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Abstract

The oceanthermohalinecirculation, also called meridionaloverturningcirculation, is
causedy waterdensitycontrastsThiscirculationhaslargecapacityof carryingheataround
theglobeandit thusaffectsthe enegy budgetandfurtheraffectsthe climate. We consider
athermohalinecirculationmodelin the meridionalplaneunderexternalwind forcing. We
shaw that,whenthereis nowind forcing,thestreanfunctionandthedensityfluctuation(un-
derappropriatanetrics)tendto zeroexponentiallyfastastime goesto infinity. With rapidly
oscillatingwind forcing, we obtainan averagingprinciple for the thermohalinecirculation
model. This averagingprinciple provides corvergenceresultsand comparisonestimates
betweenthe original thermohalinecirculation and the averagedthermohalinecirculation,
wherethe wind forcing is replacedby its time average. This establisheshe validity for
usingthe averagedthermohalinecirculation modelfor numericalsimulationsat long time
scales.

Mathematics Subject Classifications Primary35K35,60H15,76U05;Secondan86A05,
34D35

KeyWords: Exponentiadecay averagingprinciple,geophysicaflows, wind forcing

1 Intr oduction

In additionto the wind-driven surface circulation, the oceanalso exhibits a large meridional
overturning circulation called the thermohalinecirculation. The oceanis heated(thus made
lessdenseWwherepurefreshvateris evaporatedwaterthusmadesaltieranddenser) andvice
versa. The global thermohalinecirculationinvolves watermassesinking at high latitudesand



upwellingat lower latitudes. The procesds maintainedby waterdensitycontrastsn the ocean,
which themseles are createdby atmospheridorcing , namely heatand water exchangevia
evaporationrandcondensationDuring thethermohalinecirculation,watermassegarry heat(or
cold) aroundthe globe. Thus,it is believed thatthe globaloceanthermohalinecirculationplays
animportantrolein theclimate[28].

A two-dimensionathermohalinesirculationmodelinvolvesthe Navier-Stokesequationgor mo-
mentum(in the meridionalplane)togethemwith the corvection-difusion equationdor tempera-
ture andfor salinity Dueto thelinearequationof state(relatingfluid densitywith temperature
andsalinity), theselatter two equationsnay be replacedy a single corvection-difusion equa-
tion for densityor densityfluctuation.We considethethermohalinesirculationonafluid domain
in theverticalmeridionalzz-plane,asin, e.g.,[1]:

A+ J(AY, ) = po+vA*Y + f(z,2,1), (1.1)
pt (o) = N+ 5 Ap, (1.2)

wherey(z, z, t) is the streamfunction which definesthe velocity field (u,w) = (¢, —%z);

p(z, z,t) is the densityfluctuationfrom the meandensity;~ > 0 is the viscosity; N2 > 0 is
the meanbuoyang frequenyg andis taken asa constant;Pr is the Prandtinumber Finally,

J(a,b) = azby — ayb, istheJacobiaroperatoandA = 9,, + 9., is theLaplaceoperator Note
that% + J(-, ) = % + ud; + wd, is thematerialderiative. Thewind forcingterm f(z, z, t)

is to be specifiedbelow.

In [1], the authormadesomenumericalsimulationfor (1.1), (1.2) with periodicboundarycon-
ditionsin bothz andz for ¢» andp andf = 0. Thereforewe assumehaty andp areperiodic
(with period1) in z andz, andalsoassumehati andp have zeromean.

In somerecentwork on the thermohalinecirculation,the wind forcing is ignored[27, 29, 20].

In this paperwe will considettheimpactof wind forcing onthethermohalinesirculation,while
consideringhe evolution of thefluid densityfluctuation(ratherthanthefluid densityitself).

In thefirst partof this paper we obtainthe exponentialdecayestimatedor the streamfunction
v anddensityfluctuationp with f = 0 (no externalwind forcing). In the secondpart, we con-
siderthe effect of wind forcing on the streamfunction and densityfluctuation. We obtainan
averagingprinciplefor rapidly oscillatingwind forcing, which providescornvergenceresultsand
comparisorestimatesetweenthe original thermohalinecirculationandthe averagedthermo-
halinecirculation. This establisheshe validity for usingthe averagedhermohalinecirculation
modelfor numericalsimulationsatlongtime scales.



2 Exponential Decay: Without Wind Forcing

In this sectionwe considerthelongtime behaior of the streanfunctionandthe densityfluctu-
ationin the thermohalinecirculation. We first briefly commenton the local existencefor (1.1)-
(1.2) with periodicboundaryconditions(with period1) in bothz andz for ¢ andp (with zero
mean)we introducesomenotations:
/ = / dxdz,
D

whereD = {(z, z) : 0 < z,z < 1} is theperiodicfluid domain.
H=12,.0={u: ue L?D),uis perodicbothin z andz,fu =0}, with norm]| - ||;

V:H;eroz{u: u € H,Vu € H}, ngroz{u: u€ H,Vu € H, Au € H}, ete.

In fact,by aresultin [4], we know || Au|| is equivalentto ||u||§,w0.
Definethe vorticity w = At. It is well known that A~! existsfor A with periodicboundary
andzeromeanthen(1.1) canbewritten as

wi 4+ J(w, AT ) = pp + vAW + f(z, 2,t). (2.1)

Sincethe nonlinearJacobiartermis continuousromV x V. — H x H, by thetheoryof [11],
we have thefollowing local existenceresultfor (2.1)and(1.2):

Lemma2.1 (Local Existencg Let (wg, po) € V x V(initial values,thatis ¢ € ngro) and
f € L*°(0,T; H), then(2.1) and (1.2) with periodicboundaryconditionsin bothz andz for
and p with zelo meanhasa uniquelocal solutionsatisfying
w € L®(0,T5V) N L*(0,T; Hperg) p € L2(0,T5V) N L(0, T Hpero),
thatis, (1.1)and(1.2) hasa uniquelocal solutionsatisfying
% € L®(0,T; Hperg) N L2(0,T; Hperg) p € L(0,T; V) N L0, T; Hperg),

p per0

whee T depend®n (wp, po)-

We needhefollowing propertiesandestimategseg2]) of theJacobiaroperator] : H} x Hi —
L' in thesequel:

| I, 9ndady = - [ 55, Wgdudy, [ 77, 9)9drdy =0,
D D D

[ (4. 9)dady < [ £11V],
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forall f,g,h € H}.
Now, we derive somea priori estimatedor the solutionof (1.1) and(1.2) with f = 0 to ensure
theglobalexistence For f # 0, theestimatesrealmostthe same.

Multiplying (1.1) by %, performingan integration by partsand using the periodic boundary
conditionswe conclude

1d
5 VoI + [upp+ v 2wl =o0. 22)
Similarly, we get
5 gl = N [upw + 2 (19p]2 =0. 2:3)

Multiplying (2.2) by N? andaddingto (2.3),we have

li 2 2 2 2 2, 1 2y _
5 gz WV IV +lpl") + v (N AP + 5[ Ve[7) = 0. (2.4)

By the Poincaé inequalityandtakinga: = ¥ min{1, Plr}()\l is thesmallesteigevalueof —A
with periodicboundaryandzeromean)we obtain

t 1
N?|[V9l|* + |lpll* + /0 (N2 A9I + 511V l*))dt

< e (N[ Vholl® + llpol?)- (2.5)

If we only wantto know whetherthesolutiontendsto zeroast — oo, we couldusethefollowing
specialGronvall Lemma.We omit the detailsfor this asymptotichiere,andwe will concentrate
ontheexponentialdecayof the solutionin the sequel.

Lemma 2.2 If a non-ngativedifferential function f satisfies
F1(t) + e f(t) < g(t),
wheea; >0 andtllf?o g(t) =0, thentlgg f(t)=0.

ProoF. Wefirst have

f(t) < e ™tf(0) 4 et /Ot e g(7)dr. (2.6)

Sincetlim g(t) = 0, for ary givene > 0, thereexistsa T’ suchthat
—00

g(t) <e¢, fort>T.
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So,(2.6)canbewrittenas

T
f(t) < e @tf(0) + i(1 —e ) 4 efo‘lt/ e g(r)dr. 2.7)
a1 0
Lett — oo andnotethate is arbitrary theresultis thusobtained.
Now, we turnto the exponentialdecayestimategor the solutions.

Multiplying (1.1)and(1.2)by — A p and /A1) respectiely, integratingby parts,usingtheperiodic
boundaryconditionswe have

1d
S I801% = [ uptsp — vy, 28)
3 SI9ol? = [ To)np =N [ 02sp— 2 150l 29
53 1VP P, ) Ap = 2 Op — 518l :
Notethat
2 lBvE = = ot —v|vay|

1 9 9
< — —(1—
< Il = (L= IVABIE(V0 < 6 < 1)

1 (1—-9d)
< Tz oY 2
< gmlolt - S5

1 _ (1-96)v
< at ) A2 2 2y
< 5t (NZ(|Vhol|* + [loll”) BV

wherethe Poincaé inequalityis used.By the Gronwall inequalityand(2.5), we thusobtain

122

o, o, )
189> < e 3 Aol P+
_&t )\1 t B ) ) \ w’r
Y Ba-o2 TN o Tdr. 2.10
€ ' 45(1 —5)1/2 /(; € ( ||V’(/)0|| + ||p0|| )e 1 T ( )

Noticingthata = /\% min{1, PLT}, we know for every given Pr, thereexistsa0 < é < 1, such
that

(1-96)v

0 =a— > 0.

Hence(2.10)canbereducedo

A1
46(1 — 60112
Multiplying (2.8)by N2, addingto (2.9),usingintegratingby partsandthefactthat [ [ [ 8,V pV+
J 8:VVp] = 0, we concludethat

_Qa=d)v
IAB]” < e 3 (| Agoll” + (N2[[V3oll* + llpoll))- (2.11)



1d v
5@(N2||A¢||2 +11Vol?) —/J(pﬂ/))Ap = —N*v||VAy|? - P—THAPHZ- (2.12)

Now we only needto estimate— [ J(p, V) Ap = [(p2%z — p2¥z)(pzz + p22). NOtethat
1 2
/pzwa:p:z:a: = §/pw¢a:z _/Pmpzd)mma

1
/pz"/)wpzz = —5/93%:4,

1
_/pa:"/)zpa:a: = §/p3:"/)wza
1 2
_/p:ﬂ/’zl)zz = _§/pz'€bwz+/9wpz¢zz-

Now we needthe following lemmaaboutthe equivalencebetween||u|| 2 and || Awul| for u €

2
HperO'

Lemma 2.3 For everyu € HZ,.,, wehave

lull g2 < | Aul],

wheea; = /1 + A\ + A2

PROOF. Since

32 82 32
| Au||? = /((8—;;)2 + (8—;;)2 + (axgz)z)‘ (2.13)

Adding ||u[|%. to bothsideof (2.13),andusingPoincaé inequality the proof of this lemmais
complete.

Usingthis lemma,we imply that

|/J(p,1/))Ap| = |/(pi_f7§>¢m _/pzpz(@bzz — 22)|
< [psl® +1p:P) sl + [ lpallpsl(toal + e
< a@+VILI [ 1oal? + [1o:1%).

By thefollowing inequalityfrom [5]

1 1 1 V2
lull 4 < asllul]2[|Vul|2,u € H;ero(D)a@ = (4—7r2 + - +2)1.

=

Therefore,
I/J(p,¢)ApI < aja3(2 + V2)| A9l Vol 2p]
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Sov atai(6 + 2v/2)Pr
< %)l + AROEVDPY 2 2 2.14)
Pr Sov
Combining(2.12)with (2.14)andusingthe Poincaé inequality we obtain
1d
~ L N2 A2 2
S (V82 + Vo)
1a3(6 +2v/2)Pr v
< —N? A2 a105( Apl2—(1— Z, :
< —NPV AP + (R A~ (1= d) ) Ve (2.15)
By (2.11),thereexistsat; suchthat
4 4
ata3(6 + 2v/2)Pr 2y v
1650 |lAY|* — (1 52)—/\1Pr =—-03<0,0<d3<1.

Let®g = ||Aol|® + W(NQHV%W + [|pol?). It follows that

(1-8)v _ 2
- 1)\1 t(I) 452(1 52)V )
ata5(6 + 2v/2)\; Pr?

Since4dy (1 — d2) < 1, soty canbechoseras

A1 aata5(6 + 2v/2)\ Pr2d,
1 :
t1>(1_5),/ n| 2 ]
By (2.15),we know
IVp|> < My, 0<t<t (2.16)
and
IVpl* < e (N?|| Apo|” + [V pol?), t > 1. (2.17)

Hereas = min{ds, N/\—i”} andM, is constantlependingnty, || Ay %, ||V ol|?, v, Pr and);.

The estimateq2.16) and (2.17) tell us that the mean-squar@orm of the density (fluctuation)
gradient|| Vp||, is uniformly boundedup to sometime instantandthendecayexponentiallyfast.

Remark 2.4 If v is large enoughor Pr is smallenoughwealsocanhave

ata3(6 + 2v2)P
4521/

v

T 2 .
892~ (1 - )15

<0,

thatis



Pr < ? .
2 9 _(1 5)y
FBE VI (e (A0l + g 2isar VIVl + [lpol2))
or v satisfying

A

W(Wllvwoll2 +lpol*)) <1

—J)Ut 9
e 21 ([ Al +

S \/a‘%a%(ﬁ + 2v/2) Pr2)\;

405(1 — 85)
Now, we derive the estimatesor ||[VAy|| whenthe initial valueyy € H},,,. By a similar
processasabove, we have
L O RN Y R XL
By the samediscussiorasin derving (2.14),we have
| [ Tw a0l < a2+ VR)lAulIVelllAvl, for uo € By (219)
We useinequality(2.19)for v = ¢ andv = Ay, we have
I/J(A¢,¢)A2¢I < afa3 (2 + V2)|| 29|l VAY || A%y
v atal(6 + 2v/2
< Yoyl + GEOED gy 220
and
v 1
[ 18008291 < X871 + |Vl (2.21)

By (2.18),(2.20)and(2.21),we get

ata3(6 +2v/2)

3wy < —||VP||2 1892V Al ~ IIA2¢II2-

2 dt
Thuswe concludeby usingthe Poincaé inequality

)\11/

atai(12 + 4v/2)
v

d 2
VAU < =[IVol® +( 1A%]7 = Z)IVAY|2. (2.22)

Using(2.11)andfor A; largeenoughthereexistsas > 0 suchthat
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10312 + 42
aja3(12 + \/_) ||A¢||2 — v =—a3 <0, (az > a3).

Hence d 5
aIIVAwII2 + o3| VAY|E < ~ |V,

by the Gronwall's inequality we have
2 t
|VA|? < eV AG |2 + 2 [ emeslt=n) | vp|ar.
0
Fort < ¢;, using(2.16),we have

2
|V A2 < e™23H|V Agyl|? + EMO = M;. (2.23)
3

Fort > t1, using(2.17)anday > a3, we get

- 2 ‘ - —T)—QaT
VAU < e T AGol? + 2N Aol + [Vpol?) [ mestt-rIesmgr
2 t
= f"”(IIVA«/)oII%;(N2||A¢0||2+||vp0||2))/0 e—(aa—as)r g,
o 2
< e[V A+ S (N Ago|* + (Vo] 2). (2.24)

If A; isnotsolarge,by (2.11),thereexist a4 > 0 andt, > 0 large enoughsuchthat

|AY]? — My = —as <0, fort>ts (o > ag).

aja3(12 4 4v/2)
v
Thus(2.22)canbewrittenas

d 2
EIIVN/)II2 + o[ VAY* < || Vpl”

By the the sameargumentaswe obtainthe estimate®f (2.23)and(2.24),we could getsimilar
estimates.

Theestimate$2.23)and(2.24)tell usthatthemean-squareormof thevorticity gradient||Vw
is uniformly boundedup to sometime instantandthendecayexponentiallyfast.

Thus, by the abore estimateq2.5), (2.11),(2.16),(2.17), (2.23)and (2.24),which hold in the
caseof nowind forcing (f = 0), we obtainthe maintheoremin this section:

Theorem 2.5 (Exponential Decayin the Caseof No Wind Forcing) Lettheinitial conditions

for thevorticity anddensityfluctuation(wy, po) bein V- x V (i.e., 1o € ngro). Thenwhenthere

is no externalwind forcing, ||¢|| g3 . and || p|| g . tendto zeo exponentiallyfastast — oo.
per per
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Thatis, underappmopriate normsor metrics,the streamfunctionand densityfluctuationtendto
zeo exponentiallyfastastimegoesto infinity.

Moreover, there existssomeaimeinstant?’ > 0 sud that,the mean-squar normsfor thedensity
(fluctuation)gradient, ||V p||, andfor thevorticity gradient,|| Vw||, are uniformlyboundedvhen
t < T andexponentiallydecaywhent > T. ThetimeinstantT = max{¢1,t2} dependn
Pr, N2, v, \; andinitial values.

3 AveragingPrinciple: Rapidly Oscillating Forcing

In this section,we considerthe averagingprinciple for the systemof (2.1) and(1.2) underthe
rapidly oscillatingforcing f(z, z,t). We rewrite (2.1)and(1.2)as

we+Aw = —J(w, A7)+ pr + f(z,2,1), (3.1)
pi+Ap = —J(p, A w) = N*A My, (3.2)

whereA; and A, denotethe operator—vA and—£-A with the periodicboundaryconditions
andzeromean.For therestof this sectionwe concentrat®n thesystem(3.1)-(3.2).

We assumehattheforcingterm f in (3.1)is rapidly oscillating,i.e., it hastheform f(z,y,t) =
f(z,y,nt) = f(nt), with parametern > 1. We alsoassumehat f hasa well-definedtime
average.With suchaforcing, it is desirableto understandhefluid dynamicsin someaveraged
senseandcompareheaveragedlows with the original (hon-areraged)lows.

The main resultof this sectionis an averagingprinciple for (3.1)—(3.2)with rapidly oscillating
forcing on finite but large time intenals. This includescomparisorestimateand cornvergence
result(asn — oo) between(3.1)—(3.2)andits averagedmotions.

Startingfrom the fundamentatvork of Bogolyubw [6] the averagingtheoryfor ODE hasbeen
developedandgeneralizedn alarge numberof works (see[7]-[9] andthe referencesherein).
Bogolyuba’s maintheoremdave beengeneralizedn [10] to the caseof differentialequations
with boundedperatovaluedcoeficients. Someproblemsof averagingof differentialequations
with unboundedaperatotvaluedcoeficientshave beenconsideredn [11]-[14] in theframeavork
of abstracparabolicequationsln [15], Ilyin consideredhe averagingprinciplefor anequation
of theform

Oyu = N(u) + f(nt), (3-3)

wheref is agivenforcing functionandzn > 1 is alarge dimensionlesparameterand f hasa
time averagedefinedas

1
lim —
t—oo t

[ 1615 = (3.4)
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Notethat.4; and.A; aresectorialoperatorsFor asectorialoperatoronecandefinethefractional
power of A asfollows [11]:

1 [o¢]
a _ —a\—1 —-a __ a—1_—At
A% = (A7%) 7, whereA™@ = —I‘(a)/o t* e Mdt.
ThecorrespondinglomainsD(.A®) areBanachspacesvith normgivenby
[#]la == llzllp(aa) = [A%=.

We recallsomedefinitionsandresultsto be usedin therestof this section.

Lemma 3.1 [11] Thefollowing estimatesre valid:

||eii,4't||L2—)L2 < Keiata t> Oa (35)
K,
1A% M |p2 s < — 27, £>0, (3.6)

whee K, K, are positiveconstants.

Remark 3.2 SinceA; and.A; are differentopeiators but bothsatisfythe conditionsof Lemma
3.1 For thesimplicity wetake thesameconstantdor .4; and.A; whenweuseLemma 3.1

Lemma 3.3 [11] Giventwo sectorialoperators A and B in L2, let D(A) = D(B), Reo(A) >
0, Rea(B) > 0, andfor somex € [0,1). Lettheopermtor (A — B) A~ beboundedn L2. Then
for everyy € [0,1), D(A") = D(B"), thetwo normsbeingequivalent.

Setting

T=nt, e=n"",

we rewrite theequationg3.1)-(3.2)in the so-calledstandardorm

wr +eAiw + eJ(A T w,w) = ep +ef(z,y,7), (3.7)
pr +edap+eJ(p,A7w) = —eN?A"lw,, (3.8)

We assumehat f hasatime average, fo(z, z), in D(A"); thevalueof v will be specifiedater
on. More preciselylet f(r), fo € A” andsupposehat

1 4T
(5 [ £(r)dr = o)l < min(y, o, (T)), (39)

whereM,, > 0,0, (T) = 0, asT — oo.
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We considettheaveragedequation

@y + eA10 + eJ(ATI0,0) = €py + efo(z,y), (3.10)
Br+eAsp+eJ(p,A7I0) = —eN?A"lw,, (3.11)

By themethodof [16]-[19], we know the semigroupS; correspondingo equation(3.10)—(3.11)
possesseabsorbingsetsin thespaceH = L2,.o X L2,V = D(Alé) X D(Aé) = Hpepo X
H}..c andD(A) = D(A;) x D(Az)(in fact, D(A;) = D(As)).UsingLemma3.3, we know
D(A]) = D(A)), fory € [0,1]. || - || and]| - I, denotethe normin L2..o andH,,,,. These
setsarecertainballs B(Ry) in thesespaceswhereR) is largeenough.This meanghatfor every
boundedsetB

S¢B C B(Ry), fort > to(B, Ry).

In addition,the semigroups uniformly boundedn thesespacesthatis, givenary ball, in par
ticular, theball B(Ry), thereexistsaball B(R) suchthat

S¢B(Ry) C B(R), fort > 0.
By increasingk we mayassumehat
S¢B(Ry) C B(R—r), fort > 0,r >0,

wherer is a positive constant. We considerthe averagingprinciple in the spaceV. Givena
pointwy in By (Ry), we comparethe trajectorieg(solutions)(w(7), p(7)) and(w(7), p(7)) of
system(3.1—(3.2)and(3.7)—(3.8)startingfrom samenitial point. Considetheirdifferenceonthe
intenal 7 € [0, ], T beingarbitrarybut fixed. We supposéor themomentthat (w(7), p(7)) €
By (R). Thenthedifferencez(r) = w(r) — @(71),©® = p — p satisfiegsheequations

Orz +ediz(1) + elJ(ATw,w) = J(A7'0,@)] = e((pe — o) + ((7) — f0))(3.12)
0:0 + eAs(7) + e[ J (A7 w, p) — J(ATD,p)] = —eN?*(Arw, — A7 @,). (3.13)

We first give thefollowing lemma,the proof canbe obtainedby directestimate.
Lemma 3.4 Thenonlinearopeiator J(u, v) is a bounded.ipscitz mapin thefollowing sense:
[ (u1,v1) — J(uz, v2)[| <

Cr(llurlls + llualls + lloallx + lloz2ll1)(flur = villy + [luz — w2l 1), (3.14)

whee C: is somepositiveconstants.
2
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Invertingthelinearoperators4; and.A; we cometo the equivalentintegral equationsf (3.12)
and(3.13)

A7) = —e /OTe_fAl(T_s)[J(A_lw,w)—J(A‘l‘,a))]ds

e[l Ao, pyds+e [T e M f(s) — fo)ds,  (315)
O(r) = —e /OTe_6A2(T_5)[J(A_1w,p)—J(A‘la),p)]ds

_ N2 /0 "ol (A, — ANE,), (3.16)

Using(3.6)and(3.14),we seethatthe]| - || %-normof thefirst termin theright handsideof (3.15)
satisfiegheinequality

T 1
le / AZe M=) J(A Ty, w) — J(A 0, @)]ds||
0

< e/ K%C%G_%(T - s)_%e_fa(T_s)2R||z(s)||%ds
0

]
= 2RK,C;y b / (v — 8)" &~ 2(s) | s ds. (3.17)
0

Let usestimatehe secondermin theright handsideof (3.15).

||e/ Are=M =) (5 — 5.)ds|| SK%G%/ (7'—s)_%e_“‘(T_s)||®(s)||%ds. (3.18)
0 0
Now let usestimatethethird termin theright handsideof (3.15). Integratingby partswe have
e [T A5 (s) — fo)dsl
0
= - 66—5.A1(T—S)/ (F(t) — fo)dt|5 + 62/ Ale—eA1(r—5)/ (f(s) — fO)dSH%
s 0 s
14 T
< Jledf T AmAY [1(5(0) — fo)at]
0

T 3_ T
Hie [T AT e A [ () - foydsl. (319)
Using(3.6)and(3.9), we furtherhave

1 T 1,1 7
Jed e Ay [T(7(0) ~ foae] < ety e (enHI [T AL -~ foel
— () Ry e [TAUG - )
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min(M,, 0, (7))e " =: L(7). (3.20)

<(er)?tTKy

Forary § > 0, let 75 be solargethatfor 7 > 75, wehaves, < 4. Let ey be sosmallthatfor
€ < € theinequalityZ > 7; is valid. Then

T%+7K%_75, if 7> 75,

Lir) < G T,¢) = e—€at
(1) < Gu(T)e) { (67-)%+7K%_7M7, if 7 < 75.

Lety > —%. Notethatrs doesnotdependne. Takingd — 0 andthene — 0, we obtain

||€e*fv“”/0 (F(t) — fo)dt]ls < Gya(T,€) — 0 whene — 0. (3.21)

T §_ T T
& ["AF e A=A [T (1)~ fo)dsl < Ky_ 3t [ min(h,, o, ()~ Fdu
0 s 0
1 Ty 1 1 % 1
Mve§+7/ u"fﬁdu—FKg_,yeiJW,u/ uT 2du
0 2 0

1 . .
= Ky_ (v + 5) " (My(er) 77 4+ pT747) = G (T ), (3.22)

wherefor ary . > 0 we have chosenr, solargethato, (7) < p whenr > 7,. Lettingy — 0
andthene — 0 we obtain
G12(T,e) = 0, € — 0.

Thus,by (3.17)—(3.22)ve obtainthefollowing inequality:

=l < Keb ["(r =) H (o)l + [0(s))ds + Go(T0), (329

whereK = ma,x{2RK%C%,K%} andG, = Gy1 + G2 — 0,e = 0.
Similarto theargumentabove for z(7), andusing(3.6) and(3.14),we get

[0y < Kuet ["(r =) A=)l + [O(s)])ds, (3.24)

whereK; depend®nR, K%, C% andl;.
Adding (3.23)and(3.24),we finally obtain

=l + 18y < (& +Kn)et [ (r=)7(|1=(6)]l, + 18(s))ds + G+ (T, ). (3:25)

Herewe needthefollowing fact.

14



Lemma3.5 [11] Lety € (0, 1] andfor ¢t € [0, T

u(t) <a+b /0 ‘(= sy Lu(s)ds.

Then
u(t) < aBy((00'(7))71),

whee thefunctionE,(z) is monotonencreasingand E,,(z) ~ vy~ e asz — oo.

Applying this lemmato theinequality(3.25)on T € [0, %], we obtain

2@l + 07l <
G,(T, 6)E%(6T7‘(‘(K +K1)?) < G4(T, G)E% (Tr(K + K1)?) := nh(e).  (3.26)

We thus have proved the proximity of solutionsof (3.1) and (3.2) in V, for the trajectory
(w(t), p(t)) with initial condition(w(0), p(0)) € Bv(Rp) staysin the ball B(R) on thetime
intenval [0, Z1.

Lete besosmallthattheright-handsideof (3.26)arelessthans, wherer is definedearlierin this
sectionwhenwe discussabsorbingsets. Supposehatthetrajectory(w(t), p(t)) leavestheball
B(R) duringtheintenal [0, £] andlet 7* bethefirstmomemwhere||w(r*)||% + ||p(7'*)||% =R.
However, ontheintenal 7 € [0, 7*] bothtrajectoriesstayin the ball B(R) andwhatwe have
provedsofar shavs thattheinequality

lw(r) = @(T)llL + llo(r) = A(7)llL <

is valid. In particular it is valid for 7 = 7*. This togetherwith theinequality||w(r*)||% +
||p(7'*)||% < R — r, which holdsby the hypothesi®f the following theoremandthe propertyof
thesemigroupS(¢), givesthe contradiction

N3

o) +Hlp(r )y < () =2(r) 3 +Hlotr) =)l +Hia(r )+l < R
sincellw(r*) 1y + llo(r*)lly = R.

Thuswe have themaintheoremin this section:

Theorem 3.6 (AveragingPrinciple in the Caseof Rapidly Oscillating Wind Forcing) Assume
thatthewind forcing hasatimeaverage. LetT > 0 bearbitrary andfixed. If v > —% andthe
initial conditionsfor the vorticity and densityfluctuation(w(0), p(0)) = (@(0), p(0)) arein the
absorbingball By (Ry) (dependingn+), thenfor r € [0, %], wehavethefollowingcomparison
and convemgenceestimatebetweerthe thermohalinecirculation and the aveiaged thermohaline
circulation

lw(m) = @(T)ll1 + llo(r) = B(7)lly < 11 (e) = 0,a5€ = 0,

whee nk(¢) is a decayingfunctiondefinedn (3.26).

1
2

15



4 Summary

The oceanthermohalinecirculationhasimportantimpactson the climate. We have considered
athermohalinecirculationmodelin the meridionalplaneunderexternalwind forcing. We have
shawvn that, whenthereis no wind forcing, the streamfunction andthe densityfluctuation(un-
der appropriatanetrics)tendto zeroexponentiallyfastastime goesto infinity (Theorem2.5).
With rapidly oscillatingwind forcing, we have obtainedanaveragingprinciplefor thethermoha-
line circulationmodel(Theorent.6). This averagingprincipleprovidesconvergenceresultsand
comparisorestimatedetweerthe original thermohalinecirculationandthe averagedhermoha-
line circulation,wherethewind forcingis replacedy its time average.
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