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Abstract

We study a model of growth of tumors with a free boundary, delaying the
tumor region. We take into account the presence of inhibitors and its interac-
tion with nutrients. We study the approximate controllability of the internal
distribution of density of cells, that is proportional to concentration of nutrients,
injecting inhibitor in a small inner region wy.

Keywords: Free boundary problem, Controllability, growth of tumors

1 The Model

In this paper we study the controllability of the growth of tumors by the internal
localized action of inhibitors on a simplified mathematical model. The tumor, formed
by life cells, is assumed to have a density proportional to the concentrations of nutrients
d(x,t), x = (1,9, 23), mainly oxygen or glucose. We study the behavior of the tumor
after angiogenesis, the formation of capillary sprouts from blood vessels, in response
to a chemical stimuli produced by the tumor. Once the angiogenesis occurs, the tumor
receives nutrient from the vessels (process named vasculature). We assume the tumor is
a radially symmetric ball of IR? of radius R(t), which is unknown (reason why is usually
denoted as the free boundary of the problem). Denoting by op the constant nutrient
concentration in the vasculature, 7; the rate, per unit length, of nutrient transferred
to the tissue, ¢ satisfies the equation

00 PR . . ~
E—dlAa—rl(oB—o)+/\10+/\ﬁ:0, lz| < R(t), t € (0,T).
Here d; is the diffusion coefficient of the nutrient concentration and A&, )\B represent
the consume rate of nutrient and inhibitor, respectively.
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The density of the inhibitor 3(z,t) is assumed to satisfy a similar reaction - diffusion
equation,
op

E_d2AB_?2(ﬂB_B)+)\QB\:wam |.’E| <R(t)’ te (OaT)a

where d, is the diffusion coefficient, 5p is the critical value of the inhibitor concentration
for vasculature, 7y the rate, per unit length, of inhibitor transferred to the tissue, and
Aof3 is the inhibitor consumption rate. The permanent supply of inhibitors is assumed
to be localized on a small domain wy with a rate given by f (the control of the problem).

According the mass conservation principle, assuming the cell mass density constant,
the tumor mass is proportional to the volume %WR(t)3. The balance between birth and
death cells is determinate by the concentration of nutrient and inhibitor. Denoting by
S the above balance, after normalizing we obtain the law

44 sy &(~ 3 3
(GrR(1) /ﬂmKR(t)}S(U(x,t),ﬁ(x,t))dx, e IR

i
dt"3
According the inhibitor nature and the tumor tissue, the function S has different
representations. In any case we shall assume trough the paper that, S € WhH*(IR?).
For the sake of notation we shall assume that the diffusion coefficients are given by
a unique positive constants, d; = do = d. Thus by normalizing the unknown densities

T10p(F2 + A2) + A\P2fp 7288

L+ A (P2 + Xa) ﬂ'zﬁ_?2+)\2’

og:=0—
and denoting by
3 . .
T = ?1+)\1, Tro = ?2+)\2a S(Uaﬂ) = Es(a’ﬂ)’

we arrive to the mathematical formulation of the model under consideration

(1.1) g—‘; CdAo+ o+ A8 =0,  |z| < R(t), t€ (0,T),
(1.2 AP+ TB= e el < RO, tE(0T)

2 dR(t) _
(1.3) Rt = /z<R(t)S(0, B)dz,  R(0)= Ry, t € (0,T),
(1.4) o(z,0) =o0o(z),  B(z,0)=B(z), |z < Ry,
(1.5) o(z,t) =7, Blz,t) =B,  |z|=R(), te (0,T),

where Ry > 0, the normalized nutrient and inhibitor densities at the exterior of the
tumor @, 3 and the initial densities (o9, 8y) are known. We shall assume that (o9, 8;) €
W?2°°(B(Ry)). Similar models have been studied by different authors (see Greenspan
[12] , Byrne — Chaplain [3], Cui — Friedman [5] [6], Friedman — Reitich [11]). The main
difference with previous models is the term f,,,, which models the supply of inhibitors
localized on a small domain wy, introduced in this work (see also Diaz — Tello [9]). The
main results of this paper shows that this type of action by the inhibitor allows to
control (in the usual weak sense typical of parabolic system) the tumor’s cell density.
This is formulated in the following terms:



Theorem 1.1 Given T > 0, wy C B(Roexp{—||S||z=T}), € > 0, and 6% € L} (IR?),

for some p > 1, there exists f € LP((0,T) X wy) such that, if (o, 3, R) is the solution
to the problem (1.1)-(1.5), then

(1.6) lo(T) = o“llLrarery) < €

d .

where o% 1= 6dXB(R(T)).

Due to some technical reasons, we shall prove the theorem firstly for p > 5, (neces-
sary in the proof of Lemma 2.1) and then for all p > 1.

We shall prove the result in several steps. For n € IN, we start by assuming R, ()
prescribed and look for a control f, in wy such that the solution (o, f,) to problem
(1.1)-(1.5), satisfies (1.6). Then we obtain R, and f,4; from (o,,,) which allow
to find (0,41, Bnt1)- The proof of the theorem uses some methods introduced in the
study of the approximate controllability (name attributed to conclusions as (1.6)) by
different authors (see Lions [14] [15], Puel — Fabre — Zuazua [10], and Diaz — Ramos
[7] [8]). Iterating the process we obtain a sequence (R, fn, On, On), We show that there
exists a subsequence such that converges to the searched control f and the associate
solution to (1.1)-(1.5).

2 Regularity and uniqueness of problem (1.1)-(1.5)

Although the existence of weak solutions to problem (1.1)-(1.5), was established by
previous authors, (see Diaz — Tello [9]), we shall need some extra information which
is collected in this section. Uniqueness of solutions is proved in a similar way that in
Friedman — Cui [5].

In order to prove the regularity of the solutions we use the change of variables and

unknowns,
x

(2.1) Pi=(Edn ) = oy D)= /Ot R2(p)dp,
(2.2) u(z,t) == o(R(t(1))z,t(t)) — T, v(Z,1) == B(R(t(1))Z,t(t)) — ?

(Notice that, since R is a continuous function and R+(t) > 0, we obtain #(t) € C*([0,T])

and by the theorem of implicit function, there exists the inverse function t(t) €
C([0, 7).
Let B = {% € IR*, |%| < 1}. Problem (1.1)-(1.5) can be equivalently formulated

as

(2.3) % — dAu — R?R% - Vu + R*riu = R¥(na + Av+ ), € B, te(0,7T),
(2.4) % — dAv — R’R% - Vv + R%rov = R?fxa, — RQTQE, e B, te(o, T),
(2.5) R() %R(f) = [ S(u(@.) + 0@ D + Dz, RO)=Ro,

(2.6) u(Z,t) = v(&,t) =0, F€dB, te(0,7T),



(27) U(i‘, 0) = Uo(i‘) = O'()(.?N?R()), U(JN?, 0) - ’U()(JN)) - ﬁo(i‘Ro),
where T = #(T) and &f = {# € B such that R(t(£))Z € wo}, for any € [0, 7).

Lemma 2.1 Under the assumptions of Theorem 1.1, for p > 5, the solution (u,v, R)
to (2.8)-(2.7) satisfies:

we LY0,T: W»(B)) nWhH(0,T : LY(B)),
forall1 < g < oo and

v e LP(0,T : W?P(B))n WP (0,T : LP(B)).

Proof. By Diaz — Tello [9] (Theorem 1) we know that
(u,v, R) € [L2(0,T : H*(B))]> x WH*(0,T).
Since vy € H*(B), f € LP((0,T) x B), we get
v e WH((0,T) x B)N LP(0,T : W??(B)),

(see e.g. Ladyzenkaya — Solonnikov — Uralceva [13], Theorem 9.1, Chap IV). Since
p >4, Wh((0,T) x B) C L*([0,T] x B), and then

u € WhH((0,T) x B)n L0, T : W*1(B)),

for ¢ < co. Consequently, we obtain R € W2P(0,T). 0
As a consequence of the lemma we obtain,

Corollary 2.1 By using that Wy? (B x [0,T]) € L=(B x [0,T)), if p > 4, then u,v €
L*>*(B x [0,T]).

On the other hand, the continuous embedding
Wh((0,T) x B)n L1(0,T : W>%(B)) C L*(0,T : W"**(B)),

WP((0,T) x B)N LP(0,T : W*?(B)) ¢ L*(0,T : Wh*(B)),

and undoing the change of variables and unknown (2.1), (2.2), we obtain

Corollary 2.2 Under the assumptions of Theorem 1.1, we have

T
(o lws.oo (reey) + 181100 (reey )t < Ko,
0
for some 0 < kg < 00.

The uniqueness of solutions is proved in the next proposition.
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Proposition 2.1 Let f € LP(wox(0,T)) withp > 5, and (0o—5, Bo—B) € W?*(B(Ry))
NH(B(Ry)), for s > 4. Then, there exists a unique solution to (1.1)-(1.5).

Proof. By contradiction, we assume there exist two solutions, (o1, 1, R1) and
(09, B, Ry). Let

R(t) = min{Rl(t)a RQ(t)}a 0 =01 — 02, ﬁ = ﬁl - ﬂQ-

Then (o, 8, R) satisfies the problem,

(2.8) (2)—(; —dAo + 10+ A3 =0, lz| < R(t), t € (0,T),
(2.9) % _dAB+1B=0, |z]<R(), te(0,T),
(2.10) o(z,0)=0, p(z,0)=0, |z| < Ry,

(2.11) o(z,t) = o1(x,t) — oo(x, t), |z| = R(t), t € (0,T),
(2.12) Bz, t) = pr(x,t) — Bo(z,t), lz| = R(t), t € (0,T).

We introduce a new unknown defined by
z = k10' — kgﬂ,

with
ki =1, ky = 22— if T # T,

kgz# if T1:’/'27é0,

71—27r9 7
and by z = e Mo — B if r; =, = 0. By construction we have

Z—i—w“ﬂ:o’ z| < R(t), t € (0,T),

z(z,0) =0, |z| < Ry,
Z(JJ,t) = klo-(xvt) - k?ﬁ(xat)v |$| = R(t)a le (OaT)

(2.13)

Now we prove a preliminary result:

Lemma 2.2 Let z be the solution to (2.13) and [ the solution to the problem (2.9),
(2.12), then €™z and e™'B take their mazimum and minimum on |z| = R(t).

Proof. Multiplying the equation (2.13) by e™* we obtain that e™*z satisfies

2 (entz) — dA(em'z) =0, |z| < R(t), t € (0,T),
(2.14) z(z,0) =0, |z| < Ry,
etz(x,t) = e (kio(x,t) — koB(x, 1)), |z| = R(t), t € (0,T).



In the same way, we obtain €'/ satisfies

{;@WMdA@mm—o, lz| < R(t), t € (0,T),
(2 15) ﬂ(ﬂ?,O) =0, |£17| <R0,
e B(x,t) = e (B (x, 1) — Ba(z, 1), |z|=R(t), t € (0,T).

Applying Corollary 2.1 we obtain that e"*z and €™ are bounded. Let
2 = maz{e™z(x,t),t € [0,T],z € OB(R(t))},

Zew = min{e™z(x,t),t € [0,T],z € B(R(t))},
B** = maz{e™'B(z,t),t € [0,T),x € OB(R(t))},
B = min{e™'B(z,t),t € [0,T),z € 0B(R(t))}.

Note that since R(0) = Ry, 2**, 8 > 0 and 2., B < 0.

Let (-)* be the continuous function defined by (s)* = s, if s > 0 and 0 otherwise,
and (s)” = (—s)*. Taking (e"*z —2**)* as test function in (2.14), integrating by parts
in B(R(t)), by Leibnitz Theorem's, after some manipulations, we arrive to

d t +12
_ T1 _ k% d < 0
dt /B(R(t))[(e 2= 2" Tde < 0,

and we deduce that €™’z takes his maximum on |z| = R(¢). In the same way, taking
—(e™*z — 2,4)” as test function we obtain

(2.16) Zew < €Mz < 2%

The proof of

(2.17) Bux < €' B < B,

is analogous. a

End of the proof of Proposition 2.1. Given ¢ € [0,7T], we can assume, without
lost of generality, that R;(t) < Ry(t). Using that

R (6) ~ RWR() = [ (S(o1,51) = S0, o)~

/ S(o9, Bo)dx
Rl(t)<‘w‘<Rz(t)
Since S is bounded, then

. S(02, Bo)dz| < N|R;(t) — Ry(t)| < M|Ri(t) — Ra(t)],
1 (6)<le|<Ra (1)

where M depends only of | S| ~. Since S is Lipschitz continuous, integrating in time,
it results

/ / S(o1, 81) — S(02, f2)|dzdt <



T
/ / R(t)) |S|W1’°°(R2)(8up|0| + sup| B|)dzdt <
/ / —SUP|Z + ko3| + sup|B|)dzdt <

B(r®) ki
/ / C(sup|z| + sup|f|)dzdt <
T
/ / C’(sup|e r1t r1tz| —|—sup|e rot thﬂdedt <
0 JB(R(t))
T
/ / C(emTsuplemtz| + el suple™ B|)dxdt <

T
/ / ks(suple™*z| + suple™*B|)dxdt.
0 JB(R(t))

From Lemma 2.2, we know

T 3r (T
/ / sup e z(z, t)|dzdt < e”T—W/ R*(t) sup |z(z,t)|dt.
0 JB(R(t) 4 Jo |z|=R(t)

By Corollary 2.2, we deduce that
T ) \
/0 (||02||W1:°°(B(R(t)) + ||52||W1,°°(B(R(t)))dt < KO,

and consequently,
T
/0 121 m(reey dE < K.

Since
erltz(xat) = erlt(kl(o-Z(xvt) - g) - kg(ﬁz(l',t) - E))a on |.7)| = R(t)a
it results
r T37r T 3
U — [ R(t) sup |z(z,t)|dt <
4 Jo jal=F()

ba [ loallwsee ot + 8allwscocmaton 1B () = Ra(0)ld <

T
1
ks Sup [Ri(t) — Ro(t)[17 /0 (o2l (Beraceyy) + 1o2ll3100(B(RA 1)) ) dE <

k sup |Ri(t) — Ro(t)|T3.

o<t<T
In the same way,

T 1
/ / kssup|Bldzdt < k sup |Ri(t) — Ry(t)|T3.
0 JB(R(t)) 0<t<T
Then

(2.18) /OT IR2(t)Ry(t) — RA(t)Ry(t)|dt < Cy sup |Ry(t) — Ry(t)|(T + T7).

0<t<T



Let § = max,epo{Ri(t) — Ro(t)}, then |R3(t) — R3(t)| < 3Cod(T + T'2), since
[RI(t) — R3(1)| > 3RG| Ri(t) — Ra(t)),

it results 6 < kod(T +T2). ¥ T < T, = min{ﬁ, 1}, then R;(t) = R»(t). Since e™'z
and e™*f take his maximum and minimum on R(t¢) = R;(t) = Ry(t) and it is zero,
then 8 =0 and z = 0 and we deduce o = 0.

Using the same argument, now from 77 we conclude the uniqueness of solutions for
any 17" > 0. O

3 Approximate controllability: Proof of Theorem
1.1

The next proposition shows the conclusion of Theorem 1.1 (the so called approximate
controllability in L?) under some particular assumptions (mainly when R(t) is a priori
prescribed). After that, using a fixed point argument we proof the Theorem 1.1.

Proposition 3.1 Let wy C B(Roexp{—||S||t=T}, and 09 = o = = B = 0. Let
R € Whe(0, T) a given function such that R(0) = Ry, |R| < ||S||z=Ro exp {|S|L=T7}.
Then, given ¢ € L2 _(IR3), there exists f € LP(wy x (0,T)), with p > 5, such that,
if (0, 8) is the solution to problem (1.1), (1.2), (1.4) and (1.5), with R(t) prescribed,
then

lo(T) = ol osirery) <€

where 0 = 5% g(r(1))-

Proof. Let p' = -2;, we consider the functional J : L”(B(R(T))) — IR defined

by
FWRL
%) d 0
=— xtpdacdt—l—etp o —/ oc%pdr,
= [ @) ey
(R(T
oy

where ¢, € L” (B ))) and (¢, ) is the solution to the adjoint problem
(3.1) _E —dAp +r1p =0, lz| < R(t), t € (0,T),

oy
(3.2) ~ 5 — dAY 4+ 199 + Ap = 0, lz| < R(t), t € (0,T),
(3-3) o(z,T) =po(z), ¥(z,T)=0, |z[<R(T),
(3.4 oo ) =0, (e, =0, |t|=RE, te(0,T).

We point out that the existence of a weak solutions of (3.1)-(3.4), (¢, 9) can be obtained
as in section 2, doing the change (2.1), (2.2).

In order to prove the uniqueness of solutions by contradiction, we assume there
exists two solutions, (@1, 11), (02, ¥s). Then ¢ := 1 —, satisfies (3.1), taking |p["' 2
as test function and integrating by parts, it results,

d

pldx<r/ Pz,
dt B(R(t)) ¢l = B(R(t)) ¢l
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by Gronwall’s Lemma we obtain ¢ = ¢; — ¢ = 0. Once proved ¢ = 0, in the same
way we obtain 1y — 1, = 0 and uniqueness is proved.

Let us assume that J is convex, continuous and coercive (in the sense that lim inf J —
oo if ||¢° |2+ (B(Ry)) = 0©)- Then J takes a minimum ¢, (see, e.g., Brezis [2], Corollary

111.20). Moreover if (£, () is the solution to (3.1) — (3.4) with initial datum (£°,0), we
have

T !
/ P~ 2¢ dzdt — / o4€0dz+
0 Juo B(R(T))
(3.5)

0/1—p' 01p'—2, 040 7.,
elle ||Lp'(B(R(T))) /B(R(T)) [P " dz = 0.

Multiplying (1.1), (1.2) by (&, (), integrating by parts and applying Leibnitz Theorem,
we arrive to

—/ <o >dt—d/ <0A§>dt+// rioEdzdi+
Rt

T

// Aﬂgdxdt—/ <8 % >dt—d/ < B,AC > di+

0 JB(R())

T
dzdt — dzdt dz]’ T _
/0 /B<R<t>> el /0 /wo Jede +/B(R(t)) otdaly +/B(R(t)) Bedaly =0,

where < , > is the duality product Wi (B(R(t)) x Wy (B(R(t)). From the choice
of (£,¢) and since o(0,z) = 5(0,2) = 0 we obtain

(3.6) —/ / degjdt+/ §0da: —0
wo
Now, let us take f,
fo= P2y
Substituting it in (3.6) and using (3.5) it results
- ‘ 0p'—2,,0607,. _
~/B(R(T))(U(T) g )6 dr + 6“90 ||L:n (B(R(T))) BR(T)) |(,0 | @ f dr = 0,

for all £ € L” (B(R(T))). Taking
£ = (o(T) — o7 € LY (B(R(T)))

since p =1+ we obtain

I 1>
|o(T) - Ud||§p(B(R(T))) =
;_1 d
ellell;, / gop200 — 0|71 (o(T) — 0%)dz.
Il aarry Sy [0 = 0175 0 (T) — o)
By Holder inequality, we obtain

’ I;_l
”‘P ||L;D (BRD) [ p(rery) |‘P0|p 2‘P0|0(T) - 0d|p -1 (o(T) — Ud)dm <



lo(T) = o?ll72 Lp(B R(T)))?
which leads to
1o(T) = oIl zr(aerery) < €

and the conclusion holds.
So, it only remains to check the mentioned properties of J:
J is convex. We can write J as addition of the functionals,

0y .__ d 0 0y . 0
Ji(p”) = —/B(R(T)) oty dz, J2 (") = €llo ”LP'(B(R(T)))’

1 /T Y
== ¢,
p’/o /B<R<t)) Y do

First we shall see that J3 is convex. Let (¢1,11) and (s, 12) be solutions to the problem
(3.1)—(3.4) with initial datum 9, ¢3 € LP(B(R(T))) and let a € (0,1). Then, since
the system is linear we get

Js(agd 4+ (1 — a)¢h) / / |om,b1 + (1 — Q),|? dzdt,
and then
Ts(ap] + (1 = @)@3) — ads (@) — (1 — ) Js(#3) =
———/ / m%&—l—amﬂp—aWﬁ’ (1 — )|t )dadt.

Since p’ > 1 we obtain
oty + (1 — a)pe”' — algn]” — (1 — a)lihel” <0,

and integrating it results

1 (T , , ,
o 1= o)yl — ol |’ — (1 - "Vdzdt < 0
p’/o /B(R(t))(|a¢1+( a)ful” — alyul” — (1 - a)[¢s[”)dzdt <0,

which proves the convexity of J3. Finally J; is linear and so convex and since the norm
| - |2+ (B(R(Ty) 18 convex, Jp is also convex.

J is continuous. By construction, J; and J; are continuous. Now we shall prove that
Js is also continuous. Let ¢° € L (B(R(T))) such that ¢ — ¢° and let (¢n, ¥n),
(,1) be the solutions to (3.1)-(3.4) with initial datum ¢ and ¢°. Subtracting both
systems and taking

(pl|<p - @n|p’_2(§0 - @n)apl|w - ¢n|p1_2(1/1 - wn))a

as test function, using the integration by parts formula (see e.g. Alt — Luckhaus [1])
and Young inequality, we arrive to

0

_a B(R t))[(gp - Qon)p’ + (1/} - '@bn)p’]dx_"

10



T A - np’d / I\ — np'd <0.
meyu7 Dl = @nl" dz + mmm“w )¢ — u]? da <

Denoting by
X ( ) - ”90 Qon” R(t))) + ||¢ 1/}’n||Lp 1))’

we obtain the differential inequality

—X!(t) < CXa(t), te(0,T),

Xu(T) = ||<Pn 12 ”LP (B(R(T))?
where
C = max{—rip' + ||, —rep’ + ||}
Thus we obtain
0 < Xn(t) < | Xn(T)le €D

Since
0< [ [0 —nlPde < X, (1),
wo

integrating on [0,7] and taking limits we conclude that

A ) — %Pm&</ 1)dt —s 0,

which shows the continuity of Js.
J is coercive. Let ) € L (B(R(T))) such that [|p |l o ((rery) — 00, as n — oo.
Now, we shall see

J(3)

lim inf > €.
n—o0 ||| 1 (B(R(TY))

Let 0
J(on)

109 o (B (R(TY)

I :=lim inf
n—oo

d
2 —[lo%lemry)-
Then, there exists a minimizing subsequence, (which we denote again by ¢) such that

0
lim I (en) =1.
n=o0 || o0 || 1ot (B(ReT))

We define o
-0 .__ QDn
Qon L

I

||(p9L||LP'(B(R(T)))
and denote by (,, 1, ) the solution to the problem (3.1)-(3.4) with initial datum (g2, 0).
Since the system is linear we have

1

TRl (f )

(SDn; wn)

Then 1o .
5 (Qon) — ||90n||p 1/ / @/_Jﬁ’dmdt _/ o (pnd$—|— .
||€0n||Lp’(B(R(T))) 0 Juwo B(R(T)

11




Now, it is clear that if
T -1

(3.7) lim inf / W dz > o,
0 wo

n—oo

for some positive ag, then

J(¢n)
109 2o ((R(Ty)

_1
> a0||(10'(r)b||ip’(B(R(T))) te— ||0d||LP(B(R((T))) — X

as n — oo, which proves the property. Let us assume now that lim inf fOT Joo P dx
= 0. Then there exists a subsequence 1, such that

T — !
0 wo

therefore t,, — 0 in L” (wy x [0,7T]). Taking (0,¢) as test function in (3.2), where
¢ € C?((0,T) X wy), we obtain

/OT " ‘/_’ni%dm’f - /OT / Dn Aldadt—

T _ T
ry / Do Cddt + A / G Cddt = 0.
0 Jwo 0 Jwo

Now, taking limits, it results that

T
(3.8) / / B Cdzdt — 0,
0 wo

where @, is the solution to the problem

OPn,
P dAG,, +711Pn, =0, |z| < R(t), t € (0,7),
ot
(3.9)
on,(T,z) = ¢°.

Doing the change (2.1) and introducing the unknown

Un; (T, 1) = @n, (R(1(1)) 7, 1(2)),

we obtain
([ Oy, _ 2 pls Om 2 - . z -
— afl—dAuni—R R'z -V, + R°ria, =0, 2€ B, t€ (0,T),
(310) | 4, (D =0, 7€ 0B,ie (0,T),
| Uni(T, %) = Ui (%) = &y, (TR0), | < 1.

Since Y — @ in LP'(B), it results that @,, — @ (the solution to (3.10) with 7o = @°).
By (3.8), @, — 0 weakly in L” (B(@)), where @& is an open subset of B, such that
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@0 C @o. Consequently @ = 0 on & for all 0 < < T. By the unique continuation
of the solution for the equation (3.10) (see Chi-Cheung Poon [4], Theorem 1.1') we
deduce that @ = 0 in B x (0,7), and by uniqueness of (3.10), it result @y = 0 and

@ = 0. Furthermore
— / od@dx = 0,
B(R(T))

and I = ¢, which proves that J is coercive. O
Proof of the Theorem 1.1.
We consider the sequence {R,(t)}, where R, is defined as the solution of the problem

() () = [ S(0nr + 04y, Bacs + B5_1)dz, Ra(0) = Ry,
B(Rn-1(t))

for n > 1, where (03 _,, 35_,) is the solution to the problem (1.1), (1.2), (1.4) and (1.5),
with f = 0, and initial data ol (x,0) = oo(x), 85 _1(x,0) = Bo(x), and R(t) = R,_1(t),
and (0,_1, Bn_1) is the solution mentioned in Proposition 3.1. We start the process by
taking, e.g. Ri(t) = Rp. Since S is bounded, R, € W1>(0,T) and we deduce there
exists a subsequence of functions R, such that converges weakly to R(t) in W4(0,T),
for all ¢ € (1,00). By Proposition 3.1, for each R, there exists ¢? such that minimize
the functional

T
0y . ! 0 d n
In(py) = /0 /wO |¥n|P dxdt + €||S0n||Lp’(B(Rm(T))) - /B(Rn(T)) opppde,

d _

where ol = 5% (g, (r))- We show, by contradiction, that the sequence ||¢} || Lo (5

R(T)))
is uniformly bounded . We assume ||¢p || (g, (1)) — 00, then, since J,(py) <0,

we get

iy ) s ] Gdadtre- [ oigtda <o
' 151 ot nIBETD) Jo S Biacry) "
Since
d Yn d ~d
On dz < ||opllzr(B(r. () < 10 r(B(Roexp{|SIL=T1))
/(Rn(T ||(’09L||LPI(B(R(T))) (B(Rx(T))) (B(Roezp{||SlLe=T}))

it results, by (3.11),
T -/
/ / P dedt — 0 as n —s oo,
0 wo

Using the same argument that in the proof of coercivety of J, we obtain
g = 0 in L”(B(R(T)))

and T
lim inf ()
G (2]
which contradicts (3.11). Consequently ||} || (p(g,, () is uniformly bounded and so
l¢nllze (B(R. (1)) 18 uniformly bounded, furthermore

(3.12) [fallzoo,1:L2(w0)) < C,

> €,
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for some C' independent of n.

Doing the change of variable (2.1), (2.2), applying Lemma 2.1, we obtain that (uy,, v,,
R,) is uniformly bounded in (W'P(B x (0,T))%, H?(0,T)). Then, there exists a subse-
quence (Uni, Uni, Rni) such that converges strongly in (C*((0,T] x B)?,C'([0,T])) to
(u,v, R) for @ = &, where (un;, Uni) satisfies

/ ) /
8;;;” — RiiiAum — gz:i « VUi + T1Uni + Avp; = 0, in B x (0,7),
(3.13) « avm—dAv-— I’Lii-VU~+r21}-:fx~ in B x (0,7T)
) o R:.™ ™ Ry " neoJnAve o
Uni(Z,1) = (2, 1) =0, on OB x (0,7T),
( Uni(F,0) = ul; (%), vni(%,0) = vd:(2), in B,

and (u,v, R) is the solution of (2.3)-(2.7). In particular
(3.14) |u(T) — un(T)H’iP(B) — 0, as n; — +oc.
Moreover

lo(T) = o®llze(serery) = 10(T) = on(T)l| Lo (Bmin{ (), R (@) +

10(T) = 0% Lo (Bmin{rm). R + 1o — 0%l Lo (82015

where
BX(T) = B(R(T))N B(B(R,(T))), if R(T)> R,(T),
n 0, if R(T) < R,(T).
Doing the change (2.1) and since
low(T) = 0|l o(semint ), mairy) < 6
we obtain
lo(T) = ollzaaerery) < N(T) = un(T)llze(s) + lo — olLasy ) + €
Since u(B;(T)) — 0, by the Lebesgue dominated convergence theorem we obtain that
. d .
Jim [l — o%|| 2By 1y) = 0.
Taking limits as n — oo, it results
lo(T) = oo (mey) <€

and the theorem is thereby proved in the case p > 5.
In the case p < 5, we consider the control f for p = 5, then

3T 3T
l0(T) = ollzoaerery) < — BRD)o(T) = 0llsprery < —exp{TlIS|l=}e,
4 4
taking € = € (¥ exp{T||S||r=})"" we conclude the Theorem. O

Remark 3.1 Note that the final observation is made on the density o(T,-) and that
once we chose the control in order to have (1.6) the free boundary, R(t), and the
inhibitor density B(T,-) are univocally determined.
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