A Stefan problem for a protocell model with symmetry-breaking
bifurcations of analytic solutions
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Abstract

A simple model of a living cell which undergoes processes of growth and dissolution
is described as a free boundary problem for a system of two reaction-diffusion equations;
the condition on the free boundary is of the Stefan type. The special case of radially
symmetric cells was studied in earlier work. The present paper is concerned with the
existence of symmetry-breaking stationary solutions, i.e., with solutions which are not
radially symmetric. It is proved, in the 2-dimensional case, that there exist branches of
non-radial stationary solutions bifurcating from radially symmetric solutions; indeed,
for any mode [, [ > 2, there exists a unique bifurcation branch whose free boundary has
the form r = Ry +ecoslf + 55 €"An(0), |e| small, with A, () orthogonal to cosi6.

1 The model

We denote a variable point in R? by x = (x1,T3) or, in polar coordinates, by (r,#). Consider
the following free boundary problem: Find a 2-dimensional bounded domain €2 and functions
i and u defined, respectively, in R? and 2, such that

Ap = Xou in R?, (1.1)
p=logr(l+o(1)) asr=|z]— oo, (1.2)
 is continuously differentiable across 012, (1.3)
—Au=yp inQ, (1.4)
u=0 on 0Q, (1.5)
ou

%-I-,@:O on 02 (B> 0); (1.6)

here X denotes the characteristic function of {2; we shall sometimes use the notation

+ = T = .
W=y W= g
The above system is a 2-dimensional version of a stationary “protocell;” the concept of a
protocell was introduced in [7] [8] and it attempts to capture some of the average physical

and chemical properties of growth and dissolution of a living cell. The function p represents
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the nutrient concentration in the entire space with a given source at oo, and the function u
is defined as C' — C*, where C' is the concentration of the fluid-like building material of the
cell, and C* is the equilibrium concentration of the building material, so that u vanishes at
the cell’s boundary 0€2. The cell feeds on the nutrients in accordance with (1.4). Dissolution
of the cell, at the rate [ across the boundary, represents waste removal through the cell.
Actually the model studied in [7] [8] is somewhat different, and equally motivated, but the
present version is mathematically a little simpler.

It is easy to check that for any 3 > 0 there exists a unique radial solution
n= [L(’/'),U = U’(T):Q = {’I” < R}

and, in fact, R = 1/8. The purpose of this paper is to prove that there exist also non-radial
solutions. we shall prove that for any integer [ > 2 there exists a unique radius r = Ry,
which is a bifurcation point of a family of analytic symmetry-breaking solutions with free
boundary

r = Ry +5cosl0+25”)\ln(0) (1.7)
n=2
and
- 1
B = B+ Z€"ﬁln (Bio = R—) (1.8)
n=2 0l

The corresponding solution wy, ", ;7 of (1.1)—(1.6) are also analytic in (r,60,¢) in their
respect regions, up to the boundary. Each bifurcation branch is uniquely determined under
the following assumptions:

u and p are even functions in 6, (1.9)
2 27
/ u(r, 0, ) cosdf = 0, / u(r,6,¢) cosfdh = 0, (1.10)
0 0
2
/ Ain(0) cosmBdd =0  for n > 2 and m =1,1. (1.11)
0

Note that the orthogonality of A;,(6) to coslf for n > 2 is achieved by a choice of the
bifurcation parameter: If this condition is not satisfied for the expansions (1.7), (1.8), then
by setting

o) 27
e=ec+ Z "N} where \) = / Ain (6) cos 0d0,
n=2 0

we obtain a new family of solutions with

r = Ry + €' coslf + Z(g’)"Xm(e), B =B+ Z(E')”Eln
n=2 n=2

and 7(r,0,¢") = p(r,0,¢), u(r,0,¢") = u(r,0,¢) for which all the conditions in (1.9)—(1.11)

are satisfied.

The general theory of bifurcation (see, for instance, [5] [6]) deals with problems of the
form F(A\,v) = 0 where ) is a real parameter (like the parameter 3 in our case) and v varies
in a fixed space (finite or infinite dimensional). The bifurcation problem considered in this
paper does not fall within this theory because there is no such fixed space; indeed, the space
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in which the solution is sought is itself one of the unknowns of the problem, due to the
free boundary nature of the system. On the other hand, the orthogonality condition (1.9)—
(1.11) which ensure uniqueness are reminiscent of the orthogonality conditions imposed in
the Lyapounov-Schmidt method for constructing bifurcation branches.

The method we shall use to establish the existence of analytic bifurcation branches is
based on the recent approach by Friedman and Reitich [4] who established the existence of
analytic bifurcation branches for a free boundary problem modeling tumor growth. However
the system (1.1)—(1.6) presents new difficulties due to the following facts: (A) The present
system of three PDEs (for pu*, u~,u) is more complicated than the system of two PDEs
studied in [4]; (B) The present set of free boundary conditions does not allow as strong
a priori bounds as in [4] needed to estimate, by induction, the coefficients in the series
expansion for the solution.

Because of (A) we shall need to analyze very carefully properties of zeros of quotients of
Bessel functions; some of these results are actually of intrinsic interest. Because of both (A)
and (B), the inductive process is far more delicate than in [4].

The structure of the paper is as follows: In §2 we write down the radial solution of
(1.1)-(1.6).

In §3 we consider the linearized (stationary) problem about the radial solution of (1.1)-
(1.6) with free boundary r = R+ e coslf (I > 2) and prove that it has a non-trivial solution
if and only if R = Ry where Ry, is the solution of

Iy(Ro) Ii(Ry) _ [+ 1, (1.12)
I (Ro) Ii—1 (Roi) 21
and where I,,,(r) are the Bessel functions. Some known and some new facts about the Bessel
functions are given in the Appendix A. In particular it is proved that for any [ > 2 there
exists a unique solution R; of (1.12), and that Ry < Ro, if 2 < 1 < m. One of the auxiliary
but also intrinsically interesting results proved is that the function I;(z)/I(x) is concave.
In §4 we formally expand the solution of (1.1)—(1.6) into series

= puo(r) + Z e pin(r, 0), (1.13)
u = u(r) + Ze”un(r, 6), (1.14)

with the free boundary and (3 as in (1.7), (1.8), where (uo(r), uo(r), {r < Ry }) is a radial
solution of (1.1)—(1.6). We prove that, subject to the complimentary conditions (1.9)—(1.11),
the fin, Un, A\in, Bi,n—1 are uniquely determined by induction. Here again we require some
results on the Bessel functions that are proved in Appendix A. To prove convergence of the
formal series, however, we use another approach (As shown in [4], the standard majorization
approach one uses to establish convergence of the formal series does not work even for much
simpler problems).

In §5 we transform the free boundary bifurcation problem to one with fixed boundary by

the change of variables
r
!

" Ry +ecosld+ D ons2 €A (0)
For the new system we write down formal series

m = /’10(7‘1) + Z gnﬁn(rla 0)5

n>1

r



)+ ) e (r,0),

n>1

with the free boundary and § as in (1.7), (1.8). Here again the coefficients fi, tn, Ain, Bin—1
are uniquely determined by induction. However, in contrast with the situation in §4, the
nonlinear structure of the inductive formulas which define the f,, u, and X\, B ,—1 is
much simpler. This fact enables us to derive good enough estimates on fin, tn, A, Bin-1
for proving convergence. The proof of convergence is derived in §7. Several fundamental
estimates needed for this proof are given in §6. The proof in §7 requires also some calculus
type estimates on the derivatives of a composite function ®(fi(z),---, fe(z)) in terms of
derivatives of both ®(uy,---,u) (in the u’s) and the f;(z) (in z). These results are proved
in Appendix B. In §8 we state the main theorem asserting the existence, uniqueness and
analyticity (in (z,¢)) of the symmetry-breaking bifurcation branches of solutions of (1.1)—
(1.6).

2 Radial solutions

We seek stationary solutions (u(r),u(r), R) of the system

Ap=Xgpgegp for 0 <7 < oo, (2.1)
u(r) =logr + const. + O(1/r), 1 — o0, (2.2)
w is continuously differentiable across r = R, (2.3)
Au=—p ifr <R, (2.4)
u(R) =0, (2.5)
u'(R)+ 3 =0. (2.6)

The general solution of this system is given by

(r) = logr + AIj(R) —logR, >R
FI=\ Mo(r), r<R

where A is a constant. Since p/'(r) is continuous across 7 = R, 1/R = A{(R) = A1(R), so
that A = 1/(RI,(R)). By (2.4), u(r) + p(r) is harmonic in {r < R}, so that u + pu = const.,
or

Uy = —pr = =AM (r) = =M (r),

which implies that u(r) = A f I, (&)d€ and 8 = —u/(R) = 1/R. We summarize:

Theorem 2.1 For any [ > 0 there erists a unique radially symmetric solution of (2.1)—
(2.6), given by

logr + Lo(R) —logR, r>R

pr) =3 gy (2.7)
Rh(R) s
_ I(R) — I(r)
Rh / A T (28)
== (2.9)



In the sequel we use the notation
[v]— £(6)
to denote the jump of a function v(r,8) across r = f(0), i.e.,

[Wl=p8) = v(f(0 +0,0) = v(f(0) = 0,0).

We also write
[V]r=r = [v](R) = v(R+ 0) — v(R — 0).

Remark 2.1. In the time-dependent version of the protocell model [3], the differential
equation for u is
cuy — Au =

where c is a positive number, and the Stefan free boundary condition is

ou
Vo=—5-—8.

By the method developed in [3] one can prove that for any initial data for u, there exists a

unique radially symmetric solution u(r,t),u(r,t),{r < R(t)} to this problem for all ¢t > 0,
and, if c is sufficiently small,

‘R(t) - %‘ <Ce V>0,

where C, o are some positive constants.

3 The linearized problem

We want to construct non-radially symmetric stationary solutions of (1.1)—(1.6). To do this
we first need to find the bifurcation points R = Ry, i.e., the values R = R, for which the
linearized system of (1.1)—(1.6) about the radially symmetric solution

(1o(r), uo(r), Ro)

has a non-trivial solution. The linearization can be made for any mode [ > 2 and it corre-
sponds to a perturbation of the free boundary of the form r = Ry + (ay cos 10 + ag sin 16).
By a translation § — 6 + 6 and a scaling of ¢ we may take, without loss of generality,

r = Ry +eA(0), A1(6) = coslf. (3.1)
Writing
p(r, 0) = po(r) + epa(r) M (0),
u(r, ) = uo(r) + eur (r)A(0),
we easily derive a system of equations and boundary conditions for p, u;:

l2

Apy — ﬁﬂl = Xfr<Ro} M1, 0<r< oo, (3.2)
pr =0(1) asr— oo, (3.3)
[11](Ro) = 0, i (3.4)
[95] (o) + [ 222 (o) = 0 (3.5)
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and

2

—Auy + r_2u1 =u if r < Ry, (3.6)
uy + %(Ro) =0 ifr = Ry, (3.7)
% n a;;‘) (R)) =0 ifr= Ry; (3.8)
recall that 9 .
8—7'0(R0) =—p= —R—O-

From (3.2), (3.3) we get

/j,l(T):AIl(T) if r < Ry,

pi(r) = Br=t ifr > Ry
where A, B are constants. From (3.2), (3.6) we see that the function 7' = py(r) + uy(r)
satisfies:

1 12 :
L+ -1, — 5T =0 ifr <Ry,
r r

and therefore T = C7r!, where C is a constant. Thus
ui(r) = Crt — AI(r).

The boundary conditions (3.4), (3.5), (3.7), (3.8) then become

BR;' — AL(Ry) = 0, (3.9)
- 1o (Ry)
—BIR;"™ — AIl(Ro) = ==, 3.10
0 l( 0) Roll(RO) ( )
1
—AL(Ry) + CRl) = —, (3.11)
Ry
_ Iy (Ry) 1
—AI(Ro) + CIRy ™ = =20 — — 3.12
l( 0)+ 0 ROIl(RO) R(2) ( )
and it remains to find R, such that this system has a non-trivial solution (A, B, C).
Multiplying (3.9) by I/ Ry and adding to (3.10), we get
! Iy (Ro)
—IL(Ry) + I[[(Ry) | A= ————F=~
RO l( 0) l( 0) ROII(RO)
or, by (A.3),
I
A 0(F) (3.13)

~ RoLi(Ro)I-1(Ro)’
Multiplying (3.11) by —I/R, and adding to (3.12), we find that

l , l Iy(Ry) 1
—L(Ry) - I A BT Rol(Ry) R
7 l(Ro) l(RO)] + R% Roll(RO) Rg



Hence, by (A.4),
[+1  Iy(Ro)
R2 RoI:(Ry)

and the expression in brackets can also be written as

a=| /i1 (Ro),
[(1 + 1)I1(Ro) — Rolo(Ro)]/[R311(Ro)].

Comparing this value of A with the value of A in (3.13), we conclude that a non-trivial
solution to (3.9)—(3.12) exists if and only if Ry satisfies:

Roly(Ro) — (1 + 1)11(Ry) = RO[O(RO)QE%;’
ROIO(RO) 1-— Zi%ggg;] = (l + 1)[1(R0).

Using (A.5) with m = [ results in the simpler condition

Iy(Ry) I(Ry) _1+1
L(Ro) I_1(Ry) 21 ° (3.14)

We now apply Corollary A.4 to conclude:

Theorem 3.1 The linearized system for mode | has a non-trivial solution if and only if Ry
is the unique solution Ry = Ry, of (3.14)

From the previous formulas we find that the solution 1 (r), ui(r) is given by

I+1
—;—Ré_lr_l it > Ry
p(r) = _l+1 I(r) fr <R ’ (3.15)
2l Rol,(R,) 0

u(r)_z—1 LS W10
BT 0 RET T 21 RoL(Ro)

Remark 3.1. For [ =1, (3.14) holds for all 0 < Ry < co. The reason is that the problem
(1.1)—(1.6) is invariant under translation. Then, given any radial solution of (1.1)—(1.6), we
can obtain other radial solutions centered at any point. By translating the center of the free
boundary from z = (0,0) to z = (0,¢), the solution changes according to mode cos #; more
precisely, the new free boundary satisfies:

if r < Ry. (3.16)

r=Ry+ecoslf+O(?) ase— 0.

Since the change experienced by the solution is then trivial, we will not consider the bifur-
cation associated to [ = 1. On the other hand, if [ > 2, the solutions with free boundary
given by (1.7), as € — 0, are not radially symmetric with respect to any center.

Our goal is to prove that about each bifurcation point (u1,u1, Rg;), there is a bifurcation
branch of (symmetry-breaking) analytic solutions with free boundary given by (1.7) and

B = B(g) given by (1.8).



4 Formal solution

We seek to find symmetry-breaking solutions initiating at Ry with free boundary
r=Ry+ f(0) = f(§) where Ry = Ry, | > 2. (4.1)

Note that the boundary condition 0u/0n + = 0 can be written in the form

ou ’(0) ou = o
FO5 ~ 5y 00+ OV PO+ (70)

I
e

(4.2)

Since u(f(&), f) = 0, we have U f' +ug=0onr = f(@) and, consequently, the boundary
condition (4.2) can also be written in the form

5 PO+ FOPIG 70 + (Foz =0,

or
ou Ro + f

o R s

In this section we describe a natural formal approach to computing the coefficients in the
power series expansions of the bifurcation solutions given by (1.7), (1.8) and (1.13), (1.14).
As was shown in [4], this approach, however, surprising enough, is not a good one for actually
proving convergence, even for very simple elliptic problems with prescribed boundary that
depends analytically on a parameter €. Therefore, in the subsequent sections we shall use
another scheme for proving convergence; this latter scheme looks more complicated but is
nevertheless much easier to work with.

(4.3)

The reason we have included the formal approach of this section in our paper is that it
enables us to reduce the compatibility condition which determines the (3, to a much simpler
formula than does the scheme of the subsequent sections. This compatibility condition is
based on LLemma 4.2 and is established in Theorem 4.3; it will be used to prove the assertion
(7.1) of Lemma 7.1.

In determining (inductively) the coefficients A\, tim, U in the expansions (1.7), (1.13),
(1.14), only powers of cos (6 to order < m will occur. Hence these coefficients will be finite
linear combinations of cos jlf with j < m. We can therefore write (1.7) and (1.13), (1.14)
more explicitly in the form

:Ro-l—ZEmZijCOSjleERO+f(9,5), (44)

m=1  j=0

g™ Z Pmyj (1) cos 516, (4.5)

1 j=0

M8

p= po(r) +

m

6m

M8

u = uo(r) + Umj(r) cos jl6. (4.6)

<
Il
)

M1

1

3
I

From the differential equation (1.3) we get, for m > 1,

j2 2
A,Umj - r—Qlumj = X{r<Ro},U'mja (47)
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so that

) _ Aijjl(T) lf r < R(),
pmi () = { Br7t  if r > Ry, (4.8)

where A,,;, B,,; are constants.

From the differential equations (1.1), (1.4) we find that (f4m; + Um;) cos 516 is harmonic
in {r < Ry} so that '
U,mj(T) = ijT]l — Amjljl(T') if r < Ry, (49)

where Cp,; is a constant.

We now wish to determine the constants A,;, Bpj, Cmj, Tmj and By,—1 so that the bound-
ary conditions (1.3), (1.5), (1.6) are satisfied.

Proceeding by induction we assume that these coefficients have already been determined
for m < n, and we shall proceed to determine them for m = n.

Setting

0) = Ry + Z g™ Zij cos jl8, (4.10)
m=1  j=0

the condition (1.3) becomes:

MO]T fn(6) + Z Z { mjT - mjljl(’r)} s cosle =0, (411)

r=Fn(0)

[%] +Zg Z{ (1) By 71 — Ay Ty (r )}r L g Cosilf=0. (1)

The boundary condition (1.5) gives

’U,()T'

r=

s + mz:l Z { m]’]"]l Amj[jl(r)}’r:fn(ﬂ) cos jlf = 0. (4.13)

Finally, the boundary condition (1.6), written in the form (4.3), becomes

(G1)Cojr? ™ — A Iy (r } cos ;10
A Z{J j A} o5

m=l . (4.14)
+(6o+ ;‘fmﬂm) \/ S LOOF

Using the fact that [uo](Ro) = [%](RO) = 0, we find from (4.11), (4.12), by equating the
coefficients of " cos 516, that

8”0 (
or

anRajl — AniLi(Ry) = F). (4.15)

'ﬂj’
. iy 0?u
(1) Bas B = Ans Iy (Ro) + 7o | S5 | (Ro) = 2, (4.16)

where F;, F?; are determined by the inductive assumption, i.e., they are given in terms of
the A,k Bk, Coks Tmks Bm—1 for m < n — 1; the parameter 3,_; however has not yet been
determined.



Similarly, from (4.13) we obtain, using the relations ug(Ry) = 0, 0ug/0r(Ry) = —fy =
—1/Ry,

i 1
_Anjljl(RO) + anR(])l — ET”j — st’

where Fg’j is determined by the inductive assumption, i.e., it is given in terms of Ak, Bk,
Conks Tk and B,—1 for m <n — 1.

(4.17)

Finally, from (4.14) we get

82u0 (R())

—AniLii(Ro) + (G)Ci R + Ty

= Fli — Budjo = FL, (4.18)

where l;,‘fj is given by the inductive assumption as the preceding F,ZU The coefficients matrix
of the linear system (4.15)—(4.18), for fixed j, is

—I;i(Ry) Ry 0 0
il 0.
. -1 0
| aony? 0 [WJ(R())
L |
T aBo) 0 Ry iy
N ol ug (R
ey o e el

Adding jl/R, times the first row in T}; to the second row we find, after using (A.3), that

—Iji-1(Ro) 0 B
det Ty, = Ry7 det | —I;u(Ro) R 5|

, 0
~Iy(Ro)  (GDRY v
where o and ~ are defined as:

62/,1,0 I()(Ro) 82U0(R0) 1
o= |Gl = gy = e — R

- a. (4.19)

Adding (—jl)/ Ry times the second row to the third row and using (A.4), we get

—ILi—1(Ry) —a
detLju = det (_Ijl+1(R0) l% + ’Y-)
Setting m = jl, we obtain
det T, = — m_l(Ro)(}% +7) = @l (Ro)
= ~Luna (80 o+ s (R0) = Lo ()l

Im—l(RO) I()(R()) Im(Ro) m+1
<11(R0)Im1(R0)_ om )

Recalling Theorem A.5 we conclude:
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Theorem 4.1 There holds:
detT; #0 if j #1; detT; = 0.

The condition det T; = 0 is just (3.14), the solvability condition for the linearized problem.
The condition det T}; # 0 for j # 1 implies the solvability of the equations for the coefficients
n (4.4)—(4.6) for any j # 1. Thus it remains to solve the system (4.15)—(4.18) in case j = 1.
Here we shall need to use the parameter (3,_; to ensure solvability.

Remark 4.1. For n = 2 model [ terms do not appear in the FSJ- and thus the system
(4.15)—(4.18) has a unique solution. However, in this special case, we necessarily have that
01 = 0. Indeed, if n = 1 then F,}j =0, Fﬁj =0, ng =0 and ﬁ,fj = 0, and since the linearized
solution is of mode [, also A;; = Byj = Cy; = 7y, = 0 if j = 0. Equation (4.18) then implies
that #; = 0. This fact can also be proved in another way. Denote by €2, the domain bounded
by r = Ry +ecoslf + O(?). Then

1=— / Au—/
b 00, 90, 8” .

where = po(r) + epy(r) cos 6 + O(g?). Since

/895 1 =27Ry + O(e?), /E p(r) = /QO pio(r) + O(£2),

writing 8 = [y + €81 + O(g?) we get
(G0 +£f1 + O(2) (27 Ry + O(e?)) = / o(r) + O(e?)

which implies that 6, = 0.
Introducing the vector notation

1

X L — B”lj F — Fnj
ng — C i 9 njg — F3 9

Tnj Fj

we can write the system (4.15)—(4.18) for j = 1 in the form

This system is solvable if and only if the augmented matrix has the same rank as 7;, i.e., if
and only if

FL Ry 0 0
F?2 —IR;"' 0 -«

det F,:Z’l 0 Ré _RLO =0.
F 0 IR, v

Adding I/ Ry times the first row to the second row and (—I)/Ry times the third row to the
fourth row, the above condition reduces to

Fnll + -
det [ ™ 141 =0

3 4
ROF”L1+F7L1 R—(Q)—Of

(here we used the definitions of «, in (4.19)). Thus we have:
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Lemma 4.2 The system (4.20) has a solution if and only if

(ll—;—gl N O‘) (R%Frh + Fﬁl) - a( - R%Fi’l + Fﬁl) =0. (4.21)

We want to prove that £, ; can be uniquely determined so that (4.21) holds. We first
have to examine how (3,_; enters into X,,_; ;. It clearly appears only in the last equation for
Xn—1,0 (see (4.18) with n replaced by n — 1):

0
0
TOXn—l,O - n 1,0 — ﬂn 1 0
1
We can therefore write R o
Xn1,0 =Xy 10+ Xn-10 (4.22)
where inq,o does not depend on [, 1, and, setting
A, A
- | Bai | _ - = B
Xn—l,O - 671.—1 - ﬂn— X X U )
Tn-1 T
there holds:
0
- 0
TyX = — 0
1
One can easily compute that
— I(Ro) & I}(Ro) I3 (Ro) _
A=R . B=R : C:R( —1), — _R2, 4.23
"B(R) "B (R \BRy ) T 1)
We now return to (4.20) and write
Fnl = ﬁnl + Fnlﬂn—l; (424)

where F,,; and F, are independent of 3, ;. We need to compute F,,; = (F1,Fo,F3, F))T.

To do that we write
r = fn(0) = Ry + g(0)

so that
fa(0) = Ry +ccoslf +e" 7,1 + O(e?) (4.25)

and

g=c¢ccoslf+""'F, 1 +0(),
g)? =2e"cos 1l - 7,1 + O(e?), (4.26)

(9)*
(9)* =0  (k>3).
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Here O(£?) does not depend explicitly on 7,,_; and terms of order "™ have been discarded;
these conventions will be used also in the sequel.

We also have, for r = f,(0),

(f)¥ = RE+ kRN "7, + kR e cos 10 4 O(€?) + O-(™), (4.27)
(fa)™* = Ry* — kRy* '™ 71 — kR e coslf + O(e?) + O=(e"),  (4.28)

where O(¢") may depend on 7, ;.
From (4.26) we obtain

L,(r) e Ln(Ro) + I (Ro)e™ 'F_1 + I (Ro)e cos 10 + O(g?) + Ox(e"), (4.29)
I' (r) . I' (Ro) + I (Ro)e™ Ty + I (Rp)e cos 1 + O(e%) + Oz (™). (4.30)

We proceed to compute the first component F of F,;. For this we need to identify in
(4.11) the terms of the form A\e" coslf where )\ depends only on A,,_1, B,_1, C_1, Tn_1; all
other terms are irrelevant and will be collectively designated by “---”.

Using (4.26) we find that the first term on the left-hand side of (4.11) is of the form

1 ,70? 0?
[0l r=1.(0) = 592[ a:éo} (Ro) +---= [ af?o] (Ro)e"cosll -Tp 1 +--- (4.31a)

Using (4.28) we see that from the series > e™ Y By,;7 7' cos jlf we can get €™ coslf - T4
only if m = 1 and (necessarily) j = 1. We thus get

l
—FBH&” cos 16 - ?n—l- (431b)
0

The coefficient B, ; does not come with " coslf. Similarly, using (4.29) we get from
—> ™y ApiLi(r) cos jl the term

—I}(Ro)A116" cos O - Tp_1; (4.31c)
we also observe that A,_; appears when m = n — 1, j = 0 in the form
—e"coslf - A, 1I)(Ry). (4.31d)
Combining (4.31a)—(4.31d) we conclude that

—Fl = ?n—1< — Bll — IlI(Ro)AH) - Zn—ljl (R()) (432)

T plt1
Ry

Next we consider (4.12). From the first term or the left-hand side we get

[63u0
or3
From the sum of the B,,; we can get €"coslf -7, only if m = 1 and j = 1; the resulting
term is

} (Ro)e™ cos 1l - Tp_1. (4.33a)

[+1
%ZBHS” cosll - Tp_1. (4.33b)
0
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From the sum of the A,,; we get €"coslf - T,,_; only if m = 1 and j = 1. Using (4.30) we
find that this gives the term

—I'(Ry)A11™ cos il - T, 1. (4.33c¢)
Finally, A,_; appears (when m = n — 1,5 = 0) in the form

—e"coslf - A, 1 - I (Ry). (4.33d)
Combining (4.33a)—(4.33d) we see that

-2 _ aSNO l(l + 1) " 1
_F = Tn—l{ [ 87‘3 ] (Ro) + WBH — Il (R())All} - An—lll(RO). (434)

Next, by the same analysis as for (4.11), from the first term in (4.13) we obtain

82U0

or?

(Ro)e™ cosll - Tp_1,
and from the remaining terms we obtain

CulRf)_le" cosll -T,_1,
—I}(Ro) A" coslf - Tp_1

and
—c"coslf - Zn—II(I)(RO)’
so that

—73 = ?n—lh/ + ClllRé_l —_ IlI(RQ)All] - A”_]_Il(Ro). (435)

Finally we consider (4.14). Computations as above show that we collect the terms

83
8;’0 (Ro)e™cosll - Ty (4.36a)
from Ouy/0r and
I(1 —1)C RS 2™ cos 10 - Ty, (4.36b)
—I/'(Ry)Ay1€™ cos 1l - 71, (4.36¢)
—I(Rg)e™ coslf - A,_; (4.36d)

from the double sum in (4.14).

Considering the last term on the left-hand side of (4.14), we note that f'(#) does not con-
tain 7, ;. Therefore {1+(f'(9)/f(6))?}~'/2 does not contain terms of the form const .£" cos [6-
Tp_1. 1t follows that

83U0

iy ?n_l{W(RO) +1(l —1)CRE? — I{’(RO)AH} A, _I'(Ry). (4.37)
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We shall next compute more explicitly the coefficients F’j, making use of the formulas
(see (3.15), (3.16))

A I+1 1
H 21 RoI,(Ry)’
I+1
By = ——
11 2l RO 3
-1 1
Cll - 21 Rl-l—l

which follow from §4 (after using also (3.14)).
Dropping the independent variable Rj in the various Bessel functions, we find that the
coefficient of 7,,_; in F is equal to

I, !
0 L T'A+——B
Ry, T 11+Ré+1 H
I _Il,l+1 1 HlRf;l
Rol, 2l Rol, RLT 2
I, 1+1 !
— _ I'+ ]
Rol, 21R011[ 'R l
I, 1+11_,
— _ by (A.3
Rel, 2IR, I, (by (A.3))
= 0 (by (3.14)).
Thus, by (3.14)
F' = I(Ry)An_:. (4.38)

The coefficient of 7,,_; in —F is equal to

. I(1+1)
G ) (R0 + TRy Pom Al

© OBL Ry RgT 2 oty R, by direct computation)

Iy 1 (+1)*1 I+1 15 141 ?
E R B A ) by (A
R R, 2 R 2 Rgfl+2zRO< +R§) (by (A-1))
T, 1—11 141 z
- I+ —1I
RL 2 R Rglll(l+R0 )
I—11 I, 1+1
N T, (by (A.
o ' mL emptt (VA3
I—11
= R by B.14))
Hence 1_11
_2 —
F = e + R A, (4.39)

Next, the coefficient of 7,,_; in o is equal to

1 I, 11— I'li+1
- lRl 1
(Rg Rofl) TR T 1 2R,

15



:_Io +l+1(fl'+llz>

R()Il QZR()]l RO
Iy [+1
= _ I by (A.3
Rl Tamont (Y (A3
= 0 (by (3.14)).
Hence ., _
F = Il (RO)An—l- (440)

Finally the coefficient of 7,, 1 in ~Fis equal to

83U() -2 "
55 (Bo) +1(L = )Cu Ry — Anl]
Pug -1 1 5 ,+11
= —1)— e
grs (Fo) + =1, RgHR" U R

2> 1 I, (=121 I+1 2y T
- SRSy O P by (A1
B R RL T 2 R 2R I Rg) Roll] (by (A-1))

_ i(_2+(l—1)2+l(l+1))_l—1+ Iy _l+1(Il—1_L) (by (A.3))

R 2 2 2R, R, 2R\ I, R,
1 1—1)% 1(1+1) 1+1 -1
- R—g(—2+ o — )_QZRO (by (3.14))
P11
R} 2Ry
We conclude that
—4 ?P—-1 1-1 ,
Fl=— QZRO]TR L+ Ay IU(Ry). (4.41)
Since, by (4.23),
- RoI}(Ro)—
n—1 — _714717 )
Tn—1 IO(RO) 1
we can rewrite (4.39) and (4.41) in the form
o |—1 I}(Ro) _
F = L I'(Ry)| A, 4.42
- T )| A (4.42)
-4 l2 -1 -1 Rol (Ro) ' —
F = + I A, . 4.4
{l R - 3R Io(Ro) + LR A (4.43)

Substituting (4.38), (4.42), (4.40) and (4.43) into the solvability condition (4.21), we get

where ﬁn depends only on Ap,;, By, Crijs Ty Bm—1 for m < n — 1, and

AR) = (ZEI—RI—D(%A—Z;ZIZ+fi)+é—2(—éfl)
{[l -1 —l_l}RP(R)—i-I{}
TR 2R | To(R)

16
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where Iy = Iy(R), I; = I,(R). Using the relation I{ = Iy — I; /R, we easily obtain

A(R) = z;1I(R){2(5;1)(§;Eg) —l;(ggg)t@. (4.46)

We shall prove

Theorem 4.3
A(Ry) # 0. (4.47)

Consequently the equation (4.44) defines (3,—1 uniquely in terms of A,,;, Bmj, Cmj, Tmj
and (,,_1 for all m < n — 1. Thus the asymptotic expansion can be developed for all n, and
it is easy to see that it formally defines a solution to the free boundary problem up to any
order of precision &".

Proof of Theorem 4.3 Let m > 2 and denote by z,, the unique solution to

I(@m) Im(Tm) m+1

= . 4.4
Il (acm) Im—l(xm) 2m ( 8)
The function 1)
Glz) = 27
() To(@)
satisfies )
G'+G*+ —G=1 (4.49)
The function I (@)
x
V(z) = —"
(@) =7" @)
satisfies (see (A.45))
T 27"3: ly o1 (4.50)
and (4.48) can be rewritten as
m+1
=" . 4.51
Viem) = "G ) (4.51)
Using (A.20) we have
Vi(z) G'(z) G(z) d (V(x)
— = — 0. 4.52
V()  Glx)  V(z) dz <G(x)) > (452)

Substituting (4.49), (4.50), (4.51) into (4.52), we obtain

o< (bov-m) (o)
= (ntic- "2;1@—2’”;1)—(%—@—%)
m-—11 20m —1
= Gt O (mx )
e T
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If we take m = [, then z,, = x; = Ry and this implies that
A(Ro) < 0. O

Remark 4.2. The mode [ solution is uniquely determined up to a multiple of a special
solution of the homogeneous system (4.15)—(4.18). It follows that by imposing the condition
T =0 (i.e., f027r Ain(0) cos 16df = 0) we get a unique solution to (4.15)—(4.18). We have thus
proved:

Theorem 4.4 There ezists a unique formal power series solution (4.4), (4.5), (4.6), (1.8)
of (1.1)—(1.6) subject to the conditions (1.9)-(1.11).

5 A change of variables

There is a serious difficulty in proving directly that the power series of the formal solution
asserted in Theorem 4.4 is convergent (cf. [4]). We therefore proceed indirectly, by first
transforming the free boundary problem into a problem in a fixed domain. We perform the
change of variables

r' = T/(RO + f(ea 6))’ (51)

under which the original problem is reduced to a problem in a disc {r’ < 1}. For simplicity,
we shall still use r for the new variable (instead of ') and set

1

A= Rv it P
where o
F0,2)) = &)(0), (5.2)
j=1
and ) ,
20 108 | 23 19 fi @ (53)

" Ro+ frofor ' (Ro+ f)2rdr ' (Ro+ f)2or?

Then, in the new coordinates, the system becomes:

L(D)p = X1y (Ro + f)?p in {r < oo}, :
L(D)u= (Ry+ f)*u in {r <1}, (5.5)

with the boundary conditions

u=0 onr=1, (5.6)
[u] = [a—'ﬂ =0 onr=1, (5.7)
ou (Ro + f)? _ _

E+ﬁ[(Ro+f)2+f02]1/2 =0 onr=1 (5.8)

18



As before, seek for solutions of the form:

u = up(r) + Zsjuj(r, 6), (5.9)

j=1
= po(r) + Y&l p(r,0), (5.10)

j=1
f(8,¢) :R0+8COS0+Z<€j)\j(9), (5.11)

j=2
B=p6o+ > &B. (5.12)
j=1
The zeroth order solution in the new variables is given by
7IO(ROT) forr <1
_ | Foli(R) 5.13
o lo r—i—ﬂ forr>1’ 19
*" 7 RoLi(Ro)

1 1
ug(r) = ——== | L(R&)dé forr <1, 5.14
o) = Ty [ D) (514

1
=—. 5.15
Bo Re (5.15)
Clearly
Il(Ror)
forr <1
% - 111(R0) (5.16)
" - for r > 1,
8u0 Il (R(ﬂ')

= — fi <1 5.17
87‘ Il (R()) orr ( )

Substituting (5.2), (5.9)—(5.12) into the system (5.4), (5.5), (5.8), we find that
(Hn, Uny A,y Bn) satisfy the following system

1. 10

Aptn — Xgre1y (Rt + 2R A p10) — EAW;# = F'"(r,0) inR,  (5.18)
2 1 1 8u0 omn .

Aun + (R M + QR)\n,U;()) — E)\n’gg;ﬁ =F (’f’, 9) mn {7' < 1}, (519)

where R = Ry = Ry, with the boundary conditions

_ [Oka] _ _
[un] = [ B ] =0 onr=1, (5.20)
u, =0 onr=1, (5.21)
ou 1
o )\, = FBn = 1. .22
i + B, R+ R/\n (6) onr (5.22)

The F7™ depend only on the i, Um, Am, Bm for m < n.
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By reversing the mapping

r
e S — e ——
RO + f(ga ‘5)
and using the results of §4 we can deduce that the system (5.18)—(5.22) has a solution which
is even in 0.

In the next section we prove general lemmas which will enable us (in §7) to derive bounds
for the system (5.18)-(5.22) that ensure convergence of the power series (5.9)-(5.12).

6 Fundamental lemmas

We introduce the norm
110°N
) 962

1 0’N
r10rdl

N
or?

ON

1
N1l 2() = H‘N‘
L2(By)

where B is the unit ball in R?. This rather unusual norm is related to the form of the
operators in (5.8), (5.9), and will be very useful. It is easily seen that

[Nl z2(8y) < ClIN m2(8:)- (6.1)
As proved in [4], if N =0 on 0B; and

27 2m
/ N cos0df = / N sin6df = 0,
0 0

then also

[INllz28,) < ClINIm2(81); (6.2)
the condition N = 0 on 0B; may actually be dropped by applying the last inequality to
N — Ny where ANy = 0 in By, Ny = N on 0By, and then estimating || No||z2(5,) using its
expansion into a series Y, ™™,

Consider the system for M = M (r,8),U = U(r,0), A = A(0):

1
AM — Xgpe1y (R*M + 2RApg) — EAH,, (95;0 =F'(r,0) inR? (6.3)
1
AU + (R2M + QRA,U,O) — EAQ@-% = F2(7’, 0) in {T‘ < 1}, (64)
with the boundary conditions
oM
[M] = [W} =0 onr=1, (6.5)
U=0 onr:1 (6.6)
a—+ﬂR+RA F?(@) onr=1; (6.7)

here (3 is a given real number.

Lemma 6.1 Set R = Ry = Ry and let F? be even functions of § such that F* € L?(R?), F? €
L*(B,), F? € HY?(0B,),

27 27
/ F'(r,0) cosmfdf = 0, / F?(r,0) cosmfdf = 0,
0 2n 0 (68)

F3(@) cosmfdf =0  for m = 1,1,
0
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and, forr > 1,

1 1
FI(T', 9) = ﬁFlO(e) + ﬁFll(r, 9),

2w (69)
/ F0)d8 =0, ||F"||2e25,) < .
0
Set
NEW = (F z2myy + 1F N r2@my + 1 2@emy + 122y + 1F | m20m,))-
Then there exists a unique solution (M, U, A) of (6.3)—(6.7), even in 0, such that
2m 2m
/ M (r,0) cosmbdh = 0, / U(r,0) cosmbdh = 0,
0 o 0 (6.10)
/ A(f) cosmbdf =0  for m =1,1,
0
and the following estimates hold
10(M — My) 10M 0*(M — M) 10*°M
R e AT -+ 5am )|
H(| ol + r or + r 00 or? r Orof ) L2(By)
2 I3(R)
HIM + U = Cnlls) + 1A+ B8 Loy + O — BT = 1)| < CUIE
1
(6.11)
and 10M 0?M 10°M
2(| == - < C||F 6.12
4 ( r or or? + ‘r@r@ﬁ‘)’m(ﬂv\&) I ( )
where Cog 18 a constant,
My(r) = Mél)(r) + Mé‘o’) (r) forr<1, (6.13)
and
Ao Io(Rr) rIi(Rr)
MP (r) = -2 | L 6.14
Yo =-F0m TE ) (6.14)
Iy(Rr)
M) (r) = Cop= 6.15
0 (7') 20 I()(R) ’ ( )
1 2w
A= — A(6)do;
2w Jo

C 1is a constant independent of (3.

We recall that the norms H* for k£ which is not as integer can be defined either by the
Fourier transform, or by interpolation [1].

It is worth pointing out that the first term on left-hand side of (6.11) is not the H? norm
of M — M,, as the pure second order € derivative is missing. Note also that in the left-hand
side of (6.12) there is a weight 72 inside the L?-norm; this is enabled by the factor 1/r? in
(6.9).

Remark 6.1. It may look rather surprising that A + SR? has one more derivative than
F3, since this is not apparent from the boundary condition (6.7). The reason for this gain
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of one derivative is roughly the following: Equation (6.3) suggests that the regularity of M
is the same as the regularity of A. Since M + U satisfies a “nice” Poisson equation, oU/0r
is “likely” to have the same regularity as OM/0Or at r = 1, i.e., as Ay. Thus (6.7) is in some
sense a pseudo-differential operator of the first order for A, and thus should have one more

derivative than F3.
Proof. By the assumptions on the F7 we can write

Fi(r,0)= Y Fi(r)cosmd, j=1,2,
m#L,m#l
F30) = Z F2 cosme.
m#1l,m#l
Furthermore, for r > 1,
1
Fo(r) = 5 (Fy) + Fp (1)),

,
where
1 27
FlY = —/ FY(0) cosmfdf  if m > 2,
T Jo
Fio =0,
1 [ 1
Fl(r)= = / FY(r,0) cosmfdf if m > 2, (6.16)
T Jo
1 2m
Fl(r)= — FH(r,0)dé.
Y=g [ )
In view of (6.10) the solution A, M, U must have the form
A= Z A, cosmb, (6.17)
m#1l,m#l
M = Z M,,(r) cosm#, (6.18)
m#1,m#l
U= Y Un(r)cosmb. (6.19)
m#L,m#l
Then (M, Up, Ar,) satisfy
1 m? 1 1 Opg
vyt ™y 2 e N B )
M, + TMm 2 M, {r<1}(R M, + QRAm/L()) + Rm Am7‘ o F. in R% (6 20)
1 2 1 1
U” + U — U, + (R My, + 2R A p10) + —mQAm—% =F2 forr<1, (6.21)
r 72 R r or
with the boundary conditions
oM,
(M) = | = [=0 onr=1, (6.22)
Un=0 onr=1, (6.23)
1
36% + EAm + PR =F> onr=1. (6.24)
The general solution of (6.20) can be written in the form
My = MY + MP + M), (6.25)
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where Mr(n1 ) corresponds to the general homogeneous solution, namely,

{ CrmIm(Rr) forr <1

(1) —
M Comr™™ for r > 1;

m

(6.26)

Mg) corresponds to an inhomogeneous solution involving F}(r), and Mr(n?’) corresponds to
an inhomogeneous solution involving A,,. Writing My = gm(r) I (Rr) for < 1 and
MP = gm(r)r~™ for r > 1, we derive a first order ODE for g/ (r) which can be readily
solved by integration. This leads to

1 ds s )
—Im(Rr)/r m/{) 7L (R7T)E, (T)dT forr <1

1 T ) Fl
——/ s2m1ds/ m(Tl) dr forr > 1.
rm 1 s Tm=

Finally, recalling (5.13) and (5.16), a solution M is obtained by replacing, in (6.27), EL(r)
by

M2 = (6.27)

A, m?

i {210(Rr) - Eh(RT)} for r < 1,
m? 1

_f 7‘_2Am for r > 1.

This yields, for r > 1,

T (e 9] 2
M(3)(r) — A_m/ SQm—lds/ m dr = Afm(l — i) for m > 2,
rm 1 ] "

m R7-m+1 r (628)
MP(r) =o0.
To compute M (r) for r < 1, we use Theorem A.6:
Ap In(Rr) (1 ds s q
(3) — mim — 2 —
MP0) = FEE / () /0 = In(r){m*L(r) = 2rLo(r) }dr
A In(Rr) [* Rs (m—2
= — I 1
R T1.(R) / Izn(Rs){ s (Bs)Im(s)
— [B(Rs)Ln(Rs) = 1 (Rs) L1 (Rs)] }ds,
so that A, L (Rr)
MO (r) = 2 g (1) for m > 2 2
m (T) R Il(R) (7') or m 7 (6 9)
where in view of the relations ﬁg:; = ﬁ)gg -2
1
Il(RS) I()(RS) Im_H(RS) .
B = - — fm>2. .
m(r) / In(Rs) {m (£s) [Il(Rs) In(Rs) ]}ds tm (6.30)
The same formula is valid for m = 0 with
1 ds Rs 9
Bo(r) = — | =2 [ Z:12(r)d
) = - [ sp | FrEEr

_ / f_ds
B . RsIZ(Rs)

= - [ (w1 -gelas =~

1

Y
r
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or,
_[1 (R) Il (RT) .

By(r) = T (R) + SIS (6.31)
the second and third equalities above can be verified by differentiating the right-hand sides
and using the relations (z/i(z)) = zly(x), Ij(z) = I;(z). In particular we conclude that
(6.14) is valid.

We next add the equations (6.20) and (6.21) to get

2

1
(Unn + M)+~ (U + M) — T—Z(Um +M,) =F. +F2,

which leads to

Un = =My + Capr™ — 1 /82m+1/ m Fl()+F2()d. (6.32)

We divide the rest of the proof of the lemma into six steps.

Step 1. Solving the system for (Cipmm, Com, Cam, A/ R).

Substituting the expressions for M,,, Uy, from (6.25), (6.32) into the boundary conditions
(6.22)—(6.24), we find after using the relation (see (A.5)) Rt — pIni(B) _ o,

Im(R) Im(R)
CimIm(R) = Com, (6.33)
1 ! A I(R) I, :(R)
mRI! I.(RT)FL ()dr + =2 Sl
CunBRI\ () + /0 P (Rr)F(r)dr + 7 [m+R(Il(R) e )]
Am * F’r}z(’r)
= _mCQTn + ﬁm — [ 7—m—1 dT, (634)
Com = Cam, (6.35)
1 A
mCs,, + / rmtl [F;Z(T) + F;(T)] dr + ﬁm + 0moBR
0
A, ® FL(7)
= —mCopy, + &M /1 o dr + F3. (6.36)

We eliminate Cy,, and Cs,, usmg (6.33) and (6.35), obtaining a system for Cy,, and A,,/R
which after noticing that R m(®) 4y = Elm-1(R)

, takes the form:

Tn(R) T(R)
RI, 1(R) Ap (L(R) I, 1(R)
Cam I.(R) TRE (Il(R) "~ I.(R) )
= —/1 FTTn(:) dr — ImiR) /0 7L (RT)EL (1)dr, (6.37)
C’ngm + Afm(l — m) = FT?; - 5m0ﬂR
[ s+ R [ B 639

The coefficients matrix for Cy,, and A,,/R is

(Rfml(m R(2 _ I (R)>> |

I,(R) m
2m —-m+1
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and its determinant is

I 1(R) B 2mIO(R) .
Since R = Ry, Theorem 2.5 implies that T, # 0 if m # 1,m # [, and, consequently,

(C1my Comy C3my Ay /R) is uniquely determined. We conclude that the system (6.20)—(6.24)
has a unique solution.

Remark 6.2. If m = 0 then the quantity

A—m[m—i-R(]O(R) Im—l(R)ﬂ

R L(R)  I.(R)

T = R[(m+ 1)

n (6.34) (which was the expression for MY /dr at r = R) should be replaced by the
expression Bj(1)Iy(R)/I,(R), which is equal to

Ao o Lh(R)  L(R)
—R :
R (II(R) IO(R)>
This implies that, in (6.37), if m = 0 then I,,, 1(R)/I,(R) should be replaced by I; (R)/Io(R).
Step 2. Estimating ||A + BR| ys/2(98,)-
By (A.2), I,,(R)/I,, 1(R) < R/2m — 0 as m — oo. Hence by (A.5),

Ini(R)  Inu(R) 2m  2m
= — ~ — forl
I.(R) _ I.R ' R R orsem
so that T,,, ~ 2m? for m large. It is also clear from (A.4) that RI! (R)/I,(R) ~ m, and
from (A.9) that

L, : :
Im((RRT)) ~ 7™ uniformly in7, 0<7<1. (6.39)
Using these relations in (6.37), (6.38), we find that for m > 2, m # [,
A F1 RT
om < 1 ‘
m(‘R‘-HCzM X ‘/ ‘/ F )TdT
+|F3|+‘/ +F2( ))TdT‘}

1/2 1 00 1/2
C / [FL(7)] TdT (/ 7'2m+1d7'+/ 2d7'_1> (6.40)
0 . 0 1 T
1/2 1 1/2
+C|F3| +C(/ [Fi(T)PTdT) (/ 72m+1d7')
0 0

C
< mi/2 (||F7}7,||L2(1R2) + ||F3L||L2(Bl)> + C|F3.

Consider now the case m = 0. By (6.16),

¢S] 1 27 oo Fll 0
‘/ TFg(T)dT‘ - ‘—/ / ﬁdme‘ < OIF™ | pae .
1 2w /o 1 T

Recall also that Mé3) is computed from (6.17), which means that in (6.37) we replace the
quantity I, 1(R)/In(R) by I;(R)/I(R) (see Remark 6.1). Solving (6.38) for 42 + 3 and
then substituting this into (6.37) and observing that

a2~ ) = Sifc-on(§ 1)
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we get

(R
Coo— BR(BID 1| < 0 (1 o) + 1F sy + 1 EElaocony + 1F31).

‘ +5R‘ + P
(6.41)

The estimates (6.40) imply that

S m A2 < CL YT (IFL ey + IF2 B ) + DomIFSP),  (6.42)

m#1 m>2 m>2

and, together with (6.41), we conclude that

1A = Aollasragomy < € (IF a2y + [Py + 1 Fllirscomy)

I§(R)
R‘ +|Con — BR( 5 — 1)‘ 6.43
‘R + 5 20 — 3 (R) (6.43)
(IIFllle(Bl) + 1F @By + 1F2 |28y + ||F3||H1/2(8B1))-
Step 3. Estimating M®
For the region r» > 1, if m > 2,
of 129 o]
m? M ] rdr + [7‘ me (7“)} rdr
1
< Cm4|C’2m|2 / r2Mrdr (6.44)
1
< OmIELP + O (1B e + IF2 N3 2m)),
which implies the bound
e M| pogermy) + (P MG | 2@eysyy + [172M5 || 2oy 5y (6.45)

< c(nFlnp @) + P25 ) + CUFso(om-

Next we consider a bound on M® for r < 1. Since Ci;, = Coyn/In(R), we have, by (6.26)
and (6.39),

Y1 (Lu(Rr)\?
) < i 2 L fm
m / (r)*rdr < m*|Cop| /0 o (Im(R)) rdr

1
< C’m4|02m|2/ rim=tdrdr
0

< OIS+ C (1Pl + P22 s) ).

if m > 2, where the last inequality follows by (6.40). Also, by (A.3)—(A.5) we easily check
that

‘87" ‘ Cm Imr(r)’
0? I,(r)

WI()‘ < om2l)
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so that

1 1 8 1 2
2
m / [87“ TdT‘ i 87“2 M rdr

)

< Cm|F3f+ c(nF;nLQ(RQ) + I IEaa )

< C’m4|C’2m|2 (

if m > 2. Thus, altogether,

1
IM® — MY (")l a2(By) < C(||F1||L2(Bl) + 1F N\ r20my) + |1 F' || 222\ )

X , (6.46)
P2z + 1F vom )
Step 4. Estimating M%),
For r < 1, M® =3 M (r) cos m# satisfies
AM® — R?M® = F'  in B,
M® =0 on dB,.
By elliptic L? estimates, ||M®||g2(5,) < C||F'||12(5,) so that, by (6.1)
IMP N2y < CNE|128,). (6.47)

To estimate M@ (r,0) in r > 1, we use (6.27) and (6.16). We can then write M =
M@0 4 pry

M (7, 0) Z M2V (7) cosmb
where
F10 FIO 1
20 _ g2m—1
M( )()— m / Tm+1 _W(l_r_m) 1fm>2,
M(2O)
Fll
u / A
Hence

©/ 0 2 o 0? 2 C
2 9 20 ) d / (2 /(20 ) dr < Z|FOP2 < C|FOP?
mt [ (e M) i [ (g5 ME0) rdr < ISP < ORI,
and this allows us to deduce that

||7“M(2 )||L2 ®2\By) + [IrM, e ||L2 (R2\By) T ||7“2M 70 ||L2 (R?\By) C||F10||L2(831)- (6.48)

Next, by direct computation (m = 0 is included in the computation)
QM(Ql)(T) _ *FR (T _pml > Fy (T)dT
or ™ - ,r.m+1 7_m+1 7 . m+1

0? m(m —|— 1)
(21) - _
or? g2 Mm (1) = Copmi2 / /

Tm—|—1 7“2

o] Fll Fll
rm?/ m (T)dT-f- m (T)



Therefore, for all m > 0,

8

\<m+ 1)r §M<2”(r>\ M)

< ofmm+1) / / |l':1+1 dr +(m+1)7~m/r “in( Lar + 17 )}

We proceed to estimate the terms on the right-hand side by the method used in [4, Lemma
8.1]. We can write

r 00 11
m(m+1>/ m/ Fa )],
rm 1 7—m+1

1 F11 min(r,T)
_ mim+1) [*]F(7) 2m—l g

e e e, (6.49)
TR Y oyl (ki gl L

rm 1 7-m—l—l m , 7-m—|—1 77%1

1) *|F
< (m+ / |F11 )‘Tm 1d7’+(m+1) / | m_(|_71-)|d7',
T Tm

(notice that the left-hand side of the last inequality is 0 when m = 0) so that, for all m > 0,

e o] oo
C{Z/WF% )l 1d¢+(m+1)rm/T Lol P AT O

= C(Qum + Qom + |, (1))

It remains to estimate L? norms of Q;,, and Qy,,. Substituting 7 = ¢ into the integrand of
Q?ma we get

[ /1 T Qun(frar]
= e[ ) o
([ B )

< (m+1) /100 (/100 |\FH (rg)\zrdr) 2 giil (by Minkowski’s inequality)
%, oo 12
= (m+ 1)/1 (/§ ‘F&l(r)‘QTdT) €m§_2 (r=r1/§)

< ([ Eeprar)

Similarly, for m > 2 (notice that Q9 = 0),

[/100 \le(r)\Zrdr} v = m[/loo ﬂim(/llr F,lnl(rf)rm_lfm_lrd£>2rdr] 2
= m| / N ( / 1 Fél(r§)§m_ld§)2rdr] v
1 1/r
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N

1/2
m / / IFU(rg)| X{T§>1}rdr) em=1dg
(by Minkowski’s 1nequa]1ty)

— m / / FL( )|27'd7'> “em2g
< ami([ mipen) ™
>

Substituting these estimates into (6.50), we obtain, for all m

e’} 2 00 2 0
/ [(m+1)r§M;,fl>(r)] rdr + / [ 2 0 e, )| rir < / [P (r)2rdr. (6.51)
1 or 1 or 2 1

This implies that

0,

I M || p2me\ By + [Ir M, G ||L2(1R2\Bl + | M 2@\ By) < CIFYMre@evsy.  (6.52)
Combining this inequality with (6.48), we get

”TM ||L2(R2\Bl) + |[rM, .9 ||L2 RQ\BI) + ||r2M,«,« |22 ®2\By) (6.53)
< C{IF 208, + 1F | n2@®2\B1) }-

Step 5. Estimating M®),
Using (6.28) we see that, for r > 1, the term with m = 0 disappears, whereas if m > 2,

00 2 A 12
m / r— 3 ] rdr+/1 [r —;7'2M(3)( )] rdr < Cm?"—];n‘ )
Therefore, by (6.42),

||7“M ||L2(R2\B1) + ||7“ a ||L2 (R2\B;) T ||T2M7§§)||L2(R2\B1)

(6.54)
< C(IF ey + P2 sem) + IF lgon) )
Forr <1,
A I (Rr)
MO () = S2m U By,
D)= oy Be)
Each MY is a power series in  which does not contain a first order term. Consequently,
1oM$P ) o2mP A
) L2 P el
(| H_T or or? R orr<t
for each m > 0 (C depends on m). For m large, since RsI’;;(lgj)s) = O(L) (by (A.9)), we
have
M3 < C’m%/r (g) sds = |R ‘(r —r™) < ‘R ‘7"2.
Next
9 (3) A ! /
MY = Rt )<RI (Br)Byn(r) + In(Rr) B}, (7))
,
m I()(RT’) Im+1(R’I‘)

- Rﬁ(R){RI;n(Rr)Bm(r)+11(Rr)(—m+Rr[Il(RT)— T ])}
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Using the relations

Ln(Br) __m  Ima(Br) _m
I.(Rr)  Rr I,(Rr)  Rr

which follow by(A.9), we find that

0 .3 A m
S = RIl(R)(—7Im(Rr)Bm(r)—mIl(Rr)+O(1)>
- (L [ i <00) o6

so that, by integration by parts,

2 2

m m
I m—1
1 1(R)T + m —

0 3 Am (m

1 pm—1
—M) = RI;(Rs)ds —
or ™  RIL(R) m—l/r sm—1 1(Rs)ds

L (Rr) + 0(1)).

Thus

Am
_ ol

7 (mr™ ! 4+ 1).

9 M® ‘
‘ or

Finally, by a similar (but longer) computation, we get the bound
0’ o 1Am|
_M(S)‘ < 2 rm- 2 1).
‘87’2 m R R M +1)

It follows that, uniformly in m,

(m+1)3/01 [Mr(,f)(r)rrdr—i-(m-i—l)Q/Ol [%%Mﬁ)(r)rrdr—i-/ol [;22M(3)( )| rdr

<C(m+1)°

Hence

19(M® — 19M®)
(120 - )+ |22 e

20 — 310y 1020
i or? ‘+ ‘r orof D

(6.55)

C||A—A0||H3/2(631);

L2 (B1)

the right-hand side was already estimated in (6.43).
Step 6. Estimating M + U.

By (6.32),
M., + U, = Cspr™ — 1Py,

where 7™P,, can be estimated by elliptic estimates and (6.2) in the same way as M in
r < 1. Using also the fact that Cs,, = C3,, and the bound (6.40), we conclude that

|M + U — Cool| 2y

is bounded by the right-hand side of (6.11).
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Collecting (6.41), (6.43), (6.46), (6.47) and (6.55), the proof of (6.11) is complete, and
collecting (6.44), (6.45), (6.53) and (6.54), the proof of (6.12) also follows.

Uniqueness is a by-product of the proof. Actually, for uniqueness we need only to require
that the solution is even in 6, that is satisfies (6.10), and that the left-hand sides of (6.11)
and (6.12) are finite. [

In estimating the derivatives of p,, u,, A, inductively from the system (5.18)—(5.22), we
need to have good enough estimates on the terms which appear in the F/" so that we can
apply Lemma 6.1. But some of the terms in F'", F?" involve 0\, for m < n, whereas we
only have H3/? estimates on the \,’s. This means that the assumption made in Lemma
6.1 that F'*, F?2 belong to L? is too restrictive for estimating solutions corresponding to the
right-hand sides terms of F"', F? which involve the 97\,,. Fortunately these terms have a
very special structure, to which the next lemma can be applied.

Lemma 6.2 Suppose that F', F? are even functions of 6 such that (6.8) holds and

Fi(r,0) = %Gl(r, g) forr <1,
0 0 (g(0)
Fi(r,0) = =G (r,0) + —(Z=>) forr>1,
F%(r,0) = %GQ(T‘, 0) forr <1,
F3(9) =0,
B =0,

where G, G?, g are odd functions in 0 which do not contain modes 1 and | terms, with
Ji(G) = ||2G1||L2(Bl) + ||2Gi||L2(BI) + [1”°GH 2@y + I7° Gl 2@evBy)
Gl L2y + PGl L2sy) < 00, (6.57)
TAG) = 161 (1=, Y srsom) + 161 (1, Misrsomy + lolaoromy < oo

Then there ezists a unique solution (M, A, U) of (6.3)—(6.7) which is even in 6 and satisfies
(6.10) and the following inequalities:

||A||H3/2(631) + 1M L2sy) + H (‘%aa—]\;[ 8827{\2/1 ‘%gjg‘;‘) L?(B1)
102+ Ul + | (252 G2+ F 55 )
< C(L(G) + L(Q)),
S(|1OM| [0°M| |10°M o
" ( r or ‘ or? ‘?87«60‘) L2(R?\B1) (6.59)

< C(N(G) + L(G)).

Remark 6.3. It would appear more consistent with the statement of Lemma 6.1 to
replace G'(r,6) by G'(r,0)/r? for r > 1, and similarly change

||T201||L2(R2\Bl) to ||Gl||L2(R2\Bl) etc.;

however the present notation is more convenient for the subsequent applications of the
lemma.
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Proof. Proceeding as in the proof from Lemma 6.1, we can solve M, M) MG M 4+
U, A as before. Since F', F? are no longer in L2, we are forced to estimate the integrals
in (6.40) in a different way. Since F? = 0, 3 = 0, no mode 0 terms appear; by (6.8) also
no modes 1 and [ appear in the solution, and thus we need to consider only modes m > 2,
m # 1. In particular, My(r) = 0, Még) (r) = 0 and therefore Cyy = 0.

Step 1. Estimate for M

For r > 1,
1 2
Fi(r) = » / FL(r, 0) cos mf
T Jo 6.60)
_m [ 4(0) 1 (6.
= T/0 (Gl(r, 0) + =~ )smm&d& m[G}n(r)—FT—ng ,
so that, if m > 3,
o0 Fl
/ m(rl)dr
I
1 * 0
_ 7}71 1 - Z—m_Fl
g+ [T R
= |G AH) + gl — — ooﬁ—m(ﬁ (r) - =g )r (6.61)
00 o 2 1/2 00 1/2
< 1 i —2m
< 3|G’m(1-|—)-i-gm|—i—?{(/1 [raer(r)} rdr) +2\gm\} (/1 r T’d’f’)
0
< (1 —
< 3|G ( +)‘+9‘gm|+ 1/2 raTGm(r) L2(R2\B1)’
whereas if m = 2,
‘/ rm 1 r| <Pz llrawevsy) < 201G llz2@e\my) + |2])- (6.62)

Similarly, for all m > 2, r < 1,

‘ /0 1 %F;(T)W‘

Fn(1-) /01 IZn((R};—))TdT — /01 (/OT I;':n((RRG)TdT) %Fﬁl(ﬂdr

< Q\Fl( =)+ = /1 pmi2| & (r) (6.63)
S om 0 or ™ '
C 0
< (1= —G, :
ClGn(1-)l+ ml/? TarG (r) L2(B1)
We can estimate fo (EL(7)+F2(7))7dr in the same manner. Substituting these estimates
into the first 1nequahty in (6.40) and recalling that F3 = 0, we get
Am 1
m(| T2+ 1Caml) < CG0£) + lgm)
C (6.64)

2Gm(r)

L2(R?\B;) + Hr or

+W{HT%G’“(T)
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Using this estimate (instead of (6.40)), we can then follow the proof of (6.42)—(6.46) to derive
the bounds

[Mllz2r20,) < C(IerillmBl) +IrGrllza@s) + G+, )z,

(6.65)
HIG (1=, Mg r2(o8,) + N9l 720, )

Ir MO 2@enmy) + 1P Mg |28y + 72 M 122\51)
< C(IIrGHlzzs, + IGllizomy + 1G* 1+, 2o, (6.66)
HIG (1= Maszomy + 9z, )

and

MOl 25,y < C(||7“Gi||L2(Bl) + IrGrll 2@ s + I1GH (L, ) /28y

(6.67)
gl 208y )
Step 2. Estimate for M®.
Let W be the solution of
AW — R*W = G'(r,6) in By,
W =0 on0B;.
Then 5
M® = 55"V in B (6.68)
By elliptic estimates and (6.2),
W llm28,) < ClIW 28y < ClIG [22(81)- (6.69)
A direct computation shows that the function (r, ) = rW, satisfies
2 2
Ap — R2p = rG}: +2W,, + W+ Wy =G in By, (6.70)
¢, = G'(1,0) on OBy, (6.71)

and, by (6.2) and (6.69),
1611 z28,) < CUIGH |L2(By) + Gy llz2(sy))-
Therefore, by L? elliptic estimates for the Neumann boundary value problem and by (6.2),

lrWillmzsy < CllrWellazs,) = Cllell m2ay)

6.72
< CUIGH ez + IrGrllrasy + I1GH (1=, )l a1r298,))- (6.72)
One can readily check that
@) @ 1@ 1@
1Ml + 1M omy + | 02, + | 2m)
1 17' L2(B1) 7'1 L2%2(B1) 1
(T IR AW e et A
r L2(By) r L2(By) r L2(By) r L2(By)
< C(IGYp2my) + IrGillzsy + 1GT (= )l a/29m,))s
(6.73)
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where the second inequality is a consequence of (6.69) and (6.72).
Next we estimate M for r > 1. We use the formula (6.27), as before. Let

1
FA(r) = g F+ i),

27 . 2w
o= / 7'(0) cosmbds = / g(e) sinm0df = —mgm, (6.74)
T™Jo
11 1 —-m 1
E (r)= - Gy(r,0) cosmfdf = (r,0) sinmfdf = —mG,,(r).
0

We can then write M®) = M0 + MY where

20) (r,0) Z M ) cosmé,

m>2
21) (r,0) Z M ) cosmé,
m>2
and
Flo FlO 1
0N _ _ * g2m—1 __ Y4
My (r) = / Tm“dT m? (1 Tm)’

Fll
21
MED (1 / / n 1
As before, we have

2

©/ 0 2 o0 0 2 C
2 9y ) d / (2 M@0 ) dr < Z|F12 < Cmlgy|?
wt [ (rge M) i [ (2 g ME)) rdr < CIFSP < Conlgn
so that
I MO 2o sy) + IPMGY | p2gevsy + IP2MEO | 2@y < Cllgllanmos,)- (6.75)

Next, by direct computation as in the previous lemma,

a Fll
— M) (r) = .
67- Tm—H/ / 7-m 1 Tm 1 Ts (6 76)
2 11
%M,gnm _ ) [y / RO,
8 6.77
+T‘m_2/ Fll( )dT+F11( ) ( )
r Tm

By integration by parts, we obtain, for m > 3,

oo FH(T) rm 11 1 * 5 0 1
/r g dr p—— (r) + —— 2/r T (1)dt

m
.M e mmm . m > zfmﬂ 1
= " Gp(r) — — > ). T aTGm(T)dT,



o[t
__ml m+1G1(ds——/ 2"“/ —G1 (T)dr
- " [G}n(l)— m+2G1()]+m2—4/1 ;Gl()dT

.

Substltutlng these equahtles into (6.76)—(6.77), we find that the O(m®) order terms of rGY, ()
in M) (1) /0r and O(m?) order terms of GL (r) in 92 M (r)/dr? cancel out, and we obtain

‘mrﬁM(z ‘+‘ M(m( )‘

< Zm‘ 1 ‘ / ‘ 1 ‘
C rm/ / 57 —G,, (1) |dT +mr™ 5 —G,.(7)|dT

aaal ()] + 1) + @)}

The same computation as in (6.49) yields the estimate Q1,, < Qo + Qam. Following the
same procedure as in Lemma 6.1, we obtain

/[sz rdr—i—/ [Qam (1) Prdr < C’/

Thus, for m > 3
m / r )]27‘d7‘+/1 [T ;—ZM D(r )]zrdr
{m[Gm )+ / 26 ‘rar+ [0 Lt rar).

1
For m = 2, |EY(r)| = 2|G(r)|, and we just have to slightly modify the above proof in order
to derive the same inequality. Summing over m > 2, we deduce that

7 m—|—2
+ m

2
‘ TdT. (6.78)

(6.79)

P MY || 2 sy + MG || 2oy + P2 M2V 22\ 5y

(6.80)
< OIG 1+, Mmvscom) + 172G gz + G |

Step 3. Estimate for M®)

The estimate for M®) proceeds as in (6.55) with ||[A — Ag||gs/2 replaced by ||A|| s/

Step 4. Estimate for M + U.

This is similar to the estimate in Lemma 6.1, but using the technique in Step 2 of this
lemma for estimating M in r < 1.

Combining the above estimates, the proof of the lemma is complete. O

We next consider the case of mode [ only, namely,
Fl(r,0) = F}!(r)coslf forr <1,
1 1
0) = —choslﬁ—f— F”( Jcoslf, forr>1,

,0) = F2(r) coslf forr<1
) = F3cosl0

Fi(r, (6.81)
F2(r
F3(9
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As before, we obtain a linear system of equations for (Cy;, Co, C3j, Aj/R). Since in this case
the determinant 7} is zero, the system (6.37), (6.38) (with m =[) can be solved if and only
if the following compatibility condition is satisfied:

Rl (R) _ ooFll(T) r— 1 17 AEL (P dr
L(R) /1 T ‘ Il(R)/O LR )jl (1)d
a - [ AR RN - [

det =0.

The solution is unique up to a multiple by a homogeneous solution. Hence if we impose the
condition A; = 0 then the solution of (6.37), (6.38) is unique. For later references we state:

Lemma 6.3 For the data (6.81) (mode ) a solution which is even in 6 exists if and only if

R A T L

I,(R) T I(R (6.82)
Rt [ sy ] o

and the solution is uniquely determined by the condition that A; = 0.

The next lemma summarizes Lemmas 6.1-6.3.

Lemma 6.4 Assume that in (6.9)~(6.4), F/ = Fi + Fi + F, where FI9, F9 and F° satisfy
the assumptions of Lemmas 6.1, 6.2 and 6.3, respectively, i.e.,

(a) Fi and Fi do not contain modes 1 and l; ' contains mode | only.

(b) Fi satisfies the conditions of Lemma 6.1 and Fi satisfies the conditions of Lemma
6.2. '

If the compatibility condition (6.82) is satisfied for the F’, then there ezists a unique
solution (M, U, A) which is even in 0, satisfies the condition Ay = 0, and can be decomposed
into a sum of three parts, satisfying, respectively, the properties asserted in Lemmas 6.1-6.3.

Remark 6.4. If we differentiate the equations (6.3)—(6.7) in 8, we get an equation which
is exactly the same except that the solutions will be odd in # and we need to work with
Fourier sine series. The conclusion in Lemmas 6.1-6.4 are still valid (with the estimates and
the right-hand sides replaced by their #-derivative). If we differentiate in 6 a second time,
the solutions will become even in # and Lemmas 6.1-6.4 can again be directly applied.

7 Convergence

In this section we estimate inductively the (jin, Un, An, B,—1). We denote the mode k of Fimin
(5.18), (5.19), (5.22) by F}". By Lemma 6.4 the system (5.18)—(5.22) can be uniquely solved
for any mode k, k # 1. For mode [ the system can be solved if and only if the compatibility
condition (6. 82) is satisfied. This condition will take the form AB,_; = F, where F), is
determined by the pug, ug, Ag, 8,1 for s < n and, as the next lemma shows, A # 0 and A s
independent of n.
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Lemma 7.1 The expression

A= ﬁ(z_l{(% - RIZEI(%})E)) /1 T4 iln(f Jir + II?Il%) /0 (R ()

+RIZEJ(§) - /01 rHER () + ()Y | # 0

15 independent of n and is nonzero.

(7.1)

Proof. The compatibility condition is invariant under the change of variable (5.1).
Therefore the assertion that A # 0 (which is equivalent to the statement that the compat-
ibility condition (6.82) holds for some choice of §,_1) follows from Theorem 4.3. We next
proceed to derive an expression for A which, although very complicated, nevertheless shows
that it is independent of n. We begin by writing explicit formulas for F/™. Substituting
(5.2), (5.9)—(5.12) into (5.4), (5.5), (5.8), we find that (un, Un, An, Bn) = (M, U, A, B) satisfy
(6.3)-(6.7) with F7 = FI" defined as the " order terms in the following expansion:

ZgnFln:(_ Joo +fae)15uo+ G (82u0+28u0)

o R+ f ror  (R+f)2\0r2 ror
’

- Rff f ggnéaa/j«n - RQ—{af ;s"%geg;j 2
+$Z€n<a;in +§8§n> Xary (@RS + 17) Zs pin + [10),
nglgn(Fm_i_F% :_Rfj_efz 13Mn+un B RQ_{efZ - /52;‘%)73

G o 4 +§a(una: ) 7
- (;enﬁn)[ . ﬁ)* —{);311/2 ~R] -2/ (7.4)

Consider the system for (f4n,_1, Un_1, An_1), whose solution is given in §6 (Lemma 6.4) with
Fi = Fin~1 The solution depends on (3,_; only through its zero mode (see (6.33)—(6.36)
with # = f3,_1 and note that §,,08 = 0 if m > 0). We need to find the explicit dependence of
the F’™ on (3,_;. We therefore first solve the system (6.33)—(6.36) with FJ, = Fin=1 m =0
and # = f,_1. By Remark 6.2, if m = 0 then I,,_; in (6.34) is replaced by I;. Solving (6.37),
(6.38) and (6.33), (6.35), we find

_An ! _ﬂn 1R+

R
- n— I3(R

ol = onl = ﬁ"‘lR(I%ER; - 1) Feee,
n R (I§(R)

0101 5n1 I (R )(I%(R) 1)+---,

where “..” refers to terms independent of 3,_;. Then, from the formula for M = p,_; in

Lemma 6.4 (or actually the special case stated as Lemma 6.1),
0 oCT ™t Iy(Rr) o A

9 =TIk , 0

aﬁn—l fn1 = ( ) aﬁn 1 (R) 0( )aﬁn—l R
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R mBo(r)} (7.5)

RIO(;;?;’)(RT) . 111?;) L(Rr) forr <1,
%Nm = %C&Tl = R(ggg ~ 1) for r >1 (since My’ =0), (7.6)
55, Un -1+ tn 1) = 8;_10;0—1 - R(ggg —1) forr<1, (7.7)
ne1
(nil)!aﬁi_l ggnl o = 6ﬂi net = Oﬂi AT =R (7.8)

Clearly, the py,ux, \x do not depend on 3,1 if & < n — 1. Since the right-hand sides of
(7.6), (7.7) are constants independent of r, we find from

0
aﬁn—l

that the only nonzero contribution comes from the first term

1 9 o
Fin(r, §) = (the right-hand side of (7.2))
e=0

n! 9B,—1 O™ |e=

(_ Joo +@>13ﬂ0_ Joof 1 0ko
R+f R/ror RR+f)ror’

Hence

0
8ﬁn—1

A1(0) 1 0po OAn—1(6)
R2 r or 8ﬁn_1 (79)

1—)\ 0l2 fi
5 = 1(0)—  forr > 1.

F™(r,0)

= —-X(0)

Similarly

O (F(r,0) + F(r,0)

aﬂnfl 1 a an
= T e (the right-hand side of (7.3))

= 0 forr<l,

(7.10)

A direct computation shows that

0 1 0 o
_ — — the right-hand side of (7.4
6/87171 n! aﬂnfl Oc™ 8_0( ¢ e anad e o (7 )> (711)

_ Al(e)wlaﬂa A3 = () - R

F3n (0)

Finally, for r < 1,

0
aﬂn—l

10 o
n! 0B,_1 0™
R?2 r Or %,Bn—l R T@aﬂn 1 ((‘9)7“
HUn—1 An—1(0
—12 2
2RA OG5 + 2R ) T
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e=0

On_1(6)
aﬁnfl
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where the expression in brackets comes from the coefficient of X,y in (7.2). Using (7.6),
(7.8) we get

. ﬂj_l Fn(r, )
= -\ (0)%% - A’l’(e)%g [10(123(%1%7”) - h(R) Il(R?“)]
—2RA ()2 (ffiﬁfm - ff;) L(RP)| + 2R (r,0) + 2R%mo (1) 6). (7.12)
o[ PLUED) | ETRIRLRS  Rro(Ar)
= \(0) rh(]({)) +(? ) I}(R) N I(R) ] -
RIy(R)Iy(Rr Rr sU+ 1 I(Rr )

where in the last equality we have also used (3.15). Substituting (7.9)—(7.12) into (7.1), we
conclude that

~ I_1(R) 20 (1 PIy(Rr) PPrRI(R)I,(Rr) Rrly(Rr)
A= (”‘Jf 1 2” o J, iy r11<R)(+)?[ HONT )}
RIO R IO Rr Rr 3l+ 1 Il Rr 2 Il—l R
_23[ E L Il(Rr)] 2Ry 2R uo(r)}dr _R Il(R)(7 .
which is independent of n. 0 .

Remark 7.1. As was already stated before, for the solution (uy, in, An, Bn—1) constructed
by using Lemmas 6.4, 7.1, the mode | component is not unique, for we can add to it any
multiple of (i1, u1,A1). We shall henceforth fix this multiple uniquely by the condition

2w
/ An(0) cosl@ =0 forn > 2. (7.14)
0

This normalization is not necessarily the same as the normalization in Remark 4.2, because
the methods of construction of the solution are different.

We shall say that a linear function space X with norm || - || x has the algebra property if,
whenever f, g belong to X, also fg belongs to X and

1fgllx < Cllfllxllgllx

where C' is a constant independent of f, g. In the sequel we shall need the algebra property
in a more general sense, whereby g belong to one space X, and f belongs to another space,
XQ, and

1£9llx. < Cllgllx.|lflLx.-
In order to estimate the F’™ we shall need to have the algebra property for the various terms
in the F’". The spaces L?(B;) or H'/%(B,) are not suitable for this purpose. Noticing that
the functions defining F7 in (7.2)-(7.4) have the form g(8)¢(r, ), it will be convenient to
work with the norm

o O)llwgen = > 10205¢lI.e

0<j<m,0<k<n

where m, n are integers; notice that this definition is a little different from the usual Sobolev
norm since, for example, 1/r? factor is not present in the 93 derivative. We shall need on
one occasion to also use the norm

16, )02 = 107 D)l + 105" (7, 0) 2.
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The following estimates are well known (see, for example, [1])

Lemma 7.2

19 6) s sy < NolmrompllolrOllwis, fork>1,  (1.15)
l9(@)(O) @) < Nl 1ol meiomy — for s> 172, (7.16)
oL )mesromy < Cllr Dl rony  for m > 0. (7.17)

The first two inequalities provide the algebra properties needed to estimate the F/". These
inequalities are also valid if B is replaced by R? \ B;.

Let Hy, H, B and I' be positive constants > 1 and set

HOanl Bk

B(n,k) = kI=— 7

forn>0, k>0, (7.18)
with the following convention:
H"'=1 ifn=0, n*=1 ifn=0 k=1 ifk=0.
We inductively assume that, for 1 < s < n,
([0 s = 200 | + |8 (0000 — 200
+‘3e( 0 5(9#5)‘ + ‘3982(/% G ))D)
2 (|ofus| + ‘ag(—arus)

(‘%“(us + ) ‘59 ( (14 + us)) ‘

B(s. k). (7.19)

)

<
wyl(By) D

< E(s,k), (7.20)

+ [0k (Car00m, )| + |02,

WO RA\B;)

o (20,0 k62 < E(s k (7.21)
) e[

k 2 < E .22
Hae ()\3 + ﬂSR ) H5/2(8B1) ~ (S’ k)’ (7 )
8| <TE(s,0) (7.23)

where 1 (r) is defined in (6.13)—(6.15) with Y = Ag = 5= fOZW As(0)df in (6.14), and C5, =
Cq in (6.15) is defined by (6.33)—(6.36) with F7 = F7*:

o ArrIi(Rr) IO(RT)]

s IO(RT)
BERITT® T nml T

ATIR (7.24)

Note that (7.23) implies that
3/2
10503/ (A, + BsR?) o5,y < CE(s, k).
For s = 1,2, the solutions (us, us, As) are given in terms of the explicit analytic functions

and the estimates (7.19)—(7.23) are valid if we choose Hy to be large enough and H > 1,
r>1.

We proceed to establish the estimates (7.19)—(7.23) for s = n assuming n > 3 and H,T
large enough (independent of n).
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In proving these estimates we shall use several lemmas which deal with estimating deriva-
tives of composite functions; these lemmas are stated and proved in Appendix B.

Step 1. Estimating F7™.
We need to estimate F7" for j = 1,2,3. To estimate F>", we rewrite (7.4) as

_ Z 6mF{‘Sm

m2>1

- (Sl e~ H - #

R (7.25)
(R+f) 1 (R+[)?
= ™ Bm —R| + — —R—
(2 ) [y s e~ 2+ w2
= Y emQim+ Y emQom.
We can write
(R+¢€)° L o 0 i ~2j
“R-E=- 2+ Y at'eY
2 1 ~2]1/2 J ’
[(R+&)?+ Y 2R 1<itj<oo
where a;; are constants such that .
|aij\ < AOAH_].
Note that % — R| starts with € order terms and [% — R — f| starts

with €2 order terms. Since the terms involving orders > n on the right-hand sides do not
appear among the terms of " we may replace them by 0 when estimating F’". By (7.23),
Bn—1| < E(n —1,0) < £ E(n,0). Using also (7.23) and applying (B.11) of Lemma B.4 and
Lemma B.1 to the Q; ,, terms, we obtain

()

|H3/2(3Bl) < —E(n, k) (726)

Using (7.22) and applying (B.12) of Lemma B.4 to the Q,,, terms, we also get

c(r
”agQQ,n |H3/2(631) < %E(n,k), (7.27)

so that o
||agF3’n| H3/2(8By) < H E(n: k) (728)

We next estimate the terms in (7.2) and (7.3) contributing to F»™ and F'" + F?". For
r > 1, we can write

R+f R

(_ o +f09)%aal:«0+(ijfy(a;rlé”%%io) - [(_ R{iﬁ%)%}o

19
€ ﬁ%gm(e),

and ( — Rf—@ + %) starts with €2 order terms. Applying (B.12) of Lemma B.4, we obtain

c(r
||aggn||H3/2(aBl) < %E(n, k). (7.29)
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Similarly,
fae w1 0pin 2fy nl0? N 13 n (Ot | 20Uy
- 2 r(?r_R+fZ " 900r R+9f)2;€(6r2+;6r>
_ 1 0py, i n(Otn | 104, fo 01 0%
= [R+fZ 7‘87'} {(R—:f)2;6<8r2+;87“)_R+f;8 ?aear}
Zs @G}nrﬁ +ZsmK (r,0).

Using (7.20), (7.22) and Lemmas B.1, B.4, we obtain

c(I)

||TsagarG}z||W§71(R2\Bl) + ||7‘285G711||W21,3/2(R2\Bl) < TE(TL: k) (7-30)
c(r)
7205 Knll o o 5,) < —E(n. k). (7.31)

This completes the estimate for F'™ in the region r > 1. The estimate for F*™ and Fb"+ F?"
in the region » < 1 can be carried out in a similar way. Using the equations of u,, u,, A,
and the equations obtained by differentiation £ + 1 times in €, we can apply Lemmas 6.4
and Remark 6.4 to conclude that

r
the left-hand sides of (7.19)—(7.22) for s=n| < @E n, k for £ > 0. 7.32
H

Note that the part of Lemma 6.4 which is based on Lemma 6.2 is used in handling 2 559n
2.@G1, and similar terms from F'™ in {r > 1} as well as from F>" in {r < 1}, whereas the
part based on Lemma 6.1 is used in handling K, and similar terms from F'" in {r > 1}.

Step 2. Estimating (,.

Recall that 3, is determined by the equation (6.82) with Flj = Flj’"+1 for j = 1,2,3.
(Only mode [ terms enter into the compatibility condition).

The coefficient for 3, in (6.82) is given by (7.13), which is independent of n and # 0.
Consequently, 3, is estimated by those terms in F; 7"+1 which do not depend on 3,. We shall

denote these terms by F/™ ie., F/mtt = pintl o We need to estimate these terms
=0
and we begin with
By (7.25),
_ Z g™m p3m
m>1 Fn=0
m m f02 m 2 % 2j
= [(Zs ﬂm)f— (Ze ﬁm)ﬁ-l- <Z6 ﬂm)fa > aii(fo)
m>2 , m>2 m>2 1i+j<o0 (7.33)
fa i 2]}
s DI

1<i4j<00

= [Z Smpl,m + Z 8m7)2,m + Z &Tmlpg,m + Z 8m'P4,m + Z 5m,P5,mi|

Clearly, the second, third, and the fifth sum are products of at least 3 series. Thus, by
Lemmas B.1 and B.4, using also the embedding inequality ||g||z~ < C||g||zs for s > 1/2,

()

n=

E(n+1,0) < %E(n, 0). (7.34)
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Next, by Remark 7.1, the A,,(#) for m > 2 do not contain mode [ terms. Therefore the only
term in Y e™P;,, of order e"*! and of mode [ is given by (,A1(#); hence, | Py 511/,=0 = 0.

Finally,
1 n—1
P4,n—|—1 = _2—R2 Z 60)‘71+1—k80/\ka
k=2

so that, by the inductive assumptions and Lemma B.1,
C
|Pypt1] < EE(n +1,0) < CE(n,0). (7.35)

Combining these estimates, we conclude that

c(I)

[FAmH 4B, < [0 + T] E(n,0). (7.36)

(b) ﬁl,n—i—l ﬁwZ n+1

Clearly, F}" i + FP = 1 OQW(ﬁl’”“ + F2+1) cos 10d6.

To estimate the contribution from the first term on the right-hand side of (7.3) we multiply
by coslf and integrate over 8, 0 < # < 27; in this way we obtain the coefficients of mode [
terms. Next we integrate by parts to reduce the derivative 9; f. We get

2 2f0 mla ,U/m+um)
/0R+fz S agar  cosivdd

mooefy o 1 O(p + )
M 1040
+/0 R+f Z: cos

/oWRJrf

= —J1+J2—J3.

3 Aitm £ o gy

m>1

We also expand

1
TR RS
Now recall that fp is independent of T' (but f depends on I'). As we substitute the expansion
of 1/(R+ f) into the .J;, we observe that whenever a factor f* appears in a particular term,

it comes in a product of at least three series in ¢, each with no zero order term. We can
therefore apply Lemma B.1 and the inductive assumptions to get, at 3, = 0, the bound

where Cj depends only on H,. There remain only the terms which do not depend on f and
they come as product of two series. Using the inductive assumptions we can bound them,
at 3, = 0, by CE(n,0). We thus conclude that the coefficient of mode [ in "*! of the first
term on the right-hand side of (7.3) is bounded, at 3, = 0, by

¢

[C+ H

}E(n, 0). (7.37)
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The other terms on the right-hand side of (7.3) can be estimated in a similar manner. Thus

&)

1
/ P () 4 B2 () ar < [0+ S B, 0) (7.38)
0

(c) M), r > 1.

ﬁ’ll’"ﬂ in the region r > 1 can be handled as in (b), except for the first two terms in

(7.2), which give

27 2
%/O [(_ Rﬁfr%)%hc“w‘w - %/0 [(_ Rﬁﬁ%):_?]smwde

! o fof
= R) T+R sin [6d6.
We write fof/(f + R) in the form fpf/R + ---, where the “ -.” refers to terms which are

products of at least three series for which we can apply Lemma B.4 to get an extra 1/H
factor. The remaining term is:

L[ fof . L " folF = fo) . o [ fo.
TR . ?smlﬁdﬁ =R ), 7 sin [0dO + TRr? ), p Sin 10do, (7.39)

where fo = L [?" f(6)df. Since fy is independent of I' and f — fo can be estimated in

27 Jo
the L? norm by the 6 derivatives of f, the coefficient of €"*!coslf in the first term on the

right-hand side of (7.39), at 3, = 0, is bounded by

%E(n +1,0) = CE(n,0).

To estimate the coefficient of "' cosf in the second term, note that by (7.14)

2w 2w
fosinlfdl = 6/ A () sinl0df = —Tle.
0 0

It follows that this coefficient is equal to
l2
TR
where )\, is the zero mode of A\, and, by (7.22), |Ano| < E(n,0) if 8, = 0. Thus the second
term on the right-hand side of (7.39) does not contribute anything to Fll’nH. In summary,

/oo it ﬁll’n_'_l(T)‘dT < [C’ + ?} E(n,0). (7.40)
(d) B (), r < 1.

The estimate for ﬁ’ll’nﬂ in r < 1 is the most difficult, since some of the derivatives of
Wy, involve (3,. The terms that arise as the product of 3 series are treated in a same way as
before. The remaining terms come from

foof 10uwo — f7 10%m0  20upo0N  2fo w1 0%y
(o 20m) oy

R2r or R\ or2 ' r Or R £ r 000
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w Ze"l% —2Rf> " — o

R r Or
n>1 n>1
_(fef\ 10po | f7 (w0 | 10po\ fo nl 0y
= (RZ)BT or R2(6r2 Tar) ang r 000r

f9 nlaﬂn
_(En;g r 87‘) _Qszjg pin = [ po

= Z&mR1m+Z€mR2m+Z€mR3m+Z€ R4m 26 R5m+25 RGm

The £"*! terms in the series Y e™Ro,, and Y e™R3,, are estimated by the inductive as-
sumptions independently of I'. Thus, as before,

I1Reall +[Raaall ], < OB(n,0),

where the norm || - || is defined in (7.37). The series ) ™R, can be treated in a same way
as part (c):
fof 3#0
os 1d6
T / ( )ar 87" \
1 Oug . Lfo 1(9,uo/7r :
— 10df + ———— 16d6
R27r r or / Jo(O)L1(6) = fo] sin * R2rr or J, Josin 106,

where the estimate for the first term is independent of I" whereas the coefficient of e"*! cos 0
from the second term is zero when we set (3, = 0.

To estimate the coefficient of mode [ in Ry 41 we write

n=

= [k (r,0) = b ()] + pia (1). (7.41)

Then the series corresponding to fiy,(r,0) — p2,(r) (in Y. Ra.m) can be treated as before,
as product of two series, using Lemma B.1 and inductive assumption; since 9, (u, — 1) is
independent of I, we get the bound C'E(n,0). Thus it remains to estimate the coefficient of

e"tlcoslf in ; L 940 ()
0 M \T
(/e m = m h _
(R>amz>:ls T when (3, = 0,

where pl (r) is defined as in (7.24) and the constant C5 is estimated by (6.11) with A =
Ams M = i, U = Uy, B = B Again, since f —eA1(f) has no mode [ terms, the [ mode in
the coefficient of €™ of the above series is

2w ! 0
_ l/ (A1(0)>I la:un(r) COSZHCZH
0

T R r  Or
Rr 87“

and, at 3, = 0, this yields

l )\nO 6 T'Il( ) I()(RT‘) n alo(RT)
Rr R orl I,(R) IO(R)] 28r Iy(R)
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where )\, (the zero mode of )\,) and C% are bounded, at 8, = 0, by CE(n,0) (by Lemma
6.1). We conclude that

27
‘/ R4 pn+1cos l0d < CE(n,0).
0

ﬂn:()

Consider next Y e™Rs m. If we decompose pi, as in (7.41), then the part corresponding
to fi,, — pl, can be treated similarly to (7.39) (with fj replaced by ji,, — p2,). Thus it remains
to estimate the coefficient of e"*! cos 6 in

—2Rf Y "y, at B =0,
which is equal to —2Rul at 3, = 0. As before, if 3, = 0, then
|tnl < C(|Ano] +[C3]) < CE(n,0),
so that or
‘ /0 Riss1 COS zede‘ < CE(n,0).

Consider finally ) e™Rg,,. Writing

2= (f=fo)?+2(f = fo) fo + f3,

the terms (f — fo)? and (f — fo) fo can be treated as before and we obtain the bound CE(n, 0)
on the coefficient of e"*! coslf. Since f¢ is a constant, it has no mode [ terms, and thus
altogether,

2
‘ / Remsicoslfdd| < CE(n,0).
0 Bn=0

Combining all these estimates, the compatibility condition for 3, yields

1AB,| < [0 + ?} E(n,0), (7.42)

where A was defined in Lemma 7.1, and |A| > ¢ > 0.

Choosing I' and H such that

c(r)

H

(for the C(I") that appear in both (7.42) and (7.32)), we conclude that (7.23) holds for s = n
and then, by (7.32), also (7.19)—(7.22) hold for s = n.

This completes the induction proof.

Remark 7.2. Having proved (7.19)—(7.22) for all s, we get (with T now fixed) |\?| <
CE(s,0) (from (7.22), (7.23)) and |C5,| < CE(s,0) (by (6.44) applied with FV = F75,
B = Bs, Cy = C5y). Then also |u| < CE(s,0), by (7.25). Consequently (7.19)(7.22) are
valid after deleting the p? and (3, terms from the left-hand sides, and changing H to a larger
number on the right-hand sides, if necessary.

Using Remark 7.2, we conclude:

Theorem 7.3 There exists a solution of (5.4)—(5.8) of the form (5.2), (5.9)—(5.12) where
the series are convergent for |e| < &g, for some g9 > 0, and define analytic functions in (6, ¢)
for || < e, 0 < 0 < 2w, the solution is unique under the assumption that it is even in 0, it
contains no mode 1 terms, and

1
<1, max{l, E}(C +1) <T, (7.43)

27
/ An(0) coslfdf =0 (n > 2).
0
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8 Bifurcation branches of analytic solution for the original problem

The estimates (7.19)—(7.22) can be extended to include derivatives with respect to r to any
order, namely:

S HOHn 1 Bk .
| 0] agﬂm”wgvl(gl) T(k-l—m)'k—DoD

HOHn 1

(k+ my 2 Dy (8.1)

||7“m3§nagﬂn||wg’l(w\31) < kz

o HOHn 1
|r™o; 8§un||w20,1(B1) < 2z

The proof is by induction on m. For m = 1,2 this is already proved in (7.19)—(7.20) (if
we choose D > B). Suppose now that (8.1) is true for all m < j. To prove it for m = j we
apply r"DI?Dk to the equations (6.3)-(6.4) with M = p,, U = u,, A = ), and then move
all the terms to the right-hand side, except for 7 DI D¥ ., to get

" DIDk, = rIDIT2DEF™ 4 X{T<1}er£‘2D§[R2un + 2R\ 0]

k(Lo () <o)
From (7.2)—(7.4) we find that the terms in F'" are of the form to which Lemma B.5 can be
applied. Thus these terms can be estimated in the same way as in §7, namely, we consider
D7 F'™ as a function to which we apply successive r-derivatives and use Lemma B.5 and the
induction assumption on j. Similarly other terms can be estimated using induction. We
remark here that in the last term, which involves D§+2DZ’2/L”, we “loose” two 6 derivatives,
but we “gain” two r-derivatives; the (k +m)! factor together with the choice D > B enable
us to carry out the induction for pu,, and similarly for wu,,.

The estimates in (8.1) show that y is analytic in (x,¢) if 0 < |z| < 1, |¢| < ¢ for some
g0 >0, and in 1 < |z|, || < € and u is analytic in (z,¢) if 0 < |z| < 1, |e| < &g, for some &y;
recall that the free boundary is analytic in (0,¢) if 0 < 0 < 27, [¢]| < &.

These facts allow us to reverse the mapping (5.1) and obtain well defined analytic func-
tions

w(z, e),u(x, )

and free boundary r = Ry + f(6,¢) in the original variables, which satisfy the system
(1.1)—(1.6) with g as in (1.8); more precisely,

put(z,¢) is analytic in (z,¢) for |z] > Ry + f(6,¢), |g| <
p (z,¢€) is analytic in (z,¢) for 0 < |z| < Ry, + f(6,¢), |€|

and these functions can actually be extended analytically into some dy-neighborhood of the
free boundary where dy is a positive number independent of .

It is now easy to extend both p~ and u~ as analytic functions in (z,¢) also in a neigh-
borhood of z = 0, as in [4]. Indeed, since p~ is bounded in 0 < |z| < 1/2, we can represent
it in the form

r@e)= [ Se-puww.ads,- [ G-y s,

|z|=d
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for 0 < |z| < 6 (6 < 1/2) where G is a fundamental solution of A — 1. The right-hand side
provides the analytic extension of u=(z,¢) to |z| < 9, |e| < g9. Next, since pu~(z,¢) + u(z, )
is harmonic and bounded in 0 < |z| < 1/2, we can similarly extend it to |z| < 4, |e] < &y,
and thus conclude that the function u(z, ) also has analytic extension to |z| < J, || < &

We have thus completed the proof of the following theorem, which is the main result of
this paper:

Theorem 8.1 For any integer | > 2 there exists a family of solutions of (1.1)—(1.6) with
free boundary r = Ry, + f(0,€) where

f(0,¢) = ecoslf + O(e?).
The solution p,u,r = Ry + f(0,¢), 8 has the form (1.13), (1.14), (1.7), (1.8) and the series

converge and define analytic function in (x,€) for p,u and in (0,¢) for f; more precisely

ut(x,€) is analytic in |x| > Ry — d1, |e| < &,
p (z,€) and u(zx,e) are analytic in |z| < Ry + 61, |e| < €0,

for some gy > 0,0, > 0; furthermore, the solution is even in 6 and satisfies the conditions
(1.9)—(1.11). Finally, Ry and the solution with all the above propertied are unique.

A Some facts about Bessel functions
A.1 Basic Properties of Bessel functions

In this appendix we establish various facts about the Bessel functions I,,,(z) for m > 0,
x > 0. We recall that I,,,(x) satisfies the differential equation

I'(z) + %I,’n(az) ~(1+ Z—;)Im(:ﬁ) —0 (A1)
and is given by
$/2 m—|—2k
< kID(m+k+1) (4.2)
Furthermore,
I'()+%I()—m1(:r), m>1, (A.3)
I (@) = S (@) = T () (A4)
so that o9m
L1 (z) — Ii1(2) = “2Lo(z), m>1, (A.5)
and
P (z) = - ( m“me( ). (A.6)
(Wi) ¢*[1+ O( )] if 7 = o0, (A7)
i [(m+mn+2k+1)(z/2)m™tnt2k (A8)

— kIl(m+k + Dln+k+1D)'(m+n+k+1)
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In particular,
d
I(z) = L(z), al(z)= d—(rfl(x)).
x
We also recall [9, p. 225] the relation

I, (z) = L(eaﬁ>m(1+0(i)) m — 00

2mm % m

uniformly in z in any bounded set.
Consider the function

fm(x) =

(@)pn—1(z)’
Theorem A.1 If m > 2, then

d

%fm(a:) >0 forallz>0.

To prove the theorem we first study the functions
S (z) = log Iy(x).
Lemma A.2 For any m > 1,
Sl (x) =S (x) >0 forallz >0,

and, consequently,
S; (x) — Sy(z) >0 for all x > 0.

Proof. From (A.1) we have
" 1 \2 ]' !
x x
Similarly,
1
St + (Spo1)® + ES;n—l =1+
so that

1 m? —

(S = Smt)" + (Spy + Spu-s)(Siy = Shacs) + (St = Shus) =

Asz —0
Sm =mlogz + O(1), Sm-1=(m—1)logz + O(1)
so that
S — Sm-1 =logz 4+ O(1)
and

1
S =S = o + O(1).

Thus (A.13) holds if z is small.
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If (A.13) does not hold for all z > 0 then there is a smallest value z = xy > 0 for which
(A.13) is not satisfied. Clearly

Sp(20) — Sp_1(20) =0 (A.17)

and
Sm(@0) — Spp_1 (o) < 0.

On the other hand, from (A.16) and (A.17) we infer that

m2 — (m — 1)2

S (o) — Sp_1(20) = 3 >0,
Ty
which is a contradiction. 0
Lemma A.3 Foranym > 1
S (x) — Sy(z) < % for all z > 0. (A.18)
Proof. In view of (A.12), (A.18) is equivalent to
@) L) _m
I(x) Iy(z) =z
or, by (A.4), to
m () D) _m
x I.(x) Iy(z) =
which is the same as I I
™l <2 forz >0, (A.19)

I, 1

Using the product formula (A.8) it was proved in [4] that each term in the power series of
I1(z) 1 () is smaller that each term in the power series of (I,,(z))2, so that

Im—|—1 Im
Im Im—l
and (A.19) then follows by iterating this inequality. O

Proof of Theorem A.1l. Introduce the function
o) = (@) = Snoa(@)) = ($1(@) — So(a)) (A.20)
the assertion (A.11) is equivalent to showing that
O'(x) >0 ifz>0. (A.21)
Writing (A.16) for mm = 1 and subtracting from (A.16), we obtain

" ! ! 1 1 ! 1 1 ! 1 I 2(m—1 .
'+ (St St ) (S = S )~ (514 (S-S} 4 = 2T S0 s
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For x small,

I, é _ (%)m[m + (%)21“(71;14-2)]
I 1 Iy ()™ gy + 8] 5
1 1+25 142

_ 1 1+0() (2= (2/2)?)

m 1+2 1+7%

- %[1 * (% B m(m1+ 1))2} +0(2)

and, since m > 2, (A.21) holds for z small.
If (A.21) does not hold for all z > 0, then there is a smallest © = zy such that

¢'(20) = 0 (A.23)
and, clearly, ¢”(zo) < 0, so that, by (A.22),

2(m —1)

<{ S+ S ) (S = S ) — (Si+S)S S} atz=mze  (A29)
Writing (A.23) in the form

S =S . =5—-5, atz=uz,, (A.25)
we see that the right-hand side of (A.24) is equal to

(St + 1) = (81 + So)I(S1 — So)
= [(Sh1 + (51 = ) + 55-1) — (51 + 5p))(S1 — Sp)
= (28,1 —25,)(S1 — o)

which, by Lemmas A.2 and A.3, is smaller than

m—11'
x T

2

this is a contradiction to (A.24). 0.
From (A.2) and (A.7) we see that

fm(z) =1 ifz — oo,

fl) = -

— ifz—0
m

so that, if m > 2,

(@) — m+1

2m
is negative for small z and positive for large x. Hence:

Corollary A.4 For any m > 2 there exists a unique solution x = Ry, of the equation

IO(ROm) Im(ROm) _m+1

I (Rom) Im—1(Rom) ~ 2m (A.26)

o1



Theorem A.5 Foranym#1, m#1,1> 2,

I(Ro) In(Ror) m+1
; A.27
I (Roy) L1 (Ror) 2m ( )

furthermore,
Ry < Rom, Zf2 <l <m. (A28)

The proof is given in Sections A.2 and A.3 and uses, among other things the interesting
fact (proved in Section A.4) that the function I /I, is a concave.

We recall the following result due to Friedman and Reitich [4]

Theorem A.6 The following identity holds for any m > 2:

1 [* m— 2

s [mQIl(s)Im(s)—QSIO(s)Im(s) ds— . L) (2)+ | L(x) [n(x) =11 () [yt ()| =0
0
(A.29)
A.2 Proof of Theorem A.5
By (A.4)
I —1 1,
m—l(x) . m — m(x) ’ (A30)
I, 1(2) x I, 1(2)
so that the equation
I I, 1
L(z) I, 1(x) 2m
can be written also in the form
Ipa(0) _m—1, mt1hiz) (A32)
I, 1(2) x 2m  Iy(x)
By Corollary A.5 this equation has unique positive solution x,, = Ry, and, setting
I, ()
zm(z) = =2 A.33
@) =70 (A.33)
I (z)
G(x) = , A.34
@ =70 (A.34)
we have . .
Zm(x) < m= m G(z) ifz <y,
z 2m (A.35)
Zm(x) > m -1 m+1G(a:) ifex >z
m T 2m ms

for any m > 1.
Theorem A.5 can then be restated in the following form:
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Theorem A.7 For anym > 1,
Zm_|_1($) < ; +
50 that Tyy1 > Ty,

We shall need several facts about the function G.
Lemma A.8 The function G(z) satisfies:
0<G(z)<1 ifx>0.
Proof. By (A.13) (with m = 1), we get
G'(z) >0 forall z > 0.

It is also easily seen that

G(z) = g +0(a?) asz— 0.

Since further, by (A.7),
G(z) =1 ifz— oo,

the lemma follows. g

Lemma A.9 There holds
G"(z) <0 forallz > 0.

The proof, which is quite lengthy, is given in Section A.4.

(A.36)

(A.37)

(A.38)

(A.39)

(A.40)

(A.41)

Using the relation I} = —Iy/x + Iy we find that G satisfies the differential equation

1
G’+GQ+EG:1.

This equation will be needed later on.

Proof of Theorem A.7. From (A.30) and (A.33) we have

m—1  ILy(x)
m  Inp_i(x)

Zm(z) —

It will be more convenient to work with the function

By (A.3), (A.4) and (A.2), V,,,(x) satisfies

2m — 1

V! (x) + V2(z) +

V(z) = % +O(?), = —0.
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Similarly,

2 1
Vaa(®) + V2 (o) + TV () = 1, (A.47)
z 2
= ) A4
Ving1(z) Sm+ 1) +0(z%), -0 (A.48)
Theorem A.7 can be restated as follows: If
1m+1
- 2r- A4
then 1 L9
m
- A.
or, in terms of the function
(m+1)?
= 7/ A51
W(w) = Vi 2), (A.51)
1 m+1
Wiz - —G(z,,). A.52
(5m) < 5 " G(am) (A.52)

Here we have introduced the function W in order to have the right-hand side of (A.52) the
same as for (A.49). Our intention is to compare V,,(z) with W (z) for 0 < z < zp,.

By (A.47), W satisfies the differential equation

, m(m+2) ., 2m+1 (m+1)?
r e = 7/ A.
Wt VW S gy 0 (A.53)
and, by (A.48),
. om+1 9
W(z) = 2m(m+2)x+0(3§ ), x—0.
In view of (A.46),
W(z) < Vip(z) for z near 0. (A.54)
If we can show that
1) 2 2 1 2m —1
(1" mm+2)p, 2mtly o e 2= ly f 0 <o <o, (A55)
m(m+2) (m+1)32 x x

then by comparison we deduce that W(z) < V,,,(z) for all 0 < z < x,,, and (A.52) follows.
Indeed otherwise there is a smallest Z such that 0 < T < x,, and (W —-V,,,) =0, (W—-V,,,) > 0
at T; however, in view of (A.55) at x = T and (A.45), (A.53), we also have W'(Z) < V! (Z),
which is a contradiction.

We have thus reduced the proof of Theorem A.7 to establishing the inequality (A.55), or

1 1
m(m + 2) i (m+1)2

2
W? < EW for 0 < z < 2. (A.56)

The above analysis shows that as long as (A.56) holds for 0 < z < z, W(z) < Vj,(z) for
0 < z < 7. Hence, in proving (A.56) it suffices to consider functions W (x) satisfying

W () < Vin(a). (A.57)
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Since | m+1
m .
Vin(z) < 5 TG(J)) if © <z,

we may replace (A.57) by the simple inequality

1 m+1

- — . A.
W(z) < 5 o G(z), 0<z<uzy, (A.58)
Lemma A.10 There holds
1
mT(nT_{;Q)G(x) < W(z) forallz > 0. (A.59)

Proof. We shall construct a subsolution
W(z) =AG(z), A>0

to the function W. By (A.53), this means that A has to be such that

, om(m+2) o,  (2m+1)A (m+1)?
MG+ )\ (m+1)2G + - G<m(m+2)

or, in view of (A.42),

0 )\Qm(m+2)_)\ +2m/\G< (m+1)?

¢ (m+1)? x m(m + 2)

— A

But for A < (m + 1)/[m(m + 2)], this inequality is a consequence of

2m 1)2
mh ., (m+1)°

- A
T m(m+2)

or
2 , x
EG <1, e, L(z)< §I0(:v),

which is indeed true for all z > 0 (by comparing the two series term-wise).

Asz —0

AT m—+1
o~ e M
¢ 2’ 2m(m+2)x

so that the inequality AG(z) < W (z) holds for x near zero if

m—+1

AL ——m.
< m(m + 2)

But then, by comparison, A\G(z) < W (z) for all z > 0. This yields the assertion (A.59). [
We summarize: In order to complete the proof of Theorem A.5 it suffices to prove that
(A.56) holds for W (z) satisfying (A.58) and (A.59). We shall state this in a different way:
If we introduce the function
1 22 2

m(m + 2) T (m + 1)2G2($) - EZG(QE); (A.60)

O(z,x) =



then, in view of (A.58) and (A.59), what we have to prove is that

1 1
O(z,2) <0 for 0 <z < zpp, ze( m ’m—i- ) (A.61)
m(m+2) 2m
Set
m+1 m—+1
Hn=———+—, 2=—.
T om(m+2) ? 2m

Since the function z — ®(z,z) is a parabola, it is sufficient to prove (A.61) just at the
extreme points z; and z,. But

G? 2 1
®(21,2) <0 reduces to 1+ < (m + )G,
m(m + 2) x
G? 1
®(29,2) <0 reduces to + —< EG,
m+2 4m x

and since (by Lemma A.8) 0 < G < 1, it suffices to prove that

1 2 1
1+ < (m + )G,
m(m + 2) x
and
1 1 m+1

G.

— <
m+2 4dm T

Noting that the second inequality is a consequence of the first one, it remains to prove that
the function

F(z) =2(m+1)G(x) — Opx (A.62)

is positive for 0 < z < z,,, where

1 2
0,, = M (A.63)
m(m + 2)
Observe that for z near 0
(m+1)°
F ~ 1 _ T =
() ~(m+ 1)z m(m+2)x ar, a>0

so that
F(0)=0, F'(0)>0.

By Lemma A.9, F(x) is a concave function. Hence, in order to prove that F'(z) > 0 for all
0 < z < x,, it suffices to show that F(z,,) > 0, i.e., that

2(m+1)G(zpm) — Omzm > 0. (A.64)
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A.3 Proof of (A.64)

Introduce the positive solution V,, of

=2 2m —1
Vin(8) ¢ Vim(§) =1,
ie.,
— 2m —1 2m — 1\2 1/2
m - - 1]
V€)= =5+ [(F5)
Note that, by (A.65),
- 3
m(&) < 2m —1°
Differentiating (A.65) we obtain
— — 2m — 1— 2m — 1—
2VmV:n +—V,, =—V.
3 'S
and hence, upon using (A.67),
2m—177 1
— 2 m ra 1
I £ §
Vm - 2Vm + 2m—1 < 2m—1 o' — 1

Lemma A.11 There holds g 6
Valw) > (22 1) 7, ((222) )

2m 2m

for all x > 0.

Proof. Consider the function

and set £ = Az. Then

=1 = N[V, (€) + V() +

= XV ()+A2—1  (by (A.65))

+A2—1  (by (A.69))

if

N <

2m

so that z is a subsolution of (A.45). Since also, for z near 0,
2m —11 ( 2¢ )2

de) ~ A 3\am 1
X X

(by (A.66))

22 ~ Vnl(x),

2m —1 2m

we conclude that, by comparison, that z(z) < V,,(z) for all z > 0, and (A.70) follows.
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Lemma A.12 The function V,(€) satisfies: V,,(€) > 0, V. (£) < 0.

Proof. The first inequality follows from (A.68). To prove the second inequality we set
V =V, and differentiate (A.68). We get

2m —1 22m —1 2(m -1
WV o) 4 Z T Ly (2@ =)y 2m D)y
3 3 3
Since V' > 0, we see that
2(2m —1 2(2m —1
sgn V" = sgn{ (V)2 + ( TZQ Jyr A 723 )V}
20m—1)/, V 2 ,
< S § 7 ) Qe 2= .
< sgn{ & (V 5)} sgn {5( 2VV )} by (A.68)
which is negative since V' > 0. a

The lower bound for V,, derived in Lemma A.11 will henceforth be used to deduce that
ZTm in (A.35) is sufficiently large, which is an important step in the proof of (A.64).
Set

Q) 2m (2m—1)1/2vm((2m—1>1/2x)’

T m+1\ 2m 2m
2m .
P, (z) = me(x), (Vin defined in (A.44))
1 m+1
L = —-——F = — 7.
(%) = 5" = T 9)°
By (A.49)
Po(zm) = G(zn), (A.72)
and (A.64) is equivalent to
Ly () < G(2m)- (A.73)
For x near 0 -
G(z) ~ 9’

so that
G(0) = Ln(0)=0,  G'(0) > L;,(0),

whereas, for z large, G(r) < 1 < L,,(z). Since G is concave it follows that there exists a
unique point 7, such that
L,(z) < G(z) ifzx<Zy,

Lo(x)> Glz) ifz> . (A.74)
To prove (A.73), let & be the point where
_ .~ 2m(m+2)
L) =1, de, 7= 20T AT5
@=1, ic, 5= (A75)
Since G(z) < 1, (A.74) implies that
T < IT. (A.76)
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Suppose
Qn(2) > 1= Ly(2). (A.77)

Then from the concavity of @, (Lemma A.12) and the fact that @,,(0) = L,,(0) = 0 it
follows that
Qm(z) > Ly(z) ifz <2 (A.78)

By monotonicity of @, (Lemma A.11)
Qm(z) > Qu(@) >1 ifz>7
whereas by (A.78), (A.74),
Qm(z) > Ly(z) > G(z) ifz,<z<7T.

Thus altogether
Qun(z) >G(x) ifz, <z<o0

and since P, (z) > Q,(z) for all z > 0 (Lemma A.11), we conclude that
Pn(z) > G(z) ifz, <z<oo.

Hence, by (A.72), x,, < Z,, and, recalling (A.74), the assertion (A.73) follows.
In order to complete the proof of Theorem A.7 it remains to prove that (A.77) holds.

Set
A _m—i—l( 2m )1/2 _(2m—1)1/2~
"= om \am—1/) * "= oy v

Then (A.77) reduces to

Von(0m) > Apn. (A.79)
Since
V2 (o) + 22210 (o) = 1,
Om
if
A2 2";_ L <1 (A.80)

then, (A.79) follows by monotonicity. Substituting z from (A.75) into o,,, the inequality
(A.80) reduces to
(m+1)’(3m +1)

om@m —1)(m+2) <

which is valid if m > 4.

We have thus completed the proof of Theorem A.5 for m > 4. The proof for m < 3 can
be obtained by explicit calculations. Indeed, the solution of

IQ(I‘) _ §Il(.’l?)
Li(z) 41I(x)

isx =a=3.773474 and

Ig(a) _ g[l(a)
Iy(a) 31Iy(a)

= —0.0686071 < 0,
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whereas the solution of
13(.7,') . 2]1(.’E)

L(z) ~ 31Iy(z)

is © = b= 5.119174 and
L(®) _54L(b)

- = = —0.058144 < 0.
I3(b)  81Iy(b)

A.4 Concavity of G

The function G(z) = &£z (¢ > 0) is a supersolution of G, i.e.,

@'>1—@2—g.

T

Since also G(z) ~ £ < G(z) for z near 0, it follows that

G(z) < g for all z > 0. (A.81)
Differentiating (A.42) we get
G 1
G" = -2GG' - —+ =G
x oz
G, 1 G, G
= 9G(1-G2-Y—-Z(1-G? =)+ — A.82
G-6? =)~ )t (4.82)
3G? 2G 1
= —2G+2G°+—+= —- = K(G,z).
x x x
If z <1, then by (A.81)
3 1 1 1
G'"<-2G+12G°+-G+—-——-=G(—=+12G) <0
2 r 2
and thus G is concave.
We next want to show that
K(G(z),z) <0 ifl<z<2. (A.83)
To do that note that since G(z) > G(1) = 0.4464,
3G*(z) N 2G(z) 1
3 'S 3
is monotone decreasing in £, 0 < £ < 1, and
0K , 6G 2 :
oK _ G 2 — 2
e 2+6G+$+x2>0 ifG=G¢),>1, 1<z <
Hence, if
2 2G 1
H(z,y) = —2G(z) +2G3(z) + 3G () + (z) 1 <0 (A.84)

Yy y? Yy
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for a pair (z,y) with 1 < y < z < 2, then
K(G(€),6) <0 fory<E<a.
We shall use this remark with points
a1 =10, a0=1.1, a3 =12, ay = 1.3, a5 = 1.5, ag = 1.7, a; = 1.9, ag = 2.0.

By direct computation we find that H(aj11,a;) < 0 for all j. Hence (A.83) holds and,
consequently, G(x) is concave for 1 < z < 2.

It remains to prove the concavity of G(z) for x > 2. To do that we shall first derive
rather sharp upper and lower bounds on G

Lemma A.13 The function G satisfies
Gr)<l—-——-——-—— ifz 22 (A.85)

Proof. Writing

(A.42) becomes

1
! — _2 _ 2 -
© -9~ 3
By direct calculation one shows that the function
1 1
V) =g 5
satisfies .
/ _2 _ 2 _
and thus . . .
G=1-L_ Lt _ 1
2¢  8zx? 8a
is a supersolution to (A.42). Since
G =1-+-L1 1 070350697~ G
4 032 64 LT
the assertion (A.85) follows. [

We have
6G2(z) > 6G%(2) ~291>2 ifz>2

and, therefore,

oK 6G 2

=2 =+ = if 7> 2.

ple +6G+$+x2>0 if z
Consequently (recall (A.82)) in order to prove that G"(x) < 0, or that K(G,z) < 0, it
suffices to prove that K(G,z) < 0 where G/(z) is the supersolution given by the right-hand

side of (A.85). By direction computation,

5z 822 3223 | 1624 | 324

]

X

— @{1 1 5 3 1 1}_1
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which can be expanded to

B 1 11 11 231 3 1 3 1 1 1
K(Gv’”)—ﬁ( It s 822 956 25 256 24 256 2 2563;6)'

For z > 1, the sum of the terms with positive sign is less than 1/32+ 1/8 +23/256 which is
less than 1 Therefore, K(G,z) < 0 if z > 1. This completes the proof of the concavity of
G. [

B Some lemmas on analyticity

In this section we establish norm estimates on the derivatives of composite functions of the
same type as appeared in [1] and [4, Sec. 9].
Throughout this section we assume that the norm || - || satisfies the property

gl < IIf1 lgll- (B.1)

Lemma B.1 Suppose

B HyH™ ! .
Hk,ag wli H <o (B=1ik=0) (B.2)
forallm>1,0< k< K,1<1i<q and set
q e} o]
[T(>wl®e) =Y wa®: (a=1,2,3,-).
i=1 m=1 m=q
Then
B* HyH™ ' /48H,\ a1
Hk,aawq H\— 3 ( H0> form>gq, 0<k<K. (B.3)
Proof. First, we have
— 1 _m‘l( 1 2 1 2 )
— k2(m — k)2 = \m’k*>  mPk m2(m — k)2 m3(m — k)3
m—1
1 2
<2 + —
; (m2k2 m3k) (B.4)
2 (=1 2 m=1 dy
< W{;P’Lﬁ(l /9
2 (7 2 2 (w2 2
- -] 42 — < =212 42 —
m2{6 +m[1+ln(m 1]}\m2{6 +3(1+1n2)}<m2

The estimate (B.3) is valid for ¢ = 1, by assumption. We proceed by induction from g —1
to q. By (B.4), we also have (recall the convention k* =1 if k = 0)

m m—1
1 2 1 8
—_— = —— < —. B.5
;/@(m—k)2 m? +;k2(m—k)2 m? (B:5)



Note that

m—g+1
WEO) = > WEL(0)w(0),
j=1
and
1 m—q+1 k 1 l . . l
k _ q—
HOTWA(0) = Zl—,a(,wm_J(k )a
j=1 =0
Therefore
m—q+1 k l m—j—1 _ k—1 j—1
B* HyH™ ™I 48Hy)\¢2 B HyH’
4 <
Hkva@W()H h Z ZP (m —j)? ( H ) (k=102 ;2
7j=1
A8HpNe 11 " 1 1 g1 1
< BFHH™! — - N
0 ( H ) 48 z_: (m—j)2j2212(k—
j=1 =0
BkHon_l 48H0 g-1
< I
< T ( = ) (by (B.4) and (B.5)). 0
Taking w%)(ﬁ) = wfﬁ)(ﬁ) == wfﬂ)(ﬁ) = Wy, (f) in Lemma B.1, we get
Lemma B.2 Suppose
Bk HHm—l .
Hk,a(,wm H < o (B=1ifk=0) (B.6)

for allm >1,0 < k < K and set

m=1 m=q
Then ¢ H ™1 48H
m— 8 q—1
Hk'(?,,Wq H\ — ( HO> form>gq, 0<k<K. (B.7)
Lemma B.3 Consider the formal power series
Fw,0) =" fu(@)w™,
m=1
w(f,e) = Z W (6)™
m=1
and set -
F(0,€) = flw(0,€),0] = > Fn(6)e™
m=1
Suppose that
. Bk Bk HOHm 1
i R (33
hold for allm > 1 and all 0 < k < K and H/A > 96H,. Then
Bf HyH™ !
Hk,aaF H 1640 —~5—  form>1, (B.9)
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Proof. Using the notation from previous lemmas, we have

F, = zm: fVE
qg=1

Thus
k

1 m
OfFm=> ae I ak WL,
0

g=1 I=

we now estimate

B' B¢ HOHm_1(48H0)q—1

[oir] < S aar g e

H
g=1 1=0
8AoB* HyH™ ' X 1
= 2 m2 ZQq 1 (by (B.5))
qg=1
A()Bk H()Hmil
16 Eh - g

The above lemma extends to double power series:

Lemma B.4 Consider the formal power series

fle,y,0)= > fi(0)"y,

1<i+j<00

=Y wl)(0)e
m=1

g) = Z w® (h)e
m=1

and set -
F(0,2) = flwi(0,€), w(0,¢),0] = Y Fn(0)™.
m=1
Suppose that
B B HyH™ !
% 1 0 .
Hkva@f” S AA™TT o Hk'ae [ e
hold for allm > 1,i+j>1 and all k > 0 and H/A > 96H,. Then
Blc H Hm—l
k 0
[ < o2 gy =

If, furthermore,
fio(0) = fo1(0) =0

i.e., the series for f starts with second order terms, then
Bk HZHm 2

o, H 324840y —0

I

(B.10)

(B.11)

(B.12)

Similarly if the series for f starts with m-th order terms, then there is an extra (48Hy/H)™™!

factor in the resulting estimates (right-hand side of (B.11)).
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Proof. We write

( i: w,(,?(e)sm)i( i wﬂ?(&)s’”)j = _f: _Fr(rf’j)(e)gm-

Then by Lemma B.1,

(Z J)

_Bk]{()lfm_1 48H0 itj—1
<= (=2)

[osr

S k2 om? H
Since B
> LO)FE0),
1<i+y<m
we then have
1
[oimo] < X > [Fono| gy
1<i+ji<m =0
Bl Bk—l HHm—l 48H it+j—1
< Ap AT+~ 0 ( 0)
DD SRR L
1<i+j<m =0
B* HyH™ ! 1yiti-1
< st 3 (5) (by (B.5))
1<i+j<m
Bk HOHm—l

(B.13)

In case f1o(0) = fo1(f) = 0, i + j is at least 2 for the nonvanishing terms and there is an
extra factor 48 Hy/H factor. Similarly if ¢ 4+ j starts with m, then we get the extra factor

(48H,/H)™ . O
In the next lemma, we use two norms, || - ||x, for functions ¢(#) and || - || x, for functions
f(r,0).

Lemma B.5 Suppose that the norms ||-||x, and ||-||x, satisfy the following algebra property

l9(0).f (r,D)ix, < C7llgllx 1 £l x-

Assume that
Bf HyH™ 1

Hagwm(e)H <k = — (B =1ifk=0)
forallm > 1,0 < k < K and fized i, and
] Bk HHm 1
¢ Ok
) aTagum('/', 9)‘ % (k + Z)‘ﬁ T
Set - - -
(Z wm(ﬁ)em) (Z U (T, 0)6”‘) = Z U (r,0)e
m=1 m=1 m=2
Then
, B* HyH™ ' /48H,
i Ok * 0
)araaUm(r,a)) LSOk ( - ) form>20<k<K
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(B.14)

(B.15)



Proof. The proof is almost the same as that for Lemma B.1. Note that

=" w1 0)us(r.0),

and L
OLOFUp(r,0) =D > ( )a,,wm _i(0)D0E (1, 6).
j=1 1=0
Therefore
0L 05U (r, )
H(k+i)! 05 U (7,6) X
k
0*7”2:1216: < ) BlHHm -1 RBk-l HOHj—l
oy (k-i—z) 2 (m—3)2 (k—=10)2 42
l
m— k
. m—1(48Hp\ 1 1 1
< OBl 1(—0)4—2 T BT
j=1 1=0
*BkI{()I{m_1 48H,
S Cﬁ m? ( H )
The proof is complete. l
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