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Abstract

In this paper we consider the stick-slip problem for non-Newtonian
flows: the fluid emerges from a 2-dimensional bounded strip {(z,y);
—N <z <0, |y| <1} into the space {0 < z < N} and its free boundary
is linearized to {& > 0; |y| = 1}; here for simplicity N is a finite number
which can be taken, however, arbitrarily large. In Part 1 we formulate
the problem for a class of Oldroyd models under certain conditions on its
parameters and then transform it, by means of integration along stream-
lines, in such a way that the solution is identified with a fixed point of
a mapping W. In order to analyze the properties of W we first solve, in
Part 2, a hyperbolic system along streamlines; the analysis is most delicate
near the points (0,£1) where the stick and slip boundaries meet. Next,
in Part 3, we solve an elliptic problem for the biharmonic operator in the
strip, with boundary conditions that change abruptly at (0,+1). Finally,
on the basis of the results or Parts 2 and 3, we establish in Part 4 the
existence and uniqueness of a fixed point for W. The singularity of the
solution at (0,+1), to a leading order, is Newtonian; the next order term,
however, is non-Newtonian: it is highly oscillating near the slip boundary.
In Part 4 we also show in a formal way that, if the conditions on the pa-
rameters (mentioned above) are not satisfied, then the Oldroyd-modelled
flow develops, to a leading order, a non-Newtonian singularity at (0,%1)
in a boundary layer near y = 1, and we derive the explicit structure of
this singularity in some cases.
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Figure 1: The stick-slip problem

Part 1
Formulation of the problem and
outline of its solution

1 Introduction

The die-swell problem models either a 3-dimensional axially symmetric jet flow
from a pipe or its 2-dimensional counterpart (symmetric planar flow). Its lin-
earized version is called the stick-slip problem (see Figure 1). Both problems
have been studied for Newtonian flows. The stick-slip problem for Stokes flow
(Newtonian fluid without inertia) was completely solved by Richardson (cf.
[12]) in the planar case and by Trogdon and Joseph (cf. [16], [17]) in the 3-d
axisymmetric case, while the die-swell problem has been solved very recently by
Solonnikov (cf. [15]). For non-Newtonian fluids, the question of well-posedness
of these problems remains open. Numerical simulations (see for example [1],
[13], [14] and the references contained there) suggest that for some viscoelastic
models, such as Maxwell or Oldroyd-B models, non-integrable singularities in
the stresses do appear. Some authors have proposed several alternative mod-
els which would yield integrable Newtonian-like stresses. One of these is the
modified upper convected Maxwell model (MUCM) which introduces a depen-
dence of the relaxation time on the trace of the stress tensor (see [1]). Another
model allows some slippage at the solid walls in order to alleviate the otherwise
strongly singular stresses (see [14]).



In this paper we study the stick-slip problem for some non-Newtonian flows
in a strip
Y={(z,y) ; - N<z <N, -1<y<1}

and establish its well posedness; our results can probably be extended to N =
00, but the assumption that N is finite simplifies the analysis.

The fluid is assumed to satisfy the conservation of momentum and mass
equations:

1
(V-V)7 = ~Vp+ podive in3, (1.1)
v

V. = 0 inX, (1.2)

where ¥ = (v1,v2), Re is the Reynolds number and 7 satisfies a constitutive
equation. For Newtonian fluids, the constitutive relation is simply

7T=D

B _ 1 (0v; Ov;
Tij —DzJ = 5 <3xj + 811/‘1') ’

while for non-Newtonian fluids the relation between the tensors 7 and D is
usually non-linear and involves derivatives of both tensors. We focus our at-
tention on Oldroyd models in the Johnson-Segalman form. These models are
characterized by a constitutive relation (see [5]):

or, in components,

T+ ('r(l) +c(Trm)D +d(7: D)I) =D+ (D(l) +d(D: D)I) , (1.3)

where
7:D=>"7;D;jj , D:D =) D;;D;;,
i,j 1]
¢ and d are any real parameters and «; and as are positive constants, called
"relaxation times”, and (1), D(1) are tensorial material derivatives; note that
(by (1.2)) TrD = 0. An invariance argument shows that the general form of
T(1) and D(yy are (cf [5]; Chap. 1):

T = (7-V)T—WT+TW—G(DT+TD),
Dy = (v :V)D-WD+DW —2¢DD, (1.4)

where

S g gu— —\T
W—i(Vv - (o)),
Ovy  Oug
V7V = ( gzﬁ, gu% > , (vg =1, 'UyZIUQ)a
oz 9y

and a is a real parameter; note that
_ o= —\T
D—§(V’U +(V)T) .
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The expression in (1.4) for 7(1) (or D(y)) is called the upper convected derivative
when a = 1, the lower convected derivative when a = —1, and the corotational
or Jaumann derivative when a = 0. If ¢ = 0 then the constitutive law (1.3)
corresponds to an Oldroyd interpolated model.

We shall be looking for solutions

_ Tex Tzy
T =
Tyz  Tyy

of (1.1), (1.2) for which 74, = 7yz; this is compatible with the fact that equation
(1.4) is identical to its transpose.

The non-Newtonian law (1.3) with 7(;) and D(y) defined by (1.4) presents
serious difficulties for both analysis and computation of the flow near the initial
points of the free boundary, i.e., near the points (0, +1). Following other au-
thors who have done numerical computations (see [1], [13], [14]) and asymptotic
analysis (see [11]), we shall replace (in all but the last section of this paper)
v’ in the definitions of 7(;) and D) by a prescribed Newtonian velocity .
Thus we shall work with the non-Newtonian law:

T+ (7-(1) +¢(Tr7) Dy +d(T DO)I) =D+ (D(l) +d(D: DO)I) ,

(1.5)
where
Ty = (To-V)T = Wor+7Wo—a(Dor + 7Dy), (1.6)
Dy = (¥o:V)7—WoD+DW;—a(DD+DDg)  (L7)
and
1
WO = 5 (V70 — (V?())T) , (18)
1
DO = 5 (V?O + (Wo)T) , (19)
Ovo,z Ovo,z
VT = ( o o ) - (1.10)
ox dy

The Newtonian velocity field v will be a flow similar to that computed by
Richardson [12] for the Newtonian stick-slip problem in a strip; a precise set of
conditions on v will be given in Definition 2.2.

The boundary conditions are no-slip at the solid surfaces

7 =0 at To={(z,y); —N<z<0,y==1} (1.11)
and, at the fluid lines, I';:
7w =0 at Dy ={(z,9); 0<z<N,y==+1}, (1.12)

Ty =0 atTy={(z,y); 0<z < N,y==1}. (1.13)

Condition (1.12) means that I'; is a stream line, while Condition (1.13) means
that no shear stress is exerted by the fluid at I';. These two conditions form



the linearized version of the full boundary conditions in the die-swell problem
when the free boundary problem is approximated by IT';.
We shall also impose flux conditions at z = +V:

v o= Ti(y) =(901(y),0) atz=-N, (1.14)
vV = Tay) =(9®),0) atz=N (1.15)

with the constraint . )
/_1 g1(y)dy = /_1 92(y)dy (1.16)
and the compatibility condition
Ti(£1) =0. (1.17)

The constraint (1.16) follows by conservation of mass, and this condition to-
gether with (1.11) assure that o is continuous at (—N,+1).
We shall later on prescribe values for ¢1(y), g2(y) in a rather natural way.
In this paper, we present a systematic analysis of the models of the type just
described under some assumptions on the parameters a,c and d. The behavior
of the non-Newtonian flow will depend, in particular, on the parameters

3da — 2a® — 3dc + 2ac
b = 1.18
1—da+dc+a?2—ac’ (1.18)

V¥ = 2ca—6cd—4a® + 12ad — 4d? ; (1.19)

note that if d = a then b = a?> — ac and V' = 4(a® — ac) = 4b. Most of the
literature is concentrated on the so called Oldroyd A and B models, for which
a==21,¢c=d=0. When a = ¢ = d = 0, the model we obtain is called Jeffrey’s
model and may be considered equivalent to Oldroyd A and B models with a
corotational derivative instead of upper or lower convected derivatives (cf. [5]
or the chapters 7 and 8 of [2] for an extensive description of the models based
on a corotational derivative). In all but the last section of the paper we assume
that d = a, and b = a? —ac lies in the interval (0, 3). We establish existence and
uniqueness of the flow, and derive a genuinely non-Newtonian feature, namely:

Near the points (0,+1) there appears, in addition to a leading order New-
tonian singularity, a highly oscillatory lower order term.

Our method extends to Jeffrey’s model, which is briefly discussed in Section
13. In this case the highest order singularity in non-Newtonian:

1—
wnyClog% as |yl =1, 1—|y|<<x%,:1:>0 (1.20)

where 1) is the stream function, whereas for Newtonian flow 1), is bounded in
the same region.

In the last section of the paper (Section 14) we drop the condition d = a and,
by formal arguments based on the analysis done in previous sections, derive the
following result:

The flow develops a non-Newtonian singularity within a neighborhood of
(0, £1), in a boundary layer near to the free boundary, where very high stresses



are concentrated (the stresses are nevertheless integrable). The non-Newtonian
singularity can be expressed in the form

1 %b %712517
’l/)yy ~C (W) as |y| —1 y 1-— |y| << I+15b , T > 0 (121)
—|y|)sx3

This formal result is consistent with observations of authors that have per-
formed numerical experiments (cf. [1], [13], [14] and the references mentioned
there, and [11] for results on a related problem). Indeed these experiments
show the appearance of regions close to the free boundary in a neighborhood of
(0, £1) where very high stresses concentrate, as well as the onset of very strong
oscillations.

Throughout Sections 1-12 we assume that:

d = a, (1.22)

0 < bEaZ—ca<g, (1.23)

Re and the absolute value of € = 1 — -2 are small. (1.24)
Qi

We note that the smallness of |¢| and Re do not depend on how large N is.

Definition 1.1 The problem of solving the system consisting of the differential
equations (1.1), (1.2) with the non-Newtonian constitutive laws (1.5)-(1.10)
and the boundary conditions (1.11)-(1.15) subject to (1.16), (1.17) and (1.22)-
(1.24) will be called Problem (A).

In the next section we reformulate Problem (A) in a more convenient form
which will enable us to reduce it to a statement that a linear mapping W
has a fixed point. W is defined by solving a hyperbolic system in the strip
3., followed by solving an elliptic problem for the biharmonic operator, with
boundary conditions that change abruptly at (0,+1). The hyperbolic system
is analyzed in Part 2, and the elliptic problem is analyzed in Part 3. Finally, in
Part 4 we prove that W has a fixed point, and, in the last section, we consider
the case d # a. Section 3 (Part 1) contains some results (needed in Part 2) on
a linear system of differential equations along characteristics.

2 Reformulation of Problem (A)

If we substitute from (1.6)-(1.10) into (1.5) and use the facts that div v =

ag% + ag(;’” =0, Tpy = Ty and TrD = 0 we obtain, in matrix notation,

Tzrx Trx Trx
Tyy |t (7 V) Ty | A Ty
Ty Ty Ty
= | Dy |+a|(@-V)| Dy | +A]| Dy (2.1)
D zy D zy D Yy



where

A= A7) =
31)0 z Ovg o
(—2a +c+2d)=5 (c —2d)=5;
(— c+2d)8”°”” (2a — ¢ — 2d) 2oz
_14a— c8v0y + 1—at+c 90,z 1—a+c o,y  14a—c o
2 2 y 2 oz 2 y
0 Ao,z 0 0vo,z
g = S+ (d - a) (T + %)
— 00w | 202 4 (d - a) (‘9”” + Bz ) (2.2)
0

Using the assumption d = a, the matrix A(@) simplifies to

A= A(7)
oo, o 0 Vo,
o G
_ ( ¢+ 2a) Bvo z _cag(;z 6110 w4 Hoe 61}0 z
_14a— CaUOy + 1— a+c Ovo ¢ l—a+c aUo,y _ 14a—c Ovo ¢ 0
2 2 dy 2 o 2 dy
(2.3)
Introducing the differential operator
KT=T+a, (Vo-V)T +A(T)T) , (2.4)
we can rewrite (2.1) in the form
KT =¢€D (2.5)
where
Ty Trx Dyy
T=|T, |=| n | -2| Dy | =7-2D (2.6)
aq aq
Ty Tzy Dy

o]
hyperbolic problem associated to the constitutive equations in the form (2.5)

was introduced in [11] (see also [3]).

Equation (2.4) has to be complemented by prescribing a boundary condition
on T at £ = —N. Since we wish to approximate the solution of the stick-slip
problem in the entire strip {—1 < y < 1}, a natural choice for T is its formal
limit when N — —oc¢. This leads to:

and € = 1 — 22 (see (1.24)); note that Tyy = Ty,. The idea of formulating the

12
( Ny) 2a161+a2g21

/2
(—N v) = ez

1
Toy(=N9) = se1ramm

2.7)

where g; satisfies the differential equation

1 /as , ( a2> g )
2 (a1 g1+ a1/ 1+ (c—a)alg? Y (28)




with gl(:l:l) = by (1.17)).
Indeed, i = ' (y) (as £ — —o0), then (1.2) implies that

v = (gl(y)’o) ) (29)

and (1.1) reduces to

1
~Vp+ p-divr =0. (2.10)

We also have g1(+1) = 0. A simple computation shows that (1.4) reduces to

(1)
_ g —Tay (M —a+o)Tyy — (1+a—c)7uy)
1 %((1—a+c)7yy— (1+a—c)7gs) —Tzy
and, similarly,
1
5 0
D — _ ! 291
(1) 91 ( 0 %gll
so that the system (1.3) becomes
(&%)
Tex — 0419’1sz = _7912 ’
« 1
Ty + 719,1 (I-—at+o)ryy—(a+1=0c)Tas) = 593 )
o
Tyy — alglszy = _7932 :
We easily find that
o = 2 (1 - @> Il (2.11)
v gt ar) 1+ (1 +c—a)adg?’ )
1 Qg 9t
S 1-— 2.12
T 20‘1< )1+(1+c—a)alg'12’ (2.12)
and ) ,
a2 a2 91
=—(— 1-—— . 2.13
Tay 2<a191+( a1> 1+(1+c—a)a%g'12) ( )
Taking the curl (defined by curl W = curl(wy,ws) = 86—“; — a’”?) of (2.10) and
using the fact that 7,4, 7y, T2y do not depend on z (as z — —00), we obtain
d27'xy
— =0 atz=—00. (2.14)
dy?

Comparing this with equation (2.13) and assuming that g;(y) is symmetric in
y, yields equation (2.8).

Remark 2.1. The above analysis can also be extended to the case x = 400
and it shows that go(y) =constant. By (1.16) we then have

g2 = %/_11 g91(y)dy (2.15)



Since 70 is a vector field in Y which describes a flow that enters X at

z = —N and does not leave ¥ except at the boundary x = N, one should be
able, in principle, to solve (2.4) for 7' (in terms of D) subject to the conditions
(2.7) at z = —N. We shall denote this solution by eK ~!D, or, in matrix form

T = ( ;m %y ) =eK'D. (2.16)
yx vy

Applying the curl operator to the conservation of momentum equation (1.1)
we get
Recurl (7' - V) ¥ = curldiv (7) . (2.17)

By (1.2), there exists a stream function 1 such that
Vg = 1/’3/’ Vy = —y .

From the definition of 7" in (2.6) and (2.17), (2.16), we then have,

Recurl (7 - V) ¥ = curldiv(T + %D) - %A% + curldiv (K 'D) .
1 1

Thus the stream function 1) satisfies the equation

A% = L Recwrl (T V) T + — - curl div (K'D) mz.  (218)
a2

From the boundary conditions (1.11), (1.12), we derive the following conditions

for 4

Y = Py=0 atDlo={(z,y); —N<z<0,y==1}, (2.19)
v = 0 atDy={(z,y); 0<z<N,y==£1} . (2.20)

Taking into account (2.6) and (1.24), the boundary condition 7,, = 0 (see
(1.13)) may be written as

1
Dwyze_—szyonI‘l:{(a:,y); 0<z<N,y==1} .

Note that the last condition on @ can be written, in terms of 1, as 1y, —
Vg = isz, or, by (2.20), as

1
@byy:—l—Twy onTy ={(z,y); 0<z <N, y==%1} . (2.21)
—€

Definition 2.1 The problem of solving the differential equation (2.18) with
the boundary conditions (2.19) ,(2.20), (2.21) and (1.14), (1.15) (g1 is defined
by (2.8) with gi(+1) = 0 and gy is a constant satisfying (2.15)) with ¥ =
(thy, —%g) will be called Problem (L).

Having reduced Problem (A) to Problem (L), we shall henceforth concen-
trate on the latter problem.
In order to complete the formulation of Problem (L) (or (A)) we need to

impose precise conditions on .
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Definition 2.2 A vector field v = (vg,vy) defined in ¥ is said to belong to
class Vy if
(i) ¥ is in C'T(T);
(1) v describes a flow that enters ¥ from x = —N, does not leave ¥ at
y = £1, and exits ¥ at = N, and moreover, vy(£N,y) >0 for |y| <1 ;
(iii) there exists a function v such that v = (thy, —tg) with Vip # 0 in X,
and the characteristic curves defined as the solutions of
dx dy
R B i 2
passing through a point in ¥ remain in ¥ as long as |z| < N.
() 1 satisfies the boundary conditions (2.19), (2.20), (2.21) at y = +1;
(v) ¥ satisfies the boundary conditions (1.14) and (1.15) at x = £N;
(vi) Near the points (0,4£1) U has a "sharp Newtonian singularity” namely,

P = Crs (cos % — Cos g) (2.22)

where (r,0) are polar coordinates about each of the two points with @ = 0 in the
direction of the solid wall.

In the sequel we always assume that o3 € V;. However, condition (vi) can be
relaxed to allow a Newtonian singularity of the form established by Richardson
for the Newtonian stick-slip problem (cf. [12]); see Remark 12.2.

The main difficulty in solving Problem (L) is inverting the hyperbolic op-
erator K (with ¥’y in V;) defined in (2.4) with boundary condition (2.7).

The solution of Problem (L) will be divided into several steps. The first
step is solving the following problem:

Definition 2.3 Problem (Hg). Let K be the hyperbolic operator defined in
(2.4). Given any F (from a class of functions), find T (in a corresponding
class of functions to be defined later on) such that

KT =F in%, and T satisfies (2.7).

Our strategy for solvirg Problem (L), is as follows:
Given a velocity field ¥ in a class A, to be defined later on, we set

F:e(Do—i-f))

—

where Dy is the vector D corresponding to v§ and D is the vector D corre-

sponding to ¥ . In Part 2 we solve Problem (Hj) for any such ?, and in Part
3 we solve the elliptic problem (2.18)-(2.20), (2.21) and (1.14), (1.15) corre-

sponding to v = ? and T = K ! (6 (Do + ﬁ)) Denoting this solution by
* we define the velocity field v* by
o = (v, -v3) -
and write vj =W [7]
In Part 4 we shall prove that W maps A into itself and is a contraction.

Hence W has a unique fixed point in A, and this determines the unique solution
of Problem (L).

11



3 An auxiliary linear problem

Consider Problem (Hy) with
F=¢(Dy+D)=eD.

If we write T' = UV where U is a 3 x 3 matrix and V is a column vector
with three components, then (recalling(2.4)), equation (2.5) becomes

UV + oy (d—UV i A(%’)UV) =eD
ds ds

where (by Definition 2.2 (iii))

d _ —
£—’U0 V.

We shall require that U = U(s) be a solution of

@-I—A('u_o))U:O, (3.1)
ds

where s is the parameter along a characteristic curve; U depends of course also
on the initial point of the characteristic curve. Then V(s), the value of V' at
the point corresponding to the parameter s is related to V(sg) (with sg < s) by
the formula

V(s) = e o1 V(sg) + eay / eI U Y o) D(a(0),y(0))do . (3.2)

In this section we solve the linear problem (3.1) and then use it in Part 2
to solve Problem (Hj). By a classical result

didetUJr (Tr A(93)) det U =0,
s
and, since Tr A(7) = 0,

detU(s1) =detU(sg) for any s1,s¢

which implies that the matrix U(s1) is invertible provided we choose an initial
matrix U(sg) which is invertible.

We shall analyze the matrix U in different regions of ¥. First we consider
it in a neighborhood of the point (0,1) or (0,—1) and use polar coordinates
for which the fluid lies in 0 < 8 < 7, 8 = 0 is the solid wall and 8 = 7 is
the linearized free boundary (see Figure 1). Since g € Vg, it follows that the
characteristics are solutions of

do 3
e —thy = —§T§f(9) )
(3.3)
d 1 L,
== h=r2f6)

12



where

f(6) = cos % — cos g (3.4)
(we have taken, for simplicity, C = 1 in (2.22)).
This system can be solved for any initial r|,_, = ro, 0|,_,, = 6o. We shall

denote the solution by r(s;rg,6p), 6(s;79,6p). Along characteristics

d _dod _ 3 4.,

ds — dsdd 2 g’
The matrix A(wg) takes the very simple form
(@) =r2G(0) (3.5)

where for general d (i.e., when (1.22) is not imposed)
(2a — c—2d)6 (—c+2d)0 —2—2(d—a)
G(6) = (c—2d)0  (—2a+c+2d)§ 2-2(d—a) |+0(6* (3.6)
I1—-a+c) (-1—a+c¢) 0
near § = 0 and
c—2a+2d c—2d L(r—0)
GO) = -§+&z %;c—% —5(r—8) (3.7)
+O0(m — 0)
near 0 = .

Thus (3.1) can be written in the form

3, dU
—510) 25 +GOU =0 (3.8)

or,
— +G(p)U =0 (3.9)
where

=73 7o)

and G(@(0)) = G(P). Notice that f(#) < 0 for 0 < § < 7 and f(0) = —0% +
00*) as @ — 0, f(8) = —2(7 —0) + O((r —6)3) as @ — 7. Hence as 6 increases

from @ = 0 to § = 7, ¢ increases from ¢ = —00 to ¢ = 0o, and
21 9
0 ~-§5@+ow» as 0 — 0, (3.10)
4
Qo o~ —glog(w—e) <1+O((7r—0)2)) as 0 — . (3.11)

Consider first the case € ~ 0. The eigenvalues of G(f) are

3da — 2a? — 3dc + 2ac 9 9
= -2 =-2
Ao 1—da+dc+a2—ace+0(9) b + o(6°) ,

3da — 2a? — 3dc + 2ac

A = 42ivV1—ac—d d 2
+ iV1—ac—da+dc+a®+ 1—da+dc+a?—ac

0 + 0(6?)
= +2vi+ b0+ o(6?) .

13



One can verify that

where
M 0 O
A(0) = 0 Xy O
0 0 X

and M_(0) is smooth in #. The precise expression for M_(0) is complicated;
however, in case d = a, it simplifies to

t(l—a+c¢) it(l—-a+c) 0
M_(0) = %(—1+a—c) %(l—ka—c) i |, (3.12)
1(-14a—-¢) ;(1+a—c) —3i
and then
ere —1 1
M~0) = 1 1 1
0 —i 1
Equation (3.8) can be written as
S FOM-0) % + AOM_(O)U =0
3 d(M_(0)U) I dM_(6)
_ﬁf(e)T + AO)(M_(0)U) = —Ef(O) 7 U. (3.13)

The homogeneous version of equation (3.13) (i.e. the right hand side is zero)
has a general solution of the form

[4
es " THMM_(0)C-

03°(1 + 0(6)) 0 0
= 0 03be337(1 + O(6)) 0 C-
0 0 9=3be"337 (1 4+ O(6))

If we assume that



then we get (since b < 3 by (1.23)),

0 2 6 A(m) M_ (¢
g/o eg fgl f(Z)dnf(ol)dTefe)U(ol)dal < 09%b03—2b .
This yields
M_(0)U(8)
03°(1 + 0(6)) 0 0
= 0 9=3be337i(1 + O(0)) 0 M_(0)C-
0 0 9=3be"337 (1 4+ O(0))
+05°0(6°%) . (3.14)

The second term on the right hand side of (3.14) is small with respect to
each term in the matrix since b < % A straightforward fixed point argument
can now be used to establish the following lemma:

Lemma 3.1 For any nonsingular matriz C_ with real elements there exists a
unique nontrivial solution of (3.8) near 6 =0 of the form

U=M 10)
03°(1 + 0(6)) 0 0
x 0 9~ 3bes? (1 + 0(0)) 0 M_(0)C-
0 0 0550 (1 4+ 0())

—I—O(H%Hbo) as @ — 0
where M_(0) is given by (3.12) and by = 3 —b.

Next we consider the behavior of U(€) near 8 = 7, or as ¢ — oo (see (3.11)).
In this case

N —2a+c+2d c—2d 0 ,
G(p) ~ —c+2d 2a—c—2d 0 | +0(e"1%).
0 0 0

The eigenvalues of G(p) are

o = O(e1%),
A = £2VVi+O(e 1%)

where b’ is defined in (1.19); in case d = a, we have b’ = 4b. One can verify,
when d = a, that

- c c—2a 0 )
Glg) = M ONOM(O) = | —c+2a —c 0 | +0(c %)
0 0 0
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where

0 0 2V

0 0 1
My(r)=| %d=(-c+20) -}iZlxe o | (3.15)
~1 (—e+2a0) Ji=EvEEe o
and
0 —2VWite 2V/bitc
_1 —c+2a —c+2a
M (m)=1| 0 1 1

1 0 0

Proceeding as above we obtain the following analog of Lemma 3.1.

Lemma 3.2 For any nonsingular matriz Cy with real elements, there ezists a
unique nontrivial solution of (3.8) near 8 = 7 of form

1 0 0
U=M:'(r)| 0 e 3VVloa(n—0)i 0 M, (m)C4
0 0 e%\/b_’log(w—G)i

+0((r —6)%) as@—-n  (3.16)
where B is a small positive number.

We next consider the matrix U away from the points (0, £+1), in a neighbor-
hood of {y = £1, —N < z < —dp < 0} where the non-slip boundary conditions
hold. From the boundary conditions on o§ = (vo,z,v0,y) and (iii) of Definition
2.2, we get

1z)(Jy—1) as |y =1, —N<z<0, ai1(z) #0,

s

Vo,

~—

ay (z
vy ~ Dy 12 as 1, ~N <z <0,

8’1)0
a—; ~ a’ll(x)(|y|_1) as |y|_>17 —N<ZE<O,
0
go’x ~ ai(z) as [y -1, —N<z<0,
Y
8 n
;‘;y ~ aléx)(|y|—1)2 as [y > 1, —N<z<0.

Similarly, in the neighborhood of {y = £1, 0 < §p < z < N},

vz ~ bi(z) as |y =1, 0<z<N,
voy ~ bi(@)(lyl-1) as |yl =1, 0<z<N,

0vg

B—ac,w ~ bi(z) as |y =1, 0<z <N,

0

o~ @)yl - 1P as bl > 1, 0<a <N,
0

00 W)y~ 1) a5l 1, 0<a <N
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By a straightforward calculation

0 0 1
A = A(w) = 0 0 -1 [au(z)+0(1—]yl)
_1+§fa 1*§—|—a 0

= —300)ai() + O~ |yl) i ~N <z <5 and |y 1,

and
c c—2a 0

A=| —c+2a —c 0 |bi(z)+0(1—]y|) ifdo<z<N and |yl —1,
0 0 0

where G is the same matrix as in (3.6) with 8 = 0.
Along characteristics passing near |y| =1, z <0

ds = (1—ly) " ar*(2) (1 +O(1 — |y])) da .

Proceeding as in the proof of Lemma 3.1 we get

M_ 1
dM-0) 1y (@) (M_U) = 01 — W)U
ds 2
and, by integration,
731+ () 0 ’
I e I M6
g(@), .
0 0 777%1)6772(1 + 0(77)
+y PO for N <z <0 17

where n = 1 — |y|, g(z) is a bounded and regular function, and C_ is any
nonsingular matrix with real elements. Notice that the structure given by
(3.17) implies very strong oscillations as y — +1.

The situation for dyp < z < N is much simpler. We have the equation

—2a 0
oU oU ¢ ¢
bi(z)(ly =)= +bi(z)—+| —c+2a —c 0 |b(x)U=001-|y|)U
dy or
0 0 0
whose solution can be written in the form
1 0 0
U=M;'(z)| 0 5Vl 0 M (2)Cy + O(1 - |yl)
0 0 e—%\/lslog(l—y)i

(3.18)
where M, (z) a matrix with real bounded elements.

The assumptions on v¢ ensure that equation (3.1) has a unique solution
through any point in 3J; the solution can be extended from x = —N to x = +N,
and it is in C'* in any region |y| < 1 — ¢y (g9 > 0); near y = 1 the solution
behaves in accordance with Lemmas 3.1, 3.2 and (3.17), (3.18). The following
theorem summarizes the results of this section.
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Theorem 3.3 Given initial condition Uy(y) at x = —N, with detUp(y) # 0
for ly| < 1, Equation (3.1) has a unique solution along any characteristic in
Y (from x = —N to x = N) with U|,__5 = Uy(y), and detU # 0 for all s;
U(z,y) satisfies the following properties in X:

1) In the disc of radius 6 around the points (0,+1) intersected with X,

U =U(®)

with

03°(1 + 0(6)) 0 0
x 0 9~ 3be3? (1 + 0(0)) 0 M_(0)
0 0 6=3% 377 (1 4+ 0(9))

+O(30+0) 450 0, (3.19)

e—%\/l?log(ﬁ—e)i 0 0

U6) = M;'(r) 0 SV log(m-0)i (| M, (7)C,

0 0 1
+0((r —0)®) as 0 > = (3.20)
for some 8 > 0 and for some real constant matrices C;. and C_ whose elements

are O(1);

2) In the neighborhood of the lines y = +1 outside the disc of radius §
around the point (0,£1):

Uz,y) = M_" ()

n3*(1+o(n)) 0 0
(@) s
X 0 73 (1 + o(n)) 0 M_(z)C-
(@),
0 0 7535 L+ o(n)
+O(~35) g5 as ly =1, for =N <z<0 as |y =1 (3.21)
where
and
ef%\/y(logn)i O 0
Ulz,y) = My (x) 0 esVVlogmi [ M, (z)Cy
0 0 1
+0(n) as |y| =1, for0<z < N (3.22)

for some matrices M_(z), M, (z) and C_, Cy with bounded real elements;
3) In the remaining portion of the strip X, U is in C*.

18



Remark 3.1. From the proof of Theorem 3.3 one can check that the error
terms O(6~ 3b+b°) depend in a C* way on 6.

Part 11
Analysis of the hyperbolic problem

In this part we analyze the solution of the hyperbolic Problem (Hy) and derive
C“ estimates. We deduce all the estimates for the case d = a.

The most delicate analysis occurs in the neighborhood of the points (£1, 0).
This analysis is presented in this and the next three sections. In Section 8 we
complete the derivation of the C'* bounds in the entire flow region.

4 L% bound on the principal term

We shall continue to adopt the notation of Section 3 with polar coordinates (r, 6)
centered at (£1,0) such that # = 0 is in the direction of the fixed boundary
and the fluid lies in the region 0 < § < w. Consider an arbitrary point in this
neighborhood and denote its polar coordinates by (r,0). We shall parametrize
the characteristic line through (rs,0) by @ instead of the parameter s. The
relation between € and s is given by (3.3) and (3.4), i.e.,

d0

P =w =~ =—Srif(0), f(6)asin (3.4 (4.1)

together with the fact that 1 is constant along the characteristic, that is (by
(2.22))

r3(0)1(6) = ¢ £(60) (4.2)

where (7o, fy) is some "reference point” that we will take such that ro = do,
0 < 0y < 6 where o, 6, are small and fixed, and 0y << 8.
Using (3.2), (4.1), (4.2), we can write the solution of the hyperbolic problem
in the form
T =T, +T,

where

o0 @ o

Th(0) = U(0)U (Bp)e” 31 Jos 10110y (4.3)

4 _ 0 r(€)2

We first consider T (6 f) and decompose it into two terms

o 0 7(6)2
Ts(ef) = _3%761/0 f U(ef)U_ ( )e 3a1 fgf \f(G)\da< %DO) fd(g)
0
1
2e af _1 _3L 0 ()32 40 1~ d9
T ay Jor TFO D
By Jo, 00DV O (D)
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= I (60,0¢) + J (60,0;) - (4.5)

I (69,0¢) is the principal (and most singular) term and J (6o, 6y) is the (less sin-
gular but also less explicit) perturbation. In this section we derive L* bounds
on I and in Section 5 we obtain C* estimates on I. Similar results will be
established for J in Sections 6, 7. Section 8 summarizes, in a convenient form,
all these estimates for T as well as the corresponding estimates for T}.

Recall that % > 0 along characteristics, so that 8y < 6y < 7. Let us
consider separately the three cases

0o <05 <01, 00 <05 <0, O<0p<m (4.6)
where 61, 5 are chosen so that
O << 01 <<1, m—02<<1. (4.7)
Lemma 4.1 If 6y < 07 < 0y then I (6o,0;) is bounded, i.e.
[ (60,0)] < Cle]
for some constant C independent of e.

Proof. We can write

Dy xx Uxy
Do=| Doyy |= —Uxy
Dy xy Uyy — ¥xx
where 10 0
‘IJ:r%f(H) , f(0) = 08 5 — €S o
X =rcosf,Y =rsinf .
Since
f(0) = —6%(1 4+ 0(6%)) (4.8)
we have
Y3
IXG 1 0
| = 2 _ 1| 2
Dy = F (1+0(9))_T% _f (1+0(6%) (4.9)
I

Using (4.2) we compute,

G@dazé o [ s
T =i ent [ — s

3 L2/ 5 s
= 5ori0] (efS —0 3) (1+0(6Y) - (4.10)




By Lemma 3.1 and (4.9)

4p
0; 0 0
26 -1 —211 éa—l.
1o0) =2 [Tamo | o gt
0 0 6,330
63 0 0 0
x| 0 g3be 307t 0 M_(0)]| 6
0 0 fibe=30"" 1
0 r(a)? do
ey ff Tron® 1 boy) =
e T "(1+ 00 ))f(g)
Next, using (4.10), making a change of variables 8 = 6;u~!, and setting
%
2 Ty
= —— 4.11
P = 5ar 0, (4.11)

(notice that p may take any value in (0, 00)), we get

I(60,0¢) =
u3? 0 0
2¢ /90 . p( 3 1) (1+O(9 )) __1(0) 0 u*%b 304 (u 1)Z O
30419f 9, 4
O O u—gb 30f
0 1
! b
M_(0)—L 1 1 0°°)) d
M0 1 (1+0(0™)) du
05

We first consider the case O(6%) = 0.
Introducing the notation

1 1
Azz(l—a—i-c), u= Z(l—l—a—c)

we have
4
u3® 0 0
_ 2; —=2(u—1)i
M=Y0)| o0 u-%be w Y 0 M_(0)
2, —(u—1)i
0 0 u_5b639f( )
4 2 4
u Bb/\cos 307 (u—1)4pu 3t u” 3% cos ng (u—l)—uﬁb 1 gbsin%(u—l)
; u+/\ ) _“ [TEDY —3U [TED
. b —1)—p 30 3 3 i 4
= _)\u “3%cos 3‘9f (u—1)—u3 u B COS 3 f(u 1)4u3 X lu_%bsm 395 (u—1)
TES) [TESY 2 [TEDY
2u~ 30\ sin -2 1 2u~ 3%y sin -2 1) u~3%cos 2 1
u”3 smﬁ(u— ) —2u 3115111@(“— ) u cosﬂ(u— )
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so that

u -3 X cos 2 (u—1)+ u%b u %bcos (ufl)fu%b sin 2 (u—1)
30f & o 39/‘ _lu %b Gf
,, MHA 4 “2 aEA 4 2 A
9;1 )\u_§bcos%(u—1)—u§b u_gbucos%(u—l)—ku?(’)\ 1 _%b31n3g (u—1)
;H—)\ L, ATA 27: —f—m—/\
b —zb,, 4 —zb 4
2u” 3)\sm39 (u—1) —2u 3usmm(u—1) w3 cos%(u—l)
-1
X 1 i
U u
Oy

1
U

= | _1_2b2/\605(39f( ))+2ucos(T+()\u 1))+0 usin(%(u_n)
b2)\sm(39 (u 1))+2usin(% (u—l)) 9 1% COS (36 (u—l))

Each component of this last vector is a linear combination with uniformly
bounded coefficients of the functions

4 4 -1, . f_4
717%()2Acos(@(u71))+2ucos(7f( — ))—|—0f usm(@(ufl))
u

2, o (u—1)i 2p ta(u—1)i
gflufgbe 36f(u )Z,u*].*gbe 30f(u )Z.

) Remark 4.1. Notice the following important fact: the terms of the form
u3% have cancelled out; this is due to the special condition d = a which resulted
in the simplified matrix A(v¢) in (2.3).

We conclude that I(6g,0;) is a linear combination (with coefficients which
are uniformly bounded by a constant times |e|) of integrals of the form

J =0 /00 “o(ud-1) (h00n) s tidwen w1th5_%b,(4.13)
K = /%g_ eip<ugil)(Ho(az))u*éei%%(u 1)du with 6—%64‘1 (4.14)
1
To estimate J we write
- /90 - u3 1 - i”f(u D g
07! / us 1 le—p<ug—l)0(02)_1] e LY

= L1(p, 65) + R(p,0y) (4.15)

where

eip(Uii )0(92) — 1w %du

b (5
|R(P,9f)| < 9;1/00 e p(u3 1)
1
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< Cr% /oo e_p(ug_l) ‘(u% — 1) u_z‘ uwOdu < Cr% /oo e_p(ug_l) w3 du
1 ' (4.16)

Thus it remains to estimate Lq(p,0r). By a change of variables 1 —u = —fv

we get
i . ;
Ll(pa Hf) :/ (1 + ef’u)*‘sey”efp((l-k@fv)?:fl)dv
0

oo . 5 —
_ / (1 + 8;0)0esvieP(+00F =D g 1+ O(1) = I (p,07) + O(1) .  (4.17)

7r

We may change the path of integration (in the complex plane) to the line e1o's
0 < s < 400, to obtain

3T

E(p, r) = eloi /Ooo(l—l—ﬁfe%is)_‘;eé(cos 15)sie—5(sin 15 )Se*“’((HefeT(j 93— Dds .
It is easy to verify that
Re (1 +efiiz)3 — 1)
is positive for z > 0 and that
‘(1 + er%is)_5| <C.
Therefore
e (1407165 93-1)

Li(p,05)| < C/ e~ 5 (50 55) ds

< / e —3(sin 35 )Sds—#

3 -
3 Sln 10

We have thus proved the boundedness of J.

To estimate K we write
6

K| < /% e—p(u§—1) u Odu + /z_é e_p(ug_l) le_p(ug_l)o(w) - 1] uwOdu
1 1

= La(p,0¢) + R(p, by) - (4.18)
We estimate R(p,0y) as in the case of J. As for Ly(p,0f), we have

Lo(p,07) = /1 e_p(ug_l)u_‘idu:/loo e_p(ug_l)u_‘sdu +0(1)

= Ly(p,05) +O(1) asf; — 0 (4.19)

or
80

and

5
— © _p(uz—1 00
Lo(p,0¢) :/1 e p(u )uf‘sdu = %/1 e Pl y5(-0)-1g, (4.20)

which is bounded provided § > 1. This completes the proof of the boundedness
of K and thus also of I(6p,0;) if O(6%) = 0. Finally, the integral corresponding
to O(6%) in I(6y,0f) can be treated by the same argument as the error term
n (4.16).0
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Lemma 4.2 If 6, < 0p < 0 then I (6y,60y) is bounded, i.e.
[T (60, 05)| < Clel
for some constant C independent of e.

Proof. We can write

2€ 61 b
1(00,07) = 5V (6)) /6 + =L+

o 01
where
2% [0 f91 T(n)7 2 r(n> 1 do
Ih = — U@)H\U~ %1 of [f(n ~3ay Jor TFGOT ¢ 2Dg) —— =
2= Ga , VU @0 o T orn (vn)
2¢ __2 01 '”(Tl)2 dn 01 1 2 o T(W)Z dn 1 de
= 2% ¢ 3y Jos TG UO\U " 1(0)e 31 Jor TG 2D ) ——
30t /00 () U (0)e 3 g ( O)f(e)
and
2 (9 __2 (? ’“(77) 1 do
I :—/ U0, U (0)e 51 Jos T (3 py) 22 421
3= 507 ), UENUT'0) "("D0) 5 (4:21)
From (4.2), (4.8) and 6; < 6 < 6; we have
3
05 ~ Cr}
where C depends on § and 61, and
2 \3
1 1 0
r2(0) ~1¢ (—0> . (4.22)
O \I£ ()]

We use these relations in order to compute

0y r%(n) 12 b 1 1 b 1
dn =120 | ——dp~Cr2 | ——dn. 4.23
o T =TS g O g 4

If 0, <6 < 0, < 6, then the integral on the right-hand side of (4.23) is bounded
and, therefore,

|| 2 917‘()

2
(| < g e 3o der VO |1 (8,6)] < Cle]

To estimate I3, observe that the integrand in I3 is bounded and that the
integration is over a bounded interval in 6, so that

|I3] < Clel

and this completes the proof of the lemma.O
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Lemma 4.3 If 6y > 6, then I (6y,0y) is bounded, i.e.
[T (60,0)] < Cle]
for some constant C independent of €.

Proof. We can write

02 oy

2 0
1(90,9f) = —EU(Gf) / + + =Li+I+ 1. (4.24)
3051 fo 01 23

1
. . _2 [0 rm?2 dn
The terms Iy, I, Is contain the function e 321 /6f fm 7 whose exponent may

be expressed in the form

-

2 (% r(n)? 2 L1 1
_/ (n) dn:_r;fs(ef)/ édn,
ay Jog [f(n)] 3ay 0f | f(n)|3
If we take into consideration formula (4.8) as well as
[O)=-(m=0)(1+0((r—0)?) forby <<, (4.25)

then we get

U | 1 3.5 .
/ cdn~ —3(r—0p) = 207% it m—0p <<1,
of | f(n)|?
6 1 1,
/ cdn~ —3(n—0;) "% ifm—0p<<1,0> 0,
01 | f(n)|®
6 1 1 1y .
/ g~ =3 ((x—07) 5 —(x—0)3) ifw—0p7m—0<<1.
or |f(n)®

Hence

! 1 5
0 272 (r—0 —3(r—0;)" 320"
Iy ~ —326 cl/ UenUH @) D (-atnap)8-4073) (r2 Do) 9

aq fo 92 ’
(4.26)
% [0 C2 ot [ i L
I~ [CU@)U ) PO (raD0) sy (420)
1J6
1 1 1 1
2¢ 05 B lr?(n_ef)z((w—af)*z_(w—e)*g) . do
I ~ 1 ay’ f D
6 3a102/92 U6,)U(8)e (r00) -2,
(4.28)

where C1,Cy are constants depending on 61,602,0, ;. In the exact expression
for I, Is and I we need to replace f(#) ~ —02 near §# = 0 and f(0) ~ — (7 — 0)
near § = m by their expressions from (4.8) and (4.25). To estimate I5 we write

Cr(m: _ [r(n)? 0 1(n)3
Jy T = oy i+ o Tra e @1 <0<0).
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Then

2 2 r(n)?
e Far Jog Trr9n

<C.

By the proof of the previous lemma with 6 replaced by 6, we then get
[Is| < C'lel

To estimate I we first drop the terms O(#?) and O((7—#)?) in the formulas
for f(0) in (4.8) and (4.25). Then the exponent in (4.26) is of the form

1 1 1 1 3 5 3 L 31 1 L 5
—rir— o)} (-3(7r—9f) 20 s> U T (TR
3 1 _5
:——’r; 0 3
where 91 1
1 1
= 5a7"f(77_9f)3

If we expand I; as we did for I; and make the change of variables § = 6;u~ ",
we obtain a linear combination of integrals of the form

_5

Ls(p,0f) = C1G(0f)L1(ub, *,61) , (4.29)
_5

Ly(p,0r) = CoG(65)L2(pb, *,061) (4.30)

where C1, Cy are functions uniformly bounded by a constant times |e[, and
G(Oy) = (m— 0p)=5VPT  or G(0) =1 (4.31)

(which come from U(6;)); p — 0 as 6y — 7. We can then prove boundedness
for Ly and L4 in the same way as for Ly, Lo.

When the "O” terms in f are not dropped,we need to break the corre-
sponding integrals as in (4.15), (4.18), and then the resulting extra terms are
estimated as in the case of (4.16).

Finally, we examine Ig and, for simplicity, again drop the ”O” term from
f(6). If we take into account the formula for M, given by (3.15) and make the
change of variables u = log(m — ), we find that I5 is a linear combination of
the two integrals

—log(m—0y) . 1,
Ki(p0y) = [ 7 T eE e Fa (4.32)
—log(m—02)
Kopby) = [ g iy 4.33
o) = [ e (43

with bounded coefficients of the form |e| times G(0;) as defined in (4.31); here

= 2 (r -y (4.34)
p—afﬂ- f . .
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8 ; . . _ _ —1ly
The terms %35V and e~% originate from U~!(f), and e=”¢ * comes from

2.3 om0 -1
e_an (m—087)3 (m—0) — efp(7r79) 3

in (4.28). It remains to establish the boundedness of K;(p,0¢) as p — 0. In

1,
order to do that, we expand e™”¢ ®  in powers of pe*%“ :

_1 X ()"
e Pe v _ Z ( n') pne—gu
n=0 :

and integrate term by term. We obtain then

X (_1)n —log(m—0y) -
Kl(paef) = Z( ) pn/ ! ei%\/guze—gu

o ™ ~ log(m—02)

— i (_nl!)npn

n=0

(E3VFi-g)u ]“’g‘””

(£3vbi - 2)

—log(m—82)

and, therefore,

Cn 1 — log(n—6
oo (_1)n o e(:l:%\/b_’z—g)u o( 7) 3 00 (_1)n n
Z:O T (:|:§ bli_ﬂ) SCS\/UZ:O nt ? <C.
= 3 3/ 4 _1og(r—62) n=
As for Ky(p,0f), we immediately have
oo _1,
Kalp,0p) | [ e au < C
0

and this ends the proof.O

5 Holder estimates for the principal term

In this section we derive a Holder estimate for the function I(6g,0y) (of course,
0o = 00(0y) is a function of ), but we shall not indicate this explicitly). As in
Section 4 we consider separately the three regions in (4.6) with 6y, 61,62 as in
(4.7), and it suffices to estimate

[1(6o,1,07,1) — 1(6o,2,07,2)]
where 61,02 both belong to one of these three regions, i.e.,
90 < 9f,1 < 9f,2 < 91 y (5.1)

0 < Gf,1<9f,2<92,
Oy < 051 <bo<m.

In the sequel we assume that

Tfl
2

3 0 30
<7"f,2<%, %<0f,2< 2f’1 . (5.4)
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Lemma 5.1 In the case (5.1), there holds

Or1 —0ro|%  |reg —reol®
1(60,1,01,1) — (602 072)| < C le (' taSpal” | lrya”rsa ) (55)
2 "f2

where C is a constant independent of e.

Proof. For simplicity we shall first drop the term O(8%) in I(6p,8;) (see
(4.12)). Then from the structure of I(6y,0r) (see (4.12) and the subsequent
detailed expansion) we see that it suffices to establish (5.5) for the integrals
J=J(ry,0f) and K = K (ry,0y) defined in (4.13), (4.14). Clearly,

Of1 ( 5 ) )
9 — u3—1)(140(62 44 i _1
AJ = Gﬁ/ e (H000) s =57 D gy
’ 1
9f,2

- 2 4_i
673 / s o (31) 0400) g 2y, (5.6)
’ 1

Or1

AK = /55_2 e (ugfl)(HO(aZ))u_‘sdu
1
95,2 5
_/60’1 e (u3—1) (1+O(02))U_6du (5.7)
1

where § = %” for the first integral and § = %” + 1 for the second integral. Here

=
=

2 Th 2 Tio
= _—-2D = — = 5.8
P1 5(11 Hf,l s P2 5(11 9f,2 ( )
3 3
and 90,1 = er%’lef,l, 00,2 = C’I‘;,Qef’z.
We claim that
Or1 —0ro|% reg—reol®
0 T
f72 f72
Indeed, writing
11 1
1 1 1 3 r}Q r]% 1 7"]%2
P1 — P2 = —'rfz’l <— - —> + ——7% s
5041 0f,1 9fj2 5(11 Hf,g 7"]%,2
we have )
Oro— 071 Tro—Tf1|2
o1 — p2| < p1 L 0 /; + p2 L /; )
f:2 Tf2
and since, by (5.4), p, < Cp; and
Oro— 0 Oro—0r1|" |rro—r 2 Fro—1rql|" 1
f:2 f:l S C fﬂ2 fﬂl , f:2 fal S f52 f}l (lfa < _) ,
b5,2 052 Tf,2 Tf2 2
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(5.9) follows
To estimate AJ, we first take for simplicity O(6?) = 0 and write

AJ =A1+ Ag+ As+ Ay (5.10)

f:2
02
A4:0}7%/902 <e—p1<u3 1) 5 j:39f1(u 1) —p1<u3 1) _66i39f2(u 1))d

r263 (14 0(69) =363 (1+ 0(8)))

and, hence,
_3 6,1+ 0(6%)
_ f f
rpt = CO%W (Cp constant) (5.11)
from which we get
Or
o

Setting Cy = C(0y,1,00,1), Co = C(0y,2,00,2) we then have

_3 _3
= Cy 'r; *(1+9(0y,60)) =, *C(6y,60) , g smooth . (5.12)

5 .
_1 (%1 —pl(uﬁ—l) _s At (y—1)
A1:91/02'16 u % 2% du

e 39f1

du

_3 _3
and therefore (we assume, for simplicity, that Cor f,él > Chr f,f)

_3
ot p(ufer) sty
_ £,2 p1lu - u—1
Of%/ g e w03 T gy
Je

r
s

|A] <

3

Cor,d _ ( %—1)
1.2 p1L| U —
/ 3 e udu

i
Clrf,l

—1
<051
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_3 5 _5
4 4
2

c cy
= 0_16”1/ 2ng’,2 e_’““%u_‘sdu = §0_16”1 / . Tfé, e Py~ 80y S dy .
f,l C’1r;} 5 f;l CIB—T;}—
Since ry,1 and 7y are small, using the formula
B 1 1.1%
/ e Py Vdv=|=e v 7(1+ O(—)] for large A and B > A,
A P vl 4

the right-hand side has an asymptotic behavior whose principal term is
5 5

31 4 ,plcgr—z 5 _5\~"389 7,)10%,—1 5 _5\~5-30
——0,7¢e | e i (O3, 2 —e 202 (Cdr, 2
5p; 1t 17f1 3T

1 poi, Tt 25 1435 pCi T 25 143
_ p1 —p1 3 27129 _ _—pm 3 274
= Cef e TGt oy T me TR0 T gy
T
i1
= A1+ Ao +A13+ A4
where
5 5
2.5 1 _, 03,71 1,35 1435
_ 3 P1 T 2714 274
Ay = CCy T Pz et (Tf,l T2 )
"1
5 5 3 5
2 1.3 -3 - -
—2.5 1 1,35 _ 3,71 3,01
Ap = CC° "—rf Te” (6 PO Ol |
2
Tfa

3

L 3430 g miCirpd (om0 _ om0
Al 3 = CTrf,l eple 1 )1 Cl - 02 )

rfa
-2- 1,3 5 5 5 _5
A1,4 = 002 3 J%BPITEJ—MS e—plclgrf,;f . e_plcgrf,zz
A
Using the inequality
1—e<C(y)r” for0<y<1 (5.13)

and the mean value theorem, we find that

1,3 1,3
stg0 _ 5+3d
2

Al’l S ’r.fﬂl lrfy

< Clryg —rpol

and
30 C_% -4 —plcig(riz—ri%)
Aig < 7‘;16”16_”1 Tl —e 1 £2 T
b}

5

3 -5 -3 57

=24 —p1C™ 37, 8 5 _5

4% p1,—P1 Tr1 oY 4 _ 4
< C’rf,le e Pi|Trs — T4t

3 _5 -3 5

25 —pC 3r, 4 (-1-2)y 5

4" ,P1,P1 T 9 4 _ Y _ a
< Crj.efle PrpiTyy rp2 —rpa|t < Clrpa —rpal|®
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provided « is small enough.
Next by (5.12) and the smoothness of g(6) we find that

< Clrpa —rpol® + 1051 — 052]%)
|Aral < Clrpn —rpal® +1051 —052]%) -

Combining the above estimates we conclude that

|ALl < C(lrpa —rral® + 1071 — 072]%)
Next we turn to Ao, which is easily estimated by
01,2

f. ( 5 ) .
9 — u3—1 + v -1
/0’26 o u™le S ) du
1

Ay <071 - 07

| [yl 0f2‘a
< < Pl = Y721
C ‘Hfl 0f2‘ |9f2| C |0f71|04

To estimate Az we write

02

As = 0;% /1@ (e_Pl (ug—l) B 6—/)2 (u§—1)> u_de:tsefl(uf )du
= 9/:,% /100 (epl (ugil) — eipz (ugfl) uféeige;,l (u_l)du
o o () ) e

 (u—1)
90,2

du = Ag,l + Ag’g .

3m
We may change of contour of integration u — 1 £ 6 e10"s to get

Azq = 0}7’1 /loo (e—m (u’i’—l) _e—p2(u%—1)> s i% ; (ufl)d

U

o .
— 631—761'/ (1igf’le?—gzs)—éeé(cos:‘_")sze é(sm?—g)s
0

3w, 5 3, 5
x (e—m«lief,lemw—l) _ e—m((lief,lem)z—l)) ds

We then deduce, using again (5.13) (with v = 2a)

-0 5 _7r 5
|A3 1] <C/ ‘1:t0f1610 s +37e—§(sm3—) e—P1((1£051e 10%5)3 1)

lp2 — p1|7 ds

. - Or1—0
SCafl "2 = pu|” < 08 6+37 ol <|rf’1r rpal® | 1651 = Op2l® ) .
| fi1 f,
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As for Aj o, setting p = min (p1, p2) we have

1 [ —pl(ug—l) —P2<u§—1) _§ t37—(u—1)
/, e —e u e %1 du

[As2l < |071 [,
0,2
5 5
S 0_% /oo_§ e—pl(ug—l) _e—pg(uﬁ—l) u_(sdu

’ CQ’I'f,él

(w31

< Hﬁ /C g€ p(u - ) |1 — p2| (u% — 1) uw °du| (by the mean value theorem)
L

~ 5

oflp o —pu3 %—Jd
[y e i 1o - g

_ g lerp(-5+E0) | [T ~0% 30| 19y — — 53
= C0;,€"p g _s€ s dul|pr —po| (v=p3u).
Cngrf,g

Using the estimate

o 5 5
/ e P vdv < e 4% A7 (for any A > 1),
A

the inequalities in (5.4), (5.9), and

L
<oho <=
)1 9f,17"}1,1 ef,lrfl;

C

Im‘ba

7

r

S

we conclude that

— « 9 _9 a
|As o SC(|7"f,1 an,2| _|_| 1 — 012 ) .

o
Tf1 f1

Since the same estimate was also obtained for |A3z |, we conclude that

_ « 9 _9 (67

(6}
TF1 fi1

Finally we can write

_ §_ 4 _ 4 i g
“ 1

5
1 [ —P1<u3—1) _ +
_ef%/ff_ze u (e

60,2

= Ay1+ 049

ol
7
—
Z
H_
Wl
D)
|
N
7
=
~——
U
IS

By a change of contour of integration,

3w ;
Lipn—1
A4,1 = e10 Gm
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00 3m; \—§ —p1((1+8y, e?i_gis)%—l)_ N 3
x/ 9f,1(1+0f,161°3;9) e T o4 (cos 22)si ,— 4 (sin 22)s g
0 _ef,Q(]- +ef’Qeﬁzs)—Je—pl((l—i—ﬂf,zeTG 5)3—1)

Decomposing the expression in the large parenthesis into
. 3w, B
(1 + ef,lei_OZS)_[se_pl((1+0f’le_rc 5)3—1) [ef,l o 9f,2]
- S 3, 5
+6; 5 [(1 + 9}"726%13)_6 — 1+ ef,le%ls)_é] e—P1((1+05,2€10°5)3 1)
-Faf2<14-efle%%is)‘5[e—ﬂ1“1+ﬂfﬁe%%%>%—l>-_e—pz«1+0ﬂle%%%>§—l>

and correspondingly decomposing Ay 1, one can estimate each of the resulting
integrals in same way we did in previous cases, and obtain the same estimate
for A4 as for Asz; indeed, the third integral can be treated as Aj i, the first by
using the L*° bound as in Section 5, and the second by using the mean value
theorem and L bound as in Section 5.

Next, Ag2 can be estimated as A3y and thus we conclude that |A4] is
bounded by the right hand side of (5.5). Since the same was already proved for
Ay, Ay and Ag, the estimate (5.5) holds for AJ.

So far we have assumed that O(62) = 0 in (5.6). In the general case we need
to add and substract a term as in (4.15) or (4.18); the resulting extra integrals
that need to be estimated can easily be treated analogously to the term R in
(4.15) using the fact that O(#?) is actually a smooth function of 62

We proceed to estimate for AK (defined in (5.7)). Taking for simplicity
0(6?) = 0, we can write

AK = A1+ Aq

where
Of,2

) 5 5
%1 —p1(u3—1) _ 9.2 —p1(u3—1) _
Aq :/ o e uw Odu— [ e u du
1

1

A1 may be estimated as the first term at the right hand side of (5.10), and

5 5
| n(8) _ ofeho)
|A2|§/ e —e

1
2_

oo
:g/ le Y —e 2 (14 0v) 3 59 dy
0

u Odu

*° Yoy —prv _2_35 5 1
<C [T lp=pall e (14 0) A0 < Cloy - pal
0 14+ p1

1 1
< g = el + g 101 = 0ol
Tr1 f,1
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where we have chosen v = 2a. Thus |AK| is bounded by the right hand side
of (5.5). This completes the proof of Lemma 5.1 provided the term O(6%) = 0.
Since O(#%) is a smooth function of 6% (see Remark 3.1) the Holder estimate
of the term resulting from O(#%) can be obtained by just minor changes in
some of the previous arguments (cf. the end of the proof of Lemma 4.1).0

Lemma 5.2 In the case (5.2), there holds

Or1—0r2|%  |rp1—7ral®
11(680,1,67.) — 1(002,072)] < C e (' tagal” |\ Jrpa”ra ) (5.14)
f:2 "f2

where C is a constant independent of e.

Since the proof involves estimates of integrals which already appeared in
the proof of Lemma 5.1, we omit the details.

Lemma 5.3 In the case (5.3), there holds

|0f1 9f2|a |Tf1 Tf2|a
I -1 < 2 2 d d A
|1(00,1,07,1) — I(6o,2,0r,2)| < C el ( (r—0;9)° + = (5.15)

where C' is a constant independent of €.

Proof. For simplicity we shall drop the error term g in (5.12), i.e., we take
g = 0; the term involving g can be estimated more easily using the smoothness
of g.

We first estimate the Holder coefficient of the term Iy of I (see (4.24)). To
do that we need to estimate

AJ = L3(p1,05,1) — La(p2,052) ,

AK = La(p1,01,1) — La(p2,012)
where L3 and Ly are defined by (4.29) and (4.30), respectively, and

21 1 21 3 3
=g im0, e = Soer (T = 0)7

We can write

AJ = Ci1[(G01) —G(0y2)) Li(p1,601) + G(0r,2) (L1(p1,61) — Li(pe,601))] ,
AK = Cy[(G(8f,1) — G(0y,2)) La(p1) + G(0y,2) (L1(p1) — L1(p2))]

where G(0f) is defined in (4.31). If we use the fact that

—_ o
G(07.) — G(02)| < 011 = br2l”
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and the Holder estimate derived above for L; (in the proof of Lemma 5.1), we
obtain

IN

—ral® (051 — 050

Tt (m—051)

_ o _ o

AK| < C<|7"f,1 12| n |07, — 012 ) _
Q 0 o
Tt (m—07,)

To estimate the Holder constant of the term I in (4.24), it suffices to do
that for the functions K (p,0y) and Ka(p,0;) defined by (4.32)-(4.34) Thus we
need to estimate.

—log(m—851) | 4 ) —1, —log(m—0r2) | 4 ) —1,
AK; E/ et 5V ui—pre”3 du—/ et 5V uig=p2eT3" g,

—log(w—02) —log(m—02)
and
—log(m—0y,1) _1, —log(n—0y,2) _1,
AKo E/ e e Pie 3 du—/ e te P2 3y .
—log(w—82) —log(w—62)

To estimate AK; we write

AK{ = A1+ Ay

where
Al _ /log(ﬂaf,l) eig b’uiefme—?l)‘udua
_log(ﬂ-—af,2)
A /_log(Tr—af,2) eig b ui (e—me—%“ — e-ﬂn‘%“) du .
7108(7"792)
Then
710g(7r70f,1) _ e_%u
A < / log(m—0+,5) e Pt du < log(m — ef’Q) ~ log(m = Hf,l)
_ —Uf2
<log |1+ O —0r2) 05,2 = 071 < g2 = g '
< T—0p1 ) = (m—0p1) = (7—071)"
Also

—log(n—02) | ¢ . _1 _1
|Ag| < / et3Veui (e_”ze 3% gmpee 3u> du

—log(m—03)

/Oo (1 — e_(P2—,01)e%u) du
0

SO (rpa —rral® + 1051 —052%)

<C lp2 — p1

<C ‘/ e~ 3%y
0

Combining these estimates we conclude that |AK;| is bounded by the right
hand side of (5.15). |AK3| can be estimated in a similar way, and thus (5.14)
holds for I, Finally, the Holder estimate for I5 (with the same Holder coefficient
as for I4, I5) can be established as in Lemma 5.1.0
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6 L% estimates for the perturbation

In this section we estimate the term J(6,0f) in (4.5). Let us introduce, for

brevity, the function
1 ~
W (r,0) =r2D(r,0) .

As in Section 5, we consider separately the three different regions in (4.6)
Lemma 6.1 If 0y < 0y < 01 then
[7(60,07)| < C'le|sup | D|
where C' is a constant independent of €.

Proof. Following the proof of Lemma 4.1 with T%DO replaced by W, we
arrive at the following analogs of (4.13), (4.14):

°r 5
Ly [W;irs,0f] = 9;1/1“ e‘”(“"1)u—66%9;1<“—1>ivv(rfu%,9fu—1)du(5.1)
oy
Ly [Wirs, 85 = /161 e_p(U3_l)u_‘segefl(u_l)iW(rfu%,9fu_1)du (6.2)

where § = 7 in (6.1), 6 = %b +1in (6.2), and

(W(r,0)] <

for simplicity we have dropped the term O(#?) in the exponents. Since the
singularity of W is weaker than the singularity of T%Do, we do not need in the
present case to change the contour of integration (for the integral L;) and we
may directly estimate, for j = 1,2,

wlm

IN

5
1
|Lj [Giry, 0f]| <6 / (U3 )u_‘s |W(rfu%,0fu_1)‘du
3
570y = C’pe”/ e PP 30y,
1
5

9f/ _

= C’e”p5/ e “u ‘sdu<C
p'5

Finally, the term with O(6?) can be estimated as in Lemma 4.1.0
Lemma 6.2 If 01 < 0; < 0 then
[7(60,07)] < Cle|sup |D|

where C is a constant independent of e.
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Proof. We just need to reproduce the arguments of Lemma 4.2 combined
with the same remark as in the proof of Lemma, 6.1 regarding the weak singu-
larity of W.O

Lemma 6.3 If 05 < 0y < 7 then
[7(60,07)| < C'le|sup | D)
where C is a constant independent of €.

Proof. As in the proof of Lemma 4.3 we derive the formulas (4.26), (4.27),
(4.28) with D; substituted by D. We follow the proof of Lemma 4.3 and proceed
to estimate the integrals Iy, I5, Is with Dy replaced by D. The estimate on I,
is reduced to estimating expressions of the form

_s
Ly[Wirs,0 = CiG(05)Ly [W;uel 3,91] , (6.3)
_5
Li[Wir,0;] = CoG(0;)Ls [W;uﬁl 3,01] (6.4)
and this can be done as in the proof of Lemma 6.1. The estimate for I is

immediate, as before. Finally, the estimate of I is reduced to estimating terms
of the form

—log(m—0¢) S _1l,
K\ [W;rs,0f] = / ! i%‘/b»mW(rf(f%", (m—0)e")e P ° du, (6.5)
—log(m—02)
—log(m—0¢) 4 ~lu
Ky [W;irs,0f] = / e “W(rpe 3", (r —6f)e")e ™ ° du. (6.6)
— log(m—02)
Since
log(m—0y) 4 -1u
|K;| < / |W(r;ef§u,(7r—9f)eu) e 77 du

—log(w—02)

/ 10g(7 af) %e %ue _peiéudu < C ( 1 2)
1f = J ’ ’
—log(m—02)

the proof is complete.O

7 Holder estimates for the perturbation

In order to obtain Holder estimates of the integral coming from the perturba-
tion, we assume that W satisfies

W (rs,0f)]

) (7
[W(rga,0p) — W(rse, 0f)| (7
) : (7
) (7

IA
Q
<

= SHhl=

IA
Q
=
Sk
—
=
o
T
|
<
~
N

[W(rs,01) —Wi(ry, 052) — Of0|"

IA
Q
=3

v
>
ol
=Q

5

~
=

W (rs,051) —W(rs,052)|

IA
Q
=

ol

)
|

D
~
=

1) 01 — 025



here ¢ ;, 0 are as in (5.4), and o > 0 and small enough.
Recall, by (4.5), that

1
2 0 _2 [0 2
100,09 = o [ 00U @0 BT W 0 15)
(0]

Lemma 7.1 If0 < 0;,,072 < 01 then
|7(60,07,1) = T(00,052) < Clel (78 Irsr = 7721" + 075 1651 — 0717 -
where C is a constant independent of €.

Proof. Asin Section 6, it is sufficient to prove this estimate for the functions
L; and Ly corresponding to W. Let us for simplicity drop the term with O(8%),
which can be estimated, in fact, more easily. We claim that the functions L,
( = 1,2) defined in (6.1), (6.2) satisfy

|Lj [Wirga,0p1] — L [Wirg2,0p0]| <C (7“,7,‘1’ P —rral® +057 1071 — 9f,2|°‘) :

To prove it, we proceed analogously to the proof of Lemma 5.1 and consider
first the case j = 1. We write

Ly [Wirp,0p1] = Ly [Wirp,1,0,1] + Ly [Wir11, 05,1

where EI is defined as L; but with integration from u = 0 to u = co. We first
derive the Holder estimate for L;. We can write

fl (Wirs1,051] — Z71 [(W;rf2,040]

5
—p1 ((1+0f,1u) 3 71)
e

.y i by
_ [ i 5 (L+071u)°W(rpi (14 051u)3, —1+ng1“) du
0 —p2( (1+0,2u)3 -1 _ 4 9
—e ( )(1 + Of,gu) 6W(7"f,2(1 + of,gu)S, —1+0fﬁ2u)
Setting

ol

4
a1 = 1l +0p1u)3 , ag =rpa(l+050u)?,
LA ST
1+9f,1u » 72 1+9f,2u '

We then have

‘171 [Wirs1,6051] — Ly [WQTf,QaHfQ]‘ <AL+ A+ A+ Ay
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where

5
00 L 0r w3 —
A1 < /0 e%me s ((1+ faw)? 1) (1 —I—gf’l’u,)_d {W(al,bl) —W(ag,bz)}du s

(7.6)

—P1 (1+9f1u% 1) _e—,ﬂl((1+9f2u)3 1) W(ag bg)

(7.7)
i
0

7.8)

(
00 L 21 $_
Ay < / e3lie Pl((1+6f, )3 1) {(1+9f71u)_6—(1+9f,2u)_5} (a2, bo)dul .
0
(7.

o0
AQS/ $Ui(1 4 0y 10) 0
0

To estimate (7.6) we note that

|W(a1,b1) — W(az, bo)|

4 0 4 0
W (rpa(1+0p10)3, —L5—) — W (rp1(1+ 0p2u)5, ﬁ)

0 0
W (rpi(1+0p1u)3, — 22 —) = W(rpa(l +0f9u)5, —22—)| =T; + Ty

1+0f0u

L0757 (1 4+ 0p00)5 — (1L + 0703

—
—
‘hmp—-

(07

Opp O
1+0f,1’u 1+0f2’u

—Q
2 Ofa
2 1 9 )
+77 (14 071u)3 <1+0f,1u>

bl

2 o071 — 072"
) L e ol B
1

4 |

F2<7"f1 (1+0f1u) ‘Tf1(1+9flu)%_ 2(140f0u)3

1 1
< 072 (1+071u)37 3% 871 — Op0|” + Cr7, (1407 1u

2
3

Wl

1
< CTf RN Eas L R L Cri (1 +071u)37 3% |01 — Op "

If we introduce the change of variabl

(1+61u)5 —1=uv, (7.10)
we obtain
3 3 dv
Ay < Cr2 070110, —0 / ey 1) 32 (1 4y — e P
1 710757 051 — 02| )5 (1+wv)s 1) T+o)?

+Cr%19,7%7|0f’1 —bral” /Oo e (1 + v)%—ga—%didv p
5 ) 0?,1 0 (1 +,l))g
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1_ - )
+CT;,1a0£%|Tf,l —Tf,2|0‘/ e_plv(1+v)%+%a_%57vg
’ (1+wv)5

Since each of the three integrals is bounded by

dv 1 o0 1,3
7)2 < Cl/ e v + 02/ e P15 0y
5 0 1

o0
/ e—plv(1+u)§+éa—%6
0 (1+w

1 lgy3 1 3
< CipT 4 Copy 3050 it ca—25<0 (ie, ifa<30),
we conclude, upon recalling (5.8), that
AL <C (0751051 = Opal® + 778 |rpa —rpal®) -

To estimate Ay we use the mean value theorem and (5.13) to get

5 5
‘ —p1 ((1+0f,1u)3—1) —p1 ((1+6f,2u)3_1)
e — €

< ce” ((1+0f,1u)%—1) ‘p1 ((1 +0pqu)F — 1) — ((1 +0;0u)8 — 1) ‘a

Ce—Pl ((1+0f,1u) 5 —1)

2
< (14 07,1u)3%pfu™ [0, — Opa| -

Recalling, by (7.1) that

win

9f32 )

1
—bf ) <r2, (146
"1+ 0f0u <771+ 6y20)

4
‘W(Tm(l +052u)3
and changing variable as in (7.10), we find that
Ay < Cr2p2079 110, — 0, [ e P0((140)3 —1)3%w 1)+ +Ee-E0g
2 SCOrfypt0r1™ 1071 —0r2 . (1+v)5 —1)3%(v+1)7575%7 5%,
and the last integral is bounded by C'pl_l. Consequently,
In order to estimate Ag, we use the mean value theorem to conclude that

5
—p2 ((1—|—9f,2u) 3 71)
e

5
‘ —p1 ((1+9f,2u)§ 71)
e

—pa (1467008 -1) 5 e o
e ‘(1+9f,2u)3_1‘ lp1 — po|
and substitute this into (7.8) to get

1 0
Ay < Cr}@;ﬂpl _PZ‘a/ e Py (v + 1) 75 0y .
’ 0
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But the last integral is bounded by
* v, —2 —l-a
/ e 7"*(v+1) 5dv < Cps ,
0

and therefore

We finally estimate A4. By the mean value theorem

[+ 070w ™ = (14 0p2u) ™7 < (14 0p20) 711071 — 07| w

(L+0puw)*0 O~ 0%

and, by the change of variable v = us — 1,

5
e R 31 S8
/ e pl(u3 )u%du :/ e Pdy =p; b (7.11)
1 0

Consequently,
1|0r1 —0rq]® [0 — 1+6 5 1
A4§er%7| f’lef 2] /0 e pl(( £:2) )(1+0f,2u)%du
1

1
2

T
< Cgf—flpfl 1071 — 052" < Clbr,1 — Op|”

Combining the above estimates we get

‘-Z; [Wa Tf1, Hf,l] - ‘Z; [W’ Tf2, ef,Q]‘

<O (0581070 = Opal® + 7S Irpn —71al%) - (7.12)

The same estimate can be derived, in fact more simply, for L and thus
it holds also for L;. Note that the only difference between L; and L9 is the
complex exponent which appears in Li. Since the exponent is bound by 1, Lo
can be estimated exactly as L;.O

Lemma 7.2 If 01 < 0;1,079 < 03 then
[7(80,07,1) = T (00,05.0)] < Clel (r7 5 Ira = rpal® + 1071 — 072l
where C is a constant independent of |e|.
The proof is similar to that of Lemma 7.1.
Lemma 7.3 If 03 < 051,070 < 7 then
|7(80,07,1) = J(00,07,0)] < Clel (v rsa = rpal® + (m = 072) " 1071 — 07]%)

where C' is a constant independent of €.
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Proof. The proof is obtained by combining arguments used in Lemma7.1.
It will be enough to consider the most delicate case where 6 is near .

As before (cf. proof of Lemma 6.3), it suffices to consider the integrals
K [W;rs,0f] and Ko [W;rs,0f] defined in (6.5) and (6.6).

Lemma 7.4 For j = 1,2 there holds

|K; [Wiry2, 052 — Kj [W;rg1,071]|

<C (r;j‘ rpa —rp2l®+ (m—=0p1) “101 — 9f,2|a) :

Proof. We may perform similar decompositions as for L; and Ly,. The
”worse” term belongs to K; and it is of the form

log(m—0¢.2) S _1,
—/ " %‘/F“ZW(rfe_%“,(W—Gf)e“)e_pe du .
log(m—8f1)

Breaking up the integral as we did in the case of L, and using the assumptions
(7.1), (7.2), (7.4), we find that

011 —0:5|"
A| < C|log(m —01) — log(m — B¢ SM.
I I
3 ] |7r_9f,2|

The estimates for all the other terms follow the same steps as in previous lemmas
and we therefore omit the details.O

8 The final estimates for the hyperbolic problem

We shall summarize the estimates derived in Sections 4-7 in terms of norms
introduced in [6], [7], [9], [10] and some new norms specially adapted to our
problem. We divide ¥ into two rectangles,

¥ = {(z,y); - N<z<N,0<y<1},
Z]2 = {(.Z',y),—N<.’L'<N, _1<y<0}a

and denote a variable point by X = (z,y).
For any small § > 0, let

Ay = B5(0,1) NS, Ay = B;(0,-1) NS

and
X —(0,1)] if X € Ay,
p(X) =14 671X —(0,-1)] if X € Ay,
1 ifR\ (AU A4y) .

Definition 8.1 We denote by CTT(X) the set of functions f : ¥ — R such
that

1fllgatoy = > sup (p™*(X) (D™ f])

m|<n XX
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n _pm '

+ Z sup | p*t"5(X) sup | D5 fF(X) D,X(;f(X ) <00, (8.1)
mion X€Z X'eK(X) | X — X|

where X = (z,y), X' = (z',y), K(X) = {X' X - X' < %p(X)} Similarly

we define C*"T*(31) and CTT*(%,).

We shall also need to work with functions for which the Holder condition
in (8.1) is allowed to degenerate near y = 1 or y = —1. Such functions are
introduced in the next definition.

Definition 8.2 Let g(r) be a positive C*®°(RT) function with ¢'(r) > 0, such
that

_J |logr| ifr<%
g(r)—{ roifr>1

and let h(6) be a C*®(0,7) function with
_ logf if0 <%

h(&)_{ log(m—6) if0>2

on+a
We denote by Cy,  (21) the set of functions f: X1 — R such that

> sup ( sup (p™'~*(X) IDmf\)>

1£1] onta
Cs |m\§n Xexy

)

+ Z sup {pn_S(X) sup |D% f(X) — D% f(X')] <0,

2 2 T — g6 k() — )P
(8.2)
where X = (r,0) and X' = (r',0') are the polar coordinates of X and X' around
(0,1), K(X) is a region in the neighborhood of X defined by
/ / ! /
Rx)={uo). " 3 o ﬁ}
R ={(,0): G <r< ., T <0< (8.3)

on+a
and Dx denotes both 0, and v~ 0y. Similarly we define the space Cy ().
Remark 8.1. Note that in (8.1), if X is near a vertex, then
X — X'|2 =72 472 = 2rr' cos(By — 0) = (r —r')? 4+ rr'(1 — cos(f; — 62))

~(r—1r")? + %rr'(Gl —0,)?

and, since
%< "« X' e K(X),
we have .
p(X) =)
| X — X'|* 2 2



which is bounded from above and below by a constant times
r—r\* 1 /r"\*
—| = 01 — 609)°
[( T ) +2(r) (61 2)]
The same is true if X is not near the vertex. Since

(r—r17") r r
for some - < rg < —
To 2 2

-1

g(r) —g(r') ~C

where C' is uniformly positive and uniformly bounded, we see that the norm in
the space CT"T%(3%) is equivalent to

Ifllgzoy = > sup (o™ *(X) (D™ f])

jmi|<n X €1
|p" " (X) D f(X) — p"*(X') D f (X))
+ sup  sup
"%n xexy xek(x) 1g(r) —g(r)|* +repe(X) |0 — 6|
On the other hand, since

-9
o

(8.4)

I —~—
< |h(6) 9'|<c% if X' € K(X), 0 near 0,
which means that in (8.2) the Holder continuity in 6 blows up like §7¢ along
the line # = 0, and since K(X) € K(X), we conclude that

on+ta < C n+a .
7m0 < C I legoos,

Definition 8.3 We denote by C"t*(R™) and C"**(R") the trace spaces of
Cr'*t(%) in each of the components of Ty and T'y respectively. The norm
is identical to (8.1) but substituting X by either one of the sets (R™,+1) =
{(z,£1); —oo <z <0} and (R, +1) respectively.

Consider now the hyperbolic Problem (Hp) with F' = ¢ (Do + l~)); its so-
lution 7" can be written in the form 7" = UV where U is a solution in ¥ of
(3.1) established in Theorem 3.3 and V is given by (3.2). In a neighborhood
of (0,£1) we can write ' = T}, + Ts where T}, and T are given by (4.3), (4.4);
recall that Ty = I+ J as in (4.5). In Sections 4-7 we estimated weighted Holder
norms of I and J (and thus of ;) by a constant times the Holder norms of D,
in a neighborhood of the points (0, £1). The same estimate holds for Ty, and the

r2(n)

proof, in fact, is much simpler, for it uses Holder estimates on f Ol dn already
derived in Sections 4,5. Away from the points (0, £1) we can estimate the (non-
weighted) Holder norm of T' by obvious modifications, since the characteristics
are uniformly C'*¢ (cf. Th. 3.3).

Remark 8.2. We note that the assumption g;(£+1) = 0 implies compati-
bility of the boundary conditions for at (—N, 1), which enables us to conclude
that T is uniformly C® in a neighborhood of these points. This assumption
on g; and the fact that go = const. near y = 41 also imply compatibility
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conditions for the solution v of (11.1)-(11.4) (in Section 11) which will allow
us to deduce that v is in C?*® in a neighborhood of the four corner points
(=N, +£1), (N, £1); this fact will be implicitly used in the future.

In view of Remarks 8.1 and 8.2, we may conveniently recast the Holder

o
estimates derived above for T in terms of the ¢ norm as follows:

Theorem 8.4 (i) The solution T of Problem (Hyg) corresponding to F = Do+
eD satisfies the estimate
8“(2;-))) =12

where M is a bound of the Holder norm of T|,__ .
(i) If Ty is the solution of Problem (Hy) for Dy and Ty is the solution of
problem (Hy) for Do, then

ITs = Tollge < Cle | D1~ Dy

ITfoe  <C (M 4 el (1 +||B
c (%)

(1=1,2);

8'0(&)
C is a constant independent of €.

Here « is a and sufficiently small positive constant, depending on the pa-
rameters ¢ and c.

Part III
Analysis of the elliptic problem

9 An elliptic problem in the half plane

Let £9 = {(z,y);—00 <z < 00, 0 <y < oo}. In Section 8 we defined spaces
on+a

on+a«
C' (%) and C, (3); analogously, we define C*"t*(3g) and C, (Zo).

Set
TII
T = Tyy
Ty

and define

||T||cs"+°‘(20) = ||Tm||cs"+a(z;0) + ||Tyy||cs"+a(20) + ||Tacy||c'g‘+°‘(20) .

In the same way we define || T|| on+a : ; the index s will be usually dropped
C, (o
out if s = 0.

In this and in the following section we study the auxiliary elliptic problem:
o
Given T €C, (%) solve for u,

A’u = ATy — 205, Toy + 02y (Tox — Tyy) in T, (9.1)
u = 0 aty=0, (9.2)
uy = 0 aty=0,2<0, (9.3)
Uyy = 0 aty=0,>0. (9.4)
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Here the second order derivatives of T' are taken in the distribution sense.
We shall prove the following theorem:

o
Theorem 9.1 For any T €C, (X), there ezists a unique (weak) solution u of

02+
problem (9.1)-(9.4) in Cq * (X0) and

[ull o2+ < CT| oo
> (%o) c =

0)

where C is a constant independent of T.

To prove existence we decompose u into 4 = uj + ue where u; is a solution
of the problem

A%uy = ATy —205,Toy + 05y (Toe — Tyy) = F in 5, (9.5)
up = 0 aty=0,2>0, (9.6)
Ulyy = 0 aty=0,z>0 (9.7)

(u1 is not unique), and ug is a solution of

A%uy = 0 in X, (9.8)
up = 0aty=0,2>0, (9.9)
up = —u; aty=0,z<0, (9.10)
Ugy = —Ury aty=0,z<0, (9.11)
Ugyy = 0 aty=0,2>0. (9.12)

We further decompose the problem (9.5)-(9.7) into the two problems:

AcI)le inEo,
P =0 aty=0,z>0

and
A’U,lz(I) inEo,
ur =0 aty=0,z>0.

From the form of F' it follows that we can write u; = u11 + u12 and ®; =
P11 + P19 where

Ay = ATyy in X,
{@11:0 oty (9.13)
{u:O aty=0,z>0, (914)
and 2 2
®=0 aty=0,7>0,
Aujg = @19 in g,
{u12:0 aty=0,z>0. .
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The solution of (9.13) has the form ®; = Ty, + ¢, where

Ap=0 in %,
(10:

Ty aty=0,z>0. (9-17)

In Section 10 we prove the following lemmas:
Lemma 9.2 There exists a solution ¢ of Problem (9.17) such that

o& <C Tz o« . 9.18
¢l ¢ g,y < C 1Tl (018)

Lemma 9.3 There ezists a solution ®1o of Problem (9.15) such that

@ o < T o . -1
|@sall gy < CUTlgm (9.19)

Lemma 9.4 There ezists a solution ui1 of Problem (9.14) such that

lunllgzeemg) < Cll®ullge
Note that |[®11]|ce S C||Tgyl| o , by L 9.3, so that
ofe that [[@n]lgr < CllTayll e o /> by Lemma 9.3, so tha

lussll gy < CITlge - (920)

Lemma 9.4 applies also to problem (9.16) and therefore we have:
Corollary 9.5 There ezists a solution uio of problem (9.16) such that

||u12||(;22+a(20) <C ||¢)12||C°’°‘(20) (9.21)

and, consequently, by Lemma 9.3,

izl gy < C Tl s - (0:22)

From (9.20) and (9.22) we get:
Corollary 9.6

||u1||C22+“(R*) + ||U1,y||cll+“(Rf) <C ||T||(<i,°‘(20) : (9.23)

We shall use the estimate (9.23) in order to solve problem (9.8)-(9.12). The
system (9.8)-(9.12) consists of a biharmonic equation

A?uy =0 in 5 (9.24)

in the half plane with mixed boundary conditions

ug = bi(z) aty=0, <0, (9.25)
up = bo(z) aty=0, >0, (9-26)
ugy = by(z) aty=0,z<0, (9.27)
Uoyy = ba(z) aty=0,z>0. (9.28)
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By a general theory developed in [6], [7], [9], [10] and the references therein,
it follows that in the special case of the system (9.24)-(9.28) the following holds:
Suppose that by,by € 022+a, by € Cll+a, by € C* and there exists a positive
constant 7 such that |\ — 2| > « for any nontrivial solution

u=1"f(0), \eC (9.29)

to the homogeneous system associated to (9.24)-(9.28). Then there exists a
unique solution of system (9.24)-(9.28) such that

szl 2oy < © (151, ball o + Bsllgssa + [1ballcs ) -

To check the last condition, we substitute (9.29) into (9.24). We find that
f(0) has to satisfy

7o) 4 (/\2 + (A — 2)2) AN —2)%f =0

f(6) = Asin(A\0) + Bcos(Ad) + Csin((A —2)0) + Dcos((A —2)0) if A#0,1,2,
A+ BO+ Csin(20) + Dcos(20) ifA=0o0r A=2,
f(@) = Asin@+ Bcosf+ COsinf+ DOcosh if A=1.

~

—
s

p—
I

Imposing the homogeneous boundary conditions we get, for A # 0,1,2, the
system

B+D =

M+ (A=2)C

(A + C)sin(Ar) 4+ (B + D) cos(An)

— (X4 + (A = 2)2C) sin(Ar) — (AB + (A = 2)°D) cos(Am) =

|
c o o o

The system has a solution only if the determinant of the coefficients is zero, i.e.,
if 4(X — 1) sin(2A7) = 0. This yields A\, = §, n € Z. If A = 0,2 then we obtain
from the boundary conditions the system

A+D=0, B+2C =0, A+ Bn+D=0, -2D =0
which has no nontrivial solutions. Finally, if A = 1, we have the system
B=0,A+D=0, -B+Dn=0, -B-2C —wD =0

which again has no nontrivial solutions. Therefore, the only admissible expo-
nents are {\,} = {% U {%}2025}, so that |A, — 2| >~y > 0.

In view of (9.23), we can now apply the result of [6], [7], [9], [10] to conclude
that there exists a solution ug of (9.24)-(9.28) satisfying

luzllggra gy < CITlge

Recalling also (9.20) and (9.22), the existence proof of Theorem 9.1 is complete.

Uniqueness in space C2™® follows immediately from the general theory of [9].
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10 Proofs of Lemmas 9.2-9.4

Proof of Lemma 9.2
By the change of variables

Va2 4?2 =71 = ¢, arctan% =0, o(z,y) = P(t,0) , Tey(.0) = S(t) (z > 0)

we find that

P 0%
_ =2t _ =2t
A(,D =€ (ﬁ + W =€ Atg'l/) , (].O].)
so that
Ay = 0 nQ={-0<t<o0, 0<l<2n}, (10.2)
P(t,0) = —S({), —co<t<oo. (10.3)

We can represent one solution by means of Poisson’s kernel

wt.0) =1 [ Q.

Since the weighted Holder norms in the (z,y) variable are equivalent to the non-
weighted Holder norms in the (logr, @) variable (see Remark 8.1), the estimate
(9.18), when written in the (¢,6) variables, means that

o < o
[l g < € 1Tyl

where

[¥,6) = ¥(t', 9)] o9 (t,0) = p(t',0)]
= elege <0 0 — o ) '
(10.4)

oa = su +su
Wil = sup [¥l-+sup

Clearly,

1 [+oo
sup || < —/
Vs

0
o Gz STyl dE < sup Ty

Next we have

P(t+ h,0) —(t,0)

1 [Hoo 0 1 [t 0
-/ Grh—ep o lov(&0d ol g o &0

1 fFoe 4
= | aarre TalEh0) T (6 0) e,

and then

Ty (€ = h,0) — Tuy(§,0)[1 B [+ @
[ (t + R, 0) — 1(t,0)] < [sup . ’ ]_/oo (t—&)?+¢? ‘

ho T J_

< O[Tyl 1
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Counsider finally,
P(t,0 + h) —p(t, 0)

1 +oo 0+h +oo 0
‘__;[m (T N G e AR / o o (&0t

where g < h < 0. By the mean value theorem,

o0 _ *\2
.0+ —oie.0) < 2o AT O 17 010

for some h* € (0, h); note that h < (8 + h*) < 3h. We can then estimate

1 1 oo |1 —a?|
t,0+h) —p(t,0)] < —hsup|Toy| ——— Tra22®
(80 +h) =9t 0)] < —hsup|Tyy] (9+h*)/_oo T+a2)?

h? pl-o ho
< — | <
< % ((0+h*)1‘“>suP‘Tmy| O sup Tyl -

Proof of Lemma 9.3
By change of variables

r=¢eb, ®(z,y) =v(t,0)
we have, as before,

2 2
0 @> =e XAy (10.5)

ACI)12 = 6_2t (—

and the right-hand side of the Poisson equation (9.15) becomes a linear combi-
nation of e~2 times

OLT , 04T, (sin0) 03,T , O,T ,00T (10.6)

with smooth bounded coefficients, where T' stands for any of the components
Ty, Try , Tyy. Thus it will suffice to solve an equation of the form

Av = ¢gS mQ={-c0<t<o0, 0<b< 7},
v = 0atfd=0

where S is one of the functions in (10.6) and g is a smooth bounded function.
We represent v by means of Green’s function in the half-space Q :

v= [ G(t—&0—mgle.mS(E ndsdn (10.7)

where

Gt~ &,0,m) = o (log (1 — ) + (0 —n)*] ~og [(t— &) + (6 + )]

the integral in (10.7) is taken in the principal value sense.
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Assume first that g = 1. We begin with the case § = afa’f where T'(t,6) =
T(z,y). We can write v in the form

olt,0) = /Q Gt~ &0,1)0%, (T(e,n) — T(t,60)) dedn . (108)

Take a ball Bg,(t°,0°) such that Br,(t°,0°) contains a neighborhood of
2
(t,0). We can break up the integral in (10.8) into

/ +/ ZUl(t,0)+U2(t,0) .
QNBRy (10,69 JO\ B, (10,00)

Since v5(t, ) is clearly uniformly smooth in Q-neighborhood of (#%,8°) and it
satisfies the asserted estimates of the lemma, it suffices to consider vy (t, ).
Integration by parts with respect to 7 yields

uto) = - [ oy N €0, (€)= T(0.0)) e + 71,0

= v3(t,0) + J(t,0)
where
N(t - gagan) = a’flG(t - 650577)

and J(t,0) is a boundary integral over the part of Q N dBg, (t°,6°) which does
not lie on the line n = 0; we used here the fact that

G(t—¢&,0,7)=0 atn=0. (10.9)

Since the boundary integral is uniformly smooth, it remains to consider vs.
Note that in the expression for v3 we may replace T'(¢,0) by T(t,n). Then,
integration by parts in ¢ yields

vs(t,0) = /Q g gy N =00 (T, m) =Tt m)) dedn + Ji(t,0)

= wv4(t,0) + Ji(1,0) .

Once again the boundary integral is taken over the boundary of QNdBg, (%, 6°)
which does not lie in = 0, and it remains to consider v4(¢, ).

But v4 has a form for which the proof of the Schauder estimates ([4], p. 57)
yields:

£ 0) — vy(t.0
sup "U4|—|— sup |’U4(, ) [,U%x( ; )
B r, (19,60) (1,0),(1,0)€B gy (19,00) |t — |
2 2

<ol

C (B, (1°,6%)
2

Since, on the right hand side, we only use the Hélder coefficient of ’_ZA’(f ,m) in &,
we conclude that

t.0) —v(t,0
sup|v| + sup [0(2,0) — o(t,

ot )| <c|f
VB, (10) it —¢|

oa . 10.10
C (%o) ( )
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Next we repeat the above process, but integrating by parts (in v7) first in ¢, to
obtain

uto) = - i o gy 5O = 0.2y (T(eom) ~T(1.0)) der

+boundary integrals as before ,

~

and we may replace in the area integral which we shall denote by vs(t,6), T'(t,6)
by T'(¢,0). Then by integration by parts (using (10.9)),

wito) = [ g0, FnGE = €:0m) (T(€m) = T(€,6)) decly + To(1,0)

= wg(t,0) + J3(t,0)

where J3 is a boundary integral taken over the part of & (2 N B, (t°,0°)) which
does not lie on n = 0.

The proof of the interior Schauder estimates (i.e., with weighted distance
to the boundary € = 0) then gives ([4], p. 62)

. !
sup Al |UG (ta 0) Ve (ta 0 )

| ~

<C|\T

(t,0)€ By (£,9) 0 — 6" B H
2

& (Bry (10,00))

uniformly for (¢,0) € Br, (t,0") (here we use the weighted Hélder continuity
2
of T(¢,n) in n). Hence

o '
wp gal:0) =0(t.0)

D2 < O o0 . 10.11
(10)€By (40) 10— o' (18.11)

Combining (10.10) with (10.11), the lemma follows for 8§nf.
In case S = 625’? we end up with the integral

vi(t,0) = [ o oy G —E00) (T(Em) ~T,m) dedy (10.12)

for which we have a bound similar to (10.10).
To obtain a bound similar to (10.11) we need to use the fact

OG(t—¢,0,n)=0at n=0

or, more precisely, that

40 (t—¢)
GGt =&,0m) = — Onge [ut By P (/s o [ ey 77)2]]
= OnK(t—¢&,0,7). (10.13)

We have then

w0)= [ Gl E00) (TEn) ~T(10)) dedy
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'Am%wwﬁ&G@—&&mKT@M—j%mD+(ﬂum_T@@Hdwn

v71+ V7,2 -

The derivation of the Holder estimate for v7 2 is identical to that for the case
S = Bgnff; it uses the interior Schauder estimates in [4], p. 62. The estimate
for v7; uses formula (10.13). Accordingly, it is possible to obtain, for every
(t,0') € Bg(t, 0),

IN

IN

v7,1(t,0) — v7,1(t,6")]|

CTOa / OnK(t — ,0, _eth_ ’01’ t— add

H & (%) QOBRO(t0’90)| nK(t — & 0,m) — 0'nK(t — &0, n)| [t — &|* dédn

C j:’ ox 0_9, K t— ’9’ t— ad d

+C|[T||oa 6 K(t—£,0,n) — K(t—¢&,0,m)| |t — £* déd
H C (Z0)  JanBgy(t0,09) In (K (t—§&0,m) — K(t—&6,n)| [t — & dédn

Il + IQ .

It is easy to verify that

C
/ MK( = &0l ft = ¢[*dgdn < %
QOBRO(tO,HO)
00
K(t—¢0,n) —K(t—¢90, t—&|*dédn < c' ,
Lo it e com i < o2
and, if we use the fact that (¢,6') € By (t,60), then we get
2
-~ |6 — 6] - |6 —0']"
I < T o < T o _
b= CH C (Xo) 0 - CH Cc (Zo) J21e’ ?
~ |6 — 6] ~ |6 — 6"
I < T o < T o _
2= CH c (o) O —CH C (Zo) 0°
Hence
_ / R
sup 0(1‘”7,1(ta0) ?7&1(75’0)' < CHT o .
(t0)€Bg (1.0) 10— 0| ¢ (o)

Finally, if S = sin 776%,7{1/; we can still integrate by parts twice in 7, and use
the fact that sinn ~ 1 when n — 0 to derive, as before, estimates of the type
(10.10) and (10.11). So far we have assumed that ¢ = 1. If g # 1 then we
simply replace G by gG in the above arguments.

Collecting all these results, the lemma follows.

Proof of Lemma 9.4

The proof of Lemma 9.4 is very similar to the proof of Lemma 9.3. In terms
of (z,y) coordinates, Problem (9.16) reads (omitting subindexes)

(10.14)

Au=® in ¥,
u=0 aty=0,z>0.
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If we apply the operator 02 to system (10.14), then we get a system identical
in structure to (9.15) so that, by Lemma 9.3,

where 82u is given (at leading order) by (10.12) with T substituted by ®.
From equation (10.14) we get

2
Oy u

oy <Ol
0) C (Xo)

aju = -0*u+d

and therefore

2 2
Hayu Ozu

o S C(
C (%o)

5y H1Blae ) <l
0) C (%o) c (2o

)
Thus it only remains to estimate 8§yu. Since its leading order term is given by
(10.12) with 8§§G(t —&,60—n) substituted by 372’§G(t —&,0—n), the estimates of
the corresponding integrals then follow along the same lines as in the previous
lemma.

To estimate the lower order derivatives of u we write

r T p , r
Ur = / Uppdp, u = / dﬂ/ Uprdp', ug = / Upgdp .
0 0 0 0

Then, clearly,

luy| < 7sup|up| ,

|Iu" < T2 Sup'“rr' 5
‘1 1
—ug| < TSUp|—Urg
T T

Together with the estimates derived for D?u we then get

o < oa .
fullggre < 19l ge,

11 The complete problem

In this section we will solve the following problem:

A¥ = Flj], (11.1)
h = 0 aty==+1, (11.2)
Py = 0 at —N<z<0,y==1, (11.3)
by = G| at 0<z<N,y=+1, (11.4)
v = y,=0at |z|=N, [y <1 (11.5)

F [{/;] is an integrodifferential operator on 1; defined by

Flj] = —A2¢O+Z—;Recur1[(?-v) 7]+ elcurldiv<K_1D0)

€ —

_I_

¢ 7 curldiv (K_lﬁ)

€ —
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where

%):(sz? Jx)a
(5w %
and G [ibv] is defined by
G[QZ]:elexyzeil(K_l(Do+ﬁ))zy ony==+1,0<z<N.

We can decompose 1 as follows
Y =1po + 1 + P2+ b3 + 1ha
where

A2y = — A%y + Z—; Reeul [(7 V) 7] = Z—; Refi(z,y) in %, (11.6)

A2y = & - curl div (K—lDo) = efo(z,y) in 3, (11.7)
-
A2y = —& - curl div (K™'D) = efs(z,y) in % (11.8)
6 J—
A%y =0 (11.9)

and the functions 1);, for ¢ = 1,2, 3, satisfy the boundary conditions:

Yi(z,£1) = 0 at g/ <N, (11.10)
Yig(z,£1) = 0 at —N<z<0, (11.11)
Yigy(z,£1) = 0 at0<z <N, (11.12)

pi(£l,y) = tiy(£ly) =0 at |z[=N, (11.13)

while 14 satisfies the boundary conditions (11.10), (11.11), (11.13) together
with

€

igy(e,£1) = — (K™ (Do+ D))~ at0<z<N. (11.14)
zy

€ —
Note that 9 = 9 if and only if 1 is a solution to Problem (L).
The most difficult component of 1/ to analyze is 13. We treat this component

first, and then briefly discuss the components 11 and
We may write 3 = 11 (y)¥1 + n2(y) W2 + ¥3 + ¥4 + U5 where n; € C*,

lifi<y<i
— 4 —
my) = {0if-1gy<—§,
() = 1-my);
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and

A%,
U3

‘I’3,y

‘I’S,yy

and

AW, = efs(z,y)forzeR y<1,
U, = 0 aty=1, (11.15)
Uiy = 0 aty=1,2z2<0,

Uiygy = 0 aty=1,2>0;

AWy, = efs(z,y)for z€R y>—1,

Uy, = 0 aty=-1, (11.16)
Uoy = 0 aty=-1,2<0,
Uoyy = 0 aty=-1,2>0;

=A% (11(y)T1 + 12(y) W2) + 71 (y) A2 W1 + 92(y) ATy
W(z,y) in {-1<y<1},

0 aty==1, (11.17)
0 aty==21, —co<z <0,

0 aty==41,0<z<00;

AT, = 0 in {~-1<y<1},

Uy = 0 aty==1, (11.18)
Uy = —Vyy atz<0,y=1,
Uyy = —Uo, atz<0,y=-1,
Uoyy = 0 atz>0,y==1,

A*Ts = 0 for |z| <N, |y| <1,

4
Uy = —Z\IJ,- at x ==+N,
i=1
4
Use = —> Uig atz==%N, (11.19)
i=1
Us = 0 aty==1,
Usy = 0 at —N<z<0,y==1,
sy = 0 at0<z<N,y==l.

Observe that f3(z,y) (in (11.15), (11.16)) was defined only in 3; we need to
extend it to {|z| > N, |y| < 1} in C'T way. We do it by defining it as constant
along the horizontal lines {y = const; r < =N}, {y = const; x > N}.

The existence of solutions ¥y, ¥y such that

Wil o24a < C T[] 0o
Cy c
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was proved in the last two sections.

In order to solve problems (11.17), (11.18), (11.20) we use the theory de-
veloped in [6], [7], [9], [10] for problems with mixed boundary conditions. In
particular, for problem (11.17) the Green function K(z,y;&,n) exists and its
detailed asymptotic behavior near the points (0,+1) is known. In particular,

K(z,y;€,n) = K(z — &y —n) + R(z,y;€,1)

where

E(? — E)) =C ‘? — ?‘2log ‘? — E}| (C is constant)

and R has a lower order singularity; if || < % then the singularity of R(z,y;&,n)
occurs only as (z,y) — (0,£1). We can write

Uslo) = [ Ky &mW (€ ndedn. (11.20)

It is important to recall that the support of W (&,n) lies in |n| < %; further-
more

?*v PUy
W(&m) =m () 5 +mn) 55+ W(En)

where W(f ,m) involves up to second order derivatives of ¥; and ¥,. We can
perform integration by parts in (11.20) with zero boundary contributions (as
every derivative of Wy, Wy is multiplied by 7; or one of its derivatives) and
obtain

\113(37’?/)
(11.21)

_ = O mi(m)K (@, y;€,1)] 0°¥; e
B /Rx[—l 1] <_ Z:ZI an o2 + K(w,y,é,n)W(&n)) dédn .

We may now use standard techniques to estimate the integrals and conclude
that

2 2
193l g2ta@x 1,y < €D I¥ill g24amx]-2,3)) < > ||‘I’i||52+a :
i=1

i=1 2
Moreover, the theory of [6], [7], [9], [10] shows that near the point (0, 1) (resp.
near (0,—1)),
3 —~
\I’3 = P17‘§f(0) + \113

where

2
IT1| < C Y [Will o24e
i—1 C2
and

|7

2
2+a < C Wil o24a -
52 o ;H 1||82 o
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Note that, by symmetry with respect to the z—axis, the coefficient I'; is the
same at (0,1) as at (0, —1); the same observation applies to ¥;, 1; below.
The above theory applies also to Problem (11.18), so that

Uy =Tor2 f(0) + Ty

where

18]

IN

2 2
CZ ||\I/z,y|| olta < CZ 1T o24a
i=1 C1 i=1 C2

|z

2 2
e < O iyl orra < OS] yota
C2 i=1 G i=1 C2

We also have analogous results for the solution of (11.20), i.e.,
U5 =372 £(0) + Vs

where

4 2 4
i=1 2 =3

=1

024+a 5
Ca
o02+a -
Cs

Summarizing, we have obtained a unique solution 13 of (11.8) such that

|

4 2 4
ot < O3 | Willgera < C <|r1| + Do+ Y1l oo + Y [T
C2 i=1 i=1 G i=3

s = 1 (r1) Targ f(01) +n (r2) Tar3 £(62) + s

where (r1,61), (r2,02) are polar coordinates near (0,1) and (0, —1) respectively
and 7) (r) is cutoff function which is equal to 1 for r < + and to zero for r > 3;
furthermore, I'y and 13 satisfy the estimates

Ta] < C[Tloo
(&

¥

o2ta < C|T oe .
Cs c

The same method can be applied to problem (11.7), and we obtain
3 3 _
Yo =1 (r1) Isr{ f(61) + 0 (r2) Tsr3 f(02) + 12
where
ICs| < ClelllToll o

[

e < Clel[Tolloo -
Cs C

We next consider Problem (11.6). Since the right hand side of the differential
equation consists of the term (—AZ?yy) and of terms involving only second
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derivatives of 9, the theory of [6], [7], [9], [10] can again be applied to conclude
that

W = 1(r1) Ters f(01) +n (r2) Tor3 £(02) + 91

where
ol < 01+ 2 Re) ] v
(0] Csy
HE o2da < C<|e\+‘ﬂ‘Re> H’l; 024a -
Cso ag C»

Finally, the solution 4, of (11.9) with boundary conditions (11.10), (11.11),
(11.13), (11.14), can be written (using the theory of [6], [7], [9], [10], as well as
the estimates of Sections 4-8) in the form

i = 1 (r) Tor? £(01) + 1 (r2) Tors £(62) + P

where
il < 0|6l <l (14 ) |
e = ol < (1 )
Part IV

Solution of Problem (L); More
general Oldroyd models

12 The fixed point

In this section we shall establish the existence of a solution to Problem (L) in
a neighborhood of the flow with stream function 1y. The solution will belong
to a class of functions of the form

W =1 (r) Tre £(B1) + 1 (r2) T3 £(82) + 9o + (12.1)

~ o2+«
where T' is a real number, ¥ €C, (Z) and

L]+ ||

02+4a S M (M > ].) .
Cy (%)

We denote by X the Banach space of pairs (T, %) with norm

.9 =i+ o

024 5
Cy (%)
and by Xjs the ball of radius M in X. By the results of Section 11, for any

B =0 () Tri 1(80) + 1 (r2) T3 £(02) + 90 + (12.2)
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with (T, i) € X, there exists a unique solution % of Problem (11.1)-(11.5) in
the form (12.1) and
)
)

IT]+ |

024a <C( 02+« <€+‘ ‘Re)(l—‘—{—
ere o SO (IWollg2ee  + (1 )+ 4] .2
Introducing the mapping W by

W (T, 9) = (T, %)
we see that W maps X into itself provided

M:C||¢0||o2+a +1
Cy (%)

_1

and |e| + Re is sufficiently small (note that

~ 1 if |¢| is small).

By linearity of the problem, given two pairs (Fl,wl) and (FQ,l/)Q) in Xy
their images (I'1, ;) and (T2, 1) under the mapping W satisfy
o2+a> .
Csy

(12.3)
Hence if |¢| + Re is sufficently small then W is a contraction. Therefore, by
Banach’s fixed point theorem we conclude:

Ty —To| + H% — s

o2+a < C (le| + Re) (‘Fl - f2| + Hi1 _i2
Ca

Theorem 12.1 If |e| and Re are small enough, then there ezists a unique so-
lution of Problem (L) in the form (12.1) with

[T+ ||

o2+a < C(le] + Re) .
Cs

Remark 12.1. From the form of 1 in we see that although the first order

term in the expansion corresponds to a Newtonian singularity, some of the
02+a
second order terms (although belonging to C, ) are genuinely non-Newtonian.

Indeed, as we have seen in the analysis of Sections 3 and 4, there appear second
order terms with coefficients of the form Re {(7r — 9)1%\/1%} as § — m, and
these are highly oscillatory.

Remark 12.2. Theorem 12.1 can be extended to somewhat more general
v¢. In particular, the requirement (2.22) may be replaced by

[N

P = Cr (cos % — cos g) (1+e(r,9))

where e(r, 6) is an error terms such that |e(r,0)| < Cr. This is the same error
term as for the stick-slip problem for Newtonian flow (cf. [12]).
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13 Discussion of Jeffrey’s model

In this section we discuss the model corresponding to a = ¢ = d = 0; then also
b' = b = 0. This case corresponds to the so called Jeffrey model (see [2], for
instance). All the estimates deduced in Sections 4-7 hold in this case except
for those in the region 6y € (62, 7) which involve the integral Is of Lemma 4.3
(and the corresponding integral with Dy substituted by D). In order to analize
I in this region, let us define

Tz + Tyy
T = Tow—Tyy |,
Ty
D rx T Dyy 0
D' = Dyy—Dyy | = | 2Dy,
Dyy Dyy

Then the hyperbolic system can be written as

d
KT =T+ o (—T’ + ’(’U_()>)T’> —eD',

d
where
0 0 0
'(U—g) -1 0 0 2 — - :
0 — el 0

and therefore

(Toz + Tyy) () = (Tow +Tyy) (0)e =1,

which yields uniform boundedness of Tyy + Tyy.
As in Section 3, we can write

with a2 2 matrix and a vector of two components.  satisfies

d ’on Vo 0 —2 .
e

and, in the region we are interested in (i.e., 8y € (62, )), we can write

d 0 -2
T o o, =0

efining d ' = 5 L_d , and diagonalyzing, we obtain by the techniques of

Section 3,
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for some constant matrices M and C. We then deduce that the integral I is a
linear combination with bounded coefficients of the integrals

Ki()= €V%'O¢ aiDq .

If we change variables first from to € and then from # to = —log(m — @) we
find (similarly to (4.32), (4.33)) that K4 ( ) take the form

( ) ., 1
Ky = V2 'Oe ¢ 3 q4  Ki(,6), (13.4)
(2

or

( ) -, 1
Ki( ,0f) = V2 ¢3¢ g (13.5)
( 2
here we consider for simplicity ust the highest order terms of D. It can be
easily verified that ’( ) > 0as — , and, therefore,

Ki( ,0f) ~ —log(m —0) asf; — m, in case (13.4) ,
and
Ki(,0;) ~C as0p —m, incase (13.5).
We conclude that

Tpg —Tyy ~ Cilog(nm—0f) asy =7,
Tpy ~ Colog(m—0p) asfy—m.

Recalling that Ty, + Ty, is uniformly bounded, it follows that
T ~Clog(n—0f) if0f—m

where C is a constant vector. Similarly one can estimate the Holder coefficients
of T and thus establish an equivalent to Theorem .4 for T — C'log(w — 6y). If
we define

T=TY4+T (13.6)

where

7MW = Cn(6) log(r — 6)

and
1ifee 22n
0)eC ,n' () 0 andn(d) = ’ ,
o) eC , 1) aoy= 0
then the conclusion of Theorem .4 holds also for 7'
For the Jeffrey’s model the boundary condition (2.21) becomes

1 1
T—Zl/) - 6_—1sz — 0 as @ — 7 for any r > 0. (13.7)

Setting

T (r —6)?




and introducing a function ¥ by

=91+, (13.)

one can extend the analysis of Sections 9,10 to the system (11.1)-(11.5) for %
(instead of 1) and establish the existence of a unique solution 1 which yields a
unique solution to Problem (L) with 7" and % of the form (13.6), (13. ).

Although the velocity field (1, —;) about (0, 1) is Newtonian, the second
derivative of 9 is non Newtonian; in fact

1
T—21/) ~Clog(n—60)(C=0) as@ -, r 1, (13.9)
whereas for Newtonian flow
1
T—sz ~ (1) as@—m, r 1.

Notice that (13.9) coincides with (1.20).
The relation (13.9) implies a singular strain Dy, along the slip boundary.

1  The solution for ener 1 Idroyd models

In this section we consider the case d = a. In this case the solution of the
hyperbolic Problem ( ) develops a new type of singularity and, as will be
formally shown, a non-Newtonian singularity will form near the linearized free
boundary. oing over the calculation of I(6y,6y) in Section 4 (corresponding to

some pair (7f,0;)) we see that, when d = a, in addition to linear combinations

of . .
1 %b :|:3—~( l)z’ 5} 1 %beis_N( 1)i

there also appears, linearly, the term 3° !. Thus, in addition to integrals , K
as in (4.13), (4.14), there appear integrals

— 2
L= e SN gy (14.1)
1
1

~2
where = %7 Here b is defined as in (1.1 ), and we consider the case

0 b gsothat and K ccan be analyzed exactly as before.

If we fix gf = @, then, for fixed 6 01 if ro approaches zero, 7 also
approaches 0 (see Figure 2) so that

31
L~ e 36 1g

3 3
:g e ( Dyt 1dv:ge b e v ldo~C “Pas —0
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Figure 2: The geometry of the streamlines near the point (0,1)

in contrast with the fact that both and K remain bounded (as proved in
Section 4).
Tracing this singularity to 7', we find that

2p

2
Ty, ~ €Cy(6)7; ' for 6 small but fixed, and 77 — 0.
This singularity is convected along the Newtonian streamlines of o (which

mixes the components of T') so that

2 2

Tpo ~ €C1(0)r °b, Ty ~ eCo(O)r °°, Ty ~eC (O)r b
for every 6 m,oas T — 0 (14.2)

where C1(0),C5(0),C (0) are bounded for each 6. As we approach the angle
0 = 7, the Newtonian streamlines, to first approximation, satisfy

[SI[eH

rz2 =(C . where =7—-80.

If we take as reference the line @ = § with 6 close to 7 (but fixed, see Figure
2), and define the distance of a point on it to the origin by 7, then we have

3
T}fZT% T—20 (f:7r—9f)

so that



and, therefore, from the estimates (14.2) with @ = # and r = 7 we see that the
vector T will have a singularity of the form

T(r;, ;)~eC(0) (rf f) " (14.3)

This singularity, distributed (near the origin) along the line ; = 0, indicates the
failure of the Newtonian approximation in the region 1 (since the New-
tonian singularity occurs only at the origin ). Nevertheless we shall assume
that the velocity field (1y, —%,) is Newtonian (but not the second derivatives
of ¢ ) and verify this hypothesis a posteriori.

If we keep the dominant terms in equation (2.1 ), which correspond ot the
higher order derivatives in  for 9 and T}, we obtain the following equation
(written in polar coordinates):

T e—17r2 2

1 2
vt 1 Ty (14.4)

where Ty, is given by (14.3). By the boundary condition, as — 0 the matrix
(vd) in (2.2) is approximately

—2a+c+2d c—2d 0

(Vo) = —c+2d  2a—c—2d 0

0 0 0

Vo ¢

Therefore, in the system for T, the equation for T, is uncoupled to the equa-
tions for T, and Tj,. The equation for Ty, to a leading order, is

Ty,
d

Ty + 01— = €Dy . (14.5)

If we use polar coordinates and the definition of (;) as given in (1.4), then
we may write (to a leading order) equation (14.5) in the form

1 T, 1 T, 1
Toy—on 19 =22y T —(Zy —y ) ()
T T r T
(note that =— ).
From (14.4) we obtain, after integration,
1 1
T e—1
The boundary condition
1 1
ﬁzp ——e_szy—H) as -0,

implies that () = 0. When € — 0, 1 becomes a Newtonian stream function,
and this implies that

(r)=0Cr 2 (C constant = 0)
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Hence (14.7) reduces to

1 1 1

If we combine now (14. ) with (14.6), we obtain, to a leading order, the

following equation:

1 1 T, 1 T,
T Ay — Q01 —1) my__"/)ﬂ

1—c¢ r r T

D=

= eCr

This hyperbolic equation can be solved for 1 6 & provided % ,% and
Tyy| | are given functions; here 61 € (0,7) and m—6; 1. Since we assume
that the velocity field is Newtonian, we can, for 1 6

1 T.
1—_6T$y + a1 ddwy = CET %(7{' — 0)
where, to a leading order,
273 (0)
d =< do
3r—6 "’

so that

. : 1 ri(y
+Ce(1—¢) e 3t 2 1T r 2(n)(r —n) dn (14.9)
1 ™=
Since s
§ 2
r2(0) (m—0) ~r2 (n—6y) (14.10)
’"%(e)do 3 (r— ;)8 L
= r m — 3
, =0 ! 7 m—e)s
1 1 1
= _3T]% (ﬂ'_ef)% T 1
(m—0p)s (m—61)3
1
= =32 (r—0)5 (1+ (1))
and
SR 3
O L
—

12‘12 2( )3( 11 11)
~ e T 3 T 13‘ d SC

Hence the second term at the right-hand side of (14.9) is bounded whereas, in
the first term, we use the boundedness of the integral and the relations (14.3),
(14.10) to get

Tyy(r,0) = Cer 2b(7r —f) T° (14.11)
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where C is a bounded function, C — Cy = 0if # — 7. By (14. ) we can deduce
that

Ce

" :6_1ﬂ3%w—ma*+(ﬁaw—m (14.12)
and by integration
Ce 2 T—0)2 Tt
p = Lo 20 ~ D(r)( )
2— b 1— b
+%T%(7r —0) . (14.13)

If ¢ — 0 we have to recover the Newtonian singularity, so that D(r) = CQ"'%, Co
constant.
From (14.13) we see that

v=C ri(r—0)(1+ (1))

where (1) comes form the first term on the right-hand side of (14.13). Hence
the velocity field is Newtonian, as we have assumed above. The first term at
the right-hand side of (14.12) is the principal singularity of ¢ as § — 7, and
is non-Newtonian; the second term on the right-hand side of (14.12) is the
Newtonian contribution to ¢» . Note that (14.12) implies (1.21).

Remark 1 .1. If b 0, |b| small, then the integrals , K defined in (4.13)
and L defined in (14.1) are all bounded. Nevertheless, we cannot conclude that
the integral Ly [W;ry,0f] of Lemma 6.1 in Section 6 is bounded and therefore,
a boundary layer of the type described above could appear.

If o 0 but [o| is small, then the matrix (¢) defined in Theorem 3.3

8
contains a singularity of the form |7 —6| 3 v

as & — w. Nevertheless, if

[¢] -, then the component T}, remains uncoupled (to higher order) to the
components Ty, and Ty, of the stress tensor and the assumptions that led to
equations (14.4), (14.5) remain valid. Hence the analysis of the boundary layer

done in this section can be extended to this case.

1 onclusions

In this paper we studied the stick-slip problem in a strip | | 1 for non-
Newtonian flows of Idroyd type in the Johnson-Segalman form; the flow
emerges for 0 toward > 0, so that the stick-slip contact points are
at (0, 1). The non-Newtonian model depends on three parameters: a,c and d.
nder the assumption of Newtonian kinematics, i.e., replacing the constitutive
equations (1.3) (1.4) by (1.5)-(1.7), we analyzed the case d = a, b = a® —ac > 0
and proved that the singularity at (0, 1) is to a leading order of Newtonian
type; however, the next order term shows a very oscillatory (non-Newtonian)
character.
Next we have shown that as soon as d = a (as well as in the case d = a = ¢ =
0 which corresponds to Jeffrey’s model) the leading order singularity at (0, 1)
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is non-Newtonian and is such that the component D,, of the strain tensor
becomes singular along the free boundary. We have also given a description
of this singularity. This result was established under the assumption that 0

b 5. But, as indicated at the end of Section 14, this type of non-Newtonian
singularity should occur also in cases where b or b’ (defined in (1.1 ) and (1.1 ))
are negative and small in absolute value.

L T

The first author is grateful for the support from the Institute of athematics
and its Applications and has been partially supported by the Spanish inistry
of ducation. The second author is partially supported by National Science
Foundation rant S 9970522.

eferences

[1] . R. Apelian, R. . Armstrong and R. A. Brown. Impact of the constitu-
tive equation and singularity on the calculation of stick-slip flow: the mod-
ified upper-convected axwell model ( ). J. non-Newtonian Fluid

echanics, 2 (19 ), 299-321.

[2] R.B. Bird, R. . Armstrong, .Hassager. ynamics of polymeric liquids,
ol. 1. Wiley, New ork, 1977.

[3] . A.Fontelos, A. Friedman. Stationary non-Newtonian flows in channel-
like and pipe-like domains. To appear in Archive for Rational echanics
and Analysis.

[4] . ilbarg, N.S. Trudinger. lliptic partial differential equations of second
order. Second edition. rundlehren del athematischen Wissenschaften,
224. Springer- erlag, Berlin-New ork, 19 3.

[6] . .Joseph. Fluid dynamics of viscoelastic liquids. Applied athematical
Sciences, 4. Springer- erlag, New ork, 1990.

[6] . A. ondrat’ev, Boundary value problems for elliptic equations in do-
mains with conical or angular points, Trudy osk. at. bsch., 1 (1967),
209-292. nglish transl.: Trans. oscow ath. Soc., 1 (1967), 227-313.

[7 . A. ozlov, . . az’ya and J. Rossmann, lliptic boundary prob-
lems in domains with point singularities, athematical Surveys and ono-
graphs, ol. 52, American athematical Society, Providence R. 1. (1997).

[ ] R. .Larson. Instabilities in viscoelastic flows. Rheologica Acta, 1 (1992),
213-263.

[9] . . az’ya,N.F. ozorov, B. A. Plamenevskii and L. Stupyalis, lliptic
Boundary alue Problems, American mathematical society translations,
series 2, ol. 123, (19 4).



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

B. A. Plamenevski, lliptic boundary value problems in domains with
piecewise smooth boundary, In ncyclopaedia of athematical Sciences,
ol. 79, Springer- erlag Berlin (1997).

. Renardy. The stresses of an upper convected axwell fluid in a New-
tonian velocity field near a re-entrant corner. J. non-Newtonian Fluid e-
chanics,  (1993), 127-134.

S. Richardson. A stick-slip problem related to the motion of a free et at
low Reynolds numbers. Proc. ambridge Philos. Soc., (1970), 477-4 9.

T. R. Salamon, . . Bornside, R. . Armstrong and R. A. Brown. Local
similarity solutions for the stress filed in the presence of a slip boundary
condition. Phys. Fluids, (1997), 1235-1247.

T. R. Salamon, . . Bornside, R. . Armstrong and R. A. Brown. Local
similarity solutions for the stress filed of an 1droyd-B fluid in the partial
slip slip flow. Phys. Fluids, (1997), 2191-2209.

. A. Solonnikov. Probleme de frontiere libre dans I’ecoulement d’un fluide
a la sortie d’un tube cylindrique. Asymptotic analysis 1 (199 ), 135-163.

A. Trogdon and . . Joseph. The stick-slip problem for a round et I,
large surface tension. Rheologica Acta, 1 (19 0), 404-420.

A. Trogdon and . . Joseph. The stick-slip problem for a round et II,
small surface tension. Rheologica Acta, 2 (19 1), 1-13.

69



