MEAN VALUE THEOREMS FOR STOCHASTIC INTEGRALS

N.V. KRYLOV

SUMMARY. Thedistributionsof stochastiéntegralsareapproximatedby thedistributions
of stochastiéntegralsof piece-wiseconstanprocessesTherateof approximatiorin some
negatve Sobole spacess estimated.Generalizationgre given for problemsarisingin
controltheory

1. INTRODUCTION

Very often,if we aregivenanltd’s stochastiantegral
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of arandomprocessr; againsta one—dimensionalVienerprocessv;, we wantto replace
it with afinite sum

i1
L

(w(z’+1)/n - wz’/n)Un,z'- (1.1)

3
Il
S
Il
<

If we canwrite
1

Ot dwt = (w1 - ’U)())b, (12)

o~

whereb is in somesensea valueof the processr;, thenwe have ameanvaluetheoremfor
our stochastidntegral. Of course,one canalwaysdefineb by (1.2) (a.s.) andthen(1.2)
holdsby definition. However, usuallythis b will dependonw; for ¢ € [0, 1], andthisis not
whatis usuallywantedfrom expressiondik e theright—-handsideof (1.2). Also, generally
wewanto, ; in (1.1)to beindependentf w; —w;,,, t > i/n. Thereforepnecannothope
to have theequality¢ = n but rathersomekind of approximation.

If o4 andoy, ; arenonrandomthen

1
Ele —nf* = / jov — o™ dt, (1.3)
0

Whereat") = oy fort € [i/n,(i+1)/n), i =0,1,...,n — 1. Onecaneasilycheckthat
if o¢ = sin(2nt), thentheright—handsideof (1.3)is equalto

n—1 ,(i+1)/n nol a(it1)/n
Z / |sin(2nmt) — 0y 4|? dt = Z / [sin®(2n7t) + O'Z,i] dt
i—o Yi/n i—o Yi/n

n—1 .(i+1)/n 1
> Z/ sin?(2nt) dt:/ sin?(2nt) dt,
0

i=0 i/n
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2 N.V. KRYLOV

andthelastexpressioris independentf n.

Therefore,if we want the approximationof £ by n to becomebetterand betteras
n — 00, we have eitherto restrictthe setof possibleprocesses; by imposingsomekind
of controlontheir continuity, or to relaxthe sensan whichwe wantto approximate. We
choosethe latter idea, becauseve have in mind applicationsto control theorywhereo;
canplay arole of controlandary restrictionsonits smoothnesareinadmissible.

Let usdiscusghe possibility of approximatinghe distribution of £ by distributionsof
7. If againe; isnonrandomthené is normalwith mean0 andvariancefo1 o2 dt. By taking
anonrandond suchthat .

b2 = / Ut2 dt,
0

we getthat{ andbw, have justthe samedistribution. Thisis againa kind of meanvalue
theoremsinceon mary occasion$ canbetakenasavalueof o; atsomet € [0, 1].

Thesituationbecomesnuchmorecomplicatedf we considerandomprocesses;. It
turnsout (se€[2] or [11]) thatonecanfind aprocessr, satisfyingl < o; < 2 for all w and
t, for which ¢ is well definedandthedistribution of £ is singularwith respecto Lebesgue
measureln thesametime, obviously, the distribution of 7 is absolutelycontinuous.

Thereforejt is naturalto try to approximatehe distribution of £ notin variationnorm
but in somewealer senseOneof ourresults(seeRemark2.6) saysthatif A is abounded
subsetof R ando; is an A—valuedprocessthen,for ary integern > 1, thereexistsan
A—valuedprocess;ﬁ") whichis constanon eachintenval [¢/n, (¢ + 1)/n) andsuchthat,
for ary functiong,

[Eg(€) - Bg(n)] < Nn~/4 sup 12— 9] (L4)
THY |'T - yl
wheren := fol 0,5”) dw; andthe constantV depend®nly on A. Resultsof suchkind can
be considerechsmeanvaluetheoremdecausehe valuesof o7 aretakenfrom the same
setasthoseof o;.
Onecanreformulate(1.4) by introducinga normin the setof all finite measureg on
R, satisfyingu(R) = 0, by theformula

] = sup{ / o(@) u(dz) : 19() — 9@)| <o —y| Va,y}.
Then(1.4) meanghat
|lpe = pl| < Nn='/4, (1.5)

wherep; andp,, arethedistributionsof ¢ andn, respectiely.

Onecanalsorewrite (1.4)in termsof negative Soboler spacedosingonly alittle bit of
information. The pointis thatary functionfrom H) (the spaceof Besselpotentials see
[13]) is Lipschitzcontinuousprovidedp € (1, 00) and(y — 1)p > 1. Hence,

] = sup{ /R o(z) p(dz) - |lgllmy < Mi},

whereN; is certainconstandependingnly on«y andp. Thisand(1.5)imply that
||pe _pn”H;1 < Nn /4,
if y>1,q€(1,00),and(y —1)q/(g —1) > 1.
For the author the mainmotivationfor proving resultslike (1.4) is the problemof nu-
mericalapproximationsn controltheory Therewe needto designa numericalmethodof



MEAN VALUE THEOREMSFOR STOCHASTIC INTEGRALS 3

findingsup FEg(&), where is definedasbeforeandsupis takenover the setof all nonan-
ticipating A—valuedprocesses;. Knowing how muchwe cannotoserestrictingoursehes
to the piece—wiseconstaniprocessetke crt(") , we male the problemconsiderablyeasier
In oneof subsequerdrticlesthe authorplansto presentesultsof suchapproacho esti-
matingthe rateof corvergenceof numericalapproximationsn finding valuefunctionsin

controlproblemsor solutionsof fully nonlinearelliptic andparabolicequations.

In this connection|it is worth mentioningthat mary authorshave beendealingwith
approximation®f valuefunctionsor of viscosityor probabilisticsolutionsfor fully non-
linearelliptic andparabolicequationdor abouttwenty five years. Therearemary books
andarticlesonthis subject.We will only mentionfew of themin whichthereadercanfind
furtherinformation:[1], [3], [8], [9], and[10Q]. In almostall papersandbookson the sub-
ject,thefactof corvergencds obtainedon thebasisof uniquenessf solutionto Bellman'’s
equation®r onthebasisof weakcorvergenceesultsfor stochastiprocessesAlongthese
lines,it seemsmpossibleto getary estimateof therateof corvergencewhichis of some
importancdn realapplications.Theonly exceptionsknown to the author arearticles[6]
and[7] wheretherateof corvergencds estimatedn the caseof Bellmans equationswith
“constant’coeficients. Theresultsof the presentrticleareaimedat Bellmans equations
with variablecoeficients,whereaghe resultslike (1.4) comeout as byproductsof, per
haps,wider interest. Speakingabout[6], it is alsoworth sayingthat,in contrastwith the
situationthere,we do notknow arnything aboutsharpnessf theresultsin this article.

Thearticleis organizedasfollows. In Sec.2 we presenmainresults.Theorem®.4and
2.8aregeneralizationsf (1.4)for multidimensionatase.Their proofs,basedn Theorem
2.7 andthe minimax theorem,aregivenin the sameSec.2. Theorem2.7 is the central
resultof the paper Its proof, presentednh Sec.3, is basedn somequite elementarydeas
from control theory and is closeto someargumentsfrom [6]. Although, Theorem2.7
relatesto processewith “constant”’coeficientsit easilyallows oneto prove Theoren2.9
in Sec.4 by usinga penalizatiormethod(in the spirit of [4]).

2. MAIN RESULTS

Let (2, F, P) beacompleteprobabilityspace{F;; t > 0} beanincreasindiltration of
o—algebrasF; C F which arecompletewith respecto F, P. Assumethaton (Q, F, P)
ad;—dimensionaWienerprocesaw; is definedfor ¢ > 0. We supposehatw; is a Wiener
procesith respecto {F;}, or in othertermsthat{w;, F; } is aWienerprocess.

Let A be a separablenetric spacg(the setof all admissiblecontrolsin controltheory)
with metricp satisfyingp < 1 andletT € (0,00), K € [1,00), anddy, d € (0, 1] besome
constantsatisfyingd, < 6.

Definition 2.1. An A—valuedprocessa; = o;(w) definedfor allt > 0 andw € Q is
called Fi—admissibléf it is F ® B([0, co))—measurablevith respectto (w,t) and F;—
measurablevith respectto w for eacht > 0. The setof all F;—admissibleprocessess
denotedby 2 = 2((F.). Let2l,, bethesubsebf 2 consistingof all processea; whichare
constanbnintenals[0,1/n), [1/n,2/n), andsoon.

Fix anintegerd > 1 andsupposehaton A x [0,7] x R? we aregivena d x d;
matrix—\aluedfunction o (a, ¢, ) andan Ré-valuedfunctionb(a, ¢, z). We assumehat
thesefunctionsareBorel measurableFor ary matrixe = (o) denote

ol =D 1o
iJ
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Assumption2.2. (i) Thefunctionse (e, t, z) andb(a, t, z) arecontinuouswith respecto

a andforary a € 4,t € [0,T], andz,y € R?
llo(a, 8, 2)|| + [b(a, B, )| < K, 2.1
||0'(Oé,t,$) - a(a,t,y)|| + |b(a7ta$) - b(aata y)' S K|$ - y| .

(i) On(Q, F, P) thereexistsauniformly distributedrandomvariable(w) independentf
{F.}.

Definition 2.3. DenoteG; = F; V o(£) andlet A, (G.) bethe subsebf A(G.) consisting
of all processes; whichareconstanonintervals[0,1/n), [1/n,2/n), andsoon.

By Itd’stheoremfor ary a € A(G.) thereexistsa uniquesolutionz; = =, t € [0,T],
of thefollowing equation

¢ t
Ty :/ o(as, s,zs) dws +/ b(as, s, zs) ds.
0 0

For Borel functionsf(a, t, z) definedon A x [0, 7] x R?, which arecontinuouswith
respecto («, z) for ary t, we define
|flo=sup sup sup |f(a,t, ),
a€A t€[0,T] zeRd
a,t,xz) — fla,t,
Fls o= sup sup sup [1(@t2) = Flaty)

— |0
aEAtE[O:T]z,yERd |$ y|
z#y

)

T
[|fl]s/2 = sup ISI_‘W/ sup sup |f(a,s +7,2) — f(a,r,z)|dr,
|s|<2 0 acAzeRd

wherein the last expressionwe put f(a,r,z) = f(a,T,z) if r > T and f(a,r,z) =
f(a,0,z) if r < 0. Wealsowrite f € C? if
[£ls := | flo + [f]s < o0

andwe write f € C%/29 if

|fls/2,6 :== (L +T)[fls + [[flls/2 < oo

Noticethatwe measurehe continuityin time by usingintegral normsin orderto be able
to treatthe caseof datawhich arejust piecavise constanin time.

Oneof ourmainresultsis thefollowing theoremjn whichandeverywheren thearticle
by N, N; we denotevariousconstantslependingnly on K andd unlessexplicitely stated
otherwise.

Theorem2.4. Leto(a, s, z) andb(a, s, z) beindependenof (s, z). Thenfor anya € £,
n > 1, andconstantk; € [0, 00) there existsa(n) € 2, (G.) (alsodependingn K1,
T,...) sudh thatwith a constantN = N (K, d) theinequality

T T
|E[/ fewt,27) di + 9(o7)] —E[/ Flau(n), t, 27 ™) dt + g(a5™)]|
0 0

< N(L+T)n™ (| fls/2.5 + [9ls) (2.2)
holdsfor anyfunctionsf = f(a, t,z) andg = g(x) of classC?/2 satisfying

sup sup |f(0£,t,$) - f(ﬁatax” S Klp(a7ﬂ)(|f|5/2,6 + [g]é) \V/Ot,,B € A (23)
te(0,T) zcRe
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Remark2.5. Condition(2.3)is automaticallysatisfiedn two casesif f is independentf
a; orif theset A is finite. In thefirst casethis is obvious. In the secondcasenoticethat
p(a, B) is eitherzeroor boundedaway from zeroby a constantsayx > 0. Then(2.3)is
satisfiedwith K; = 2x~! since|f(a, t, z) — f(B,t,)| < 2|f|o-

Remark2.6. We obtain(1.4)from (2.2)if wetaked = 1,0(a) = a, b= f = 0.
We derivethistheorenfrom thefollowing resultwhichlooksmuchwealer atfirst sight.

Theorem2.7. Leto(a, s,2) andb(a, s, z) be independendf (s, z). Thenfor any f €
/29 g = g(z) € C°,n > 1,anda € A ther existsa(n) € 2A,, sud that

T T
Bl e tafyde+ o(ah)) < B[ [ floutm 2™ de+ 9(a5 )

AN+ T)n ([ f sz + L+ T)[f]s + 0274 flo + [g]s),
whele the constantV,; depend®nlyon K andd.

Thistheoremis provedin Sec.3.

Proof of Theoem2.4. Taken > 1, K; € [0,00), anda € 2. FromLemma3.2.60f
[5] we knaw thatthereexistsa sequencef functionsg(m) € A, eachtakingonly finitely
mary valuesin A, suchthat

T
lim E p(ag, Be(m)) dt = 0.

m—r0o0 0
As in theproof of Lemma3.2.70f [5] we have

lim Esup|zd — ™7 = 0.
m—00 t<T

Obviously
T T
B[ / Faw t,23) dt + g(23)] — E[ / F(Be(m), ¢, 27 ™) dt + g(23™)]|

< (L+T)([f]s + [9ls) Esup |zg — 2™
t<T

T
+E /0 Flanta) — F(Bu(m),t, o) dt,

whereowing to (2.3),thelasttermis lessthan

K1(|fls/2,6 + [9]5)E/0 p(ag, Be(m)) dt.

Forary N, T,n onecanfind m suchthat

T
(1+T)Esup |z — z0™3 + KlE/ plag, Be(m)) dt < N(1 + T)n %/*,
t<T 0

By fixing an appropriaten we seethatwe only needto find a(n) € 2, suchthat(2.2)
holdswith G(m) in placeof a. SinceB;(m) takesonly finitely mary valuesin A, we may
andwill assumen theremainingpartof the proofthatthe setA is finite. By theway, by
Remark2.5in this casetherealwaysexistsa constantk’; suchthat(2.3)holdsfor all f.

To makefurthersimplifications pbserethatonehasestimatesf momentf sup, . - |2” |
uniform with respectto 8 € 2(G.). It follows easilythat we needto prove (2.2) only
for f andg vanishingfor largez. Fix R € (0,00) andonly consider(f, g) suchthat
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f(B,t,z) = g(z) = 0 for |z| > R. Thesetof suchcouples(f, g) satisfyingtheadditional
condition

T flsja6 +[9)s <1
will bedenoteddy F'. Obviously, F' is acompacicorvex closedsetin thespace
X = L;"([0,T), C(Br)) x C(Br),
where| 4] is thenumberof elementdn A andBr = {|z| < R}. Obsere thatthe space
X* dualto X is naturallyidentifiedwith
Y = L, ([0,T), M(Bg)) x M(Bg),

whereM (Bg) is thespaceof all measuresn Bg. It is well known thatthe unit ball in Y
with X -topologyis a compacimetrizablespace.
Next, for 8 € 2(G.) andBorelsetsI' C 4 x [0,7] x R? andIl C R? denote

1 T
W) =3F [ T@utal)d, () = Bin(sh)

G:={p’ xvP:B3eU,}
Obviously,

T
[ 1ty anands) = 2 [ 16t
[ ote) (o) = Bg(ah.

Henceeachelementof G definesa boundedlinear functionalon X, sothatG C Y.

Moreover, thesetG is boundedn Y. Denoteby Corv (G) theleastcornvex setcontaining
G andby H theclosureof Corv (G) in X-topologyof Y. By theabove, H is a compact
metric space.Obsere alsothatfor ary v € H thereexist p** > 0, i = 1, ..., k suchthat
>, pF =1 anday; € 2, suchthat

k
Zpkiu“’“' X vy (2.4)

=1
ask — oo in X-topologyof Y. To finish with auxiliary obsenationsnoticethat each
elementy € Y actsoncoupleqf, g) € X asacoupleof measuresy, (f,9)) = [ fdyi+
[ gdy. Fory € H, bothvy; andy, areprobabilitymeasureslueto (2.4), sothatwe can
write

(. (f,9)) = / (f + 9) y(dBdtdedz).

Now, dueto the cornvexity andcompactnessf thesetsF' and H, by the minimaxtheo-
rem(seeTheoreml onpage2200f [12])

min max [/ f(B,t,z) u*(dBdtdzx) +/g(a:) v*(dz)

v€H (f.9)€F

- / (f + 9)1(dBdtdude)

= max min[/f(ﬁ,t,x) u® (dBdtdz) +/g(a:) v*(dz)

(f.9)EFY€H

— /(f + g) y(dBdtdzdz)].
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By (2.4),thelastminimumequals

inf [ (6.t,0) u*(datde) + [ gla) v (do)

a(n)eA,

- / £(Bt,2) ™ (dBdtdz) — / o() v=) (dz)),

whichis lessthanN; (1 + T)n—%/4 by Theoren2.7.
Hencethereexistsy € H suchthat,forary (f,g) € F,

/ £(6,t,2) u*(dpdtda) + / 9(x) v° (dz)

< /(f + 9) v(dBdtdedz) + Ni(1 + T)n /4.

Again by (2.4) and compactnessf F, thereis k > 1, p* > 0, i = 1,...,k suchthat
>, p' = 1, ande; € 2, suchthat

/ £(6,t,2) u*(dpdtda) + / o(x) v°(dz)

< Z Pt / f(B,t, ) u* (dBdtdz) + / g(z) v (dz)] + 2Ny (1 + T)n=%/*

for ary (f, g) € F. Onthebasisof p‘ anda; we now definea processx(n) € 21,,(G.) by
theformula

as(n,w) = o (w ZP] <E(w <Zp’ Z = 0).

i<i i<i 0

Sincef anda;’s areindependentt is easyto seethat

Zp [ / F(8, ¢, 7) u (dBdtdz) + / o(z) v (d2)]

k T
=SB [ ot )+ o)
i=1 0

/ flas(n),t,2™) dt + g(a3™)].

Thus,
T

BT / f(aw,t,28) dt + g(a%)]
0

T
< EB[T™ / Flas(n), t,27™) dt + g(23™)] + 2Ny (1 + T)n=%/4
0

for ary (f,g) € F. Thisyields(2.2) by homogeneityandby replacingf andg with — f
and—g. Thetheoremis proved.

Thefollowing is aversionof Theorem2.4whenno kind of continuityof f with respect
to ¢ is requiredbut insteadwe assumehat f is independentf a.



8 N.V. KRYLOV

Theorem2.8. In Theoem2.4 replaceC?/2% with C°. Thenits assertiorwill remainto
hold if we consideronly the functionsf independentf a andin (2.2) replacethe right—
handsidewith

N(L+T?)(n %8| f|s +n */*[g]s).

Proof. Take a nonngative function¢ € C§°(Ry) = C§°((0, o0)) vanishingfor ¢t > 1
andwith unitintegral. Fore € (0,1) define(. (t) = e~1¢(t/e) andlet £©) (t,z) = (. (t) *
f(t,z), wherethe corvolutioniis takenwith respecto ¢ andwe definef(t,z) = (0, z)
fort <O0andf(t,z) = f(T,z) fort > T.

Definezy = 0 for ¢ < 0 andnoticethat

/ FE(t,28) dt = / /{Et—s f(s,2¢) dsdt
]5/0 /Cs(t—s)|x? —xg“|‘5dsdt+/0 /Cg(t—s)f(s,aj‘;)dsdt,

whereby Fubini’'stheorenthelastintegral equals

T T 0 T
/7 f(s,:v‘s’)(/ Gt —s)de)ds = [ f(0,0)(/ Co(t — s) dt) ds

T T T
+/0 f(s,xf;)ds—/o (1—/5 C(t— ) db)f(s,2%) ds = Iy + I + I,
where

T T
Bl 111l [ (= [ Ge=s)diyds < |floe

s

Also, by usingthefactthat({. (t — s) = 0if |t — 5| > ¢, weget

T T
E/ /(E(t—s)|x§‘ —w‘;‘|6d5dt:/ /Cs(t—s)E|a:? — 22| dsdt
0 0

T
< N/ /gg(t — 5)|t — s|%/2 dsdt < NTe%/2.
0
Hence,
T T
B[ fs,o9)ds <E [ fO(t,08)dt+ NTUf1se"? +|floe)
0 0
Below we alsousethatobviously onecaninterchangédhe expectationsn thelastinequal-

ity.
By Theorem?.4theaboveresultimpliesthatthereis a(n) € 2(g.) suchthat

T T
Bl / floya2)ds+9(a)] < B[ [ £(s,220) ds + 9(a5)]

0
N(T[f1se"% + | floe) + N(1 + T)n=2*(1f 52,5 + [9]s)

T
< / f(5,22M) ds + g(22™)] + N(T[f15%/ + |]oc)

+N(1+T)n (£ 9572, + [gls)-
Uponreplacingf, g with — f, —g we seethat

T
|E/ f(s,2%) ds + g(7)] —E[/O £(5,22™) ds + g(a2™)]|



MEAN VALUE THEOREMSFOR STOCHASTIC INTEGRALS 9

< N(T[f16€? + | flog) + N1+ T)n=*(|f]5/2,6 + [9]s5)- (2.9)
Finally, if |t — s| <¢, then
£ (s,2) = O (t,)| < |t — 5| sup | Do f )]
< NJt—sls™![flo < N|t — s/% 7| flo,
whereasf [t — s| > ¢, then
119 (s,2) = Ot 2)] < 2/flo < 21flolt — 5|/ 772
Thisimpliesthat
17 ss2 < NT|floe™"2,  |F /2,5 < N(1+T)|flse ™2,
whichimpliesin turnthattheright—-handsideof (2.5)is lessthan
N1 +T)|flse’? + N(1+T*)n"2"*(|flse /% + [9]s)-

Now, we getthe assertiorof the theoremafter takinge = n~'/# in the last expression.
Thetheoremis proved.

Thefollowing theorenis ageneralizatiof Theoren?.7for functionse andb depend-
ingon s, z. For o € A andsomefunctionse(a, s, z), f(a, s, z), andg(z) to be specified
laterdefine

t
o :/0 c(as, s,27) ds,

T (% o
v® = v%(f,g) = E[ / F (w5, 22)e™% ds + g(ag)e#H].

Theorem2.9. Assumehatfor any|s| < 2
T
/ sup sup (||o(e, s +r,2) — o(a, 7, 2)||
0 acAgeRd
+|b(e, s + 1, 2) — b(e, 7, z))|) dr < K(1+ T)|s[%/2,

wher, asusual,wedefines (o, r, z) = o(a, 0, z) andb(a, 7, ) = b(e, 0, z) forr < 0and
o(a,r,z) = o(a, T, z) andb(a,r,z) = b(a, T, z) for r > T. Thenfor anyc, f € C%/%9,
g=g(z) € C% n >1,anda € A there existsa(n) € A, sut that

v® < 2™ 4 NeNT(|f|5/2,5 + |g|5)n*5°6/8, (2.6)
wheetheconstantV dependnlyon K, d, and(1 + T) ! |c|5/2,5-
We prove Theorenm2.9in Sec.4.

Remark2.10. If f = ¢ = 0, thenCorollary4.3 saysthat(2.6)is valid for § < §, aswell
(remembemwe assumé, < §). Thisresultis obtainedoy interpolationwhich canalsobe
usedto derive otherresultslike Theoren2.9when f € C7/27 with y < &.

Remark2.11. By replacing f, g with —f, —g in Theorem2.9 we seethat there exists
B(n) € 2, suchthat

v > 070 — NeNT(|fls 2,5 + lgls)n .
It followsthatthereexistsp € [0, 1] suchthat
[ = [po?™ 4 (1= p)u ™| < NeNT(|fls/2,6 + lgls)n ™",

Naturally, pv®™ 4+ (1—p)v*(®) canbeinterpretecasaresultof using3(n) with probability
p anda(n) with probability1l — p.
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Furtherdevelopmentof theideaof “randomizing”from Remark2.11leadsto the fol-
lowing result, which is derived from Theorem2.9 in the sameway as Theorem2.4 is
derivedfrom Theorem?2.7.

Theorem2.12. Let the assumptiorof Theoem2.9 be satisfiedandlet ¢ € C%/29. Then
foranya € 2, n > 1, andconstantk; € [0, o) there existsa(n) € ,(G.) sud that,
with a constantV dependingnlyon K ,d, and (1 + T') ~!|cs /2,5, theinequality

[0°(£,9) = v*®) (£, 9)] < NeNT(|fls 2.5 + lgls)n=20/®
holdsfor anyfunctionsf (a, t, z) andg(x) of classC?/2 satisfying(2.3).

Corollary 2.13. Let the assumptiorof Theoem2.9 be satisfiedandlet ¢, f, g € C9/2:9,
Thenfor anya € A, n > 1 there existsa(n) € A,(G.) sud that, with a constantV
dependingnlyon K, d, (1 + 7)™ |c|s/2,6, (1 + T) | f|5/2,6, and|g|s, theinequality

T
|E|/ Flas, 8,2%)e=%% ds + g(z2)e~ 9% |P
0

a(n)

- E| /T f(as(n), s, m‘s’)e_"’:(") ds + g(xg‘,("))e—q% |p|
0 < N1HpeNT(14p) ,—d08/8
holdsfor all p > 6.
We provethis corollaryin Sec.4.

Remark2.14. Onecanalsoproveanaturalversionof Theoren?.9in thespirit of Theorem
2.8. Theoren2.12canalsobeformulatedfor functionsf independendf a. In Corollary
2.13we cantake functionsotherthanpowersandconsidemary f, ¢, g atonce.All these
generalizationandextensionsaredonein thesameway asabove andareleft to thereader

3. PROOF OF THEOREM 2.7

For s < 0 definef (o, s,2) = f(a,0,z) andfor s < T, z € R?, anda € 2A denote
T—s
va(s,x)zE[/ f(at,s+t,$+w?)dt+g(m+w%_s)].
0

v(s,z) = sup v*(s,z), vn(s,2) = sup v*(s,z).
acA acU,

Obviouslyto prove Theoren?.7,it sufficesto prove
v%(0,0) < v,(0,0)
+ N+ T)n ([ f[ls2 + A+ DIfs +n 24 flo + [gls). (3.1)
First, we noticesomesimplepropertiesof thefunctionsw,,.
Lemma3.1. (i) Foranya € &, s < T,andz,y € R?
[v%(s,2) = v*(5,9)| < |z = y|°(T[f]s + [g]5)

[on(5,2) = vn(5,9)] < |& = y|°(T[f]s + [g]s)-
(i) Foranya € A, s <t < T with |t — s| < 1,andz € R?

0% (t,2) —v*(s,2)| < |t = s||flo + NIt — s> ([|f]s/2 + [9s),
[o(t, @) — vn(s,2)| < [t = 8| |flo + N[t = s 2([| £[]s/2 + [g]s)-
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(i) Foranys < T andz € R?

’Un(S,l') = Gs,s+1/nGs+1/n,s+2/n ERTE Gs+i/n,Tg($)a
whee: is theintegral part of n(T — s) and

G pu(z) := sup Gfitu(a:),
BEA

t—s

Gf’tu(x) = E| f(B,s+r,x+2P)dr +u(x+xf_s)]
0

with z¢ definedasz for a; = 3.

Proof. Assertion(i) is a straightforward consequencef our assumptionsTo prove (ii)
it sufficesto obsene that

|va(t7 il?) - Ua(sa $)|

T—t T-s
< |E/ f(aT,t+r,x+m$)dr—E/ flar,s+rz+ ) dr|
0 0

+Elg(z +27_) — g(z + 27_,)|

T—¢
SE/ |[flop, t +7,2+2%) — flap,s+r,z+22)|dr
0

T—s
+E | s et ap)dr +[glsBlef, — 2.
—t
Assertion(iii) is a particularcaseof Exercise3.2.10f [5], a solutionto which canbe
easilyobtainedfrom Lemma3.2.14andthe proof of Lemma3.3.10f [5]. Thelemmais
proved.
To proceedfurther with the proof of Theorem2.7, take nonneative functionsn €
Cs° (R4 ) and¢ € Cg°(R?) with unit integrals. Assumethatn(t) = 0 for ¢ lying outside
(0,1) andfor € € (0, 1] define

ne(t) = e7n(t/e?), &(x) = %(z/e), C(t2) = n2() (),
u® =ux(,.
Obsenrethat,by virtue of Lemma3.1for s < T — 1/n, we have

Un(say) = Gs,s+1/nvn(s + l/na )(y) (3.2)

We multiply this equalityby ¢ (t — s, z — y) andintegratewith respecto (s, y). Also we
usethe factthatthe integral with respecto s canberestrictedto t — £2 < s < ¢, sothat
fort < T — 1/n we areintegratingwell-definedunctions.Olviously, for ary 5 € A, the
integral of theright—handsideof (3.2)is greateithan

1/n

/ C(t—s,z—-yE[ f(ﬁ,s+r,y+xf)dr+Un(s+1/n,y+:vf/n)] dsdy.
Rd+1 0

We estimatehe lastexpressiorfrom belov. We have
F(Bys+r,y+af) > f(B,s +r,2) — N[fs up j271° + |z = wl’],
<1l/n

r<
with

E sup |z?|° < Nn=%/2 / C(t— s,z —y)|lz —y|° dyds = Ne°.
r<1l/n Rd4+1
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Hence Y
/ ¢(t—s,z—y)E f(,B,s—}—r,y—}—mf)drdsdy
Rd+1 0

1/n
2 / Te2 (t - S) f(/87 s+ r, -T) dT'dS — N[f]dn_l(n_é/z + 66)
s<t 0

=0 fne(B,t,2) — N[flsn ' (n 9% + 7).
In thisway we getfrom (3.2)thatfort <T —1/nandary g € A

v (t,z) > n 7t (B, t,2) + B (¢ + 1/n, 2 + xf/n)
— N[flsn ' (n™%/2 +£%). (3.3)

Obsenre thatvﬁf) is aninfinitely differentiablefunction. Thereforewe canapplyItd’s
formulaontheright of (3.3). Define

Lau(ta .Z') = aij (a)uw"wj (ta $) + bi(a)uw" (ta $),
where(a¥(a)) = 3o (a)o*(a). From(3.3)we obtain

1/n
n/ E[D; + LP1o (t + 7,z + 2P) dr
0

+ fre(Bst,2) < N[fls(n°? +¢%).
We replacehefirsttermontheleft with [DH—LB]US) (t, z) by usingagainltd’sformula.
We get
1/n pr
[Dy + LP1O) (t,z) + n/ / E[D; + LP120®) (t + p,z + mg) dpdr
0 0
+ fre(Bit,3) < N[fls(n™/2 +£%). (3.4)
To proceddurthernoticethat
’Ugf)(t, z) = / Ne2 (t — s)vi, (s, z) ds,
R
where
vite) = [ o=ty
Rd
anddenote

Ko = [|flls/2 + 1+ T)[fls + &> °|flo + [g]5-
UseLemma3.1tofind thatfors < T

D20 (5, 2)| = £~ / 0 (e=2r)(oF (s — 1, 2) — v* (5, 2)) dr]
R

< NKoe® / " (e=2r)| P72 dr = N Koe? 4.
R

Similarly, (herecomesthe only placewherethe constantdV dependon d) for derivatives
Div') with respecto z of orderi we have

D) (5, 2)| < sup | DS, (5, 2)|
s<T

=supe™" 7| / (D) (™ y)[vn(s, 2 — y) — va(s,2)]dy| < NKoe’ ™,
s<T R4
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|DtDiv£f) (s,2)| = 8_4| / n'(s_zr)Divz(s —r,z)dr| < NEKoed 2.
R
Now (3.4)impliesthat,fort < T — 1/n, andary g3, z
[D: + Lﬁ]vﬁf) (t, %) + fre(B,t, ) < NKon 'e®~* + N[f](;(n_‘s/2 +&9). (3.5)

At this point we chooses. A little bit later we shav that the difference|v,, — vﬁf)| is
lessthan Ne®. To equalethe order of this differenceandthat of N Kon~1e%—* we put
¢ = n~'/%, Thenfrom (3.5)we get

[D; + LP10) (t, 2) + fne(B,t,2) < NKon /%,
Hence by Itd’s formulafor any a € A

T-1/n
v9(0,0) = —E /0 Dy + Lo (t,28) dt + Eo (T — 1/n,2%_, )

T-1/n
> E / frelaestya) dt + Bo® (T = 1/n,a8_, ) — NTKon /4
0

By combiningthis with theinequalities
T

= Fre(@is,t,25) dt] < [flon ! < [flos? Pn 0/t < Kon */4,
T—1/n

[vn(T = 1/n,z) — g(y)| = |[vn(T — 1/n, z) — va(T, y)|
<n Y flo+ Nn2([|flls/2 + [9]s) + |z — y|(T[f]s + [gls)
< NEon™"* + |z — y*(T[f]s + [gls)

Ev,(T —1/n,2%_,,,) > Eg(%) — NKon °/*
— (T[f]s + [9)s) E|z$_1 n, — @3]° > Eg(z§) — NEKoqn™/4,
/

|’U7(15) (t,z) —vn(t,z)| < / C(ry)lon(t — 7,z — y) —va(t,z)| drdy

Rd+1

<N [ o flor+ (1 fllye + 1ol

+ 1y’ (T(f]s + [g]s) } drdy < N|flog® + N([|flls/2 + TLf]s + [g]s)e°
< NKon=%*,
we get

v,(0,0) + NKon™%* > v (0,0)
T
> E/ fre(ou, t,28) dt + Eg(z3) — N(1 + T)Kon %/%. (3.6)
0
Finally,

T
E / e, t,25) = fa,t, 2| dt
0

T
S / sup sup |fn5(a,t,.’ﬂ) - f(aa t,.’L‘)ldt
0 a€EAgzcRd
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T 1/n
< / / Ne2 (s)n/ sup sup |f(a,t —s+r,z) — f(a,t,z)| drdsdt
0 —£2<s<0 0

acA gcR4
<[If/ls/2(e° + n=%/?) < Kon=9/4,
which alongwith (3.6) easilyyield (3.1) andbringsthe proof of Theoren2.7to anend.

4. PROOF OF THEOREM 2.9

Themostimportantstepin proving Theoren?.9is donein thefollowing lemma,which
concentratesn the casef = ¢ = 0 andpreparesverythingneededn the generalcase.
Thereadewill seethatthegenerakasefollowsfrom Lemma4.1quiteeasily It is impor-
tantto draw thereaders attentionto thefactthatassumptiong2.1) arenotusedin Lemma
4.1.

Lemma4.1. Take someconstantsK; € [0,0), 61,082,035 € (0,1] with 5 > 6; anda
functiong = g(x) € C% andassumehefollowing.
(i) Theinequalities

T
/ sup sup {||o(a,s +1,z) — o(a,r, )|
0 a€cAgcRd

+|b(a, s+ r,z) — bla,r,z)|}dr < K1(1+ T)|s|51/2,
||0(a7t’w)|| + |b(a,t,.1:)| < Kjy,
||0(a7 t, il?) - a(a,t,y)|| + |b(0£, t, $) - b(aa tay)| < K1|$ - y|61
hold for anyz,y € R%, t € [0,7], and|s| < 2, whee weextends (o, r, z) andb(a, 7, )

outside[0, T'] asusualastheir valuesat theendpoints.
(i) If z; andy; are d-dimensionaprocessesatisfyingfor ¢ € [0, T'] theequation

t
Ty — Y = / {o(ar,7,2r) — 0(tr,r,yr) } dwy
0
t

t t
—i—/ {b(ar,r,wr)—b(ar,r,yr)}dr—}—/ ardwr—i—/ b.dr, (4.1)
0 0 0

whee a € 2 ando; andb, are appropriatelymeasuable processesf appropriatedimen-
sions,then

T
d2/2
Bg(er) = Balun)| < lalosKre™ ™ (B [ il + 0} )™, (@2
Weasserthatundertheseassumptionfor anyn > 1 anda € 2 therexistsa(n) € A,
sud that
Eg(2%) < Eg(a7™) + NeNTn 102/8g]s, (4.3)
whee N is a constantdependingnly on K; andd.
Proof. Recallthato(a,r,z) = o(,0,2) andb(a,r,2) = b(e,0,z) for r < 0,
o(a,r,z) = o(a,T,z) andb(a,r, z) = b(a, T, z) forr > T, anddefine
At z) = {(a(a,t, x),b(a,t,a:)) ta € A}, A= Uﬁ(t,x).
t,z

Every elementa of thesetA is acouple(c, b), whichwe denote(o (&), b()). For &, 8 €
A, andt € R, we define

dist(&, B) = [|o(&) — o (B)|| + [b(&) — b(B),
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v(a,t,z) = dist(a, A(t, z)).
We alsodefine

m(s,t) = sup sup (||o(e, s,2) — o(a,t,2)[| + |b(e, 5,2) — b(a, ¢, 2)])-
acA gcR4

Obserethat,for ary t, s € [0,T] andz,y € R?, we have
|7(d7t’ ‘T) - 7(6" Say)l < su3{||0(a7 t, I) - U(a7 S, y)”
ac

+|b(a, t, z) — bla, 5,9)|} < Ki|z — y|°* + (s, t).
Hence,
|’Y(C~¥,t,$) - W(datvy” < K1|$ - y|61’
T 51 /2 (4.4)
/ sup sup |y(&,s +r,z) — y(&,r,z)|dr < Ki(1+T)|s|%/2,
0 acAzecRd
where|s| < 2.

Next, let 2 be the setof all A-valuedF;—adaptedneasurablgrocessesBy 2,, we
denoteits subsetconsistingof processesvhich are constanton eachintenval [i/n, (i +

1)/n).

For & € 2 we denote

T
oo = sup Bg(af), o= sup Blo(eH)— [ (@ t5)dil
acAn ac, 0

Ourplanis asfollows. As in Sec.3 it sufficesto provethat
v < op + NeNT|gls,n=0102/8, (4.5)

whereandbelow in theproofby N we denotevariousconstantslependingnly on K; and

d. Obsene thatobviously, v < 4. We claim that, becausef that,to prove (4.5) it suffices
to provethat

7 <p+NA+T)n %41+ T +[gls,),
T < v + NeNT(|g|3/C7%) 4 |glgn= 01074,
Indeed thenwe have (remembebs; > 6;)

(4.6)

v < v+ NeNT (=04 n =04 gl + g5/ O 4 glsyn=102/4).
Upontakingherecg in placeof g, wherec is ary positive constantwe alsoconclude

v S Un +NeNT(n—61/4c—1 +n_61/4|g|63 + |g|§/(2—62)c(52/(2—(52) + |g|6377«_6162/4),

3
whichfor ¢=1 = |g|s,n% (3-92)/8 yields

v S Un +N6NT|g|63(n76152/8 +n761/4 +n7(5152/4),
and(4.5)follows.

Thus,to provethelemma,t only remaingo prove (4.6). Obserethatthefirstinequality
in (4.6)followsdirectly from Theoren2.7 andfrom (4.4).
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To prove thesecondnequalityin (4.6),fix ¢ > 0 andtake ana € 2, suchthat
T
E/ y(a,t,58) dt < Eg(z%) — 0p +6 =: J +¢. 4.7
0

Noticethatby (4.4),for &,,(t) := n~![nt],

2/n ki (£)—t4+2/n
/ / (s + Kkn(t dtds—n/ / (s +t,t) dsdt
Kn(t)—t+1/n

2/n
< n/ / (s +t,t) dtds < N(1+ T)n %/2.
0 0
Thereforewe canfind andfix ans € [0, 2/n] sothat
T
/ (s + kn(t),t) dt < N(1+T)n=%/2, (4.8)
0

Now, noticethat,for ary e > 0,¢,7 € R, z € R?, andw € Q, onecanfinda € A such
that

llo(a) — o(a,r, 2)[| + [b(&:) — ba, 7, 2)| < € +v(a, T, 2).
Moreover, sinced; is piece-wiseconstantthe appropriaten canbe chosenthe sameon

eachinterval of time [i/n, (i + 1) /n). By rememberinghat A is aseparablenetricspace,
it is easyto understandhatthereexistsana € 2,, suchthat

T
I:=E/0 [lo(@) = oleu, s + kn(t), 52 )
+ [b(@s) — blaw, s + kn(8), 82, ()] dt
T
S6+E/ 72(54,5,84—/%”() g (t))dt (49)
0

To estimateheright—handsideof (4.9),use(4.4),(4.7),and(4.8). Then

T
E/ (@uys + (085, ) dt S NE [ (G5 + val0),35, )
0
T _ T ~ ~
< NE/ 'y(dt,s+fsn(t),5:?)dt+N/ BI3E () — 257 dt
0 0

T
< NE/ v(G@g,t, 28) dt + N1 +T)n=%/2 < NJ 4+ Ne + N(1 + T)n=%/2,
0

Hence,
I <NJ+ Ne+ N(1+T)n /2,
This, (4.4),and(4.8)yield

T
E/ [(llo(@e) — olas, t, 38)[1* + b(Gs) — blas, t, &F)|7] dt
0
<2+ N(1+T)n" /2 < NJ+ Ne+ N(1+T)n"%/2. (4.10)

Now we canestimatezy — zf* by observingthata, := Z§ andy; := z§ satisfy(4.1)
with
Ot = U(dr) - U(Oér,T 37?) by := b(dr) - b(a“r’ 57?)
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It follows from (4.10)and(4.2) that
Eg(2%) — Eg(e%) < NeNT|gls, (J + & +n~0/2)%/2, (4.11)

Onecanstophereif oneis satisfiedwith aresultwhichis alittle bit wealerthan(4.3). By
this we meanthatobviously (cf. (4.7)) 3, < Eg(£%) + ¢, Eg(2%) < v,, andJ < 2|go,
sothat(4.11)impliesthat

B < v+ NeVT(lgl5T ™% + [glsyn2%/%).

This combinedwith thefirst inequalityin (4.6) leadsto (4.3) but with §162/(8 + 442) in
placeof §;52/8.

A betterresultfollows afterenhancingheestimateof J. ObserethatEg(z%) < v, <
Uy, SOthatby definition(4.7) of J, equation(4.11)impliesthat

J < NeMT|gls,(J + ¢+ n—61/2)(52/2.
Hereif ¢ + n=9/2 < J, then
J < NeNT|gls, /2, J < NeNT|gl3/ %),
In theremainingcaseandgenerally
J < NeNT|g|3/C7%) 4 g 4 n=01/2,

Pluggingthisresultinto (4.11)andremembering4.7),we get

T < Eg(3%) + ¢ < Eg(a$) + NeMT(1g[3/® %) + |g|5,%/2 + |gls,n=*%2/%) + €

This provesthe secondinequalityin (4.6) sincea € 2, ande > 0 is arbitrary The
lemmais proved.

Remarld.2. Underthe assumption®f Theorem2.9 (including, of course,assumption
(2.1)),theassumptionsf Lemma4.1aresatisfiedwith 6; = §p andd, = d3 = 9.
Indeed,

|Eg(zr) — Eg(yr)| < [gls Eler — yrl° < [gls(Elar — yr[*)*7?,
andaswell known (apply; for instanceCorollary2.5.100f [5] to theprocesse; — y;) due
to(2.1),
T
Esuplz, -yl < NeNTE/ {loell? + b2} dt, (4.12)
t<T 0

whereN depend®nly on K.
Corollary 4.3. Theoem2.9holdsfor anyd, §q € (0,1]if f = ¢ = 0.

Proof. If §; < 4, our assertiorfollows from Remark4.2. For §o > §, we interpolate.
Takeanonngativefunction¢ € Cg° (R%) with unitintegralandfor e > 0 defineg(®) (z) =
e~ (z/¢) * g(z). Thenaseasyto see

l9(2) — 9 (2)] < / l9(2) — g(z — ey)[¢(y) dy < N[g]se’,

@) = = [ (oty) = 9(a))Ger (v = 2)/e) dy < Nlghe ™,

sothat
19 (z) — g9 ()| < Nlglse® |z — y| < Nlglse’ 2|z — y|*
if |z — y| < e. Furthermoreif |z — y| > ¢,

19 () — 99 (v)| < [gls|z — y|° < [glse” |z — y|.
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Hence,g(?)|5, < N|g|se®% andby theresultfor § > &, andby theinequalities
Eg(2%) < Eg'9)(e%) + Nlglse’, Eg®® (25"™) < Bg(a3"™) + Nlglse,
thelasttermontherightin (2.6) canbereplacedvith
T (19 Jsn 078 + |glse®) < NeNT (|glsed~Pon=%/% 4 |g|e).

It follows thatsettinge = n—%/# right in the beginning of the proof leadsto the desired
result.

Proofof Theorem2.9. Noticethatreplacingf (a, t, z), g(z), c(a, t, z) with f(a, t, z)eM?,
g(z)eMT, c(a,t,z) + M, respectiely, doesnot modify v®. Thereforewithout loss of
generalitywe assumehatc > 0.

First,assumehatin addition

|flsj2,6 =1+T, (4.13)
andaddtwo morecoordinategy andz which move accordingo

t
yp = _/ c(ar, )dr, 2y = / flap,rz )g(yr ) dr,
0
whereé € C§°(R), &(y) =e¥fory < 0,0 < ¢ < 2,and|¢'| < 2. Also define

§(z,y,2) = (-M) v [£(y)9(z) + 2] A M,
whereM = |g|o + T + 1. Thenowing to (4.13)andc > 0, we have

T
3oy 25) = (~M) V[ / Flaw b, 28)e ¥ di + g(ag)e #] A M
0

T
- / flan t,28)e ¥ dt + g(af)e ¥F,
0

v = Eg(w%ay’%a z’f'll’)' (414)
Now it is naturalto applyLemma4.1to theprocesgzg, yg, z5).
Assumption(i) of Lemmad4.1is obviously satisfiedwith a constantk’; dependingnly
on K and(1 + T')~*|c|5/,5. To checkassumptior(ii), take o € 2 andtwo processes
(z¢,yt, 2¢) and(z}, yi, z;) andassumehat

$t—$t /{U (ar,7,27) — 0(ar,m, )}dwT
t t
+ [ Olarsrien) ~banreyar+ [ o dur+ [ o0 an,
0 0

t t
w /{c ar, 1, 2r) = c(ar, 7, @ )}dr+/ ol? dw, +/ b2 dr,
0

0

t
-4 = / (F (e, 2)E(wr) — flom 2 )E(L)} dr
t t
(3) ¢ . b3 dp.
+/0 o, dw +/0 . dr

T 3 . .
1= [ S llof? | + 0y .
i=1

Denote



MEAN VALUE THEOREMSFOR STOCHASTICINTEGRALS 19
We getfrom (4.12)that
T
Esup|a, — |2 < NeVTE / {los? 1% + bV 2} dt < NeMT 1.
0

t<T
Furthermore,

T
Esup |y; — yi|* < NT?[c]2E sup |z; — 2}|*° + NE/ ||at(2)||2dt
t<T t<T 0

T
+NTE / b2 dt < NeNT(I% + 1),
0

Elzr — 27> < NT*([f3E sup |z, — z;|*° + | fI3E sup ys — ;)
t<T t<T

T T
+NE/ ||ot(3)||2dt+NTE/ 162 dt < NeNT(I° + I).
0 0
By usingHdlder'sinequality we obtain

|Eg(er,yr, 27) — Eg(zT, Y71, 27) |
< E{2|g(z7) — g(2z7)| + 2|glolyr — y7| + |21 — 27[}
< N(1+|gls)E{|lzr — 27|’ + [yr — yr| + |27 — 27(}
< NeNT(1 + |g|s)(I%/? + I'/?).  (4.15)
Sinceg(z, —o00,1) = 1 andg(z,0,0) = g(z), wehavel+|g|s < 2|g|s, and(4.15)implies
|Eg(er,yr, 21) — Eg(a, yr, 2p)| < NeNT|gls (172 + I'?). (4.16)

Obviously, we candrop I'/2 in (4.16)if I < 1 (remembe® € (0,1]). On the other
hand,if I > 1, thenfrom

\Eg(zT, yr, 27) — EG(zh, yip, 27)| < 2|3l < 2|g]s1°/2,

it follows thatagainwe candrop I'/2 in (4.16). This provesthat (4.2) is satisfiedandby
Lemma4.1land(4.14),for ary o € 2 thereis a(n) € 2, suchthat

v (f,9) <v*M(f,g) + NeNTn=0%%/8 g|s. (4.17)

Furthermoreasin (4.15),it is easyto seethat|g|s < N(|gls+T+1) = N(|f|5/2,5+19ls)-
Therefore(4.17)implies

v (f,9) < v (f,9) + NeNTn %8(| f5/,5 + |gls)-

It only remainsto notice that the multiplication by a constant> 0 alwaysreducesary
f # 0 to theonesatisfying(4.13),whereadf f = 0, onecantake a smallconstantZ 0
insteadof f andpasgo thelimit. Thisfinishesthe proof of Theorem?2.9.

Proof of Corollary 2.13 As in theabove proof, considetthe procesqz¢, yg, z5*) this
time without assuming4.13). We have seenabove thatthe procesqzg, yi, 25*) satisfies
the assumption®f Lemma4.1for §; = §, anddy = 63 = 6. Hence,for ary a € ,
n > 1,andg(z,y,2) € C? thereis ana(n) € 2, suchthat

Eg(af, 8, 2) < Eg(af ™, ye ™, 200) 4 NeNTr=000/8|g|.

On the basisof this, similarly to the derivation of Theorem2.4 from Theorem2.7, one
provesthatfor ary a € 2 andn > 1 thereis ana(n) € 2, (G.) suchthat

|Eg(ag, yf, 2%) — Eg(ay™,ye™, 22| < NeNTn=000/8|g|;.
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for ary g(z,y,2) € C°. It only remainsto take g = |z|P A MP?, whereM = (T|fl|o +
glo) exp(|cloT).
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