclidean space. If now we write

Az, y, 2) = e~ 5@ -0 (32 L (FHD P(g )

where ) )
P(z,y) = 1—[1< B +2z—9]2->
]:

J

then the \; satisfy
4A+1) & 4

— —  —2wh? =0
EPT R
and energy E quantizes according to
E=w2n+ M +2) =w(2N + k1 + k2 + 3), (35)

where the principal quantum number N = n 4+ m. This method of solution is based on the
identity

2 2 2 _ 92)(p2 4 92
62 62
In fact the separation equations in £ and 7 for solution of Schrodinger’s equation

\IJ(S, m, (,0) = Xl(f)X2(77)Yn(zkhk2)(§0)u

have the form
d2 d M?
l—-{———-i— (2Ep2—w2p6—7+65>]X(p):0 (36)

where e = 1 if p = € and -1 if p = n and [ is the parabolic separation constant. By eliminating
the energy F from equations (36) we produce the operator, the eigenvalues of which is 5:

fogh o (E2,2 2
E+n*\ndn'on &05 0
e[ k-3 kK-—i
£2n2 \0¢?  cos?2p sinfe )’
In Cartesian coordinates the operator £ can be rewritten as

@ P, ., . K-l B-1 a( 0 0
= e —_— — — —_ — —_— — =1
L Zl8x2+6y2+w(x + y°) - " T—+y ” ,

(37)

and thus the parabolic basis satisfies two eigenvalue equations
LY = (k3 + k5 — M?> - 1)U, LT =2(S5,+S,)¥ =BT

where operators L, S; o are given by formulae (33)-(34) and the eigenvalue [ is

n

5= —200 - 1) [] 623 6,2). (39

k=1
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IV Generalized Kepler-Coulomb system

The third potential we consider is

o 1R k-t
%(‘rayaz):_m—i_i l 72 + y2 . (39)

The corresponding Schrodinger equation has the form

2v 020 9% 2« k-1 21

2F - 142 21 ¥=0
(3332 + D2 + 6z2> + l + /22 + 3% + 22 ( 72 + y2

This equation admits separable solutions in the four coordinate systems: spherical, sphero-

conical, prolate spheroidal and parabolic.
The second order symmetries of the corresponding Schrodinger equation are

1.22 1 1.22 1
J23:L§3_(k§_1)?—§, J13:L%3_(k%_1)§—§a
1, 22 1.2 1
le:L%z—(kg—Z)?—(k%—z);—§ (40)
1 az B2 -1 g2 -1
L:—— J?)L ,L _ 4 4 . 41
S I R Z(xz*-y2 (41)

These symmetry operators do not appear to close under repeated commutation. One obvious
subalgebra that is quadratically closed is that generated by the elements Ji5, Ji3 and Jo3. The
closure relations can be readily deduced from the algebra given for the first potential with the
proviso that k3 = %

4.1. Spherical and sphero-conical bases. If we use polar coordinates according to (18)
and write the wave function ¥ in the separable form ¥ = R(r)S(p1,p2) then the separable
equations are

d>R  2dR

2 J(J+1)
dr+rdr+[ +r r2 ]R 0 (42)
B2 -1 k2 -1
{L12+L23+L13+ l](J—{—l)— ( 182 1) — ( 282 4)]}5 = 0. (43)
1 2

4.1.1. In the spherical coordinates choosing the wave function S(p1, p2) according to
S, ¢) = Z@)Y ) (p), m=0,1,2...

where Y, (¥1:62)(5) given by formula (7), we go to the equation for Z:

1 d . dZ M?
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The orthonormal solution of the above equation for ¥ € [0, 7] is

24 | (20 +2M + 1)l! L
Z(09) = ﬁ\l 0T 2M 1) (M + 5) (sin?)™ C;" " 2(cos ), (44)

where [ €N and C)(z) is a Gegenbauer polynomial [21]. The spherical separation constant is
given by

J=l+M=14+2m+k +k+ 1 (45)

4.1.2. The solution of the Shrédinger equation (43) in sphero-conical coordinates follows
from what we have done before in paragraph 2.4.2. If we write S(p1, p2) as

2 n 2 2 2
ko+1 S S S
S(p1, p2) II zl+2 II (9. _161 + 2 4 3 )
: ]

j=1 9]' — €2 9]' — €3
where € = 0, 1 then the zeros satisfy the Niven equations

ki+1 k2+1+e+% noo2

=0.
0; — 6,

0,'—61 0,'—62 91'—63 i

The functions S(p1, p2) satisfy the eigenfunction equations
2, 1.2 3 2 1
(J12 + J13 + J23) S = [(kl -+ k2) - (2(] + 5 + kl + kz + E) — Z]S (46)

1
(€1J23 + €2J13 + €3J12)S = [(62 — 61)(k% — kg) + 63(k% + k% — 1) - 5(61 + 62) - )\]S (47)

where the sphero-conical separation constant A is

1 1
A= —2[k1(62 -+ 63) =+ k2(61 -+ 63) -+ (6 — 5)(82 -+ 61) -+ 63k1k2 + (€2k1 + €1k2)(€ — 5)]—

ky+1

3
§(€1+€2+€3 4[626320._ el +€1 32

0—62

n l
—|— esel Z b (48)
= 0 63

Finally, let us consider the radial equation (42). The introduction of (45) into (42) leads to

d2_R+2dR+ 2E+2_a_ (I+2m+ky +ko+ 1)1 +2m + ky + ko +2) R—0
dr  rdr r r2

which is the radial equation for the Coulomb problem, except the orbital quantum number [ is
replaced here by (I 4+ 2m + k1 + ko + 1). The bound state solution of equation (43) is

5
Rys(r) = 1F1< N+ J+1:27+2: O”")

2(a)?/? | (N+J+1) (2ar>J e—ar/N
r N

N2 \(N—J-1'\N/) T2J+1)
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and the energy spectrum given by

O[2

E:—m, N:nT+J+1:2m+nr+l+k1+k2+2, nT:0,1,2....
4.2. Parabolic and prolate spheroidal bases. The remaining solutions for which
separation of variables is possible can be best observed by writing Schrodinger’s equation in

parabolic coordinates. If we do this and choose solutions of the form
U =35(&n)(En) 2y Fk)(p), m=0,1,2..., (49)

where Y,(F1:52) () given by formula (7), we find that Schrédinger’s equation has the reduced
form 25 625
1 1 1
2, .2 2 —
% "o + |2B(€ + %) + (M? — )(52 )—1-404]5—0.
This is clearly recognizable as solvable via separation of variables in parabolic coordinates &
and 7. The separable solution for the wave function S(&,n) is

V3(a)*?

SEn) =" — @M LIOMM),  maeN, M=2m+k+k+1  (50)
where
T+ M+1) e v [qa? g az?
M _ _ . .
fa' (@) —\/ nl  T(M+1) ( ) B W (51

and N=nij+ne+M+1=n; +ne+2m-+ky + ks + 2.
It is also interesting to observe that we could contemplate a E dependant algebra of second
order symmetries acting on the functions H(&, 7). Indeed a basis for such symmetries is

1
— + 2E772a

1
— +2EE, P=082+ (M- 1)772

1
P =9+ (M-
2 52 1
M= (€0, - - 08 - D 5+ %) -5
The corresponding closure relations can be deduced from those given for the first potential.
Apart from the symbols this has the same form as was dealt with in two dimensions. If we
now regard £ and 7 as Cartesian coordinates, separation is also possible in polar and elliptical
coordinates. The case of polar coordinates has essentially been done above. The case of elliptic
coordinates can be done by the standard prescription. This is achieved by looking for solutions

of the form
(g 'r’) = e_\/m(x2 + y2)%(M+%)
\/ﬁ \/ﬁ_
XH( AP 24z VAP -z

0m_el 0m_el

where we have written the solutions in the coordinate representation. (Recall that & =

Vo2 +y?2 + 22+ z and n? = V22 + 4% + 22 — 2). With
€= J (ur —e1)(us —e1) ﬂZ\I(U1_e2)(U2_62),

(e2 —e1) ’ (e1 —e2)
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where e; < u; < ea < ug, the choice of Cartesian coordinates that is appropriate in this case is
(55 - (= =) - 252 - (55
xr = —(uy — Uy — — oS
€y — €7 2 ! 2 2 2 2 12
) = (= ) (- 250 - (252) s
= —lu — Uy — — in
Y €y — €1 2 ! 2 2 2 ) 1
1 [< 62+61>( 62+61>+<62—61>2]
z = Uy — Uy — .
e —ep [\ 2 2 2 2

This corresponds to the choice of prolate spheroidal coordinates of type II [22, 8].

V Interbasis expansion

According to the principles of quantum mechanics the solutions of the same Schrodinger equa-
tion in the different separable coordinate systems for a given value of energy E are connected
by unitary transformations or interbasis expansions. For example we examine here the direct
calculation of the interbasis expansion between the spherical and parabolic wave functions for
potential V3. We have:

ni1+n2

\Pnl,nz, g) 777 Z nlnzm kl) k2)\Pnrlm(T’ ’0? SO) (52)

where n, + [ = n; + ny. For calculation of the coefficients of interbasis expansion in (52) we
may to use the “asymptotic method” [18, 22|, which is the following. Writing the parabolic
wave function on the left-hand side of (52) in spherical coordinates (7,9, ¢) accordingly

€2 = r(1+cos?), n® = r(1 — cos¥),
eliminating the function Y,(¥1%2)(¢) in both sides of (52), and using the formula

(o)
I'(a+n)

1P (—n;052) ~ (—z)"
for z arbitrary large, we see that the expansion (52) yields an equation which depends only
on the variable ¥. Then, by using the orthogonality relations for the functions Z;,(¥) in the

quantum number [, we arrive at the following expression for interbasis expansions coefficients:

Wy nam (k1 k) = (=1)'

ninam

I'M+1/2) | (21 4+2M +1)I'(ny +ng + 1 +2M + 2)(ny + ne — [N
2rtretl /e \ T'(L+ 2M + 1)['(ny + M + 1)I'(ng + M + 1)(n1)!(ny)!

X /W(l + cos9)TM(1 — cos )M (19) sinddyd, M =2m+k; +ko+ 1. (53)
0

By using the Rodrigues formula for the Gegenbauer polynomials [21]

= U VAT(L+ 2)

_ )M 21— 2\l+A-1
T oG ari) L8 gttt
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and comparing (53) with the integral representation for the Clebsch-Gordan coefficients of the
Lie group SU(2) [23]

o s (2c+ 1)(J + 1)I(J — 2¢)!(c +7)!
acshB — CatBN (] —240)1(J = 2b)!(a — a)!(a + )b — B)!(b+ B)!(c — 7)!

(1) et

s /1 (1 - x)afa(l + a;)bfﬂﬂ[(l _ x)J—2a(1 + w)J72b]dw
27+ -1 dxe=7

with J = a + b+ ¢, we obtain

Wisngm (1, ko) = (=1)™ Conad (54)
2 ki +Fky+1
a:n1+n2+ m2+ 1+ K2+ ’ c:l+2m+k1+k2+1,
_nl—n2+2m+k1+k2+1 _712—711+2m+k1+k2+1

(07

2 P 2
Since the parameters in (54) in general are not integers or half integers, the coefficients of
interbasis expansion (51) may be consider as analytic continuation, for real values of their
arguments, of the SU(2) Clebsch-Gordan coefficients. Note also, that the inverse expansion of
(52) follows from the orthonormality of SU(2) Clebsch-Gordan coefficients.
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Table 1: The three-dimensional maximally super-integrable potentials

Potential V(z, y, 2)

Separating coordinates

2

w2 kz_;
V1=—(x2+y2+z2)+( S+

Cartesian

Spherical
Cylindrical Polar
Cylindrical Elliptic
Sphero-Conical
Oblate Spheroidal
Prolate Spheroidal
Ellipsoidal

Cartesian

Cylindrical Polar
Cylindrical Parabolic
Cylindrical Elliptic
Parabolic

2_ 1 72 _ 1
VZ+y2+22 0 2\ a? y?

Sphero-Conical

Spherical
Parabolic
Prolate Spheroidal II

21
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Table 2 Systems of coordinate in three-dimensional Euclidean space.

Coordinate System

Coordinates

I. Cartesian
z,y,z € R

a:7y’z

IT. Cylindrical polar
p>0, € [0,2m)

T =pCcosyp, y=psing, 2

— (u—e)(pa—er) 2 _ (ni—ez)(p2—e2)

ITI. Cylindrical elliptic z? rmer) 0 Y Cercea) 0 7
z€R,e1 <y <ex < o
IV. Cylindrical parabolic z, y==£&n, z=3(—7n%
&xeR,n>0
V. Spherical x =rcosfcosy, y=rsinfsiny, z=rcosd
r>0,6¢€(0,7], ¢e€l0,2m)
VI. Prolate spheroidal r? = % cos?p, y*= % sin? @,
er < up < ey < ug, @ €[0,2m) zz—w
VII. Oblate spheroidal r? = % cos?p, y*= % sin? ¢
e < uy < ey < uy, € |02 22—%) I
. — e e 2 _ .2 e —e

VIIL. Sphero-conical g? =2 B e;)éef e;; y Gt ey
r>0,e<pr<e <py<es |22 225; 22;52 :i”
IX. Parabolic z=¢&ncosp, y=~Ensing, z=1(&—n?)
§&n=0, €0 2m)

e 2 _ )( ) ) 2 _ (v1—a2)(uz—a2)(uz—az)
X. Ellipsoidal = e a5 ¥ = T e laa
a1 <up <ay <upy<ag<ug | 2P = lzmlled)ltac)
XI. Paraboloidal 22 — (m—as)(m—as)(ns—as) y? = (m—a2)(n2—a2)(ns—a2)

’ (az—as) ' (az—as)

O<m<a<m<ag<n |22=3(m+m+n—a —as)

22



