
MEAN VALUE THEOREMS FOR STOCHASTIC INTEGRALS

N.V. KRYLOV

SUMMARY. Thedistributionsof stochasticintegralsareapproximatedby thedistributions
of stochasticintegralsof piece-wiseconstantprocesses.Therateof approximationin some
negative Sobolev spacesis estimated.Generalizationsaregiven for problemsarising in
controltheory.

1. INTRODUCTION

Veryoften,if wearegivenanItô’sstochasticintegral���������	�

�������
of a randomprocess
 � againsta one–dimensionalWienerprocess� � , wewantto replace
it with a finite sum � ������� �� ��� 	�� ��� � � �"!$# �&% � �

# �(' 
 �*)
�"+

(1.1)

If wecanwrite �,�	�

���-�.� � � � � % � 	 '"/10 (1.2)

where/ is in somesenseavalueof theprocess
2� , thenwehaveameanvaluetheoremfor
our stochasticintegral. Of course,onecanalwaysdefine / by (1.2) (a.s.) andthen(1.2)
holdsby definition.However, usuallythis / will dependon � � for 35476 8 0:9<; , andthis is not
whatis usuallywantedfrom expressionslike theright–handsideof (1.2).Also, generally,
wewant 
 �*)

�
in (1.1)to beindependentof � � % � �

# � , 35=?>"@BA . Therefore,onecannothope
to have theequality

�C� �
but rathersomekind of approximation.

If 
2� and 
 ��)
�

arenonrandom,thenDFE � %
� E G �H� �	 E 
2� % 
 � � !� E G � 3 0 (1.3)

where
 � � !� � 
 ��)
�

for 3�4I6 >J@BA 0 � >LK 9M' @1A ' , > � 8 0M9N0
+ + +

0 A %O9 . Onecaneasilycheckthat
if 
2� ��P"QSR �UT ALVW3 ' , thentheright–handsideof (1.3) is equalto��� �� ��� 	 � � � � �"!$# ��

# � E PXQSR �YT ALVW3 'Z% 
 �*)
� E G � 3 � ��� �� ��� 	 � � ��� �"!$# ��

# � 6 P"QSR
G �YT ALVW3 ' K 
 G��)
�
; � 3

= ��� �� ��� 	 � � ��� �J!$# ��
# � PXQ R
G �YT ALVW3 ' � 3 �H� �	 PXQSR
G �UT VW3 ' � 3 0
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andthelastexpressionis independentof A .
Therefore,if we want the approximationsof

�
by

�
to becomebetterand betterasA\[^] , wehave eitherto restrictthesetof possibleprocesses
2� by imposingsomekind

of controlontheircontinuity, or to relaxthesensein whichwewantto approximate
�
. We

choosethe latter idea,becausewe have in mind applicationsto control theorywhere 

�
canplaya roleof controlandany restrictionson its smoothnessareinadmissible.

Let usdiscussthepossibilityof approximatingthedistribution of
�

by distributionsof
�
. If again

� is nonrandom,then

�
is normalwith mean8 andvariance_ �	 
 G� � 3 . By taking

anonrandom/ suchthat

/ G � �,�	�
 G� � 3 0
we get that

�
and / � � have just thesamedistribution. This is againa kind of meanvalue

theorem,sinceonmany occasions/ canbetakenasa valueof 

� at some3`4a6 8 0:9b; .Thesituationbecomesmuchmorecomplicatedif we considerrandomprocesses
2� . It
turnsout(see[2] or [11]) thatonecanfind aprocess
2� , satisfying 9�c 

� c T for all d and3 , for which

�
is well definedandthedistributionof

�
is singularwith respectto Lebesgue

measure.In thesametime,obviously, thedistributionof

�
is absolutelycontinuous.

Therefore,it is naturalto try to approximatethedistribution of
�

not in variationnorm
but in someweakersense.Oneof our results(seeRemark2.6)saysthatif e is abounded
subsetof f and 
 � is an e –valuedprocess,then,for any integer Ag= 9 , thereexists ane –valuedprocess
 � � !� which is constanton eachinterval 6 >"@1A 0 � >hK 9M' @BA ' andsuchthat,
for any function i , E D i � � 'j% D i �

�
' E c�k A � �X#"l P"m
no�p�Wq E i �$r 'j% i �ts ' EE r % s E 0 (1.4)

where

� �u� _ �	 
 � � !� �-� � andtheconstantk dependsonly on e . Resultsof suchkind can
beconsideredasmeanvaluetheoremsbecausethevaluesof 
 �� aretakenfrom thesame
setasthoseof 
 � .

Onecanreformulate(1.4) by introducinga normin thesetof all finite measuresv onf , satisfyingv � f ' � 8 , by theformulaE E v E�E �u�wP"m
nyx �-z i �$r ' v � � r ' � E i �$r '{% i �$s ' E c E r % s E}| r 0 s2~
+

Then(1.4)meansthat E�E �2� % �(�
E E cOk A � �X#Xl 0 (1.5)

where
�2�

and
�(�

arethedistributionsof
�

and

�
, respectively.

Onecanalsorewrite (1.4)in termsof negativeSobolev spaceslosingonly a little bit of
information. Thepoint is thatany function from ���� (thespaceof Besselpotentials,see
[13]) is Lipschitzcontinuous,provided

� 4 � 9N0 ] ' and �t� %�91' ��� 9 . Hence,E�E v E�E = PXm
n�x-�-z i �Yr ' v � � r ' � E E i E E �`�� c,k � ~ 0
wherek � is certainconstantdependingonly on � and

�
. Thisand(1.5) imply thatE E �2� % �(�
E E ��� �� cOk A � �X#Xl 0

if � � 9 , ��4 � 9�0 ] ' , and �t� %,9M' ��@ � � %,9M' � 9 .
For theauthor, themainmotivationfor proving resultslike (1.4) is theproblemof nu-

mericalapproximationsin controltheory. Thereweneedto designa numericalmethodof



MEAN VALUE THEOREMSFOR STOCHASTIC INTEGRALS 3

finding
PXm
n D i � � ' , where

�
is definedasbeforeandsupis takenover thesetof all nonan-

ticipating e –valuedprocesses

� . Knowing how muchwecannotloserestrictingourselves
to thepiece–wiseconstantprocesseslike 
 � � !� , we make theproblemconsiderablyeasier.
In oneof subsequentarticlestheauthorplansto presentresultsof suchapproachto esti-
matingtherateof convergenceof numericalapproximationsin finding valuefunctionsin
controlproblemsor solutionsof fully nonlinearelliptic andparabolicequations.

In this connection,it is worth mentioningthat many authorshave beendealingwith
approximationsof valuefunctionsor of viscosityor probabilisticsolutionsfor fully non-
linearelliptic andparabolicequationsfor abouttwentyfive years.Therearemany books
andarticlesonthissubject.Wewill only mentionfew of themin whichthereadercanfind
furtherinformation:[1], [3], [8], [9], and[10]. In almostall papersandbookson thesub-
ject,thefactof convergenceis obtainedonthebasisof uniquenessof solutionto Bellman’s
equationsor onthebasisof weakconvergenceresultsfor stochasticprocesses.Along these
lines,it seemsimpossibleto getany estimateof therateof convergence,which is of some
importancein realapplications.Theonly exceptions,known to theauthor, arearticles[6]
and[7] wheretherateof convergenceis estimatedin thecaseof Bellman’sequationswith
“constant”coefficients.Theresultsof thepresentarticleareaimedatBellman’sequations
with variablecoefficients,whereasthe resultslike (1.4) comeout asbyproductsof, per-
haps,wider interest.Speakingabout[6], it is alsoworth sayingthat, in contrastwith the
situationthere,wedonotknow anythingaboutsharpnessof theresultsin thisarticle.

Thearticleis organizedasfollows. In Sec.2 wepresentmainresults.Theorems2.4and
2.8aregeneralizationsof (1.4)for multidimensionalcase.Theirproofs,basedonTheorem
2.7 andthe minimax theorem,aregiven in the sameSec.2. Theorem2.7 is the central
resultof thepaper. Its proof,presentedin Sec.3, is basedonsomequiteelementaryideas
from control theory and is closeto someargumentsfrom [6]. Although, Theorem2.7
relatesto processeswith “constant”coefficientsit easilyallowsoneto proveTheorem2.9
in Sec.4 by usinga penalizationmethod(in thespirit of [4]).

2. MAIN RESULTS

Let �Y� 0��F0��C' beacompleteprobabilityspace,
x � �X� 3`=,8 ~ beanincreasingfiltration of
 –algebras� ��� � which arecompletewith respectto �F0�� . Assumethaton �Y� 0X��0��C'a � � –dimensionalWienerprocess� � is definedfor 3.=,8 . We supposethat � � is a Wiener

processwith respectto
x � � ~ , or in otherterms,that

x � � 0�� � ~ is aWienerprocess.
Let e bea separablemetricspace(thesetof all admissiblecontrolsin control theory)

with metric � satisfying� c�9 andlet �H4 � 8 0 ] ' , ��476 9N0 ] ' , and � 	 0 ��4 � 8 0:9b; besome
constantssatisfying� 	 c � .

Definition 2.1. An e –valuedprocess� � � � � � d ' definedfor all 3�=�8 and d 4 � is
called � � –admissibleif it is �¢¡H£ � 6 8 0 ] '"' –measurablewith respectto � d 0 3 ' and � � –
measurablewith respectto d for each 3&=¤8 . The setof all � � –admissibleprocessesis
denotedby ¥ � ¥ � �§¦¨' . Let ¥ � bethesubsetof ¥ consistingof all processes� � whichare
constanton intervals 6 8 0M9 @1A ' , 6 9 @1A 0 T @BA ' , andsoon.

Fix an integer � = 9 and supposethat on e ©�6 8 0 � ; ©�fZª we aregiven a � © � �
matrix–valuedfunction 
 � � 0 3 0 r ' andan f{ª –valuedfunction / � � 0 3 0 r ' . We assumethat
thesefunctionsareBorelmeasurable.For any matrix 
 � � 


�¨«
' denoteE E 
 E E G � �u�

)
« E 


�¨« E G +
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Assumption2.2. (i) Thefunctions
 � � 0 3 0 r ' and / � � 0 3 0 r ' arecontinuouswith respectto� andfor any �?4�e , 354¬6 8 0 � ; , and r 0 s 4­f{ªE E 
 � � 0 3 0 r ' E E K E / � � 0 3 0 r ' E c � 0E�E 
 � � 0 3 0 r '`% 
 � � 0 3 0 s ' E E K E / � � 0 3 0 r '{%a/ � � 0 3 0 s ' E c � E r % s E + (2.1)

(ii) On �U� 0X��0��C' thereexistsauniformly distributedrandomvariable
� � d ' independentofx �§¦ ~ .

Definition 2.3. Denote® � � � �W¯­
 � � ' andlet ¥ � � ® ¦ ' bethesubsetof ¥ � ® ¦ ' consisting
of all processes� � whichareconstanton intervals 6 8 0:9 @BA ' , 6 9 @BA 0 T @BA ' , andsoon.

By Itô’s theoremfor any ��4\¥ � ® ¦u' thereexistsa uniquesolution r � � r2°� , 3�4?6 8 0 � ; ,of thefollowing equation

r � � � �	 
 � �Z± 0³²�0 r ± ' ��� ±jK � �	 / � �{± 0³²N0 r ± ' � ²
+

For Borel functions ´ � � 0 3 0 r ' definedon eµ©I6 8 0 � ; ©¶f{ª , which arecontinuouswith
respectto � � 0 r ' for any 3 , wedefineE ´ E 	 �·PXm
n

°
¸-¹
P"m
n� ¸*º 	 ) »
¼ PXm
no ¸

zL½(E ´ � � 0 3 0 r ' E 0
6 ´ ;¿¾ ���·PXm
n

°2¸-¹
P"m
n� ¸*º 	 ) »
¼ P"m
no )

q
¸
z ½o�p�hq E ´ � � 0 3 0 r '{% ´ � � 0 3 0 s ' EE r % s E ¾ 0

6 E ´ E ; ¾ # G �ÀP"m2nÁ ± Á Â G E ² E � ¾ # G � »	 P"m
n
°2¸-¹

PXm
no ¸
z ½ E ´ � � 0�² KaÃ 0 r '{% ´ � � 0 Ã 0 r ' E � Ã 0

wherein the last expressionwe put ´ � � 0 Ã 0 r ' � ´ � � 0 � 0 r ' if ÃI=Ä� and ´ � � 0 Ã 0 r ' �´ � � 0 8 0 r ' if Ã c 8 . We alsowrite ´¶4¶Å ¾ ifE ´ E ¾ �u� E ´ E 	 K�6 ´ ;¿¾ÇÆ ]
andwewrite ´\4�Å ¾ # G ) ¾ ifE ´ E ¾ # G ) ¾ �u� � 9 Ka� ' E ´ E ¾ K�6 E ´ E ; ¾ # G Æ ] +
Noticethatwe measurethecontinuity in time by usingintegral normsin orderto beable
to treatthecaseof datawhicharejustpiecewiseconstantin time.

Oneof ourmainresultsis thefollowing theorem,in whichandeverywherein thearticle
by k , k

�
wedenotevariousconstantsdependingonly on � and � unlessexplicitely stated

otherwise.

Theorem2.4. Let 
 � � 0�²�0 r ' and / � � 0³²N0 r ' be independentof � ²�0 r ' . Thenfor any �I4�¥ ,Ag= 9 , and constant� � 4µ6 8 0 ] ' there exists � � A ' 4�¥ � � ® ¦u' (also dependingon � � ,� ,...) such thatwith a constantk � k � � 0 � ' theinequalityÈÈ D7É � »	 ´ � � � 0 3 0 r °� ' � 3LKai �$r °» 'ËÊ�% D7É � »	 ´ � � � � A '�0 3 0 r ° � � !� ' � 3WKai �Yr ° � � !» 'ËÊ ÈÈ
c,k � 9 KI� ' A � ¾ #Xl � E ´ E ¾ # G ) ¾ K�6 i ;S¾b' (2.2)

holdsfor anyfunctionś
� ´ � � 0 3 0 r ' and i � i �Yr ' of class Å ¾ # G ) ¾ satisfyingP"m2n� ¸ � 	 ) » ! P"m2no ¸

z ½�E ´ � � 0 3 0 r '{% ´ �SÌ 0 3 0 r ' E c � � � � � 0 Ì ' � E ´ E ¾ # G ) ¾ K�6 i ; ¾ ' | � 0 Ì 4�e +
(2.3)
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Remark2.5. Condition(2.3) is automaticallysatisfiedin two cases:if ´ is independentof� ; or if theset e is finite. In thefirst casethis is obvious. In thesecondcasenoticethat� � � 0 Ì ' is eitherzeroor boundedaway from zeroby a constant,say Í � 8 . Then(2.3) is
satisfiedwith � � � T Í � � since

E ´ � � 0 3 0 r '{% ´ �SÌ 0 3 0 r ' E c T E ´ E 	 .
Remark2.6. We obtain(1.4) from (2.2) if we take � � 9 , 
 � � ' � � , / � ´ � 8 .

Wederivethistheoremfrom thefollowingresultwhichlooksmuchweakeratfirst sight.

Theorem2.7. Let 
 � � 0�²�0 r ' and / � � 0�²�0 r ' be independentof � ²N0 r ' . Thenfor any ´�4Å ¾ # G ) ¾ , i � i �$r ' 4�Å ¾ , AÎ= 9 , and �I4�¥ thereexists � � A ' 4�¥ � such thatD É � »	 ´ � � � 0 3 0 r °� ' � 3yKIi �$r °» ' Ê c D É � »	 ´ � � � � A '�0 3 0 r ° � � !� ' � 3WK7i �$r ° � � !» ' ÊK k � � 9 KI� ' A � ¾ #Xl � 6 E ´ E ; ¾ # G K � 9 Ka� ' 6 ´ ; ¾ KIA � ¾ � G !$#Xl E ´ E 	 Kw6 i ; ¾ '�0
where theconstantk � dependsonlyon � and � .

This theoremis provedin Sec.3.
Proof of Theorem2.4. Take Aw= 9 , � � 4w6 8 0 ] ' , and �H4?¥ . FromLemma3.2.6of

[5] weknow thatthereexistsa sequenceof functionsÌ.�tÏ ' 4­¥ , eachtakingonly finitely
many valuesin e , suchthat Ð QSÑÒÔÓCÕ D?� »	 � � � � 0 Ì � �$Ï 'X' � 3 � 8 +
As in theproofof Lemma3.2.7of [5] wehaveÐ QSÑÒÔÓCÕ D PXm
n� Â » E r °� % r�Ö � Ò !� E ¾ � 8 +
ObviouslyÈÈ D7É � »	 ´ � � � 0 3 0 r °� ' � 3LK7i �$r °» '×Ê.% D7É � »	 ´ �SÌ � �$Ï '³0 3 0 r*Ö � Ò !� ' � 3WK7i �$r*Ö � Ò !» 'ËÊ ÈÈ

c � 9 KI� ' � 6 ´ ; ¾ Kw6 i ; ¾ ' D P"m2n� Â » E r °� % r Ö � Ò !� E ¾
K DI� »	 E ´ � � � 0 3 0 r °� '{% ´ �¿Ì � �tÏ '�0 3 0 r °� ' E � 3 0

whereowing to (2.3),thelasttermis lessthan� � � E ´ E ¾ # G ) ¾ Kw6 i ; ¾ ' D � »	 � � � � 0 Ì � �tÏ '"' � 3 +
For any k�0 � 0 A onecanfind Ï suchthat

� 9 Ka� ' D P"m2n� Â » E r °� % r�Ö � Ò !� E ¾ KI� � D � »	 � � � � 0 Ì � �tÏ '"' � 3 c,k � 9 KI� ' A � ¾ #Xl +
By fixing an appropriateÏ we seethatwe only needto find � � A ' 4O¥ � suchthat (2.2)
holdswith Ì.�$Ï ' in placeof � . SinceÌ � �$Ï ' takesonly finitely many valuesin e , wemay
andwill assumein theremainingpartof theproof that theset e is finite. By theway, by
Remark2.5 in thiscasetherealwaysexistsa constant� � suchthat(2.3)holdsfor all ´ .

To makefurthersimplifications,observethatonehasestimatesof momentsof
PXm
n � Â » E r Ö � E

uniform with respectto Ì 4Ø¥ � ® ¦�' . It follows easily that we needto prove (2.2) only
for ´ and i vanishingfor large r . Fix Ù^4 � 8 0 ] ' andonly consider � ´ 0 i ' suchthat



6 N.V. KRYLOV´ �¿Ì 0 3 0 r ' � i �Yr ' � 8 for
E r E =�Ù . Thesetof suchcouples� ´ 0 i ' satisfyingtheadditional

condition � � � E ´ E ¾ # G ) ¾ K�6 i ; ¾ c�9
will bedenotedby Ú . Obviously, Ú is a compactconvex closedsetin thespaceÛ �ÝÜ Á ¹ ÁG � 6 8 0 � ;U0 Å �$Þ§ß '"' ©­Å �$Þ§ß '�0
where

E e E
is thenumberof elementsin e and Þ ß �àx E r E c Ù ~ . Observe that thespaceÛ¬á

dualto
Û

is naturallyidentifiedwithâ ��Ü Á ¹ ÁG � 6 8 0 � ;U0�ã �YÞ ß '"' © ã �YÞ ß '�0
whereã �$Þ§ß ' is thespaceof all measureson Þ§ß . It is well known thattheunit ball in

â
with

Û
-topologyis a compactmetrizablespace.

Next, for Ì 4�¥ � ® ¦ ' andBorelsetsä � eg©76 8 0 � ; ©�f{ª and å � f{ª denote

v Ö � ä ' � 9� D � »	çæ<è �SÌ � 0 3 0 r Ö � ' � 3 0êé Ö � å ' � D æ<ë �Yr Ö » '�0ì ���Hx v Ö © é Ö � Ì 4�¥ � ~
+

Obviously, � ´ �t� 0 3 0 r ' v Ö � � � � 3 � r ' � 9� D � »	 ´ �¿Ì � 0 3 0 r Ö � ' � 3 0� i �Yr '
é Ö � � r ' � D i �Yr Ö » '
+

Henceeachelementof
ì

definesa boundedlinear functional on
Û

, so that
ì � â

.
Moreover, theset

ì
is boundedin

â
. Denoteby Conv � ì ' theleastconvex setcontainingì

andby � theclosureof Conv � ì ' in
Û

-topologyof
â

. By theabove, � is a compact
metricspace.Observe alsothat for any � 4a� thereexist

�yí �
=�8 , > � 9N0

+�+ +
0�î suchthatï � ��í � � 9 and � í � 4�¥ � suchthatí� ���

� � í �
v °�ðJñ © é °�ðJñ [ � (2.4)

as î [ò] in
Û

-topologyof
â

. To finish with auxiliary observationsnotice that each
element� 4 â

actsoncouples� ´ 0 i ' 4 Û
asacoupleof measures�$� 0 � ´ 0 i 'X' � _&´ � � � K_�i � � G . For � 4¬� , both � � and � G areprobabilitymeasuresdueto (2.4),sothatwe can

write �$� 0 � ´ 0 i '"' ��� � ´&K7i ' �{� � Ì � 3 � r � r '
+

Now, dueto theconvexity andcompactnessof thesetsÚ and � , by theminimaxtheo-
rem(seeTheorem1 onpage220of [12])ÑóQSR� ¸ � ÑõôBö� ÷ ) ø ! ¸-ù 6 � ´ �SÌ 0 3 0 r ' v ° � � Ì � 3 � r ' K � i �$r '2é ° � � r '

% � � ´&Kai ' �{� � Ì � 3 � r � r 'Ë;� ÑõôNö� ÷ ) ø ! ¸-ù
ÑóQSR� ¸ � 6 � ´ �¿Ì 0 3 0 r ' v ° � � Ì � 3 � r ' K � i �$r '
é ° � � r '

% � � ´úKai ' �Z� � Ì � 3 � r � r '×;
+
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By (2.4),thelastminimumequalsQSR*û
° � � ! ¸�ü(ý 6 � ´ �¿Ì 0 3 0 r ' v ° � � Ì � 3 � r ' K � i �$r '
é ° � � r '
% � ´ �SÌ 0 3 0 r ' v ° � � ! � � Ì � 3 � r 'þ% � i �$r '
é ° � � ! � � r 'Ë;U0

which is lessthan k � � 9 KI� ' A � ¾ #Xl by Theorem2.7.
Hence,thereexists � 4�� suchthat,for any � ´ 0 i ' 4�Ú ,� ´ �SÌ 0 3 0 r ' v ° � � Ì � 3 � r ' K � i �Yr '
é ° � � r '

c � � ´&K7i ' �{� � Ì � 3 � r � r ' K k � � 9 Ka� ' A � ¾ #Xl +
Again by (2.4) and compactnessof Ú , thereis î = 9 ,

� �
=À8 , > � 9�0

+ +�+
0�î suchthatï � � � � 9 , and � � 4�¥ � suchthat� ´ �SÌ 0 3 0 r ' v ° � � Ì � 3 � r ' K � i �Yr '
é ° � � r '

c í� � �
� � �

6 � ´ �SÌ 0 3 0 r ' v ° ñ � � Ì � 3 � r ' K � i �$r '2é ° ñ � � r 'Ë; K T k � � 9 KI� ' A � ¾ #Xl
for any � ´ 0 i ' 4\Ú . On thebasisof

� �
and � �

we now definea process� � A ' 4¶¥ � � ® ¦ ' by
theformula � � � A 0 d ' � � �

� � d ' if
� «<ÿ�� � «

c � � d '.Æ � « Â � � «
� ��� ��� 8 '

+
Since

�
and � �

’sareindependent,it is easyto seethatí� ���
� � �

6 � ´ �SÌ 0 3 0 r ' v ° ñ � � Ì � 3 � r ' K � i �$r '
é ° ñ � � r '×;
� í� � �

� � � D 6 � � � � »	 ´ � �
�
� 0 3 0 r ° ñ� ' � 3WK7i �$r ° ñ» 'Ë;� D 6 � � � � »	 ´ � � � � A '³0 3 0 r ° � � !� ' � 3yKai �$r ° � � !» 'Ë;

+
Thus,D 6 � � � � »	 ´ � � � 0 3 0 r °� ' � 3LKai �Yr °» 'Ë;

c D 6 � � � � »	 ´ � � � � A '�0 3 0 r ° � � !� ' � 3WKai �Yr ° � � !» '×; K T k � � 9 KI� ' A � ¾ #Xl
for any � ´ 0 i ' 4IÚ . This yields(2.2) by homogeneityandby replacinǵ and i with % ´
and % i . Thetheoremis proved.

Thefollowing is aversionof Theorem2.4whennokind of continuityof ´ with respect
to 3 is requiredbut insteadweassumethat ´ is independentof � .



8 N.V. KRYLOV

Theorem2.8. In Theorem2.4 replaceÅ ¾ # G ) ¾ with Å ¾ . Thenits assertionwill remainto
hold if weconsideronly the functionś independentof � and in (2.2) replacetheright–
handsidewith k � 9 Ka� G ' � A � ¾ # � E ´ E ¾ KIA � ¾ #Xl 6 i ; ¾ '

+
Proof. Take a nonnegativefunction ��47Å Õ	 � f

�
' � Å Õ	 �"� 8 0 ] '"' vanishingfor 3�= 9andwith unit integral. For ��4 � 8 0:9M' define��� � 3 ' � � � � � � 3"@�� ' andlet ´ � � ! � 3 0 r ' � ��� � 3 ' 	´ � 3 0 r ' , wheretheconvolution is takenwith respectto 3 andwe define ´ � 3 0 r ' � ´ � 8 0 r 'for 3 c 8 and ´ � 3 0 r ' � ´ � � 0 r ' for 3`=,� .

Define r(°� � 8 for 3 c 8 andnoticethat� »	 ´ � � ! � 3 0 r °� ' � 3 �H� »	 � ��� � 3 %a²M' ´ � ²�0 r °� ' � ² � 3
= % 6 ´ ; ¾ � »	 � ��� � 3 %7²1' E r °� % r ° ± E ¾ � ² � 3WK � »	 � ��� � 3 %a²1' ´ � ²�0 r ° ± ' � ² � 3 0

whereby Fubini’s theoremthelastintegralequals� »� Õ ´ � ²�0 r ° ± ' 
 � »±�� ��� � 3 %a²1' � 3�
 � ² ��� 	
� � ´ � 8 0 8 ' 
 � »±�� ��� � 3 %7²1' � 3�
 � ²

K � »	 ´ � ²�0 r ° ± ' � ² % � »	 � 9�% � »± � � � 3 %7²1' � 3 ' ´ � ²N0 r ° ± ' � ² ��� æ � K æ G K æ�� 0
where E æ � E c E ´ E 	 � 0 E æ � E c E ´ E 	 � »»W� � � 9Ô% � »± ��� � 3 %a²1' � 3 ' � ²Cc E ´ E 	 � +
Also, by usingthefactthat ��� � 3 %7²1' � 8 if

E 3 %7² E =�� , wegetD?� »	 � � � � 3 %a²M' E r °� % r ° ± E ¾ � ² � 3 � � »	 � � � � 3 %a²1' DFE r °� % r ° ± E ¾ � ² � 3
c,k � »	 � � � � 3 %a²M' E 3 %a² E ¾ # G � ² � 3 c,k ��� ¾ # G +

Hence, D � »	 ´ � ²�0 r ° ± ' � ²Cc D � »	 ´ � � ! � 3 0 r °� ' � 3LK k � ��6 ´ ; ¾ � ¾ # G K E ´ E 	 � '
+

Below wealsousethatobviouslyonecaninterchangetheexpectationsin thelastinequal-
ity.

By Theorem2.4theaboveresultimpliesthatthereis � � A ' 4�¥ � ® ¦ ' suchthatD É � »	 ´ � ²�0 r ° ± ' � ² Kai �Yr °» ' Ê c D É � »	 ´ � � ! � ²�0 r ° � � !± ' � ² K7i �$r ° � � !» ' ÊK k � ��6 ´ ;¿¾ � ¾ # G K E ´ E 	 � ' K k � 9 KI� ' A � ¾ #Xl � E ´ � � ! E ¾ # G ) ¾ Kw6 i ;¿¾b'c D7É � »	 ´ � ²�0 r ° � � !± ' � ² Kai �Yr ° � � !» '×Ê K k � ��6 ´ ; ¾ � ¾ # G K E ´ E 	 � 'K k � 9 KI� ' A � ¾ #Xl � E ´ � � ! E ¾ # G ) ¾ Kw6 i ; ¾ '
+

Uponreplacinǵ 0 i with % ´ 0:% i weseethatÈÈ DaÉ � »	 ´ � ²�0 r ° ± ' � ² K7i �$r °» '×Ê.% D7É � »	 ´ � ²�0 r ° � � !± ' � ² Kai �Yr ° � � !» '×Ê ÈÈ
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c,k � ��6 ´ ; ¾ � ¾ # G K E ´ E 	 � ' K k � 9 KI� ' A � ¾ #Xl � E ´ � � ! E ¾ # G ) ¾ Kw6 i ; ¾ '
+

(2.5)

Finally, if
E 3 %a² E c � , thenE ´ � � ! � ²�0 r 'j% ´ � � ! � 3 0 r ' E c E 3 %a² E PXm
n E � � ´ � � ! E

cOk E 3 %a² E � � � E ´ E 	 cOk E 3 %a² E ¾ # G � � ¾ # G E ´ E 	 0
whereasif

E 3 %a² E =�� , thenE ´ � � ! � ²�0 r 'j% ´ � � ! � 3 0 r ' E c T E ´ E 	 c T E ´ E 	 E 3 %a² E ¾ # G � � ¾ # G +
This impliesthat6 E ´ � � ! E ; ¾ # G c,k � E ´ E 	 � � ¾ # G 0 E ´ � � ! E ¾ # G ) ¾ c�k � 9 Ka� ' E ´ E ¾ � � ¾ # G 0
which impliesin turn thattheright–handsideof (2.5) is lessthan

k � 9 KI� ' E ´ E ¾ � ¾ # G K k � 9 Ka� G ' A � ¾ #Xl � E ´ E ¾ � � ¾ # G K�6 i ;S¾b'
+

Now, we get the assertionof the theoremafter taking � � A � �X#Xl in the last expression.
Thetheoremis proved.

Thefollowing theoremis ageneralizationof Theorem2.7for functions
 and / depend-
ing on ²�0 r . For �O4¶¥ andsomefunctions � � � 0�²�0 r ' , ´ � � 0³²N0 r ' , and i �$r ' to bespecified
laterdefine � °� �w� �	 � � � ± 0�²�0 r ° ± ' � ²�0� ° � � ° � ´ 0 i ' � D 6 � »	 ´ � � ± 0�²�0 r ° ± '�� ������ � ² Kai �$r °» '�� ������ ;

+
Theorem2.9. Assumethat for any

E ² E c T� »	 P"m
n
°2¸-¹

PXm
no ¸
z ½ 
 E�E 
 � � 0�² KIÃ 0 r '{% 
 � � 0 Ã 0 r ' E E

K E / � � 0³² KIÃ 0 r 'j%7/ � � 0 Ã 0 r '"' E 
 � Ã c � � 9 KI� ' E ² E ¾� # G 0
where, asusual,wedefine
 � � 0 Ã 0 r ' � 
 � � 0 8 0 r ' and / � � 0 Ã 0 r ' � / � � 0 8 0 r ' for Ã c 8 and
 � � 0 Ã 0 r ' � 
 � � 0 � 0 r ' and / � � 0 Ã 0 r ' � / � � 0 � 0 r ' for Ã�=,� . Thenfor any � 0 ´¶4¶Å ¾ # G ) ¾ ,i � i �Yr ' 4­Å ¾ , AÎ= 9 , and �I4�¥ there exists � � A ' 4�¥ � such that� ° c � ° � � ! K k!� " » � E ´ E ¾ # G ) ¾ K E i E ¾ ' A � ¾� �¾ # � 0 (2.6)

where theconstantk dependsonlyon � , � , and � 9 Ka� ' � � E � E ¾ # G ) ¾ .
We proveTheorem2.9 in Sec.4.

Remark2.10. If ´$#%�&#Ø8 , thenCorollary4.3saysthat(2.6) is valid for � c � 	 aswell
(rememberweassume� 	 c � ). This resultis obtainedby interpolation,whichcanalsobe
usedto deriveotherresultslikeTheorem2.9when ´­4¶ÅÇ� # G ) � with � c � 	 .

Remark2.11. By replacing ´ 0 i with % ´ 0:% i in Theorem2.9 we seethat there existsÌ.� A ' 4�¥ � suchthat � ° = � Ö � � ! %¬k!� " » � E ´ E ¾ # G ) ¾ K E i E ¾ ' A � ¾� �¾ # � +
It follows thatthereexists

� 4a6 8 0:9b; suchthatE � ° % 6 � � Ö � � !LK � 9Ô% � ' � ° � � ! ; E c,k!� " » � E ´ E ¾ # G ) ¾ K E i E ¾ ' A � ¾  ¾ # � +
Naturally,

� � Ö � � ! K � 9�% � ' � ° � � ! canbeinterpretedasaresultof usingÌ.� A ' with probability�
and � � A ' with probability 9Ô% �

.
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Furtherdevelopmentof the ideaof “randomizing”from Remark2.11leadsto the fol-
lowing result, which is derived from Theorem2.9 in the sameway as Theorem2.4 is
derivedfrom Theorem2.7.

Theorem2.12. Let theassumptionof Theorem2.9 besatisfiedand let �&4?Å ¾ # G ) ¾ . Then
for any �H47¥ , AO= 9 , andconstant� � 4�6 8 0 ] ' there exists � � A ' 4a¥ � � ® ¦ ' such that,
with a constantk dependingonlyon � , � , and � 9 Ka� ' � � E � E ¾ # G ) ¾ , theinequalityE � ° � ´ 0 i 'Z% � ° � � ! � ´ 0 i ' E c�k!� " » � E ´ E ¾ # G ) ¾ K E i E ¾ ' A � ¾  ¾ # �
holdsfor anyfunctionś � � 0 3 0 r ' and i �$r ' of class Å ¾ # G ) ¾ satisfying(2.3).

Corollary 2.13. Let theassumptionof Theorem2.9 besatisfiedand let � 0 ´ 0 ia4OÅ ¾ # G ) ¾ .
Thenfor any �¤4�¥ , A·= 9 there exists � � A ' 4�¥ � � ® ¦�' such that, with a constantkdependingonlyon � , � , � 9 KI� ' � � E � E ¾ # G ) ¾ 0 � 9 KI� ' � � E ´ E ¾ # G ) ¾ , and

E i E ¾ , theinequalityÈÈ DFE � »	 ´ � � ± 0�²�0 r ° ± '�� ���'�� � ² Kai �$r °» '�� ���'�� E �
% DFE � »	 ´ � � ± � A '�0³²N0 r ° ± '�� �(�'�*) ý�+� � ² K7i �$r ° � � !» '�� �(� �*) ý,+� E � ÈÈ

c�k �
� � � " » � �

� � ! A � ¾� X¾ # �
holdsfor all

� =O� .

We provethiscorollaryin Sec.4.

Remark2.14. Onecanalsoproveanaturalversionof Theorem2.9in thespirit of Theorem
2.8. Theorem2.12canalsobeformulatedfor functions ´ independentof � . In Corollary
2.13we cantake functionsotherthanpowersandconsidermany ´ 0 � 0 i at once.All these
generalizationsandextensionsaredonein thesamewayasaboveandareleft to thereader.

3. PROOF OF THEOREM 2.7

For ² c 8 define ´ � � 0³²N0 r ' � ´ � � 0 8 0 r ' andfor ² c � , r 4�fZª , and �I4�¥ denote

� ° � ²�0 r ' � D É � »W� ±	 ´ � � � 0³² K?3 0 r K r °� ' � 3WK7i �$r K r °»h� ± ' Ê
+

� � ²�0 r ' �µP"m2n
°
¸�ü � ° � ²�0 r '�0 � � � ²�0 r ' � PXm
n

°2¸�ü ý � ° � ²�0 r '
+

Obviously to proveTheorem2.7,it sufficesto prove� ° � 8 0 8 '.c � � � 8 0 8 'K k � 9 KI� ' A � ¾ #Xl � 6 E ´ E ; ¾ # G K � 9 Ka� ' 6 ´ ; ¾ KaA � ¾ � G !$#Xl E ´ E 	 K�6 i ; ¾ '
+

(3.1)

First,wenoticesomesimplepropertiesof thefunctions� � .

Lemma 3.1. (i) For any �a4�¥ , ²Cc � , and r 0 s 4­fZªE � ° � ²�0 r '{% � ° � ²�0 s ' E c E r % s E ¾ � ��6 ´ ; ¾ K�6 i ; ¾ 'E � � � ²�0 r 'j% � � � ²�0 s ' E c E r % s E ¾ � ��6 ´ ; ¾ K�6 i ; ¾ '
+

(ii) For any �a4�¥ , ²Cc 3 c � with
E 3 %a² E c�9 , and r 4�f{ªE � ° � 3 0 r 'þ% � ° � ²N0 r ' E c E 3 %7² E:E ´ E 	 K k E 3 %a² E ¾ # G � 6 E ´ E ; ¾ # G Kw6 i ; ¾ '�0E � � � 3 0 r 'þ% � � � ²N0 r ' E c E 3 %7² E:E ´ E 	 K k E 3 %a² E ¾ # G � 6 E ´ E ; ¾ # G Kw6 i ;S¾:'

+
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(iii) For any ² c � and r 4�f{ª� � � ²N0 r ' � ì ± ) ±
�

�X# � ì ± � �X# ��) ±
� G # �.-

+ +�+
- ì ± �W�

# ��) » i �$r '�0
where > is theintegral part of A � � %7²1' andì ± ) �0/ �$r ' �u�ØPXm
n

Ö ¸-¹
ì Ö ± ) � / �$r '³0ì Ö ± ) � / �Yr ' �u� D7É<� � � ±	 ´ �¿Ì 0�² KaÃ 0 r K r Ö 1 ' � Ã K / �$r K r Ö � � ± 'ËÊ

with r Ö � definedas r(°� for � � # Ì .

Proof. Assertion(i) is a straightforwardconsequenceof ourassumptions.To prove(ii)
it sufficesto observethatE � ° � 3 0 r 'j% � ° � ²�0 r ' E

c E D � »W� �	 ´ � � 1 0 3LKaÃ 0 r K r °1 ' � Ã % D � »h� ±	 ´ � � 1 0�² KIÃ 0 r K r °1 ' � Ã E
K DFE i �$r K r °»W� � 'Z% i �$r K r °»h� ± ' E

c D � »h� �	 E ´ � � 1 0 3WKaÃ 0 r K r °1 'j% ´ � � 1 0�² KIÃ 0 r K r °1 ' E � Ã
K D � »W� ±

»h� � E ´ � � 1 0³² KIÃ 0 r K r °1 ' E � Ã�Kw6 i ; ¾ DFE r °»h� � % r °»W� ± E ¾ +
Assertion(iii) is a particularcaseof Exercise3.2.1of [5], a solutionto which canbe

easilyobtainedfrom Lemma3.2.14andtheproof of Lemma3.3.1of [5]. The lemmais
proved.

To proceedfurther with the proof of Theorem2.7, take nonnegative functions

� 4Å Õ	 � f
�

' and
� 4aÅ Õ	 � f{ª ' with unit integrals.Assumethat

�
� 3 ' � 8 for 3 lying outside� 8 0:91' andfor ��4 � 8 0:9<; define

�
��2 � 3 ' � � � G �

� 3"@�� G '�0 � � �Yr ' � � � ª � �$r @�� '�0 ��� � 3 0 r ' � �
��2 � 3 ' � � �$r '³0/ � � ! � / 	 ���

+
Observethat,by virtueof Lemma3.1for ²Cc � %,9 @1A , wehave� � � ²�0 s ' � ì ± ) ±

�
�X# � � � � ² K 9 @1A 0�-�' �$s '

+
(3.2)

We multiply thisequalityby � � � 3 %7²�0 r % s ' andintegratewith respectto � ²�0 s ' . Also we
usethefact that the integral with respectto ² canberestrictedto 3 % � G c�²õc 3 , so that
for 3 c � %�9 @1A weareintegratingwell–definedfunctions.Obviously, for any Ì 4�e , the
integralof theright–handsideof (3.2) is greaterthan� z ½ �'3 ��� � 3 %I²�0 r % s ' D É:� �X# �	 ´ �SÌ 0³² KIÃ 0 s K r Ö 1 ' � Ã�K � � � ² K 9 @1A 0 s K r Ö �"# � ' Ê � ² � s

+
We estimatethelastexpressionfrom below. We have´ �SÌ 0³² KIÃ 0 s K r Ö 1 ' =O´ �¿Ì 0�² KIÃ 0 r 'j%¬k 6 ´ ; ¾ 6 PXm
n

1 Â �X# � E r Ö 1 E ¾ K E r % s E ¾ ;U0
with D PXm
n

1 Â �"# � E r Ö 1 E ¾ cOk A � ¾ # G 0 �-zL½ �'3 � � � 3 %a²N0 r % s ' E r % s E ¾ � s � ² � k � ¾
+
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Hence � z ½ �'3 ��� � 3 %a²�0 r % s ' D � �"# �	 ´ �SÌ 0�² KIÃ 0 s K r Ö 1 ' � Ã � ² � s= � ± Â �
�
� 2 � 3 %7²1' � �"# �	 ´ �¿Ì 0�² KaÃ 0 r ' � Ã � ²Ç%7k 6 ´ ; ¾ A � � � A � ¾ # G K4� ¾ '��� A � �b´ � � �¿Ì 0 3 0 r 'j%7k 6 ´ ; ¾ A � � � A � ¾ # G K4� ¾ '

+
In thiswaywegetfrom (3.2) thatfor 3 c � %�9 @1A andany Ì 4�e� � � !� � 3 0 r ' =,A � �b´ � � �SÌ 0 3 0 r ' K D � � � !� � 3WK 9 @BA 0 r K r Ö �X# � '%¬k 6 ´ ; ¾ A � � � A � ¾ # G K5� ¾ '

+
(3.3)

Observe that � � � !� is an infinitely differentiablefunction. Therefore,we canapplyItô’s
formulaon theright of (3.3).DefineÜ ° / � 3 0 r ' �76 �¨«

� � ' / o ñ o,8 � 3 0 r ' K /
�
� � ' / o ñ � 3 0 r '³0

where � 6
��«

� � '"' � �G 
 � � ' 
 á � � ' . From(3.3)weobtain

A �?�X# �	 D 6 � � K Ü Ö ; � � � !� � 3WKIÃ 0 r K r Ö 1 ' � Ã K�´ � � �¿Ì 0 3 0 r '�cOk 6 ´ ; ¾ � A � ¾ # G K5� ¾ '
+

Wereplacethefirst termontheleft with 6 � � K Ü Ö ; � � � !� � 3 0 r ' byusingagainItô’sformula.
We get

6 � � K Ü Ö ; � � � !� � 3 0 r ' KaA � �"# �	 � 1	 D 6 � � K Ü Ö ; G � � � !� � 3LK � 0 r K r Ö� ' � � � ÃK�´ � � �¿Ì 0 3 0 r '�cOk 6 ´ ;S¾ � A � ¾ # G K5� ¾ '
+

(3.4)

To procedefurthernoticethat� � � !� � 3 0 r ' ���-z �
� 2 � 3 %a²M' � �� � ²�0 r ' � ²N0

where � �� � 3 0 r ' � �-zL½ � � �$r % s ' � � � 3 0 s ' � s 0
anddenote � 	 � 6 E ´ E ; ¾ # G K � 9 Ka� ' 6 ´ ; ¾ K5� G � ¾ E ´ E 	 K�6 i ; ¾

+
UseLemma3.1to find thatfor ²Cc �E �õG� � � � !� � ²�0 r ' E � � �:9 E �-z � ; ; � � � G Ã ' � � � � ²�% Ã 0 r 'þ% � � � ²�0 r '"' � Ã E

c,k � 	 � �:9 � z E � ;<; � � � G Ã ' EbE Ã E ¾ # G � Ã � k � 	 � ¾ � l +
Similarly, (herecomestheonly placewheretheconstantsk dependon � ) for derivatives� �
� � � !� with respectto r of order > wehaveE � �

� � � !� � ²�0 r ' E c P"m2n± Â » E � �
� �� � ²�0 r ' E

��PXm
n± Â » � �
�
� ª E �-z ½ � �

� � ' � � � � s ' 6 � � � ²�0 r % s 'Z% � � � ²�0 r 'Ë; � s E cOk � 	 � ¾ �
�
0
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�
� � � !� � ²�0 r ' E � � � l E �-z � ; � � � G Ã ' �

�
� �� � ²�% Ã 0 r ' � Ã E cOk � 	 � ¾ �

�
� G +

Now (3.4) impliesthat,for 3 c � %�9 @1A , andany Ì 0 r6 � � K Ü Ö ; � � � !� � 3 0 r ' K?´ � � �SÌ 0 3 0 r '�c�k � 	 A � � � ¾ � l K k 6 ´ ;S¾ � A � ¾ # G K5� ¾ '
+

(3.5)

At this point we choose� . A little bit later we show that the difference
E � � % � � � !� E

is
lessthan k � ¾ . To equalethe orderof this differenceandthat of k � 	 A � � � ¾ � l we put� � A � �X#Xl . Thenfrom (3.5)weget6 � � K Ü Ö ; � � � !� � 3 0 r ' K�´ � � �SÌ 0 3 0 r 'Ôc,k � 	 A � ¾ #"l +
Hence,by Itô’s formulafor any �I4�¥
� � � !� � 8 0 8 ' � % D � »h� �X# �	 6 � � K Ü °�= ; � � � !� � 3 0 r °� ' � 3WK D � � � !� � � %�9 @1A 0 r °»h� �X# � '= D � »h� �X# �	 ´ � � � � � 0 3 0 r °� ' � 3WK D � � � !� � � %,9 @BA 0 r °»h� �X# � '{%7k � � 	 A � ¾ #Xl

By combiningthiswith theinequalitiesE D � »»h� �X# � ´ � � � � � 0 3 0 r °� ' � 3 E c E ´ E 	 A � � c E ´ E 	 � G � ¾ A � ¾ #Xl c � 	 A � ¾ #Xl 0E � � � � %�9 @1A 0 r 'Z% i �ts ' E � E � � � � %,9 @BA 0 r 'Z% � � � � 0 s ' E
c A � � E ´ E 	 K k A � ¾ # G � 6 E ´ E ; ¾ # G K�6 i ; ¾ ' K E r % s E � ��6 ´ ; ¾ Kw6 i ; ¾ 'c,k � 	 A � ¾ #"l�K E r % s E ¾ � ��6 ´ ; ¾ K�6 i ; ¾ '³0D � � � � %,9 @BA 0 r °»h� �X# � ' = D i �$r °» 'j%¬k � 	 A � ¾ #"l% � ��6 ´ ;S¾ Kw6 i ;S¾M' DFE r °»h� �X# � % r °» E ¾ = D i �$r °» 'j%¬k � 	 A � ¾ #"l 0E � � � !� � 3 0 r 'j% � � � 3 0 r ' E c �-z ½ �'3 ��� � Ã 0 s ' E � � � 3 % Ã 0 r % s 'Z% � � � 3 0 r ' E � Ã � s

c,k � z ½ ��3 � � � Ã 0 s ' x E ´ E 	 ÃÔKIÃ ¾ # G � 6 E ´ E ; ¾ # G KH6 i ;S¾:'K E s E ¾ � ��6 ´ ; ¾ K�6 i ; ¾ ' ~ � Ã � s cOk E ´ E 	 � G K k � 6 E ´ E ; ¾ # G Ka��6 ´ ; ¾ Kw6 i ; ¾ ' � ¾c,k � 	 A � ¾ #"l 0
weget� � � 8 0 8 ' K k � 	 A � ¾ #"l = � � � !� � 8 0 8 '= D � »	 ´ � � � � � 0 3 0 r °� ' � 3LK D i �Yr °» '{%7k � 9 KI� ' � 	 A � ¾ #"l +

(3.6)

Finally, D?� »	 E ´ � � � � � 0 3 0 r °� 'j% ´ � � � 0 3 0 r °� ' E � 3
c � »	 P"m
n

°2¸-¹
PXm
no ¸

z ½ E ´ � � � � 0 3 0 r 'þ% ´ � � 0 3 0 r ' E � 3
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c � »	 � � ��2 Â ± Â 	
�
��2 � ²1' A �,�"# �	 PXm
n

°2¸-¹
P"m2no ¸

zy½ E ´ � � 0 3 %7² KaÃ 0 r 'þ% ´ � � 0 3 0 r ' E � Ã � ² � 3
c 6 E ´ E ; ¾ # G � � ¾ KIA � ¾ # G '.c � 	 A � ¾ #Xl 0

whichalongwith (3.6)easilyyield (3.1)andbringstheproofof Theorem2.7to anend.

4. PROOF OF THEOREM 2.9

Themostimportantstepin proving Theorem2.9is donein thefollowing lemma,which
concentrateson thecasé�#>�?#à8 andprepareseverythingneededin thegeneralcase.
Thereaderwill seethatthegeneralcasefollowsfrom Lemma4.1quiteeasily. It is impor-
tantto draw thereader’sattentionto thefactthatassumptions(2.1)arenotusedin Lemma
4.1.

Lemma 4.1. Take someconstants� � 4µ6 8 0 ] ' , � � 0 � G 0 � � 4 � 8 0M9<; with � � =}� � and a
function i � i �$r ' 4¶Å ¾�@ andassumethefollowing.

(i) Theinequalities� »	 P"m
n
°2¸-¹

PXm
no ¸
z ½Jx E E 
 � � 0³² KIÃ 0 r '{% 
 � � 0 Ã 0 r ' E E

K E / � � 0³² KIÃ 0 r '{%a/ � � 0 Ã 0 r ' E ~ � Ã c � � � 9 KI� ' E ² E ¾ 3 # G 0E E 
 � � 0 3 0 r ' E E K E / � � 0 3 0 r ' E c � � 0E E 
 � � 0 3 0 r 'j% 
 � � 0 3 0 s ' E�E K E / � � 0 3 0 r 'j%7/ � � 0 3 0 s ' E c � � E r % s E ¾ 3
hold for any r 0 s 4ÎfZª , 3�4�6 8 0 � ; , and

E ² E c T , where weextend 
 � � 0 Ã 0 r ' and / � � 0 Ã 0 r 'outside6 8 0 � ; asusualastheir valuesat theendpoints.
(ii) If r � and s � are � -dimensionalprocessessatisfyingfor 354¬6 8 0 � ; theequation

r � % s � �w� �	 x 
 � � 1 0 Ã 0 rA1 'j% 
 � � 1 0 Ã 0 s�1 ' ~ ��� 1K � �	 x / � � 1 0 Ã 0 r 1 'Z%a/ � � 1 0 Ã 0 s 1 ' ~ � ÃÔK � �	 
 1 ��� 1 K � �	 / 1 � Ã 0 (4.1)

where �a4�¥ and 
2� and / � areappropriatelymeasurableprocessesof appropriatedimen-
sions,thenE D i �$r » 'Z% D i �ts » ' E c E i E ¾ @ � � � B 3 » 
 D?� »	 x E�E 
 � E E G K E / � E G ~ � 3 
 ¾ 2 # G +

(4.2)

Weassertthatundertheseassumptionsfor any A¬= 9 and �a4�¥ thereexists� � A ' 4�¥ �such that D i �$r °» '.c D i �Yr ° � � !» ' K kC� " » A � ¾ 3 ¾ 2 # � E i E ¾�@ 0 (4.3)

where k is a constantdependingonlyon � � and � .

Proof. Recall that 
 � � 0 Ã 0 r ' � 
 � � 0 8 0 r ' and / � � 0 Ã 0 r ' � / � � 0 8 0 r ' for Ã c 8 ,
 � � 0 Ã 0 r ' � 
 � � 0 � 0 r ' and / � � 0 Ã 0 r ' � / � � 0 � 0 r ' for Ãú=?� , anddefineDe � 3 0 r ' �Hx 
 
 � � 0 3 0 r '³0�/ � � 0 3 0 r ' 
 � �I4�e ~ 0 De �FE � ) o
De � 3 0 r '

+
Everyelement

D� of theset
De is acouple � 
 0�/b' , whichwedenote� 
 � D� '�0�/ � D� '"' . For

D� 0 DÌ 4De , and 354�f , wedefine

dist � D� 0 DÌ ' � E E 
 � D� 'Z% 
 � DÌ ' E E K E / � D� 'j%7/ � DÌ ' E 0
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�{� D� 0 3 0 r ' �
dist � D� 0 De � 3 0 r 'X'

+
We alsodefineV � ²�0 3 ' �·P"m
n

°2¸-¹
PXm
no ¸

z ½ � E�E 
 � � 0�²�0 r '`% 
 � � 0 3 0 r ' E�E K E / � � 0³²�0 r 'j%7/ � � 0 3 0 r ' E '
+

Observethat,for any 3 0�² 476 8 0 � ; and r 0 s 4�f ª , wehaveE �{� D� 0 3 0 r '{% �Z� D� 0³²�0 s ' E c PXm
n
°2¸-¹

x E E 
 � � 0 3 0 r 'j% 
 � � 0³²N0 s ' E E
K E / � � 0 3 0 r '{%a/ � � 0³²N0 s ' E ~ c � � E r % s E ¾ 3 KIV � ²�0 3 '

+
Hence, E �{� D� 0 3 0 r '{% �{� D� 0 3 0 s ' E c � � E r % s E ¾ 3 0� »	 PXm
nG°
¸ G¹

P"m
no ¸
z ½�E �{� D� 0�² KaÃ 0 r '{% �{� D� 0 Ã 0 r ' E � Ã c � � � 9 Ka� ' E ² E ¾ 3 # G 0 (4.4)

where
E ² E c T .

Next, let
D¥ be the setof all

De –valued � � –adaptedmeasurableprocesses.By
D¥ � we

denoteits subsetconsistingof processeswhich areconstanton eachinterval 6 >"@BA 0 � >þK91' @1A ' .For
D�I4 D¥ wedenote Dr G°� �H� �	 
 � D� 1 ' ��� 1 K � �	 / � D� 1 ' � Ã 0

� �ØPXm
n
°2¸�ü

D i �Yr °» '³0 D� �µP"m2nG°2¸ Gü
D 6 i � Dr G°» 'j% � »	 �{� D� 0 3 0 Dr G°� ' � 3 ;U0

� � � PXm
n
°2¸�ü ý

D i �Yr °» '³0 D� � � PXm
nG°2¸ Gü ý
D 6 i � Dr G°» '{% � »	 �Z� D� 0 3 0 Dr G°� ' � 3 ;

+
Ourplanis asfollows. As in Sec.3 it sufficesto provethat� c � � K k!� " » E i E ¾ @ A � ¾ 3 ¾ 2 # � 0 (4.5)

whereandbelow in theproofby k wedenotevariousconstantsdependingonly on � � and� . Observe thatobviously, � c D� . We claim that,becauseof that,to prove(4.5) it suffices
to provethat D� c D� � K k � 9 KI� ' A � ¾ 3 #Xl � 9 Ka�IKw6 i ; ¾ 3 '�0D� � c � � K kC� " » � E i E G # � G � ¾ 2 !¾ @ K E i E ¾�@ A � ¾ 3 ¾ 2 #Xl '

+
(4.6)

Indeed,thenwehave(remember� � =,� � )� c � � K k!� " » � A � ¾ 3 #Xl KaA � ¾ 3 #Xl E i E ¾ @ K E i E G # � G � ¾ 2 !¾�@ K E i E ¾ @ A � ¾ 3 ¾ 2 #Xl '
+

Upontakinghere ��i in placeof i , where� is any positiveconstant,wealsoconclude� c � � K kC� " » � A � ¾ 3 #"l � � � KaA � ¾ 3 #Xl E i E ¾�@ K E i E G # � G � ¾ 2 !¾�@ � ¾ 2 # � G � ¾ 2 ! K E i E ¾�@ A � ¾ 3 ¾ 2 #"l '�0
which for � � � � E i E ¾�@ A ¾ 3 � G � ¾ 2 !$# � yields� c � � K kC� " » E i E ¾ @ � A � ¾ 3 ¾ 2 # � KaA � ¾ 3 #Xl KIA � ¾ 3 ¾ 2 #Xl '³0
and(4.5) follows.

Thus,toprovethelemma,it only remainstoprove(4.6).Observethatthefirst inequality
in (4.6) followsdirectly from Theorem2.7andfrom (4.4).
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To provethesecondinequalityin (4.6),fix � � 8 andtakean
D�I4 D¥ � suchthatD?� »	 �Z� D� 0 3 0 Dr G°� ' � 3 c D i � Dr G°» 'Z% D� � K5� ���'H K4� +

(4.7)

Noticethatby (4.4),for Í � � 3 ' �u� A � � 6 AW3 ; ,A � G # ��X# � � »	 V � ² K�Í � � 3 '�0 3 ' � 3 � ² � A � »	 ��I ý � � ! � �
� G # �

I ý � � ! � �
�

�X# � V � ² KI3 0 3 ' � ² � 3
c A � G # �	 � »	 V � ² KI3 0 3 ' � 3 � ² cOk � 9 Ka� ' A � ¾ 3 # G +

Therefore,wecanfind andfix an ² 4¬6 8 0 T @1A ; sothat� »	 V � ² K�Í � � 3 '�0 3 ' � 3 c�k � 9 KI� ' A � ¾ 3 # G +
(4.8)

Now, noticethat,for any � � 8 , 3 0 Ãú4�f , r 4­f{ª , and dO4 � , onecanfind �I4�e such
that E�E 
 � D� � '{% 
 � � 0 Ã 0 r ' E E K E / � D� � '{%a/ � � 0 Ã 0 r ' E c ��K �{� D� � 0 Ã 0 r '

+
Moreover, since

D� � is piece-wiseconstant,the appropriate� canbe chosenthe sameon
eachinterval of time 6 >"@1A 0 � >*K 91' @BA ' . By rememberingthat e is aseparablemetricspace,
it is easyto understandthatthereexistsan �?4�¥ � suchthat

æ �u� D?� »	 É E�E 
 � D� � '{% 
 � � � 0�² K?Í � � 3 '³0 Dr G° I ý � � ! ' E E
K E / � D� � '{%7/ � � � 0³² K�Í � � 3 '�0 Dr G° I ý � � ! ' E Ê G � 3

c ��K D?� »	 � G � D� � 0�² K?Í � � 3 '³0 Dr G° I ý � � ! ' � 3 + (4.9)

To estimatetheright–handsideof (4.9),use(4.4),(4.7),and(4.8).ThenD � »	 � G � D� � 0³² K�Í � � 3 '�0 Dr G° I ý � � ! ' � 3 c,k D � »	 �{� D� � 0�² K�Í � � 3 '�0 Dr G° I ý � � ! ' � 3
c,k D � »	 �{� D� � 0�² K?Í � � 3 '³0 Dr G°� ' � 3LK k � »	 DFE Dr G° I ý � � ! % Dr G°� E ¾ 3 � 3

c�k D � »	 �{� D� � 0 3 0 Dr G°� ' � 3WK k � 9 KI� ' A � ¾ 3 # G c�k H K k �ÔK k � 9 KI� ' A � ¾ 3 # G +
Hence, æ c�k H K k ��K k � 9 KI� ' A � ¾ 3 # G +

This,(4.4),and(4.8)yieldD � »	 É E E 
 � D� � '{% 
 � � � 0 3 0 Dr G°� ' E�E G K E / � D� � '{%a/ � � � 0 3 0 Dr G°� ' E G Ê � 3
c T æ K k � 9 KI� ' A � ¾ 3 # G c,k H K k �ÔK k � 9 KI� ' A � ¾ 3 # G +

(4.10)

Now we canestimate
Dr G°� % r2°� by observingthat r � �u� Dr G°� and s � ��� r(°� satisfy(4.1)

with 
 � ��� 
 � D� 1 'j% 
 � � 1 0 Ã 0 Dr G°1 '³0ê/ � �u� / � D� 1 'Z%a/ � � 1 0 Ã 0 Dr G°1 '
+
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It follows from (4.10)and(4.2) thatD i � Dr G°» '{% D i �$r °» '�c�k!� " » E i E ¾ @ � H K5��KaA � ¾ 3 # G ' ¾ 2 # G
+

(4.11)

Onecanstophereif oneis satisfiedwith a resultwhich is a little bit weaker than(4.3).By
this we meanthatobviously (cf. (4.7))

D� � c D i � Dr G°» ' KJ� , D i �Yr2°» '�c � � , and
H c T E i E 	 ,

sothat(4.11)impliesthatD� � c � � K kC� " » � E i E �
�

¾ 2 # G¾ @ K E i E ¾�@ A � ¾ 3 ¾ 2 #Xl '
+

This combinedwith thefirst inequalityin (4.6) leadsto (4.3) but with � � � G @ �LK KNM � G ' in
placeof � � � G @ K .A betterresultfollowsafterenhancingtheestimateof

H
. Observethat

D i �Yr2°» '�c � � cD� � , sothatby definition(4.7)of
H

, equation(4.11)impliesthatH c,kC� " » E i E ¾ @ � H K4�ÔKIA � ¾ 3 # G ' ¾ 2 # G
+

Hereif �ÔKIA � ¾ 3 # G c H
, thenH c,k!� " » E i E ¾�@ H ¾ 2 # G 0 H cOkC� " » E i E G # � G � ¾ 2 !¾�@

+
In theremainingcaseandgenerallyH cOkC� " » E i E G # � G � ¾ 2 !¾ @ K5��KaA � ¾ 3 # G +
Pluggingthis resultinto (4.11)andremembering(4.7),wegetD� � c D i � Dr G°» ' K5� c D i �$r °» ' K kC� " » � E i E G # � G � ¾ 2 !¾�@ K E i E ¾ @ � ¾ 2 # G K E i E ¾ @ A � ¾ 3 ¾ 2 #Xl ' K5�

This provesthe secondinequalityin (4.6) since �Ø4Ý¥ � and � � 8 is arbitrary. The
lemmais proved.

Remark4.2. Under the assumptionsof Theorem2.9 (including, of course,assumption
(2.1)),theassumptionsof Lemma4.1aresatisfiedwith � � � � 	 and � G � � � � � .

Indeed, E D i �$r » 'Z% D i �ts » ' E c 6 i ; ¾ DFE r » % s » E ¾ c 6 i ; ¾ � DFE r » % s » E G ' ¾ # G 0
andaswell known (apply, for instance,Corollary2.5.10of [5] to theprocessr � % s � ) due
to (2.1), D P"m
n� Â » E r � % s � E G cOkC� " » D � »	 x E E 
2� E�E G K E / � E G ~ � 3 0 (4.12)

wherek dependsonly on � .

Corollary 4.3. Theorem2.9holdsfor any � 0 � 	 4 � 8 0:9b; if ´O#P�Q#�8 .

Proof. If � 	 c � , our assertionfollows from Remark4.2. For � 	 =Ø� , we interpolate.
Takeanonnegativefunction �&4­Å Õ	 � fZª ' with unit integralandfor � � 8 definei � � ! �$r ' �
� � ª*� �Yr @*� ' 	 i �Yr ' . Thenaseasyto seeE i �$r '{% i � � ! �Yr ' E c � E i �Yr '{% i �Yr % � s ' E � �ts ' � s cOk 6 i ; ¾ � ¾ 0E i � � !o ñ �$r ' E � � � � � ª EX� � i �ts 'Z% i �Yr 'X' � o ñ �X�ts % r ' @�� ' � s cOk 6 i ;¿¾ � ¾ � � 0
sothat E i � � ! �Yr '{% i � � ! �ts ' E c,k 6 i ;S¾ � ¾ � � E r % s E c,k 6 i ;S¾ � ¾ � ¾� E r % s E ¾� 
if

E r % s E c � . Furthermore,if
E r % s E =�� ,E i � � ! �Yr '{% i � � ! �ts ' E c 6 i ;S¾ E r % s E ¾ c 6 i ;S¾ � ¾ � ¾� E r % s E ¾� +
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Hence,
E i � � ! E ¾� c�k E i E ¾ � ¾ � ¾� andby theresultfor ��=O� 	 andby theinequalitiesD i �$r °» '.c D i � � ! �$r °» ' K k E i E ¾ � ¾ 0 D i � � ! �Yr ° � � !» '.c D i �$r ° � � !» ' K k E i E ¾ � ¾ 0

thelasttermon theright in (2.6)canbereplacedwith

kC� " » � E i � � ! E ¾� A � ¾ 2 # � K E i E ¾ � ¾ '.cOkC� " » � E i E ¾ � ¾ � ¾� A � ¾ 2 # � K E i E ¾ � ¾ '
+

It follows thatsetting � � A � ¾� # � right in thebeginningof theproof leadsto thedesired
result.

Proofof Theorem2.9. Noticethatreplacinǵ � � 0 3 0 r ' , i �$r ' , � � � 0 3 0 r ' with ´ � � 0 3 0 r '��SR � ,i �$r '��SR » , � � � 0 3 0 r ' K ã , respectively, doesnot modify � ° . Therefore,without lossof
generalityweassumethat ��=O8 .

First,assumethatin addition E ´ E ¾ # G ) ¾ � 9 Ka� 0 (4.13)

andaddtwo morecoordinatess and T whichmoveaccordingto

s °� � % � �	 � � � 1 0 Ã 0 r °1 ' � Ã 0 T °� � � �	 ´ � � 1 0 Ã 0 r °1 ' � �$s °1 ' � Ã 0
where

� 4¶Å Õ	 � f ' , � �$s ' � �
q

for s c 8 , 8 c � c T , and
E � ; E c T . Also defineUi �$r 0 s 0 T ' � � %�ãØ' ¯ 6 � �ts ' i �$r ' K�T ;'V�ã�0

whereã � E i E 	 Ka�IK 9 . Thenowing to (4.13)and ��=O8 , wehaveUi �$r °» 0 s °» 0 T °» ' � � %�ãØ' ¯ É<� »	 ´ � � � 0 3 0 r °� '�� �(�'�= � 3LKai �$r °» '�� ������ Ê V�ã�w� »	 ´ � � � 0 3 0 r °� '�� �(�'�= � 3LKai �Yr °» '�� �(�'�� 0� ° � D Ui �Yr °» 0 s °» 0 T °» '
+

(4.14)

Now it is naturalto applyLemma4.1to theprocess�Yr2°� 0 s*°� 0 T °� ' .Assumption(i) of Lemma4.1is obviouslysatisfiedwith aconstant� � dependingonly
on � and � 9 KÝ� ' � � E � E ¾ # G ) ¾ . To checkassumption(ii), take �¤4H¥ andtwo processes�Yr � 0 s � 0 T � ' and �$r ;� 0 s ;� 0 T ;� ' andassumethat

r � % r ;� �H� �	 x 
 � � 1 0 Ã 0 rA1 'Z% 
 � � 1 0 Ã 0 r ;1 ' ~ �-� 1K � �	 x / � � 1 0 Ã 0 r 1 '{%a/ � � 1 0 Ã 0 r ;1 ' ~ � Ã�K � �	I
 � �J!1 �-� 1 K � �	 / � �"!1 � Ã 0
s � % s ;� � % � �	 x � � � 1 0 Ã 0 r 1 '{% � � � 1 0 Ã 0 r ;1 ' ~ � Ã�K � �	I
 � G !1 ��� 1 K � �	 / � G !1 � Ã 0

T � % T ;� �w� �	 x ´ � � 1 0 Ã 0 rW1 ' � �$sX1 'j% ´ � � 1 0 Ã 0 r ;1 ' � �ts ;1 ' ~ � Ã
K � �	I
 � � !1 ��� 1 K � �	 / � � !1 � Ã +

Denote

æ � D � »	 �� � �
� x E E 
 � � !� E�E G K E / � � !� E G ~ � 3 +
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We getfrom (4.12)thatD PXm
n� Â » E r � % r ;� E G cOkC� " » D � »	 x E E 
 � �J!� E E G K E / � �"!� E G ~ � 3 c,kC� " » æ
+

Furthermore,D PXm
n� Â » E s � % s ;� E G cOk � G 6 � ; G¾ D PXm
n� Â » E r � % r ;� E G ¾ K k D � »	 E�E 
 � G !� E�E G � 3
K k � Da� »	 E / � G !� E G � 3 cOkC� " » � æ ¾ K æ '³0DFE T » % T ;» E G cOk � G � 6 ´ ; G¾ D PXm
n� Â » E r � % r ;� E G ¾ K E ´ E G	 D PXm
n� Â » E s � % s ;� E G 'K k DI� »	 E E 
 � � !� E�E G � 3LK k � Da� »	 E / � � !� E G � 3 c�kC� " » � æ ¾ K æ '

+
By usingHölder’s inequality, weobtainE D Ui �$r » 0 s » 0 T » '{% D Ui �Yr ;» 0 s ;» 0 T ;» ' E

c D x T E i �$r » '{% i �Yr ;» ' E K T E i E 	 E s » % s ;» E K E T » % T ;» E ~c,k � 9 K E i E ¾ ' D x E r » % r ;» E ¾ K E s » % s ;» E K E T » % T ;» E ~cOkC� " » � 9 K E i E ¾ ' � æ ¾ # G K æ �X# G '
+

(4.15)

Since
Ui �$r 0:% ] 0:91' � 9 and

Ui �$r 0 8 0 8 ' � i �Yr ' , wehave 9 K E i E ¾ c T E Ui E ¾ , and(4.15)impliesE D Ui �$r » 0 s » 0 T » '{% D Ui �Yr ;» 0 s ;» 0 T ;» ' E cOkC� " » E Ui E ¾ � æ ¾ # G K æ �X# G '
+

(4.16)

Obviously, we candrop æ �X# G in (4.16) if æ c 9 (remember�¬4 � 8 0M9<; ). On the other
hand,if æ = 9 , thenfromE D Ui �$r » 0 s » 0 T » '{% D Ui �Yr ;» 0 s ;» 0 T ;» ' E c T E Ui E ¾ c T E Ui E ¾ æ ¾ # G 0
it follows thatagainwe candrop æ �X# G in (4.16). This provesthat(4.2) is satisfiedandby
Lemma4.1and(4.14),for any �I4�¥ thereis � � A ' 4�¥ � suchthat� ° � ´ 0 i '.c � ° � � ! � ´ 0 i ' K kC� " » A � ¾  ¾ # � E Ui E ¾

+
(4.17)

Furthermore,asin (4.15),it is easyto seethat
E Ui E ¾�c,k � E i E ¾ Kú��K 91' � k � E ´ E ¾ # G ) ¾ K E i E ¾<' .Therefore,(4.17)implies� ° � ´ 0 i '.c � ° � � ! � ´ 0 i ' K kC� " » A � ¾� "¾ # � � E ´ E ¾ # G ) ¾ K E i E ¾ '

+
It only remainsto notice that the multiplication by a constant

� 8 always reducesany´FY#à8 to theonesatisfying(4.13),whereasif ´�# 8 , onecantake a small constantY� 8
insteadof ´ andpassto thelimit. Thisfinishestheproofof Theorem2.9.

Proof of Corollary 2.13. As in theaboveproof,considertheprocess�$r °� 0 s °� 0 T °� ' this
time without assuming(4.13). We have seenabove that theprocess�$r(°� 0 s�°� 0 T °� ' satisfies
the assumptionsof Lemma4.1 for � � � � 	 and � G � � � � � . Hence,for any �·4H¥ ,AÎ= 9 , and i �$r 0 s 0 T ' 4¶Å ¾ thereis an � � A ' 4�¥ � suchthatD i �$r °� 0 s °� 0 T °� '�c D i �$r ° � � !� 0 s ° � � !� 0 T ° � � !� ' K k!� " » A � ¾� "¾ # � E i E ¾

+
On the basisof this, similarly to the derivation of Theorem2.4 from Theorem2.7, one
provesthatfor any �?4�¥ and AÎ= 9 thereis an � � A ' 4�¥ � � ® ¦ ' suchthatE D i �$r °� 0 s °� 0 T °� '{% D i �$r ° � � !� 0 s ° � � !� 0 T ° � � !� ' E cOkC� " » A � ¾� "¾ # � E i E ¾

+
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for any i �$r 0 s 0 T ' 4OÅ ¾ . It only remainsto take i � E T E � VÎã �
, where ã � � � E ´ E 	 KE i E 	 '[Z ö*n � E � E 	 � ' .
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