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Abstract

In this paper, we consider controllability properties of a thermoelastic plate equation, in
which the (coupling) coefficient of thermal expansion « is allowed to vary with the properties
of the plate. Boundary control is exerted through the free boundary conditions of the plate
equation, and through the Robin boundary condition of the temperature. These controls have
the physical interpretation, respectively, of inserted forces and moments, and prescribed tem-
perature, all of which act on the edges of the plate. The main result here is that this boundary
controlled partial differential equation has the following exact—approximate controllability prop-
erty: With initial data of finite energy, one can find boundary controls such that the mechanical
(plate) variable can be controlled exactly, and the thermal variable approximately. The proof of
this result relies on an inverse—type estimate which reconstructs the initial energy for the plate
from measurements on the boundary.

1 Introduction

Let Q be a bounded open subset of R?, with smooth boundary I'. Furthermore, I', will be any open
and nonempty subset of I'. We shall consider here controllability properties of the following system
of thermoelasticity:

( wit — YAwy + A?w + div [a(z,y) VO] = 0 )
{ 0y — A + 6 — div[a(z,y)Vw] = 0 on (0,T) x &
Aw+ (1 —p)Biw+ o =y »
ODw y_ OBy Do | 00 on(0,T)XT;
ov ( K or ' ov a@u - (1)
00 _ [ ug on (0,T)xT,, )
EJFM‘{ 0 on(0,T)xTI. @ 20
l w(t=0)=wg, w(t=0)=wy, 8(t=0) =0y on Q.

Here v > 0 is a parameter accounting for rotational forces, and is assumed to be small. In
addition, a(z,y) € C*() is a thermal parameter which varies with the properties of the plate
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material. Moreover, i € (0,1) is Poisson’s ratio. The (natural) boundary operators B; are defined
as

2 L, L,

Bl = 21/1V26x—8y—V16—y2—V2w;
: o 02 o2 o2 "
— 2 2
32 = (Vl — VZ) axay + vy <@ — ﬁ) . (2)

There are other physical parameters associated with this model, but without loss of generality, they
have been set here to unity. The boundary functions u; are taken to be the “controls” of this partial
differential equation (PDE) system, and are each L? in time into a (to be) specified Hilbert space.
In the absence of these boundary controls, one has wellposedness in the finite energy space

H, = H*(Q) x H'(Q) x L*(Q). (3)

That is to say, with u; = 0, ¢ = 1,2,3; and initial data [wg,w;,6¢] € H,, one has that the corre-
sponding solution to the PDE (1) satisfies [w,w;,0] € C'([0,T]; H,). Here, we wish to determine
reachability properties of the solution [w, w;, 6], corresponding to controls u; of certain smoothness.
Our main result is the following;:

Theorem 1.1 Let T > Qﬁdiam(ﬂ). Then the following controllability property holds true: for
given initial data [wo,w:,0] and terminal data [wg,w?,eﬂ wn the space H, and arbitrary € > 0,
one can find control functions [uj,u3,u3] € L?(0,T; L?(T)) x L*(0,T; H~1(T')) x C*°(.) such that
the corresponding solution [w*,w;,0*] to (1) satisfies at terminal time T,

W (1), (T)] = [wg,wi];
0*(T)_0(¥1”L2(Q) < e

This theorem is essentially a corollary from the following result of controllability for the mechan-
ical variable only:

Theorem 1.2 Let T' > 2,/ydiam(Q). Then for all initial data [wy,w,600] € Hy, and terminal data
[wo,wi] € H2(Q) x H(Q), there exists [u1,uz2,uz] € L?(0,T; L*(T)) x L*(0,T; H Y(T')) x H*(X.),
where arbitrary s > 0, such that the corresponding solution [w,wt, 8] to (1) satisfies [w(T),wi(T)] =
T T

[w,wi].

Once the partial exact controllability result Theorem 1.2 is established, one can easily invoke
the constructive procedure outlined in [3] to find the control [uf,u3, u}] which meets the demands
of Theorem 1.1. Accordingly, we concentrate below on the proof of Theorem 1.2 only.

Remark 1.3 The results of Theorems 1.1, 1.2 also hold for the case when the mechanical controls
[ur,us] are applied onT'y C T, where Ty = I'\I'y satisfies suitable geometric conditions and ToNT'y =

o (see [3]).

2 Literature Related to the Problem

Questions related to approximate—exact controllability of thermoelastic systems have attracted con-
siderable attention in recent years. The simplest case to consider in this context is that of internal
controllability, where the problem reduces to addressing the exact controllability of the mechanical
variable (wave or plate), the solution of which being now well-known. Indeed, in this case, one
can show that the associated controllability operator for the thermoelastic plate can be written as



a compact perturbation of the controllability operator corresponding to the (uncoupled) Kirchoff
plate only. And for the latter problem, the surjectivity of the corresponding controllability map
is well-established (see [17],[26] and references therein). This fact, together with the approximate
controllability of the original thermoelastic system, and the available literature concerning the the-
ory of compact perturbations of controllable systems (see e.g., [29],[4],[11]), allows the deduction of
approximate—exact controllability for the PDE (1).

The situation is very different in the case of boundary control problems, which usually cannot be
viewed as mere compact perturbations of the “mechanical” part of the equation. This is particularly
so for the case of control via free edge boundary conditions. In this case, in addition to an unavailable
decomposition of the thermoelastic semigroup into a mechanical plate semigroup and a compact
perturbation, there is also the added complication that the associated boundary control operator is
unbounded on the basic state space (see [23]). This last feature is due to the failure of the Lopatinski
condition to be satisfied for the thermoelastic plate with free boundary conditions. In view of these
complications, boundary controllability results for systems of thermoelasticity are much harder to
obtain, and new ideas must necessarily come into play.

In fact, the very first results in this area are, predictably, for one-dimensional models (see
[10]), where the optimal solution to the exact controllability problem was obtained by solving an
appropriate moment problem—a very successful one-dimensional tool.

In the case of two—dimensional problems, partial exact controllability (with respect to the me-
chanical variable) for free edge boundary conditions was first obtained in [27]. The main technique
employed there was a multiplier method with differential multipliers. The result obtained in [27]
called for a restriction on the size of the coupling (constant) parameter o. Most recently, [28] has
derived a similar controllability result with a similar restriction on the size of the thermal coupling,
for thermoelastic waves. This assumption that the coupling between the thermal and mechanical
components be sufficiently “small” may very well be plausible physically, and in agreement with the
physical principles underlying the derivation of the model; however, from a mathematical point of
view, one could hardly disagree that the removal of this smallness assumption is highly desirable. If
not for mathematical elegance and completeness, then certainly a robust controllability theory calls
for the removal of unnecessary restrictions involving the size of the physical parameters. Indeed, in
the construction of control laws for the controlled PDE (1), a dependency on small parameters in
the model may lead to very unpleasant and unpredictable effects at the level of implementation.

This was precisely a motivation behind [3], where the exact—approximate boundary controllability
of the PDE (1), with « constant, was obtained without restricting the size of the thermal coupling.
This was achieved by: (i) introducing elements of microlocal analysis into the multiplier estimates
developed in [27]; (ii) applying special DO multipliers for the 2-D system of thermoelasticity,
these multipliers making their initial appearance in [2] (in the context of uniform stability) ; (iii)
resorting to a new unique continuation property for the system of thermoelasticity in [16]. The
results obtained in [2] not only dispense with size constraints placed on the coupling coefficients,
but also do away with the need for assuming geometric conditions (star-shaped in particular) which
have appeared customary in previously posted results on the boundary controllability of waves and
plates (see [17]).

All the results reported above deal with the case of constant coefficients. This paper, instead, is
the first to tackle the controllability of thermoelastic plates with variable coefficients. It is wellknown
and recognized in the literature that the case of variable coefficients, in the context of controllability,
is an altogether different problem. The main obstacle is the fact that standard differential multipliers
are no longer effective on problems where variations of the coefficients occur at the energy and higher
level. In this case, Carleman’s estimates appear necessary, even in the case of a simple wave equation.
Thus, the tools become more complicated and more technical.

In order to cope with the issue, we shall use very special H~! x L? recovery estimates, obtained
for the perturbed wave equation with variable coefficients. (Analogous estimates were obtained in



[13]. See also [14] and [15].) These estimates will then be applied to an appropriately rescaled
controllability map corresponding to the thermoelastic problem. Recent unique continuation results
in [16] and [6] for variable coefficients (see also [5]), together with the new backwards uniqueness
property established in [25] are critical in completing the argument.

3 Proof of Theorem 1.2

Remark 3.1 Note that the controllability of the system (1) is equivalent to the controllability of
(1*), where (1%) is the same thermoelastic PDE as that present in (1), but equipped instead with the
mechanical boundary conditions

{ Aw+ (1 —p)Biw+ ab = uy

OAw OByw Owis o9 on (0,T) x T
2 +(1—/J) 5 78 +a5—w_ug

Indeed, it suffices to redefine uy = us + w|p, in order to obtain the controllability of the original
system (1). This last assertion follows from the fact that the map [uy,uz,usz] = w|p is a bounded
mapping of L*(X) x L*(0,T; H~1(T)) x C*(X) into C([O,T];H%(T)) C LA(Y).

Given the Remark 3.1, our proof of partial exact controllability (again, with respect to the
mechanical variable) will center on analyzing the solution [¢, ¢4, ¢] € C([0,T]; Hy) of the “adjoint”
PDE system (adjoint with respect to the PDE (1%)),

( b1t — YAy + A% + div [a(z,y)Vy] =0 0:
Uy 4+ Ay — 1 — div[a(, y) V] = 0 o s

{ ong Y b o
¢ By¢ )it v on ¥ ,
B TUmHT m1g, tag, m9=0 (®)

g—¢+)\w—00ng, A>0;

[ [&(T),0(T), (1)) = [0, 01, 0]

(note the terminal thermal condition ¢/(T) = 0 reflects the fact that we are out to exactly the
mechanical variable only). With this solutions of this PDE in mind, the energy of the mechanical
variable at time ¢ will be denoted as E4(t), this being defined as

Ey(t) = a((t), 6(0) + 10 (t) 172 + 7 IV (0)172(c » (5)

where the bilinear form af(-,-) is defined by

a(d), 5) = /Q |:¢mc$z:c + ¢yy$yy + ,U(@zzgyy + ¢yy5ﬂm) + 2(1 - H)¢my$my] dQ + /F ¢$dr-

(In particular then, E¢(T) = a(po, o)+ ||V¢1||12(‘Q) —|—||¢1||izm)). It is known that C ||¢0||H2(Q) <
Va(po, do) < Co |¢0||H2 for all g9 € H?(R2), so that \/a(-,-) ~ ||-||H2(Q). In what follows below,

we will have occasion to appeal to the following Green’s Theorem for the biharmonic operator (see

[26]): For two functions ¢, $ of sufficient smoothness, there is the relation
/ (A?) $dQ + / $odl
Ja Jr

= a<¢,$)+/r[a§—f+(l— ) 5”] gar — /[A¢+(1—u)31¢] Par. ()




Now for s real, we define {/s to be the product of spaces
Us = L*(0,T; L*(T)) x L*(0,T; H~'(I')) x H*(Z.).

With this space, we denote L7 : D(Lr) C Us — H, to be the “control to terminal state” map; that
is, for all [uy,us,us] € D(Lr),

Uy w(T)
Lr| us | = w(T) |,
Us 6(T)

where [w, w, 0] is the solution to (1), corresponding to control triple [u,us,us]. Note that £y is an
unbounded operator, owing to the particular mechanical boundary conditions being imposed. (Note
however, that the mapping [u1,us] — [w,w, 8] is as an element of

c (Lz(O,T; L2(T) x H-Y(T)),C([0, T); H} (Q) x H(Q) x L2(Q)); see [24]), Moreover, let TI €
L (H,, H*(Q) x H'(Q)) denote the following projection:

wo )
II w1 = [ «o :| .

B “t
It is readily seen that establishing the partial exact controllability of the system (1*) is equivalent
to showing the surjectivity of the map IILr : D(Lr) C Us — H,. By the classical functional
analysis then (see e.g., [12], Lemma 3.8.18, p. 102), the proof of Theorem 1.2 will be complete if
we can ascertain the existence of a constant Cr > 0 (again for T' > /ydiam(Q)) such that for all
[0, 1] € D(L3IT%) C H?(Q) x HY(S2), one has the following inverse inequality

T
/0 IV 0y -+ [P e sy > CrEa(T), (7)

where ¢4| and |, are traces of solution [¢, ¢, 4] to the backwards system (4). Our work below
is geared towards establishing the inequality (7).

Before starting, we first note that in regards to the PDE (4), one can show by a standard energy
argument (see e.g., [27], [2]) that for arbitrary terminal data [¢g, ¢1], the thermal component of the
solution [@, ¢4, 1] satisfies the estimate

T
/0 Vel di < CEH(T). (8)

In view of this additional regularity, we denote as “l.o.t. (¢, ¢¢,1)” (lower order terms), all quantities
which are below level of energy; that is, for every € > 0,

lLo.t.(¢,¢.¢) < Cr <||¢||Loo(o,T;H2—e(n)) +19ell oo 0.1 -<(00)) F 1N Lo 0,11 <02

r 2
4 / 1ol e it | -

In addition, we shall use the standard denotation O (:), where
a= O (b) & |a|] < Cb for some constant C.

Finally, by invoking a density argument, we can throughout assume solutions [¢, ¢, ¢’] to (4), cor-
responding to smooth terminal data, which have the regularity required to justify the computations
to be done below.

We first need the following estimate on the mechanical energy.



Lemma 3.2 Let T > 2\/7/dzam(Q) Then for all 0 < €9 < L, we have the estimate

T—eq
[ B cu, / V0l r,) dt + Lot (6,61,). (9)

Proof of Lemma 3.2: Multiplying the backwards heat equation of (4) by a(z,y), and adding
the resulting expression to the Kirchoff plate of (4), we obtain the single equation

b1r — YAGs + A26 = anhy — aVa - Vo — a’A¢y — Va - Vb — ah. (10)
Making the change of variable z = A, we then have that = satisfies the wave equation
vae = Az 4+ o’z + F; (11)
where
= 0 fit o with fi=0— 0t +aVa Vo and fy=Va Vi tar.  (12)

Appealing to the recovery estimate in the Appendix for wave equations with forcing term of the
form in (12) (see Lemma 4.2 of the Appendix), we have for T' > 2,/ydiam (£2)

T
2 2
1O g + 2O ]
0

r 0z
< 0 ([ M ar+ | 2]

T
L AR v P T OTHW(Q))). (13)

2
+ 12 -1 (g
H-1(S)

Transforming back to the mechanical variable, this estimate becomes

T
(1860122 gy + 186 (D)= ]
0

, T 2 90| 2
e R e +1015-1
0 H-1(%)
’ 2 2 2 ;
[ [ WAl ] e+ ||f1||c([07T];H_%+em))> : (14)

We estimate this right hand side. First off, we note from the free boundary conditions in (4)
that

A o 9% O
5 = W= Da50: 17,

+ Aoy + ¢

in consequence, we have

6A¢ a 32¢ 866”
e < - , rawll B

H ov _1@)—0 'aTayaT _1(2) B H_I(E)+II | iy + 10l
¢4 ||” . , |
< C;m/ l ovOT || a1 H " +||w||L2(F)+||¢||L2(F)] dt. (15)




We thus have from (14), (15) and a simple rewriting of A¢| that

T
| 180000 0 + 18600 -1 )

T 2
< Cp / dt
0 L*(T)

T
+-/0 I:”fl”i2 + ”f)”H I(Q):I dt+ ||fl||C(0 TH™ Z+€( Q)) + l.o.t (¢’ Qt’lﬁb)> . (16)

26|
or?

%o
ovoT

&

ov?

196 0 + \

2
L2(T) ’ L2(T) '

Note that the term on the left hand side above does not determine the energy of ¢(t); (i.e.,
||A¢(t)||ig(ﬂ) + ||A¢t(t)||i],1(m ~ E4(t)). However, we can use the estimate (16) to majorize Ey(t).
Indeed, by standard elliptic theory,

IA

C (120l -1 oy + Iloell 3.1, - (17)

191l g2 ()

IA

el 112 ()

This thus gives

T
| {1 + i )

o? ¢ .
< € [ |90l + 18000 + 130T+ | 53] )] . as)
L2(r
In turn, this estimate, combined with that in (16), yields
T
/ E¢(t)dt§
0
B (S - e e
Cr / Vo + ’ ‘ ’ — dt
0 PO o | ey 10007 |y 11092 | 2y

+/0 |:||fl||L2 Q) + ”fZ”H ] dt + ||f1|| c([o,T); H—;+€( )) + l.o.t. (¢ﬂ¢t7,¢’)} (19)

(recall the definition of the energy F4(t) in (5)). Note that we can perform the same computations
as above, to obtain the estimate (19) on the time interval (T — €p,€0). Doing exactly this and
subsequently majorizing the norms of second order boundary derivatives of ¢, by means of the trace
result Lemma 4.1 of the Appendix, as applied to ¢ as the solution of the Kirchoff equation in (4),
we obtain

T—eq T .
/ Eg(t)dt < Cr {/0 176l ) + MoV elll, 5 o ]

(where for this estimate we have implicitly used the definition of f; in (12)). It is evidently necessary
to deal with the norms in (20) involving div[aVi)] and fo:



(i) To handle div[aV1)], we first define Ay : L*(Q) — L?(Q) as Ay = —A + I, D(Ay) =
{19 € H?(Q) such that % = 0}. As for the case of Ap, Ay is positive definite, self adjoint, with its
fractional powers therefore being well-defined. In particular, from [9], we have that

D(AS) = H*(Q) for0<¢< Z;

(vﬁ,vﬁ) L2(Q) + (0’5) L2(Q) - (Aiﬁ,AiE) L2(Q) for 9,9 € H' @ 2
With this operator, we then have pointwise in time for every w € H> (),
(div[a(z,y) V], w)Lg(Q) — (aV, VW)Lu(Q AMay, @ )L”(F
—(V, V (a@)) 12 () — (gi’ [a, 3] w) .
_ (g_‘; o, 2] w) oy =M@
= (A4+2¢, Ay (O‘w)>L2(m 0@ 1) - (%’ 3] w) L2(9)
<Zf [ "%] w) 12(2) BRRRECE

after using (21) and the definition of the commutator [4, B] = AB — BA. An application of the
Riesz representation theorem thus yields

T T
2
| ivlote ) V012 g At <€ [ 1 (22)

(ii) In estimating the norms involving f» on the right hand side of (20), we note from the definition
(12) that the troublesome term is Va - Vib. But for every 9 € L?(Q) and w € H;(Q2), we have

(Va - VY, W)Li’(_ﬂ) =— (v, div[wVa])Lg(Q)

Consequently, we have that V- V(-) € £ (L?(9), H~1(Q)) !, and so we deduce that
T 2 T
| 18y e <€ [ 100 . (23)
Combining (20), (22) and (23) gives now the desired estimate (9). W

Lemma 3.3 (i) For all s,7 € [0,T], and € > 0, the mechanical energy of the PDE system (4)
satisfies the following relation:

[Es()],=7
= o( Y dt+e{E¢<r>+E¢<s>+ / [E¢<t>+||w(t>||ig(m}dt})
+ Cclot. (¢, ¢, 1) (24)

IHere is where we require that a(z,y) € C2(Q).



1) For all s and 7, the mechanical energy E4 obeys the estimate
é

Ey(r)<C

T
E¢(51)+C€/ ||V¢t||ZL2(r) dt]
0

+ € {/0 [Ed,(t) + ||V¢(t)||2L2(Q)] dt} + Cclot. (¢, 01, 0) . (25)

Proof of Lemma 3.3:
(i) We multiply the Kirchoff plate equation (10) by ¢; and integrate in time and space, invoke
the Green’s theorem in (6) so as to have

1 — s ¢t

- E = dt — — + A d

9 <15( ) /; (a¢t7¢)t) i /; ( ¢3 + ¢t> L) 3

- / (Va Vi + ap + aVa - Vo, + a?Ady, ¢t) 2(0)) dt. (26)

By use of the inequality ab < ea® 4+ C.b?, the trace theorem of Sobolev, and Green’s formula we
obtain

—Eqs(t /(aut,qbt)p dt+// o? |V, |* dQdt
+0</ IV ill7 2 ) dt + € / [nwtnm)+||wnwm}dt)+|.o.t.<¢,¢t,w>- (27)
0

(ii) The critical term in (27) which needs to be eliminated is f,rs (all»’t,fﬁt)p(m dt. To this end,
we introduce an operator theoretic multiplier invoked in earlier work (see [2],[3]), for which purpose,
we need the following elliptic operators:

(i.e) The operator Ap : L*(Q) — L?(Q) is defined by
Ap =—A, D(Ap) = H*(Q)N Hy (). (28)
By the characterization in [9], we have D(A%) = H} (Q).
(ii.e) We define the (Dirichlet) map D, by
Dg=h & Ah=0in Q and h|. = g. (29)
By elliptic theory, we know that

D € L(H*(T), H**3 (1)) for all real s. (30)

Now using the inverse of the elliptic operator defined in (28), we apply the multiplier ABl (%g[))

to the equation (10) and integrate in time and space to obtain

3 i fa
0= / <¢” = 7AGu: Ap <—‘/>) «
T ! L2(2)

+ /S <A2¢ — ayy + adiv[aVey] + Va - Vi + ap, At (ﬂ/w)) dt. (31)
T Y L



We now rewrite the right hand side of (31), to which purpose we use the heat equation in (4).
First off,

[ (et (24,
T ! L2(Q)
i=s
(q;t,A;)l <iﬁ¢)) +/ <¢t,A51 <g [Ay) — ) — div(anbt)])) dt.
! L2(Q) T v L2(Q)

From this and the fact that A" € £ (H™'7¢(Q), Hy~(Q)), for e < 1, We obtain

/S (d)tt, Ap! (ﬂp)) dt = Lo.t. (&, b, 1)) (32)
T v L2(Q)

t=71

Secondly, we have

_/ (A, Ap! (a«¢))L2m) dt:/ (Vpur, VAL (a’gﬂ))p(m dt

= [(Vor, vap' (ad’))ﬁ(m]i - / (66, ADAD' () o dt

T

s —1
- / (@,GAD@—IW)LZ(F) dt. (33)

Using again the backwards heat equation in (4), and the identities

alAy = A(ap)+[A,0] = —Apay — D(ap|p)] + [A, o] ¥
adiv[aVe:] = a*Ady+aVa- Ve, = Aa’g; + [0, A] ¢ +aVa - Ve
= —Ap[a’e — D(a’¢|,)] + [0®, A] é +aVa - Voy;

we rewrite the last term on the right hand side of (33) as

s y 4 —1
[ (o2t
T v L2(r)
= /S <¢t, i [D’yo(azq‘)t — ad’)]) dt
™ v L2(T)
T T
+0 </ ||V¢t||iz(r) dt + € / E¢(t)dt> + Cclot. (9,01, 9), (34)
Jo Jo

after use of the regularity properties of AB] and the commutator. Now using Théoreme 3
of [1] (p. 13), and trace theory, we deduce that ,%D“/o e L (H1 (Q),H’%(FD . With this

information, we have then

/TS <¢t7 % [Do(a®¢r — CW)])U

3(T)

T , - 2 |
= O </0 C. ||V¢t||Lz(p) dt + 6./0 [E¢(t) + ||V’¢’(t)||L2(Q)] dt> + Ccl.o.t. (¢, 01,v)(35)

10



Collecting (33), (34) and (35), we have
— [ (A0 AR (@) 2 g

= - / (¢t’ C“Pt )Lz (Q) dt

+0 (ce | 150l e+ {[Eqs(t)]l + [ [+ 1900 0] dt})

+Cclot. (¢, ¢4,0) . (36)

For the final term in (31), we have by the use of Green’s Theorem (6) and the regularity of
ARt

/ <A2¢ — ay + adiv]aVeéy] + Va - Vi + arh, AR} (gl/,’)) dt
[ v

L2 ()
T
=0 (e / E¢(t)dt> +Colont. (6, 00,1). (37)
0
The relations (32), (36), and (37), applied to (31), thus give

0 = _/ (6101 2 gy dt

+0 (cz / IV 0l dt + € { / [Bot) + IV 6(0) 320y | dt + Eo(7) +E¢<s>})
+Cclot. (¢, 1, 0) . (38)

Summing (27) and (38), and noting the critical cancellation of the term f: (G, 00)¢) 12 @) dt, we have

1 = s . .
—3 E4(t),22 = —/ /Qa2 [V |* ddt

T 2 T 2 :
+0 <ce | 1ol at+e { | B+ IV 60 e+ Bor) + Eqs(s)})
+Ccl.o.t. (¢, Ps, 1)
T 2 T 2
0<cz / ||v¢t||mdt+e{ / [E¢<t>+||w<t>||m]dt+E¢<r)+E¢<s)}>
0 0

+Clot. (¢, s, 1) (39)

This gives Lemma 3.3 (i). The proof of (ii) comes readily from Lemma 3.3 (i), and a rescaling
of e > 0.

IN

|
By multiplying the backwards heat equation in (4) by ¢, integrating in time and space, and
subsequently invoking Green’s formula, we have

1 2 r 2 2 2
3 10O+ [ [IV0 it N0l + Ml ]

=/0T

ol
V60, V) oy — ( —,w) it
(a t )L (Q) (8% ay Lz(Q)]

11



(recall that ¢(T') = 0). Majorizing this expression, in part by the inequality ab < ea? 4+ Cb?), we
then arrive at the following:

Proposition 3.4 The thermal component of the backwards system (4) satisfies the following in-
equality:

T T
| IVl @t <Ca [ (19 + Eote)] dr (40)

Proof Proper of Theorem 1.2

T
For any € € (0, E), we have by two applications of Lemma 3.3(ii)

/TE¢(t)dt - /€E¢(t)dt+ ' E¢(t)dt+/T_€E¢,(t)dt

T
< 2%Ey(T)+C / IV el vy dt
T ’ T—¢
428 [ [Ealt) + IV ela@) dt+ [ Ea(tyit+10t. (6,60 0)
0 . € -
< 26E¢(T)+C€,T/0 ||V¢t||2LQ(F)dt+2€2/O [E¢(t)+||V¢||iQ(Q)] dt

+lot. (¢, b1, 0), (41)

after using Lemma 3.2. Combining this estimate now with that in Proposition 3.4, and subsequently
taking € > 0 small enough yields

T r
| B+ 1500 ] e < eBT) + Coir [ NGyt + 108 (0000) . (42

(Here, we also have implicitly rescaled €, for the sake of clarity only).

To finish the proof, we have by Lemma 3.3(i)

/ " By(t)t = TE(T)
T

r 2 T 2
+0 (/0 IVl Ly dt+e{TE¢(T)+(1+T)/0 E¢(t)dt+T/0 V()20 dt})
+l.o.t. (¢, p1,7) . (43)

Combining (42) and (43) then yields
Tri_ 2 T . ..
[ B0+ 1T 0|t + S ET)
T T
< C'T/ ||V¢t||2LQ(F) dt+e(l+T)E¢(T)+e(1+T)/ Ey(t)dt
0 0

T 2
T / V(1) ey + 101 (6,61, ).
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From here, one has the following inequality for € > 0 small enough:

T T
| [Be®+ 1900 ] e + EoT) < Cr [ 90y e+ 10t 000). (44

Note that the preliminary observability inequality above, polluted by lower order terms, reflects no
contribution from thermal control. That is to say, there is no term C'p ||¢||?H5(E)]/ appearing on the
right hand side of (44) (c.f., (7)). In order to eliminate the lower order terms appearing in (44), one
must at this point invoke a (by now) classical compactness uniqueness argument which makes use of
the new unique continuation results in [16] (in the case that I'. =T") and [6] (in the case that I'. C T')
for the linear system of thermoelasticity (4), in combination with the backwards uniqueness result
of [25]; these being used to handle the thermoelastic system with variable coefficient . Namely, If

[, @, 9] € C([0,T]; H*(2) x H(Q) x L?(Q)) solves

( @i — YAwy + A?w + div[a(z,y)VI] = 0 Q
V¢ + AV — 9 — div[a(z,y) Vo] = 0 on

Aw+ (1 —pu)Byw +ad =0
8Aw+ 1 OByw 8wtt+ 3_19 _,oonY
v ( ) or /8y a@z/ “=
w:a—wz() on Y
v
)
a—+)\19=0 on Y, A>0
ov

[ V=0 on X,;

then for T > 2, /ydiam (£2), necessarily [w, @, 9] = [0, 0,0].

It is only here at the compactness—uniqueness level that the thermal trace term appears (In con-
sequence, the parameter s may be allowed any value.) These details of the contradiction argument,
being very similiar to those in [3] are omitted. So given the existence of the inequality (44), we
obtain by means of compactness—uniqueness the inequality

T
lo.t. (¢, ¢1,¢) < Cr (/0 IV ell72 py dt + ”d’”[ZHS(E*)]’) : (45)

Combining (44) and (45) now establishes (7), and so completes the proof of Theorem 1.2. W

4 Appendix

In the work above, we will have need of the following trace regularity result, proved in [19], for
solutions of Kirchoff plates:

Lemma 4.1 Let the function ¢(t,x) satisfy the following Kirchoff equation on an open, bounded
domain Q C R™, with smooth boundary T :

1 — 7A@ + Ao =f on Q;

{ AK+(1_H)3159=91 o )
® By Pt on
- 1 — ) =22 _ 20
ov +( ) or ' ov 92
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where the boundary operators B; are as in (2). Let 0 < g < T and € > 0 be arbitrary. Then one
has the inequality

T—eq 2
/ ’ dt
€q L?(T)

T
< Cras { L0 e + M iy + Bl g + IVl ]

oy
ov?

oy
o2

02
ovoT

N - Y

L2(T) L2(T)

g2l } -

A version of the L?(Q) x H~' () estimates which is needed in this paper (see the proof of Lemma
3.2) is different in formulation and statement from those found in the literature, and for this reason
is presented below. With v > 0, we will consider the following:

vau—Az—Fz=f inQx(0,T), (46)

where the term F'z corresponds to a first order differential operator in time and space, with suffi-
ciently smooth coefficients. In addition, f is a forcing term which, for our purposes, will be assumed
to have the following form:

f= %fl +fo, with 1 € LX(Q)NC(0.TLH **(Q); f> € LO.TH (). (47)

With f as defined, we then have the following L?(Q) x H~1(Q) observability estimate with respect
to the wave equation (46).

Theorem 4.2 Let T > 2,/ydiam(Q). Then the following estimate is valid for all t € [0,T]:

N 2
12Nk () + 2 Ol-1(0)

6~ 2
2 ~
< {nznm) +|5

2
+ 12l-1(q)
—H(Z)

T
2 2 2
+ / 172113y + 152103y ] it + ||f1||c(m,T];H_;+em))} .
Proof: With the operator Ap as defined in (28), we note by [9] that

1
|45 =], ~ =l

L2(0)

Accordingly, we can adopt the following notation for the wave energy at time ¢:

2

1 2 i -3
E.(t)= 3 12720 + 3 ”ADzZt(t) r2(9)

STEP 1. A Decomposition.
We set z = w + v, where

ywy — Aw = Fw on @
w=0 onX (49)
w(0) = 2(0); w:(0) = 2(0) in &

14



Yoy — Av=Fv+ f on Q
v=2z onx (50)
v(0) =0; v4(0)=0 in Q.

STEP 2. The w—Equation.
For T > 2,/7diam(Q2), we can directly apply the estimate in Theorem 2 of [30] with p = —1,
m = 2. With this result, we then have the existence of an interval [ty,¢;] C [0,7] such that

b ow
E,(t)dt < Cp | || ==
[P

a

2

+ ||w||§1—l(Q)> . (51)

H-1(x)

Next, a classical energy argument with respect to (49) (with multiplier ABlwt), an application
of Gronwall’s inequality, and the inherent time reversibility of the process imply

Ey(t) < eTEy(s) forall s,t € [0,T]. (52)
Therefore,
ty
[ But)it > Bufo)tr = to) (53)
to

which, with estimate (51), implies

2

ow .
Eu(to) < Cr (Ha_ ¥ ||w||i,_1@>> -

(%)
This and another use of (52) then gives for all ¢ € [0,T]

2

ow

T
Ey(t) +/0 E,(t)dt < Cr <' ) + ||w||§,_1(@> . (54)

H-1(Z

STEP 3. The v—Equation.
First off, we note that v satisfies the estimate

This statement follows essentially from the regularity theory in [21].

To see this, we decompose v as v = vy, + vy, -y, where vy, .y solves the original equation (50),
but with f replaced with f5 therein.

To handle v(y, .), the Theorem 2.3 in [21] immediately applies, and so this yields

|

As for the component vy, , we introduce g = fot vy, (s)ds. The ¢ satisfies the PDE

Oov
Oov

<Cr [”Z”L?(E) + el o2 m-1 ) + Wil 2oz2(0)) + ||f1||c([0‘T];H—%+E(Q))]
(55)

H=1(D)

vy, )

ov

<Cr (Illiosy + el o o) - (56)
L*(z)

Yqie — Aq = Fq+ fi(t) — f1(0) on Q
gq=0 on X

q(0) = ¢:(0) = 0. (57)
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We further decompose q as ¢ = q; + g2, where q; satisfies the equation

*q
’yﬁ —Agqi — Fqi1 = fi(t) onQ
g1 =0 onX
1(0) = —~(0) = 0; (58)
and ¢y solves
d? .
v dtcf —Agq — Fgo=—f1(0) on @
q2=0 on X
dgs
2(0) = —(0) = 0. 59
2(0) = %) (59
By Theorem 2.1 of [21], we have,
Oq
— <C 100 e . 60
[, S Oy (60

To handle the component go, we use its explicit representation by means of the underlying Cosine

operators [C(t),S(t)] (see [7]):

t 3_¢ 1l e X
aa(t) = — / S(t—)f1(0)ds = AG'C(H) £1(0) — AR~ (457 11(0)). (61)
0
Hence,
Oq2 -1 v O _3_:g( _ly=
v < ||D7Ap AL C()i(0)]] . +H—A P (AT A
| IR LV ONIOT IR vl CPsrI)]
< (18Ol +I0OT ). (62)
H 2750

where we have used the “sharp” trace regularity for Cosine Operators (see Lemma 3.0 of [21]), and
the regular trace theorem as applied to solutions of elliptic problems. Using (60) and (62) with
q = q1 + g2, we obtain

Going back to the variable vy, , (63) gives

The estimates (56) and (64) yield now the assertion (55).
In the same way (or instead by using the classical regularity estimates posted in [8],[31],[22]),
there is also the estimate

Jq

ov L)

< Cr (Il ozeaen + IO, 3eeg) - (63)

6vf1
ov

O
ov

<Cr (Il @ 1RO, ) (64

H-1(X) ‘ H-1(X)

T
[oll-1(q) < Cr (||3||L2(z) +/0 [”fl”Lz(Q) + ”fZHH—l(Q)] dt + ||f1||c([0’T];H—§+e(Q))> . (65)
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We next write the solution v of (50) as v = vy + v., where vy corresponds to the contribution of
the forcing term f, and v, the contribution of boundary term z|..From the known regularity with
respect to the wave operator with Dirichlet boundary data (see Theorem 2.3 of [20]; see also [21]),
we have for all ¢ € [0, 7],

Eo. (1) < Cr |2l 2y - (66)

We now analyze v, which has zero Dirichlet boundary data, zero initial data, and forcing term
f. Thus, vy satisfies the equation

d2
—vs +Apvs = Flug) + f
d
vr(0) = —vs(0) = 0. (67)

We multiply both sides of equation (67) by AZ)I %v f, integrate in time and space, and subsequently
integrate by parts. This gives:

E,(t)

IA

t
C’/ E,, (s)ds+
0

t d
[ (b st o) s
0 t ) 12

t t N t L d
C (/ E,. (s)ds+ / ds) + / (flt,A —uv ) ds|.
Jo f( ) Jo 12() Jo D dt f L29)

We estimate now the last term on the right hand side by using the wave equation (67):

/t ( 1 d 1 d = ! 1 dZ
fie, Ap —vf> dt = <f1,44 —vf> —/ (th _Uf> dt
0 Pt L2(9) P dt L)), Jo P a2 L2(9)

d s=t
1 1

A2, AL —vf>

( P b at L2(2)

AT o (68)

IA

t
= /0 (fl’vf —ABIFUf_ABIflt _AZ)IfZ)L‘z(Q) dt+

s=0

t t
= /0 (-fl’vf)LQ(Q) dt—A (fl,Az)l (va+‘f2))L2(Q) dt

s=t
2 ]
@]

s=

+

(45 napt o) =3 |4ntn
it ) e 2

2 L2
+Cc||[Ap* f1
L2(Q2)

t . 2
+0 [ (Il + |45

L2(Q)

€

1 d .
Ap’ avf(t)

IA

Le=(0,T;L2 ()

sl ) (69)

Combining (68) and (69), taking ¢ > 0 small enough, and subsequently applying Gronwall’s
inequality yields for all ¢ € [0, T

T
E,,(t) < Cr, (nflnimmpm)) - / A dt) - (70)

From (66) and (70), we then have the estimate

T
- ¥ 2 2 2 »
Eu(t) < Cr (nznm) 1A -1 ) + / (172130 + 12113 dt) SNGY

17



Recalling now that the solution z of (46) has the decomposition z = w + v, the estimates (54)
and (71) yield then

D aw 2 2
B < Cr(lelew +H— Tl
< L2(%) v H-1(3) H-1(Q)
2 T 2 2
A1 e 07021 ) + / (172113 + 1250y ] ) (72)

To refine this right hand side, we use the decomposition z = v + w, and the estimates (55), (65)
to finally have

2

2 0z 2
E(t) < Cr <||Z||L2(E) + ’ EM ) + 1zl )
-2
T
2 2 2
+ ||f1||C([0,T],H_é+€(Q)) +/(; [||f1||L2(Q) + ”fZ”H_l(Q)] dt) ? (73)

which is the desired conclusion. W

Remark 4.3 We note that one could, in principle, apply the result of [30] to the original equation
(46) for z. However, by doing so, we would obtain terms involving the anisotropic norms |f|q .
which call for an additional reqularity near the boundary in the normal direction, a reqularity which
may not be available. These terms usually create technical difficulties at the level of application.
Another reason why we use the decomposition of z into v and w is due to the boundary term z|.
Indeed, while the estimate of Theorem 2 in [30] would provide good control of the energy over [to, 1],
the energy relation for the nonhomogeneous problem becomes complicated, and the final result would
have some additional terms which, again, are undesirable here.

Remark 4.4 Instead of applying the results of [30], one might also try using the L*(2)x H™'(Q) es-
timates previously obtained for the wave equation in [18]. However, an adaptation of these estimates
to the present situation would be more complicated than our current methodology.

Remark 4.5 An interesting observation here is that while the task of obtaining L?(Q) x H1(Q)
recovery estimates from basic energy level H' () x L*(2) estimates appears very natural, the actual
process involved in doing this is a subtle one. Indeed, the usual way of “shifting down” the estimates
by one unit, relies on the multiplication of the equation by a tangential operator of order —1, and then
running the usual (energy level) estimates for the transformed problem. However, in this case, the
procedure runs into problems, owing to the appearance of commutator terms which cannot be handled
by the estimates. For this reason, the particular choice of norm rescaling tangential operator is very
important. In fact, in [18], a special construction of the tangential operator was developed, with
the main idea being to keep the commutations close to the elliptic microlocal sector. Subsequently,
elliptic reqularity was used to absorb the terms resulting from the commutations. In [30], instead,
the same goal was achieved by a very clever cutoff function which was able to produce the right sign
for the troublesome commutators.
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