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Abstract. Nonlinear stochastic dynamical systems as ordinary stochastic dif-
ferential equations and stochastic difference equations are in the center of this
presentation in view of the asymptotic behavior of their moments. We study
the exponential p-th mean growth behavior of their solutions as integration
time tends to infinity. For this purpose, the concepts of attractivity, stability
and contractivity exponents for moments are introduced as generalizations of
well-known moment Lyapunov exponents of linear systems. Under appropriate
monotonicity assumptions we gain uniform estimates of these exponents from
above and below. Eventually, these concepts are generalized to describe the
exponential growth behavior along certain Lyapunov-type functionals.

1. INTRODUCTION

The analysis of stochastic dynamical systems with respect to their asymptotic
behavior has attracted many researchers, see e.g. Arnold [1] - [6], Baxendale [7]
- [9], Freidlin and Wentzell [12], Imkeller and Scheutzow [16], Khas’minskij [21],
Kifer [22], Mao [27] or, for a recent and comprehensive treatment, see Arnold [6].
Among them systems which have a ‘finite asymptotic structure’ when integration
time tends to infinity are given by the class of dissipative ones (see Hale [15]).
Roughly speaking, these systems have some compact attracting sets such that their
trajectories at least in the vicinity of these sets will approach to these sets and stay
there afterwards. Under randomness we can observe a similar behavior, mainly
classified by the behavior of their moments and trajectories.

We will examine the case of ‘moment dissipativity’ here, since this approach per-
mits to carry over the deterministic analysis to stochastic one in a fairly straight
forward manner. We are also inspired by the results from Hale [15], Krylov [25]
and Schurz [32], [33] (Note: The terminology ‘moment dissipativity’ becomes clear
from latter two works.). Especially, the interest of this contribution lies in the esti-
mation of maximum and minimum exponential growth rates of ‘moment dissipative
stochastic systems’. We will distinguish between the exponents characterizing the
exponential growth behavior of the distance of the state process to deterministic
sets (a property also called attractivity) and those exponents characterizing the
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exponential growth behavior of initial perturbations (a property here called con-
tractivity). In the linear situation with trivial steady state these exponents coincide
with the generally common moment Lyapunov exponents (see [3], [4]). It is worth
noting that there is a well-known relation between moment and sample Lyapunov
exponents (for a formula, see [2]). The existence of sample Lyapunov exponents
can be justified by the fundamental multiplicative ergodic theorem of Oseledec [30]
which induces a decomposition of the original domain of definition into random
Oseledec spaces. We will not go into details of the structure of these spaces. In
the nonlinear situation sample Lyapunov exponents replicate the behavior of the
corresponding linearized dynamics, hence in general the local behavior in a small
neighborhood of equilibria is determined in general. We are rather interested in the
global exponential growth behavior of moments characterized by some significant
deterministic numbers without using the idea of linearization and without using
anticipative calculus. The presented concepts turn out to be very appropriate for
the study of asymptotic moment behavior of stochastic dynamical systems both in
continuous and discrete time as integration time tends to infinity.

The paper is organized as follows. In section 2 we introduce the definition of
moment attractivity and stability exponents and give first uniform estimations.
Section 3 presents the concept of moment contractivity exponents together with
some uniform estimates. Both section 2 and 3 treat stochastic differential equa-
tions (SDEs) and the simplest, discrete time, iterative, random mappings (such
as numerical methods for SDEs) using monotonicity conditions as in Krylov [25]
or Schurz [32], [33]. The paper continues with section 4 containing examples of
linear systems illustrating that some estimates are sharp and illustrating relations
between the concepts of attractivity (stability) and contractivity. Sections 5 and
6 deal with a generalization to V-exponents, illustrations of their usefulness and
almost sure V-attractivity. Eventually, final remarks finish this paper by section 7.

2. MOMENT ATTRACTIVITY AND MOMENT STABILITY EXPONENTS

Throughout this paper let < .,. > denote the Euclidean scalar product defined
by < z,y >= E;i:l zy; for vectors z,y in R%, d € IN, \ {0}, and ||.|| the Euclidean
vector norm in IRY. Furthermore, (.)4 or []; will denote the positive part of
inscribed expression, (.)— or [.]- the negative part. Fix a p € Ry,p > 0. Let
(Q,F,1P) be a probability space, and suppose 7 to be a discrete or continuous,
deterministic time scale, respectively. Consider a stochastic process (X())eT)
defined for all t € T C [tg,+00) on (Q,F,IP), with values in IR (a.s.), started
with values in the domain ID; C R? and with finite p-th absolute moments for all
finite times ¢t € 7. Throughout the paper we shall use the word ‘domain’ ID with
knowledge that the stochastic process (X(t))e7) can be viewed as a measurable
family of multi-valued functions mapping from the domain ID; C IR? into its range
contained in IR? for each element w € €.

Definition 1. The upper (forward p—th moment) attractivity exponent of the given
stochastic process (X (t));e7) with respect to the nonempty, bounded, determinis-

tic set Dy C R? is defined to be

1
2.1 Ap(x) == limsup— In | inf IE ||X(¢)—y|?
1) p(@) 5= limsup o (int X0 -yl

for X (to) =z € D; (a.s.). The lower (forward p—th moment) attractivity exponent
of the given stochastic process (X (t));e7) with respect to the nonempty, bounded,
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deterministic set IDy C R% is deﬁned to be
(2.2) Ap(z) = hmlnf =In ( 1nf E || X(t) — y||p)

t——+oo yE

for X (tg) =z € ID; (a-s.).

Remark. A similar definition one could introduce for stochastic fields where the
time scale is a partially ordered set. In the case of Dy = {z,} with X (t) = z, for all
te T (i.e. z, is a steady state) we call the IDy-attractivity exponent also stability
exponent. For simplicity, we will carry out a first analysis for the case when the set
ID, = {0} and we may drop off the phrase ‘with respect to the set ID,’ then.

2.1. {0}-Attractivity (stability) exponents of SDEs. Let us look at nonlinear
stochastic differential equations (SDEs) with monotone coefficients. For general
theory of SDEs, see Arnold [1, 6], Dynkin [11], Friedman [13], Freidlin and Wentzell
[12], Gard [14], Khas’minskij [21], Krylov [26] or Protter [31]. For simplicity, we
restrict us to SDEs driven by scalar, independent Wiener processes W/ = (Wt] e>to-
Theorem 2.1. Let the stochastic process (X (t))>¢,) satisfy the Ito SDE

(2.3) dX(t) = a(t,X(t)dt + > b (t, X (t))dW/,
j=1
exclusively started with values in the deterministic set ID; C JRd, where the deter-

ministic coefficients a, b’ are such that a strong solution of this SDE with finite p—th
absolute moments exists. Assume that

7 <b3 ), >
<a(t,z),z>+= anﬂ z)||? + Z ”x”2

j=1

2

(2.4) < Kp(t)|=]?

for all t € [ty,+00), for all x € IDy, where the deterministic function K,(t) is
L' —integrable on [to, +00) with respect to the Lebesgue measure, and

(2.5) P{we Q: X(t)(w) € ID1,Vt € [tg,+00)| X (o) =z €D} =1

Then we have
t

_ K ,(s)ds
(2.6) sup Ap(z) < plimsupw.
zEZD1 t—r+oo ¢
Furthermore, if
"<Vt x), x>
(2.7) <alt,z),z >+ leb’ (t,z)[*+ Z ”xHQ > K, (1)l
] 1 =1

for all t € [tg,+00), for all x € IDy, where the deterministic function I, (t) is
L —integrable on [to, +00) with respect to the Lebesgue measure, then we have

Jio Kpls)ds

(2.8) inf A (z) > pliminf s Ap

» 2, =0) = —o0.

e€lDi\{z.#0} oo
Proof. The main idea is to apply Dynkin’s formula [11], to evaluate the arising
differential operators under the required monotonicity and to apply a generalized
Gronwall-Bellman Lemma (see [27], [32]). The required L'-integrability ensures us
that the expressions in the definition of attractivity exponents exist, and together

with the existence of finite p—th absolute moments, that we can apply Dynkin’s
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formula at any time t € [tg,+00). The application of linear partial differential
operator

o 13 & : &2
L=o+<alt,) +5Z > b}c(t,x)bf(t,x)m

J=1k,l=1

to ||z||?, p > 0 for corresponding diffusion process X () exactly gives L||z||P =

1< < bt x), >2 _
p|<a(tz),z> +5 ZHbJ z)|” + Z ”mHQ |7~

j:l ]:1
after some laborious calculations, hence
Lzl < pKp@)|zllP and  Ll|z||” > pK,(#)|=]”,
respectively, presuming the validity of inequalities (2.4) and (2.7). Note that
0 0 )T
6.%’1 7Y 6wd

represents the d-dimensional gradient vector in z = (zy, ..., z4)T —direction. By the
formula of Dynkin we know that

v = (

E[|X@)F = E[X(s)[”+E / LI X (w)|[Pdu

for all s,t with ¢t > s;s,t € [to, +00). Under the monotonicity assumptions (2.4)
and (2.7), this implies

o(t) =E |X@®)|" < IEIIX(S)II”+p/ Kp(WE [|X (u)||Pdu,

t
o(t) = E [ X@)|F > E||X(3)||p+10/ K, (w)E || X (u)|Pdu,

respectively. Now one applies the generalized Gronwall-Bellman Lemma (see [27],
[32]) to T(t) and v(t), respectively, takes the logarithm and the limit as time ¢ tends
to +00 and encounters with desired result which completes the proof. ¢

Remark. The estimates of Theorem 2.1 are ‘worst case estimates’ (but sharp ones,
see linear systems as in subsection 4.1). While requiring L!-integrability throughout
this paper, we refer to the spaces L}, .([to, +00), B([to, +20)), ) with respect to the
Lebesgue measure p, equipped with the Borel o-field B([to, +00)).

2.2. {0}-Attractivity (stability) exponents of stochastic iterative map-
pings. Let us now look at nonlinear stochastic difference equations with monotone
coefficients. Such difference equations arise in numerical methods for SDEs or in
time series. For stochastic-numerical methods, see Kloeden, Platen and Schurz [24],
Mil’shtein [29], Schurz [32], [36] and Talay [38], among many others. Set Xo = z.
Suppose that z # 0 if X,,(0) =0 for all n € IN. Consider d-dimensional iterations

Xpp1 = Xp+00(X;:i<n+1DA, +3F(X;:i<n)A,
m
(2.9) +3 (X i <n)EVA,
7j=1

where A, := t,41 —t, can be interpreted as a sequence of step sizes with monoton-
ically increasing time-instants (t;); v and lim; 4ot = +o0; ®f, f, ®; where
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j = 1,2,...,m represent deterministic mappings from all so far generated

values

into R%, and &) are real-valued, independent random variables on (2, F,IP) with

E& =0 and E &> =(07)* < 400.

Theorem 2.2. Let process (Xy),,c v satisfy the stochastic difference equation (2.9)

under the above mentioned conditions for alln € IN, whereas all & are independent
of Xo as well. Assume that ¥n € INVz® € R*(1=0,1,..,n+1)Vj=1,2,...

<® @V 1 <n+1),20M) > < Fy(n)|l2HY?
<®8(W 1<n), 2™ > < Egh)|z™]|?
(2.10) 1850 1 <n+ DIP > Fo(m)|lz™HD)?
188D 1<) < F (n)]a™]?
12,0 :1<n)|? < Fy(n)ll=™|?
M (n)An < 1+ TFg(n)A2

where EI,EE(n),Eé(n),Ef (n),kj(n) are finite, deterministic, real numbers.

(2.11)

(i) + 2hr (i) + (Ro (i) = Fo(i) Ai + Y (07)R; i)

Then

)

( i
_ = 1— 2% (i) A A2
)\2 (m) S hm Sup 1=0 kI (7’) + kO (7') 2
n—-+oo tnt1

Furthermore, if ¥n € INVz® € R:(1=0,1,..n+1)Vj=1,2,...m :

< @é(;p(l) 1 <n+ 1)’$("+1) > > k[(n)”m(n+l)”2
<@V :1<n), 2™ > > kpn)la™|?
(2.12) 188(z® 1 <n+1)|? < K@)z tV|?
195 @D 1< m)? > kg (n)Jo ™|
18z 1< n)|* > Ej(n)||:lf(")||2
—2kp(n)An < 14k ()A] + D (03)k;(n)A,
j=1

where kp, kp(n), kb(n), kY (n),k;(n) are finite, deterministic, real numbers, then

(2.13)
2 (D) + 2, () + (g (1) = kg () Ai + D (o)), ()

> ( o
=0 14 2k (i) A+ k(DA + Y (00)2k; (D) A

=1

)

A > liminf
%alv) 2 it -

,m
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Proof. Define v, := IE ||X,||?>. Taking the square of the Euclidean vector norm of
random vector X, 11 — ®4(X; :i <n+1)A, and its expectation value gives

— —I

Uit (1 — 20, k1(n) + A2%, (n))
< Wy =2A0,E < ®(X;:i <n+1), X1 > +AZE ||B)(X; i <n+ 1)
= v, + 20, < ®F(X;:i<n), X, >+AE ||®F(X;:i < n)|?

+An ) ()’ B [12;(Xi s i <)
j=1

< wy (1 +2A,kp(n) + Afﬁf(n) + A, Zm:(aﬁ;)%j (n))

using the mutual independence of random variables &, that IE (¢2)? = (0%)? and
2.

conditions (2.10). A similar estimate is derived under conditions (2.12). We obtain

n (1 +2A0kp(n) + A2KE(n) + A, i(oi)% (n))

< v +20E < ®F(X;:i<n), X, > +AZE | 9F(X; i < n)|?

+An Y (08)E [|2;(X; 1 i <n)|?
j=1
Unp1 — 20, IB < ®N(X; i <n+1),Xpp1 > +AZE || ®4(X; i <n+ 1)

vt (1= 280k, (n) + A2KA(n))

IA

Thus

1+ 2k5(n)An + Fy (M)A2 + Y (03)°F;j(n)A,
j=1

VUn+1 S (P

1 - 2F;(n) Ay, + Ko (n) A2

IA
S
s

Fair 1— 2F7())A; + g (i) A2
o 2Es(i) + 2k () + (Ry (i) — Fo(0)A: + Y (07)7F; ()

w-ep | Y ( )a

pare 1— 2% () A; + Tog (i) A2

1+ Fu(i)A; + oy (6)A2 + 3 (o0)2F; (z’)A,J
j=1
+
+

IN

and in the other direction

— I 9
Un S ’l)n+1 . 1 2E1(n)An + EO (n)An

1+ 2kp(n)An + kg (0)AZ + (03)%k;(n)A,
j=1
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m

—2kp(n) — 2k;(n) — (k¢ (n) — k§(n))An = > _(05)%k;(n)

Jj=1

< Unt1 - €Xp ™
1+ 2kp(n)An + k5 (0)AZ + ) (03)°k;(n)A,
j=1

and therefore

Un+41 > Vg - €XP Z ™ : Aif,
=0 14 2k ()A; + kY (0)AT + Y (o))
j=1
respectively, using twice the elementary inequality

14y o o (V2F
1+z = “P\1+2/)"

Taking the logarithm and the limit as n tends to +oo yield the desired estimates.
Consequently, the proof is completed. ©

2.3. A nonlinear example. An illustrative example is given by the discretization
of the nonlinear one-dimensional It6 SDE

dX (1) = [(aX(t) — BX3D)]dt + o X (£)dW,

where a, 3,02 are nonnegative real constants - an equation which is met in physical
field theory (there a Stratonovich interpretation is studied, but this is included in
our model class by application of transformation rules between calculi, see [1]). For
this equation one can show that

Ap(z) <p (a+ 1%102) , (@) =XM(@) =20+ 0% (x#0).

Now, the problem is how to simulate and discretize this SDE in a nonanticipative
and efficient way such that a control on the stability behavior of used discretization
method can be achieved under the presence of nonlinearities (i.e. 8 > 0). Applying
our result, we suggest to take the following explicit-implicit method
Yn+1 = Yn + (a)+Yn - (a)7Yn+l - ﬁYnZYn+l)An + UYnAWn
+e|(Yn — Yat1) | AW, |

_ v ( 1+ ()4 An + o AW, + |cAW,| )

TP+ (@) A, + BYRA, + [cAW,]
where c is a further control parameter. Obviously, it can be made explicitly by sim-
ple algebraic rearrangements — an advantage from practical implementation point
of view. This scheme also establishes a numerical method with the same numerical
L2-convergence order towards the exact solution as the well-known and most-used
Euler method does. However, our explicit-implicit method is able to achieve a com-
plete control on the asymptotic stability behavior in contrast to that of the explicit

Euler method, where (random) step size restrictions are needed. The assumptions
of Theorem 2.2 are fulfilled by taking

Fi(n) = =(0)-,Fo(n) = 0,F5(n) = (a)+, Ky (n) = (2)+)?,F;(n) = 0.
Thus, the upper stability exponent Ay of considered numerical method is under
control for all initial values (for simplicity, consider the cases & < 0 and a > 0
separated). For example, when 2a + 02 < 0 one knows about the asymptotic mean
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square stability of trivial solution of that SDE. The same is true for the suggested
discretization method using any step size. Namely, for equidistant step size A,
¢ =0, and for all z € IR!, one estimates

- 2a + o2

Ao(z) < m+((a)+)2A.

Thus, the asymptotic stability behavior of underlying SDE is replicated by our
explicit-implicit discretization, and it can be used to approximate the upper stabil-
ity exponents. It is not hard to find a situation where the explicit Euler method
fails in this respect (e.g. take a sufficiently large equidistant step size and a bilinear
equation). Moreover, by an appropriate choice of parameter ¢, one even gains con-
trol on the boundedness of sample paths (a.s.). Note that the chosen splitting into
explicit and implicit treatment is very important for an asymptotically adequate
numerical integration. Of course, a control on s could also be obtained by the use
of fully drift-implicit Euler method (for the definition, see [24]) under the condition
2a + 0% < 0. However, the fully drift-implicit Euler method requires the local
algebraic resolution of implicit equations at each step, hence more computational
effort and additional local errors. Consequently, we may prefer our explicit-implicit
technique in view of adequate stability control with discretization of SDEs.

3. MOMENT CONTRACTIVITY EXPONENTS

Fix ap € Ry,p > 0. Let (2, F,IP) be a probability space, and T a discrete
or continuous, deterministic time scale, respectively. Consider a stochastic process
(X(t,2))teT) defined for all t € T C [to,+00] on (Q,F,IP), started at values z in

domain ID at time to € 7, with values in domain ID C R? for all times t € T (a.s.)
and with finite p-th absolute moments for all finite times ¢t € 7.

Definition 2. The upper (forward p—th moment) contractivity exponent of the
given stochastic process (X (,2))re7) in domain ID is defined to be

(31) Ryley) += limsup ¢ In (B X (t,2) = X(5,9)|P)

t—+oc

for X(tg,z) = ¢ € D (as.), X(to,y) = y € ID (a.s.). The lower (forward p-th
moment) contractivity exponent of the given stochastic process (X(t,2))uer) in
domain ID is defined to be

1
— Timinf = _ P
(3:2) fp(2,y) = lminf - In (B [1X(8,2) - X (&, 9)I")
for X(to,z) =z € ID (as.), X(to,y) =y € D (a.s.).

3.1. Contractivity exponents of SDEs with monotone coefficients.

Theorem 3.1. Let process (X(t,2))¢>t, satisfy the Ité SDE
(3.3) dX(t,2) = a(t,X(t,2))dt + »_b/(t,X(t,2))dW},
j=1

exclusively started with values in deterministic domain ID C IR? (a.s.), where de-
terministic coefficients a, b’ are such that strong solution of this SDE with finite
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p—th absolute moments exists. Assume that

1< . )

_ _ - _ K 2
<a(t,z) —a(t,y),z y>+2;||b](taw) v (t,y)ll
(p—2)i<bj(t,$)—bj(t,y),w—y >2
2 |z — yl|*

(3.4) + < Cp)lle -yl

Jj=1

for all t € [tg,+00), for all z,y € ID, where deterministic function Cp(t) is L'-
integrable on [to, +00) with respect to the Lebesgue measure, and

(3.5) P{w e Q: X(t,2)(w) € D,Vt € [tg, +00)| X (to,2) =2 € D} = 1.

Then we have

¢ —
C,(s)ds
(3.6) sup Rp(z,y) < plimsup M .
eyelD t—+o0 t

Furthermore, if

<alt,) = alt,y)o =y > +3 > IV(6,2) — B 0,0)]?
(-2 i <Y(t,z) =V (ty),z—y >

3.7 +
3.7 2 o= ylP

> Cy(t)llz -yl

i=1

for all t € [to,+00), for all x,y € ID, where deterministic function C(t) is L'~
integrable on [tg, +00) with respect to the Lebesque measure, then, for all x # y for
which there exists t € [to, +00) such that X (t,z) # X (t,y) with positive probability,
we have

' C (s)ds

3.8 inf K, (z,y) > pliminf 22—
(38) z,yelD.ay »(7:9) t=too

Proof. The main idea is to enlarge the dynamical system on ID x ID C IR??
apply Dynkin’s formula [11] to this new system, to evaluate the arising linear par-
tial differential operators under the required monotonicity conditions and finally
to apply a generalized Gronwall-Bellman Lemma (see [27] and [32]). The required
L'-integrability ensures us that the expressions in the definition of contractivity ex-
ponents exist, and together with the existence of finite p—th absolute moments, that
we can apply (the unstopped form of) Dynkin’s formula at any time ¢ € [tg, +00).
We need to refer to the 2-point generator since the property of contractivity relates
to the behavior of the difference of two solutions in the course of time. Now, apply
the 2-point generator

2d 2

s 0 1 & . .
L= a’i_ < a(tax)avw >+ < a(tay)avy > +EZ b}c(t,w,y)bf(t,w,y)m

to ||z — y[|P, p > 0, where

bi(t,m,y) = bi(t,m) and b,’;_i_d(t,m,y) = bi(t,y),k =1,2,...,d
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for corresponding 2d-dimensional diffusion process X (t,z) on ID x ID. After some
tedious calculations, this procedure exactly gives

R 1. )
Lllz—ylF = p <a(t,:v)—a(t,y),af—y>+§leb’(t,w)—bJ(t,y)II2

Jj=1

lo =yl

(P=2) ~<V(t2) - V(ty),z—y>*
+
oY Tz — Il
for all z,y € ID with ||z — y|| > 0, hence
Lz —yl> < pCp(lle —ylP and Lz —ylP > pC,1)lle -yl

respectively, presuming the validity of inequalities (3.4) and (3.7). Note that
1o} 9 \T
Vi = ( )

0rg41’ " Oaq
represents the d-dimensional gradient vector in y = (z441, ..., T24)" ~direction, and
V. the gradient in z-direction as in previous section. By the formula of Dynkin we
know that

¢
E || Xt 2)- Xyl = E || X(s,2)—X(s,y)|" +IE / L1 X (u, ) = X (u, y)|[Pdu
s
for all s,t with t > s;s,t € [to, +00). Define
v(t) = E[|X(t,2) - X(&,y)[["
for all z,y € ID. Now, fix initial values z,y with = # y. Under the monotonicity
assumptions (3.4) and (3.7), this implies

v(t) < v(s) +p/t6p(u)v(u)du
and .
o) > o) +p [ Cpwvda,

respectively. Now one applies the generalized Gronwall-Bellman lemma (see [27],
[32]) to both estimates of v(¢), respectively, takes the logarithm and the limit as
time ¢ tends to 400 and encounters with desired result which completes the proof.
o

3.2. Contractivity exponents of stochastic iterative mappings. Set X¢(z) =
z for z € D C IR%. Consider the d-dimensional iterative mappings

Xni1(2) = Xn(2) + ®4(Xi(2) :i <n+1)A, + ®F(Xi(2) - i <n)A,
m
(3.9 + 2 2i(Xi(2) ri <n)ghV/An
j=1
on deterministic domain ID (a.s.), started at any z € ID, where A, := t,41 —

t, is a sequence of step sizes with monotonically increasing time-instants (t;) icIN

and lim;_, o t; = +00, and &) are real-valued, independent random variables on
probability space (2, F,P) with moments

E §£L =0 and E |§f1|2 = (crib)2 < 400.

For convenience of statement, define &, (z,y) := z(™ — y™,
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Theorem 3.2. Let process (Xn(2)), v satisfy the stochastic difference equation
(3.9) started at value z € ID under the above mentioned conditions for all n € IN,
whereas all &, are independent of Xo(z) as well. Assume that Vn € AZORONS
RY(1=0,1,..,n+1)Vj=1,2,...m

er(n)l|dn41 (2, )1
ce(n)]|d,(z, y)|I”
2o (n)[1dn41 (2, )17
2o (n)[|0n (2, 9)|1?
¢i(n)]16n (2, 9)|1?
1+¢l(n)A2

<@V l<n+1) -V I<n+1),6041(x,y) >
<@ 1 <)~ BB 1< n),00(z,y) >

(3.10) 08?1 <n+1) =3y :1<n+1)
185 (2" 1 < n) = @F (v : 1 < m)|?
18,0+ 1 < m) — @50 <1 < )P
2er(n)A,

I1”

A ININ IV IN A

where T1,Tp(n),ch(n),c¥ (n),c;(n) are finite, deterministic, real numbers. Then,
for all z,y € D, x #y (3t € [to, +0) : X (¢t,z) # X (t,y) with positive probability),
we have

(3.11)

- 2em(i) + 261 (i) + (€5 (1) — T i A+Z
j=1
2 ( 1 — 2¢7(i)A; +Th(5) A2 )A"

i=0

Fa(z,y) < limsup
n—4oco tn—}-l

Furthermore, if ¥n € INVz®W y® ¢ R*(1=0,1,...,n+1)Vj=1,2,...m :

<@V 1 <n+1) = @yV I <n+1),6041(2,9) > > cr(n)[|6psa (@, y)|?
< &5 @Y :1<n) = 87" :1<n),balz,y) > > cpm)6a(z, )|
(3.12) 185?11 <n+1) =SV I <n+DIP < g)6ns1(2,9)|I”
185 (@D :1<n) =5 (" 1 <n)> > e ()l|6n(z,9) I
122" :1<n) = @;(" 1< )P > ¢;()]16n(e,y) I
1+ cF(n)A2 + Z(U%)% nA, > =2cp(n)A,

where ¢y, cp(n),cl(n),cl (n),c;(n) are finite, deterministic, real numbers, then, for
all x,y € ID, we have
(3.13)

2¢,5(i) + 2¢, (i) + (B (i) — A (@) Ai + Y _(0])¢; (4)

- 5

i=0 14 2¢p(i)A; + cF () A? + i(af)QQJ(i)Ai

Ky(2,y) > liminf r—
n

Proof. Fix any z,y € ID. Define v, := IE || X,,(z) — X,.(y)||*>. Taking the square of
Euclidean vector norm of

Xo1(@) — @5 (Xi(2) 1 1 <+ 1)A, — Xppa (y) + Pp(Xi(2) : I <n+ 1A,



12 HENRI SCHURZ

and its expectation value afterwards one receives

Un1 (1= 28581(n) + AL ()
< v +20,E < ®F(Xi:i<n) - ®F(Xi(y) 1 i < n), Xn(z) — Xn(y) >
+AVE (|85 (Xi(2) 1§ < n) — &5 (Xi(y) =i < n)|?

+A, Z(Ui)QE 18 (Xi(2) :i <n) = B(Xi(y) i <)l

< oy (1 +2A,25(n) + A2E8 (n) + A, i(di)%j (”))

using the independence of & , that IE (£4)2 = (07)? and conditions (3.10). A similar
estimate is derived under conditions (3.12). In the other direction we obtain

Vn (1 +28negp(n) + Anef (0) + An Y _(03)%¢; (”)>
j=1
< vp +20,E < ®F(Xi(z) i <n) — @ (Xiy) - i <n), Xn(z) — Xnly) >
+ALE (|85 (Xi(z) 1 i < n) — &5 (Xi(y) 1 < n)||?

+A, Y (01’ [|B;(X; i < m) — @;(Xi(y) i < n)|
j=1
< Ungt (1= 28p¢;(n) + Afgg (1))

Obviously, under (3.10) and (3.12), one gains the estimates

1+ 285(n)An + ¢ (0)A2 + Y (0)%5;(n) A,

v < Vp -
mho= e 1—2¢;(n)A, +ch(n)A2

+
%) + 261(0) + (@ (0) — A+ 3 (077 (0)

j=1
< wo-exp Z < 1— 227 (3)A; +Th (i) A2 )Ai

n
=0

and in the other direction

1—2¢;(n)Ap + ¢ (n)A2

Un S Un+1 - m
1+ 2c(n)An + B (n)A2 +> (04)%¢;(n)An
j=1
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m

~2¢(n) — 2¢(n) = (' (n) = c§ () An = Y (03)%¢; (n)

Jj=1

< Upt1 - €Xp A,

1+ 2¢cp(n)A, +cf (n)A2 + i(aifg (n)A,
and therefore
- 2ep(i) + 2¢, (i) + (' () — ¢ (8) A + Z(U?)ZQJ- (1)

Un+41 2 Vg - €XP Z m Ail
=0 14 2e5(0)A; + P (i Z

respectively, using twice the elementary inequality

1+y y—zx
< e .
1tz = 0P (1 ¥ x)
Taking the logarithm and the limit as n tends to +oo yield the desired estimates.
Consequently, the proof is completed. ¢

4. THE EXAMPLE OF LINEAR SYSTEMS AND CORRELATIONS

Consider nonautonomous linear stochastic systems
41)  dX(t) = (A(t) (t) + b°(t) )dt + Z(BJ ) + bi(t )) AW (t)

where X (t) denotes their d-dimensional solution; A, B7(j = 1,2, ...,m) determinis-
tic, real-valued matrices, ¥’ deterministic, real-valued vectors and W7 are uncor-
related, one-dimensional standard Wiener processes. Take ID = IR%.

4.1. A corollary for linear systems. As a consequence of presented analysis, we
get the following corollary which can be proven by the application of continuous
variation-of-constants inequalities (see Lemma 8.10.2 in [32]) as a generalization of
the well-known Gronwall-Bellman Lemma. For a proof, see [32].

Corollary 4.1. Consider X (t) satisfying Ité6 SDE (4.1) for t € [tg, +00). Assume
that IE || X (to)||? < 400 and Yz € IRVt > t,

2 <z, A(t)z + b°(t) >+Z||BJ Mz + V@) < K1(t) + Ko (t)||z
7j=1

where the deterministic functions K1, Ko are L'-integrable with respect to Lebesgue
measure, and assume

t s
Vi > to : E||X(to)2 + | Ki(s)exp(— [ Ka(2)dz)ds > 0.
to to
Then

L (E 1X (to)|I* + fto K1 (s) exp(— fz Fz(z)dzds)) +fti Ko(s)ds
A2 < limsup .

t—+oo t

Furthermore, assume that Vz € IRVt > to

2 <z, A(t)z +°(t) >+Z|IBJ Oz + YOI > Ky (1) + K (t)||=]*
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where the deterministic functions K, K, are L'-integrable with respect to Lebesgue
measure, and assume

t s
Vit >ty @ IE|| X (to)]|? +/ K (s)exp(— [ K,(z)dz)ds > 0.
to to

Then

n (B || X (to)|1> + fy, K, (5) exp(— [, Ko(2)dz) ds) + [, Ko(s)ds
Ao > liminf .

— t—+o0 t

Remark. Here, both the exponents and the limits on the right hand side do not
depend on initial values really. The above assumptions on K;, K, are only made to
exclude meaningless extreme cases. If b/ = 0 (i.e. the case of fundamental solution),
matrices A and all B/ have complete basis systems of eigenvectors, then Ay and
), are exclusively controlled by the interaction of eigenvalues of A, B!, ..., B™. For
example, if the matrices A, B/ are time-independent, then

m
BV 2
Ae <2 max{pu}+ Zl max{pj;},
J:
m
. . 2
Ay > 2min{p}+ Zl min{p?;}
]:

where u; are the eigenvalues of matrix A, pf’ ; the eigenvalues of positive semi-
definite B7(B7)T. Note, in the linear autonomous case with pure multiplicative
noise, the concept of moment stability exponents coincides with that of moment
Lyapunov exponents. In the one-dimensional case we can obtain the equality in
these estimates, hence sharp estimates have been found by Corollary 4.1.

A similar corollary holds for the contractivity exponents k, & of the affine equa-
tion as above. For example, under

Cyt)llz—yl? < 2<z—y AWR)(@—y) >+ IBBO@-y)I* < Co(®)la -yl

Jj=1

for all z,y € R? and all t > to, where the deterministic functions Cs,C, are
L'-integrable with respect to Lebesgue measure, one can show that
t t
C,(s)ds Cy(s)ds
liminfw < kg < Ky < limsup M
t—+o00 t - t—+o0 t
Trivially, the behavior of inhomogeneouity b = b’(t) does not play any role within
the concept of contractivity, in contrast to the concept of attractivity (stability).

4.2. An example where {0}-attractivity (stability) and contractivity dif-
fer. The following one-dimensional, linear, nonautonomous SDE shows that the
concepts of stability ({0}-attractivity) and contractivity exponents do not coincide
in general!l Moreover, these concepts will provide assertions of totally different
qualitative behavior. The concept of contractivity is more appropriate under the
presence of inhomogeneouities (as in the case of additive noise). Let W = (Wy):>0
represent a standard Wiener process. Consider

(4.2) dX(t) = pX(t)dt + oexp(at) dW,

where u, 0, a are deterministic, real parameters.
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Theorem 4.2. Assume that p > 1 and 0> > 0. Then the stochastic processes

(X (1)) t>t,) governed by SDE (4.2) possess characteristic exponents with

Ap(2) > Ay (x) > pp
and
Fp(2,y) = k,(2,y) =pp
whenever X (to,z) =z #y = X (to,y), where z,y € R'. Moreover, if p > 2 then
Ap(@) < Xp(2) < p max(p, @)
If p=2, then
Xo(@) = Ay(@) = 2 max(u,a)

Proof. Without loss of generality, we may set set ¢ = 0. First, consider an
estimation of the {0}-attractivity (stability) exponents. Define v(t) := IE | X (¢)|P.
A calculation gives

t p—
o) = w0+ [ (25 exp2as)(E [X (P2 + o)) ds

> v+ | o(s)ds
0

by the use of Dynkin’s formula and simple monotonicity arguments. Consequently,
Ap > A, > pp by the application of Gronwall-Bellman inequality with constant
kernel. If p > 2, the evolution of v(t) satisfies

v(t)

IA

1 2
w0+ [ (Bl -1 expl2as) X (@2 + pro(s)) d

IA

‘ p—1 »/2 o2
v(0) + / g0’ [T] exp(pas) + (pp +e(p — 2)7)11(5) ds
0
for all € > 0, by the use of Young’s inequality applied to
_ 2 p—2
c(s)ly(s)F < EIC(S)I”/2 + TI@/(S)I”

where

ols) = P exp(2as), y(s) = [X(9)]-

Now, apply the continuous variation-of-constants inequality from [32] (see Lemma
8.10.2) to obtained inequality for v(¢). Thereby one arrives at the estimate

o(t) < (v(O) + /0 K (u) exp (— /0 ’ Kg(z)dz) du> exp ( /0 t Kg(u)du>

where
p—1 p/2 o2
Ki(w) = o* |22 ] explpan), Kolw) =g+ 20— 2)
By taking the logarithm and the limit as time ¢ tends to +oc one arrives at
2
— -2
%, < pmax(u+ 7L 0.

This observation holds for all € > 0, hence the claimed result for stability exponents

Ap < pmax(u, @)
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can be established. In case of p = 2, one may explicitly calculate the exact value
of the stability exponent. It is clear that upper and lower exponents must coincide
in this case. One encounters with

t
o(t) = v(0) —l—/ [0? exp(2as) + 2uwv(s)]ds .
0
This equation can be solved by the method of variation-of-constants. It yields

LI [0) +0” J; exp(2(a — p)s)ds]
¢ t
In [U(O) +0? exp@z((crl—_ ;L))t) - 1]

= 2
p+ r

Therefore, by taking the limit ¢ — 400, one arrives at
Yo = A = 2+ 2(a — p)y = 2max(a, p)

provided that ¢2 > 0. The argumentation for the contractivity exponents is much
easier, since
t

ult,zy) = BIX(z) - X(6y)P = ul0,2,y) +pp / u(s,z,y)ds
0

= u(0,7,y) exp (put)

for any fixed, finite 2,y € R'. After the application of Gronwall-Bellman Lemma,
one finds the claimed estimate for 2 # y. Thus, the proof can be completed. ¢

Remark. The proof can also be carried out by using the pathwise expression of
exact solution

X(t) = exp(ut) (X(O) +o / "exp((a - M)S)dWs)

and well-known moment martingale inequalities. However, our suggested approach
combining variation-of-constants inequalities and monotonicity arguments can be
applied to much more general classes of SDEs.

4.3. When contractivity and attractivity (stability) coincide. There is a

certain specific situation when the estimates for moment contractivity and attrac-

tivity (stability) coincide. This will be the case for systems with an equilibrium z,.

For simplicity, consider ID; = R4

Proposition 4.3. Let process X (t,2)>1,) be a stochastic dynamical system with
Az, € Dy VE >ty : X(t,2.) = 24 (a.5.).

Then, moment contractivity and moment attractivity (stability) exponents coincide
with respect to the single set IDy = {x,} of the equilibrium z., i.e.

Vz € ID : Ap(z) = Fp(2,24),0,(2) = K, (2, 24) .

»Ap
Moreover, in the situation of Ité SDEs with infinitesimal generator L when there
are nonnegative real constants Ki ,, K» , such that for all x € ID
Lllzl]” < Kip+ Kapll]”

and initial values which are independent of all o—fields Fi, = o{W] : t > to}, then
one finds uniform estimates of upper exponents which do not depend on the choice
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of initial value z. Additionally, for Ité SDEs with infinitesimal generator L and
nonnegative real constants C1 p, Cap such that for all x € ID

LllzlP > Cip = Copllzll”

and initial values which are independent of all o—fields FI, = U{Wtj 1t > to},
there are uniform estimates of lower exponents which do not depend on the choice
of initial value z.

Proof. Suppose that Dy = {z,}. For the first assertion, one only has to note
E || X(tz) - X(¢,2)|IP = E||X(t,2) — o[

with z, satisfying X (¢, z.) = z, for all ¢ > ty. The second assertion for It6 SDEs
becomes clear from the following. From the inequality of Minkowski one knows

(E 1X (t,2) = X (&, 9)IP)/? < (B 1X (t,2) —2.]IP)"? + (B [ X (t,y) — @|")"/?.

After taking this inequality to the power p one recognizes that the stability evolu-
tion can be used to dominate the evolution of initial perturbations (hence that of
contractivity, see also next subsection). Under the condition above, by Dynkin’s
formula, we also arrive at

E [|X(#2)[I” < (21" + Kip(E = t0)) exp(Kap(t — t0)) ,

hence A\, < K», and K, < K»,. The third assertion can be seen after application
of the inverse triangle inequality for vector norms, namely

(B 1X (8, 2) = 2:[P)/? = (B [|X (8,9) — 2.P)?| < (BIX(,2) - X (6y)IP)/7.

Analogously to steps for second assertion, one confirms the third assertion and
obtains min(,, k,) > —Ca,,X{c, ,—0} Where Xy} is the characteristic function of
inscribed set. Thus, proof is complete. ¢

Remark. The coincidence of {z, }-attractivity (stability) and contractivity concept
for fixed z, = 0 can also be motivated from the simple fact

< flt,ze) = f(ty), e —y > =< f(t,y),y >

provided that z, = 0, f(¢,0) = 0. The operator £ applied to ||z||? can always be
bounded from below and above if all coefficients a,b’ of the considered SDE are
globally Lipschitz continuous (uniformly with respect to time t). Thus, for the class
of SDEs with that property, we obtain an estimate for the spectrum of stability
and contractivity exponents which does not depend on the initial values - as a con-
sequence of our proposition (spectrum of attractivity (stability) and contractivity
exponents with respect to the deterministic, non-singleton, open set ID C R is the
distance

sup A\y(z) — inf A (z)+ sup R,(z,y)— inf & (z,y).
zelD P zelD P z,yelD P z,yelDizy P

44. Upper attractivity (stability) exponents dominate contractivity ex-
ponents. As already noted in proof of Proposition 4.3, the attractivity (stability)
concept is dominating that of contractivity in general.
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Proposition 4.4. Let process X(t,2)>¢,) be a stochastic dynamical system with
finite p-th moment (p > 1) for all finite times t and with finite upper attractiv-
ity (stability) exponents A\,(z) and A\, (y) with respect to a bounded, deterministic,
nonempty set IDy C IR, where z,y € ID;. Then, we have

Fp(z,y) < max(Xy(z), Ap(y)) -
Proof. By application of the inequalities of Minkowski and Hoelder one knows
u(t,z,y) =B [|X(t,2) - X(t,y)[IP <271 (B | X (¢, 2) - 2lP + B || X (t,y) — 2]|P)
for any z € ID,. This implies that
Infu(t,z,y)] < In[2P71] + max(\,(z), \p(y))t +

+1n [ exp (~ max(%y(2), Xp)t) sup (B [[X(t,2) = 2I[? + B [ X (t,) = 2[”) ]
zE]Dz
The latter logarithm must converge to a finite number as time ¢ tends to infinity
because of the existence of upper attractivity (stability) exponents with respect to
ID,. Now, one takes the limit with respect to time and finds

ln[u(ta T, y)] By

lim sup < max(A\p (), Ap(¥)) -

t—+oc0

This completes the proof. ¢

5. GENERALIZED V-EXPONENTS AND EXAMPLES

More general than in previous sections, the following definition provides with
concepts for the qualitative description of asymptotic growth behavior along cer-
tain functionals of underlying stochastic process. This definition is particularly
introduced to describe and investigate the dissipativity, attractivity (stability) and
contractivity properties of nonlinear stochastic systems. In passing, the concepts
of V-dissipativity (as well as V-stability and V-contractivity) have been introduced
in [32]. Here we only continue with a refinement concerning those concepts (i.e. in
order to find appropriate nonlinear speed measures of exponential growth).

5.1. Definition of V-exponents. Our aim is to incorporate a larger class of non-
linear stochastic systems in its qualitative analysis.

Definition 3. The upper (forward moment) V-exponent of a given stochastic
process (X¢)ie7 on domain ID is defined to be

(5.1) Av(z) := limsup In (]E V(t,X(t)))
t—+oco

for X (t9) = z € ID and a fixed deterministic function V' (¢,z) : [tg, +00) x ID —
IR (or positive functional). The lower (forward moment) V -exponent of a given
stochastic process (X;)ie7 on domain ID is defined to be

(5.2) Ay(@) := liminf In (]E V(t,X(t)))

for X (tg) = = € ID and a fixed deterministic function V (¢, ) : [tg, +o0) xID — R
(or positive functional).

Obviously, the art consists in finding appropriate functionals V. We will demon-
strate with two illustrative, nonlinear examples how such functions could look like.
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5.2. Asymptotics of a nonlinear stochastic oscillator. In Mechanical and
Electronical Engineering one encounters with nonlinear oscillators perturbed by
noise and excited by periodic forces (e.g. in modeling of stabilizing electric circuits
or of mechanical structures). For simplicity, consider the one-degree of freedom
oscillator

2,.2

— P —aPa? — (8 = ot

(5.3) i+ o’z + P
where r,a, 3,7,0 € R and & is white or colored noise. = = z(t) represents the
displacement of oscillations from the rest-point, whereas ¢ = %(t) the velocity of
the oscillations. Let us restrict to the white noise case only. Here r > 0 is a
real parameter controlling the asymptotic behavior. We will see that |r| and |a]
determine the shape of a limit ellipsoid where all the ellipsoid-interior trajectories
converge in probability to. Additionally, we are interested in a measure for the
convergence speed of the interior trajectories, without considering the possibility of
‘crossing’ trajectories or leaves after first entrance. Define

D := {(z,y) €e R*\ (R" x {0}) : r* —a%2® —y* > 0} .

Theorem 5.1. Consider the stochastic process (z(t),z(t)), t € IRy, governed by
SDE (5.8), started at any values (2(0),£(0)) € ID. Define

V(z(t),5(t)) := (r? = o®2?(t) — &*(t))+ -
Then the V -exponents satisfy

— _ ; 2.2 _ 2
)\V(TJBJ’YJU) * Zf 2BT 7, S0

< 0 if 2627 —-022>0

—N

and 2,2 2,.2 2
> =2r°yt if 2B°r°—0° >0
AV(T7/B7’YJO-) { — —0 Zf 262,,.2 _0.2 <0
Furthermore, assume that 28%r?> — 02 < 0. Then we have

Va,v € R' : tiiian(m(t),jc(t)) = 0 (a.s.) .

Proof. Consider Lyapunov functional
V(z,y) = (r* —a?a® —y*)4

for fixed parameters r, o, 8,7, 0. Then, by Dynkin’s formula (stopped at first hitting
the boundary of deterministic domain ID) one arrives at

(v(0) + (28°r* — o)), >

+
t
v(t) = EV(z(t),z(t) = EV(z(0),z(0))+1E | LV (z(s),z(s))ds
> <IE V(2(0),2(0)) + (28°r* — 0?)t — 2v*r? t E V(x(s), a':(s))ds)
0 +
> (BV(@(0),(0) + @67 - 0”)t) exp(-27r)
where
LV (z,y) = (y(% R0 —a?e? — gty - T - a2w]6% + %%) V(z,y)

= (—a®2zy + 28°r* + a®2zy — 27°Y*V (2, y) — 0°)X{r2—a2e2—y2>0} (T, Y)
= (26°r* = 0® — 29°Y’V(2,9))X{r2—a222—y250} (T, Y) -
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If 2827 < o? then there is a finite critical time £ > 0 such that for all ¢ > ¢ one
finds v(t) = 0, hence Ay = )\, = —oco. Now, assume 23%r2 > ¢2. Then we can

immediately conclude from the above application of Dynkin’s formula that
-29%r? < Ay < Ay <0.

Now suppose that 23%r? < o2. Then the convergence of V(x(t),#(t)) towards 0
(a.s.) can be established by the application of Theorem 6.1 due to the polynomially
fast decline of IE V(x(t),z(t)) to 0 at a finite time, hence the proof is complete. ©

Remark. If 23%r2 — 02 < 0 then one may establish almost sure convergence of
V(x(t),#(t)) to 0, using the Theorem 6.1 from section 6.

5.3. How noise may stabilize nonlinear oscillations. A slight change of our
model from previous subsection brings out an interesting effect. Consider It6 SDE

(5.4) i+’ — 2 (r? —a’x? — (2))z = o/|r2 — a22? — (2)2] &

where r,a,v,0 € IR and & is white noise. Again z = xz(¢) represents the dis-
placement from the rest-point, whereas & = z(¢) the velocity of the oscillations.
Define

D := {(z,y) € R*: 7 — a®2% —y* > 0}
as the interior of an ellipsoid with radius |r| and scale parameter |c|.
Theorem 5.2. Assume that the stochastic process (:c(t),:i:(t))(te IR, s generated
by It6 SDE (5.4), started at any (x(0),%(0)) € ID with parameters r?, 02 > 0. Then

1 R . . _
Va,vy€ IR : t_lgnooV(w(t),x(t)) =0 (a.s.),

where V(z,y) := (r? — o2?x? — y?),. This process possesses V -exponents satisfying

_272T2_U2 < AV(“’Y:U) < XV(T;’WU) < —o”.

Proof. Consider Lyapunov functional
V(z,y) = (" —a?a® —y*)

for fixed parameters r,@,7y,o. Define v(t) := IE V(x(¢),4(t)). Then, by Dynkin’s
formula (stopped at first hitting the boundary of deterministic domain ID) one
arrives at

(U(O) o2 /Otv(s)ds>+ > o(t) = v(0) +TE /Otﬁwx(s),ac(s))ds

> (]E V(2(0),#(0)) — (272 + o?) /Ot E V(z(s), a'r(s))ds)+

where
2

3 B ) , 10 o2 )
LV (z,y) = Yar t YV (z,y)y —a w]a—y + 7V(w,y)6—y2 V(z,y)

= (=20%zy + 20°zy — (27%y* + 0*)V (2, 9))X{r2—a2a2—y? 50} (2, )

= _(2723/2 + UZ)V(:L.; y)X{T27a2z27y2>0} (-’17, y) )
where ¢} represents the characteristic function of inscribed set. After application
of the Gronwall-Bellman inequality with nonpositive kernels, taking the logarithm
and the limit as time ¢ tends to infinity, one arrives at the claimed estimation of V-
exponents. Now assume 72,02 > 0. Then the convergence of V (z(t), 4 (t)) towards
0 (a-.s.) by the application of Theorem 6.1 due to the exponentially fast decline of
E V(z(t),z(t)) to 0 as integration time advances, hence the proof is complete. ¢
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5.4. Asymptotics of a randomly excited generalized Duffing-type oscil-
lator. Models with Duffing-type oscillations (i.e. with cubic type of dissipative
nonlinearities) are found in Mechanical Engineering fairly often in order to describe
the qualitative behavior of structures under external and random loads. There, in
particular, the problem of reliability of mechanical structures arises. For simplici-
ty, let us here consider the one-degree of freedom, randomly perturbed generalized
Duffing-type oscillator (thought as one component of a multi-degree of freedom
system with independent noise sources)

(5.5) P4 2wt +w?f(z) = o1& + o2/ h2(2) &

where 01,09 € R and &, &7 represent independent white or colored noises. Thus,
the classical model of Duffing’s oscillator is included by the case f(z) = = + yz®
with real parameter v > 0. Also the Ueda’s oscillator is contained by the choice
f(z) = —z+~2® where y > 0, and the damped harmonic oscillator as well. z = x(t)
again represents the displacement of oscillations from the rest-point, whereas & =
z(t) the velocity of the oscillations. The parameter ¢ € R4 controls the intensity
of damping part, and parameter w € IRy is the eigenfrequency and determines
the stiffness of the system. h(.) is a further control function on noise influence.
Let us restrict to the white noise case only. Here 7, (,w, o2 essentially control
the asymptotic behavior. We will see that the interplay of {,w, o2 establishes the
exponential growth behavior of trajectories in a decisive manner. It is clear that the
requirements f is integrable and [* f(z)dz > k1 — ks||z||? with constants k1, k> > 0
(or v > 0) together with that of the finiteness of certain initial moments are essential
for existence of nonblowing up solutions at all time-instants t. Take ID = IR?.

Theorem 5.3. Consider the stochastic process (x(t),a'c(t))telR+, governed by Ito

SDE (5.5) with locally Lipschitz-continuous f, h, started at any values (z(0),£(0))
such that IEV (2(0),£(0)) < 400 along the Lyapunov functional

V(z,2) = % + w2/mf(z)dz.
Assume that there are real, deterministic constants ¢y, ca2 such that for all (z,y) € ID
[ f@aez0 0w <é+ d.
Then, if 302 < 4¢w,c1 = 0 and o1 = 0, we have limy_, oo ©(t) = 0 (a.s.) and

A(i)2(027<_7w70-2) S X(:'L')2(6274-7("-)70'2) S C%O'g —4C(A)

Moreover, the stochastic process (x(t), (t)) has V-exponents

(303 — 4Cw)+

XV(CQ,C,W,(72) S 2 clse
= 0 if cos=(w=0
and
> —2((w else
AV(027C3w502) { ; 0 (C )+ lf C%U% — Cw =0

Proof. Consider Lyapunov functional

Viz,y) = Y4 w2 /wf(z)dz
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where parameter w is fixed. Define v(t) := IE V(x(t),4(t)). Then, by Dynkin’s
formula one arrives at

%]E (a’:(t))2 <o) = v(0)+E /OtEV(:U(s),:i:(s))ds

w(0) + U—;t +E /Ot (%%h2(ir(s)) - 2Cw(i:(s))2> ds

2 2 2 t 2 2
< v(o)+%t+na/0 <c2202—2Cw) ((s))? ds
2 2 2 t 2 2
< o0+ Ty [(22 ) (s,
+

After taking the logarithm and limit as ¢ tends to +oo, this immediately implies

(c303 — 4¢w)+
5 i

If c302 < 4(w then one finds Ay < 0, as well as, if ( = 0 or w = 0 then ), > 0.
The equality Ay = Ay, = 0 if 202 = (w = 0 is obvious after a careful view on
the application of Dynkin’s formula (see above). In a similar way we can conclude
estimates for (#)2-exponents from above. Now, suppose that c3o5 < 4¢w, ¢; = 0
and o1 = 0. Then the convergence of (@(t))? towards 0 (a.s.) can be established by
the application of Theorem 6.1 due to the exponentially fast decline of IE (i(t))?
towards zero, hence the proof is complete. ¢

—2(Cw)+ <Ay <Ay <

5.5. On general V-asymptotics of iterative random mappings. In analogy
to deterministic analysis, we receive the following discrete inequality. Let (¢,), N
be a monotonically nondecreasing sequence of deterministic time-instants with ¢,
diverging to 400 as n tends to +o00, and, for a discrete time ID-valued stochastic
process X = (X,), v on the probability space (2, F, (Fn),, N, IP), define

AEV,:=EV(n+1,X,41) - EV(n,X,).

Theorem 5.4. Assume that IE V(0,Xo) < 400 for a Borel-measurable function
V:INx D — R (or a Fy-adapted, nonnegative functional) with

k,JEV(n,X,) <AEV, <k,EV(n,X,)

for all n € IN, where k;,k; are deterministic, real constants along the dynamics of
process (Xyn),, v, and for alln € IN

1+k,>0.
Then, for all n € IN, we have

and, if the limits exist, then
1

n—1 Ez n— E
Z 1+E; o !

liminf =2 <\, <Ay < limsup =2— .

n—+00 tn n—+oo n

Moreover, if A\y < 0 then we have
lim V(n,X,) = 0 (as.).

n—+o0o



MOMENT ATTRACTIVITY AND CONTRACTIVITY EXPONENTS 23

Proof. First, assume AIE V,, < k,IE V(n,X,) (for all n € IN). Making use of
elementary splitting

z(n+1) =2(n) + 2(n +1) — 2(n)
with z(n 4+ 1) :=E V(n + 1, X,,+1), one concludes

2(n+1) < z(n)(1+Fn) < 2(0) [T(1 +Fi)+ < z(0) exp (
i=0
On the other hand, when AE V,, <k, JE V(n,X,,) and 1+ &, >
one recognizes the validity of

z(n+1) —k
<—=< —n
z(n) < 14k, _z(n+1)exp<1+k)

T

-

o ©

k) .

(for all n € IN),

K3

which implies

z(n+1) > z(n) exp (1 f"k ) > z(0) exp (Z 1 ft&) ,

=0

using elementary inequality

x
— < — .
1+x_exp( 1+a:)

Now one arrives at the second result by taking the exponential logarithm and limit
when integration time %, advances. The almost sure convergence of V(n,X,) to
0 is established by the direct application of Theorem 6.1. Therefore, the proof is
complete. ©

5.6. An example for V-asymptotics in discrete time. Consider
(5.6) i+ 2wt +wlr = o0&

where (,w > 0 and the stochastic integration is understood in the sense of Ito.
Then the corresponding deterministic equation has an asymptotically stable zero
solution if 0 < ¢ < 1, and does not exponentially grow if 0 < ¢ < 1. Thanks
to Theorem 5.3, we know about the stochastic version that the upper V-exponent
with V(z,y) = y? + w?2? is not larger than zero if 0 < 02 < 4¢w. Define

V(n+1,2,y) = w2 + (1 + 20wA,)y?
where A,, = t,, 11 — t,, is current step size, and v,41 :=IEV(n + 1, X411, Yot1)-

Theorem 5.5. Assume that the stochastic oscillator (5.6) is discretized by the fully
drift-implicit Euler method given by

(5.7) Xnt1 = Xp+Yr1d,
Yorr = Y= (20wYng1 + w?Xni1)A, + oY, AW,
where AWy, = W (tny1) — W(tn) along a time-discretization (tn),, . pv, and
IE[X§ +Yy] < +oo.
Then, for alln € IN, alll € IN with 1 <1 < n, we have

k. o
vy €xp (Z 1-|_—Zk.> < Opp1 =EV(n+1,Xn41,Yn01) < viexp (Z ki)
Lg

1=l i=l

where
E' o —w2A%(1 + QCOJAi_l) + [(0’2 - 2§w)Az - QCwAi_l(l + 2CLUA,)]+
v (1 + 2CwA,,1)(1 + 2CwA,~ —|— w2A%) ’




24 HENRI SCHURZ
—LUQA%(]. + QCOJAi_l) - [(0’2 — 2Cw)Az - QCwAi_l(l + QCLUA,)]_
= (1 + QCLL)AZ,l)(]. + QCLUAZ + (/J2A12)

Furthermore, if (A")ne IV s a deterministic sequence then the V -exzponents can be
estimated by

n—1
ity & by <3 S S imawd SR
Additionally, in the following assume that
(5.8) AL, Ay ERL : VRneIN 0< A <A, <A, <+0.
If
(5.9) (0% — 2¢w)Ap — 2CwA L1 (1 +2¢wA,) < 0
for alln € IN then lim,_,,V(n+1,X,,Y,) = 0 (a.s.) and
2
S -17 2(551 PAD

If
(5.10) (0% — 2¢w) A, — 2¢wA, 1 (1 +2¢wA,) > 0

for all m € IN then
WA,
> -
Ay 2 =9 + 2CwAy

Proof. First, we equivalently rearrange the scheme (5.7) to an explicit one. Thus

B 1+ 2(wA, (1+AW,)A,
(5.11) Xpp1 = 1+ 2CwA, + w2A2 Xn 14 20wA, +w?A2""
WA, 1+ AW,)
Yn+1

- X
1+ 2CwA, +w2A27" 7 14 2CwA, +w2AZ "
After some calculations this relation implies

14 2¢wA,
14+ 2¢wA, + w2A2

1+ 024, 2
14 2CwA, +w?A2 " " |7

Vpp1 = wIB [ be] +E [
hence

WrALA, ;

1+ 2¢wAp + w?A2 "

2A2 2 9
AIE = -IE X
Va [1 + 2(wA, + w2A2 "]

LE [(a — 20w)A, — w?rA2Z — 20wA, 1 (1 + 2¢wA,, + w?A2) n]

E [(02 = 2Cw)A, — 2CwA 1 (1 + 2¢wA,,) YQ] <

1+ 2¢wA, + w?2A2 n

1+ 2CwAn + w2A2

w?A2
1+ 20wA, + w2A2
< _ szbAn
- 1+ 2¢wA, + w2A2

(02 — 2¢w)A,, — 2wA,—1(1 + 2CwAn)Y ]
1+ 2¢wA,, + w2A2 "

(02 — 2¢w)A,, — 2wA,—1(1 + 2CwAn)Y ]
14 2¢wA, + w2A2 "1,
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Now, we may choose En,kn as indicated above, and apply the Theorem 5.4 with
kn, k,, in order to complete the proof in an obvious manner. ¢

Remark. Most of the clever variable step size algorithms have implemented condi-
tions on the step size selection like that of (5.8). We can conclude from our assertion
that the fully drift-implicit Euler method (5.7) applied to stochastic oscillator (5.6)
produces overdamped approximations compared to the asymptotics of exact solu-
tion. This can be seen particularly in the critical case (the energy-conservative case)
when 0? = 4¢w under the condition (5.8). However, the observed effect of numerical
stabilization also explains that the requirement (5.8) is meaningful in variable step
size algorithms in order to achieve asymptotically stable approximations (i.e. with
‘sure side argumentation’). Asymptotically considered, when maximum step size
A, tends to zero, the V-exponents of the continuous time dynamics are correctly
replicated by the discretization method (5.7) with a convergence of order A,.

6. ALMOST SURE V-ATTRACTIVITY OF SETS (AN INVARIANCE PRINCIPLE)

The attractivity concept can be useful for the detection of almost sure attrac-
tivity of sets. Suppose that IE V(t,X) < 4oo for all ¢ > to, where Fi-adapted,
nonnegative functional V' (¢, X) of the stochastic process X = (X (t)):>¢, is fixed.

Definition 4. The upper (forward p—th moment) weak V -attractivity exponent of
the given stochastic process (X(t))e7) with respect to the nonempty, bounded,

deterministic set IDy C R is defined to be
—w 1
(6.1) Ay (x) = limsup - In (]E inf V(t,X - z))

t—+o0 zelD»
for X(to) = z € Dy (a.s.). The lower (forward p—th moment) weak V -attractivity
exponent of the given stochastic process (X (t))e7) With respect to the nonempty,
bounded, deterministic set IDy C R is defined to be
(6.2) Av(z) = liminf1 In (]E inf V(t, X — z))

t—+oo ¢ 2elD,

These exponents trivially coincide with those occurring at definition 1 in the case
of singleton sets Dy and V (¢, X — 2) = || X (¢) — 2||P. It is hard to compute such
exponents for non-singleton sets ID,. However, this quite general result is found.
Theorem 6.1. Assume that IEV (t, X (t) —2) < 400 for all t > tg, for all z € D,
where V : [tg, +00) X R? - IR, is a Borel-measurable, deterministic function, and
M () < 0 for all x € Dy, where (X (t))e>t, s a stochastic process started at the

nonempty set ID; C IR? contained in its domain.
Then, for all X (to) = x € IDy, we have

lim inf V(¢,X(t)—2)=0 (as.).

t—+oco zelD

Proof. Tf Xy, (x) = —oo the assertion is obvious by indirect proof. Suppose that
—00 < X$ (z) < 0 for all z € ID;. There exists a finite real constant C such that

E irIllf) V(t,X(t) —2) < Cexp(Apt).

zE
Thanks to corollary 2 from Shiryaev [37, p. 256] it suffices to find &; — 0 such that

v = ZIP{ 1nf VtZ,X( i) — z)>5,~} < 400
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for all sequences (ti)ie]N with increasing t; converging to +0o0. Now, take

_ ep(Qy +eo)ti)

i

t; —ti 1
with any g9 > 0 satisfying X?; + €9 < 0. Using the Chebyshev inequality we get
I E inf V(ti, X (t;) — 2) =
v S Z ZE]D2 & ! ‘ S CZexp(—Eoti)(ti — tz',l)
=1 =1
+oo
—t
< C exp(—egtp) ds < Ce)(p(eiso) < 4o0.
to 0

Therefore we have lim;—, o0 inf ), V' (£, X (t) — 2) = 0 almost surely for all X;, =
z € ID; with finite p-th moment, and this completes the proof. ¢

As a consequence, we can explain almost sure convergence to attracting sets.
In particular, take V(u) = ||u||P. Then, under the assumptions of Theorem 6.1,
we have limy_, oo inf_.p_[|X(2) — 2]| = 0 (a.s.), i-e. lim; o0 inf, qp_ X () € Dy
(a.s.). In another words, D5 is a ‘forward attracting set’ (a.s.) for the process X =
(X (t))t>t,- In the case V =V (z), Dy = {0} a nonempty set {z € R?: V(z) = 0}
forms a forward V-attracting set (a.s.) for the a.s. dissipative stochastic mapping
z € Dy — X (t,z) with X}, < 0. It may trivially be noted that

(@) < (@) < (o)

for nondecreasing V, whenever V(u) < ||u||? for v € R? and z € D; (Recall the
definition of Ay from section 5). This fact along with the Theorem 6.1 explains
that some of our results from the previous sections could be stated with respect to
almost sure convergence while presuming Ay (z) < 0 or A,(z) < 0.

7. CONCLUSIONS AND REMARKS

An asymptotic moment characterization by deterministic numbers could be made
for nonlinear stochastic dynamical systems. The sign of these characteristics decides
about a possible existence of finite ‘asymptotic structures’. Only if these numbers
are zero one can expect the existence of nontrivial limit laws of corresponding mo-
ments. In this latter case one needs further investigations to refine the asymptotic
behavior of examined systems, for example with different rescaled functionals in
the definition (i.e. in order to distinguish between V-dissipative and (polynomi-
ally) blowing up solutions). However, meeting an ‘optimal’ scaling turns out to be
very difficult and very case-sensitive. We also suggest to study the new characteris-
tic exponents as functions of the parameters involved in the function(-al) V' as done
in [3, 4]. All estimates here are based on the generalized Gronwall-Bellman Lemma
with nonautonomous kernels suggested by [27], [32] in the context of stochastic
systems (We also sometimes called its generalization as variation-of-constants in-
equality in this contribution.). Other types of integral inequalities can be used to
find more delicate estimates of characteristic exponents. The introduced exponents
fully determine the global exponential attractivity of solutions of stochastic differen-
tial equations and of stochastic difference equations in forward direction. A similar
analysis can be carried out in backward direction (i.e. when time ¢ tends to —00).
Also, the convergence proofs of numerical methods should be revised under the
knowledge on finiteness of characteristic exponents of underlying continuous time
differential systems. A careful look at our uniform estimates of both contractivity
and attractivity (stability) exponents yields the conclusion that the drift part a(t, z)
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in the continuous time case and ®¢ (2 : i < n) in the discrete time case are some-
times able to compensate the diffusion behavior given by b/ (t, ) and ®;(2(? : i < n)
through appropriate terms, respectively. In contrast to that fact, diffusion terms
always lead to an increase of moment contractivity and stability exponents within
the It6 calculus (provided that p > 2). The latter fact can dramatically change
while studying the attractivity of sets or under other stochastic calculi like that of
Stratonovich due to different correction terms in their stochastic chain rules. Be-
sides, it would be interesting to develop a similar concept in the ‘almost sure sense’
instead of exclusive consideration of moments (i.e. under assumptions like ‘almost
sure monotonicity’ of involved stochastic terms). Then, some stochastic versions of
LaSalle’s invariance principle and asymptotic properties of exponential martingales
are certainly helpful. In the homogeneous, linear framework (as with multiplica-
tive noise) the presented concepts of moment contractivity and stability exponents
coincide with the well-known concept of moment Lyapunov exponents (connected
by Arnold’s formula [2] with sample Lyapunov exponents arising from the multi-
plicative ergodic theorem of Oseledec [30]). Thus, the main purpose of presented
paper is aiming at an analysis of nonlinear and nonautonomous stochastic systems
where nontrivial equilibria may occur. Moreover, in any framework where the zero
solution is an equilibrium position (a.s.), the concepts of contractivity and stability
are identical. These concepts may differ when stochasticity (or inhomogeneouities)
comes into play as it can be seen by the trivial example of Ornstein—Uhlenbeck pro-
cesses with exponentially blowing up nonautonomous diffusion part. The concepts
also differ in the deterministic situation as seen by the one-dimensional equation

i = —a’z+p?
where parameters a? > 0 and 42 > 0. This equation satisfies
ﬁpzﬁp:—paz <0:Ap:Xp

for all start values z(0), and trivially for all exponents p > 0. As seen by the
latter example, it may be noted that the concept of contractivity replicates more
the asymptotic-qualitative behavior of fundamental solutions in comparison to that
of stability where inhomogeneous parts have to take into account in addition. The
fairly new concept of stochastic moment contractivity permits to treat stochastic
systems with both additive and multiplicative noise by an unified approach. This
is a fact in which the major advantage of contractivity analysis can be seen. It is
particularly appropriate to describe the propagation of initial perturbations.
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