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Abstract

The oceanthermohalinecirculation,alsocalledmeridionaloverturningcirculation, is
causedby waterdensitycontrasts.Thiscirculationhaslargecapacityof carryingheataround
theglobeandit thusaffectstheenergy budgetandfurtheraffectstheclimate. We consider
a thermohalinecirculationmodelin themeridionalplaneunderexternalwind forcing. We
show that,whenthereis nowind forcing,thestreamfunctionandthedensityfluctuation(un-
derappropriatemetrics)tendto zeroexponentiallyfastastimegoesto infinity. With rapidly
oscillatingwind forcing, we obtainanaveragingprinciple for the thermohalinecirculation
model. This averagingprinciple providesconvergenceresultsand comparisonestimates
betweenthe original thermohalinecirculationand the averagedthermohalinecirculation,
wherethe wind forcing is replacedby its time average. This establishesthe validity for
usingthe averagedthermohalinecirculationmodelfor numericalsimulationsat long time
scales.

MathematicsSubjectClassifications: Primary35K35,60H15,76U05;Secondary86A05,
34D35

KeyWords: Exponentialdecay, averagingprinciple,geophysicalflows,wind forcing

1 Intr oduction

In addition to the wind-driven surfacecirculation, the oceanalso exhibits a large meridional

overturningcirculation called the thermohalinecirculation. The oceanis heated(thus made

lessdense)wherepurefreshwater is evaporated(waterthusmadesaltieranddenser),andvice

versa.Theglobal thermohalinecirculationinvolveswatermassessinkingat high latitudesand
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upwellingat lower latitudes.Theprocessis maintainedby waterdensitycontrastsin theocean,

which themselves are createdby atmosphericforcing , namely, heatand water exchangevia

evaporationandcondensation.During thethermohalinecirculation,watermassescarryheat(or

cold) aroundtheglobe.Thus,it is believedthattheglobaloceanthermohalinecirculationplays

animportantrole in theclimate[28].

A two-dimensionalthermohalinecirculationmodelinvolvestheNavier-Stokesequationsfor mo-

mentum(in themeridionalplane)togetherwith theconvection-diffusion equationsfor tempera-

tureandfor salinity. Dueto the linearequationof state(relatingfluid densitywith temperature

andsalinity), theselatter two equationsmaybereplacedby a singleconvection-diffusion equa-

tion for densityor densityfluctuation.Weconsiderthethermohalinecirculationonafluid domain

in theverticalmeridional��� -plane,asin, e.g.,[1]:���	��
���
������������ ����
���� � ��
���
 � � � �! "�#� (1.1)�$��
���
%�&������� ')( � �	�)
 �*,+ �-�.� (1.2)

where
��
 � � � �! "� is the streamfunction which definesthe velocity field


0/1��2,�3��
0�	45�6'��	�7�
;��
 � � � �! "� is the densityfluctuationfrom the meandensity;

��8:9
is the viscosity;

( � 8;9
is

the meanbuoyancy frequency and is taken asa constant;
*,+

is the Prandtlnumber. Finally,��
0<&�>=?���@<$�5="A�'B<�AC="�
is theJacobianoperatorand

�D�@E$�6�F
GE54�4
is theLaplaceoperator. Note

that HH � 
���
JIK������� HH � 
L/�E$��
L2)E$4 is thematerialderivative. Thewind forcing term
��
 � � � �! "�

is to bespecifiedbelow.

In [1], theauthormadesomenumericalsimulationfor (1.1), (1.2)with periodicboundarycon-

ditionsin both � and � for
�

and
�

and
��MN9

. Therefore,we assumethat
�

and
�

areperiodic

(with period O ) in � and � , andalsoassumethat
�

and
�

have zeromean.

In somerecentwork on the thermohalinecirculation,the wind forcing is ignored[27, 29, 20].

In thispaper, wewill considertheimpactof wind forcingon thethermohalinecirculation,while

consideringtheevolutionof thefluid densityfluctuation(ratherthanthefluid densityitself).

In thefirst partof this paper, we obtaintheexponentialdecayestimatesfor thestreamfunction�
anddensityfluctuation

�
with

�PMQ9
(no externalwind forcing). In thesecondpart,we con-

sider the effect of wind forcing on the streamfunction anddensityfluctuation. We obtainan

averagingprinciplefor rapidlyoscillatingwind forcing,which providesconvergenceresultsand

comparisonestimatesbetweenthe original thermohalinecirculationandthe averagedthermo-

halinecirculation. This establishesthevalidity for usingtheaveragedthermohalinecirculation

modelfor numericalsimulationsat long timescales.
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2 Exponential Decay:Without Wind Forcing

In this section,weconsiderthelong timebehavior of thestreamfunctionandthedensityfluctu-

ation in the thermohalinecirculation. We first briefly commenton the local existencefor (1.1)-

(1.2) with periodicboundaryconditions(with period O ) in both � and � for
�

and
�

(with zero

mean),we introducesomenotations: R � R SUT � T � �
whereV �XW$
 � � � �ZY$9�[ � � � [ O]\ is theperiodicfluid domain.^ �@_ �`badc!e �XW?/BYf/BgB_ � 
 V ����/ is perodicbothin � and � � R /h�@9 \ � with norm i I ibjk � ^ �`badc!e �XW?/BYf/Bg ^ �>l�/mg ^ \ � ^ �`?anc!e �oW?/mYo/Bg ^ �>l�/Bg ^ �"p3/mg ^ \ �rq6 Js]t
In fact,by a resultin [4], weknow i pU/ i is equivalentto i / i �uwv>x%y�z .
Definethe vorticity { �|p3�

. It is well known that
p~} �

exists for
p

with periodicboundary

andzeromean,then(1.1)canbewrittenas

{ ��
���
 { �"p } � { �	������
��&p { 
���
 � � � �! >��t (2.1)

SincethenonlinearJacobiantermis continuousfrom
k���k���^��~^

, by thetheoryof [11],

wehave thefollowing localexistenceresultfor (2.1)and(1.2):

Lemma 2.1 (Local Existence) Let

 { e �!� e ��g k|�Pk

(initial values,that is
� e g ^~�`badcJe ) and��g�_r�U
09��J� j ^ � , then(2.1)and(1.2)with periodicboundaryconditionsin both � and � for

�
and

�
with zero meanhasa uniquelocal solutionsatisfying{ gB_ � 
09��J� j k ���h_ � 
09��J� j ^ �`badc!e �B�.gB_ � 
09��J� j k ���U_ � 
09��J� j ^ �`badcJe ���

that is, (1.1)and(1.2)hasa uniquelocal solutionsatisfying��g~_ � 
09��J� j ^ �`?anc!e ���U_ � 
09��J� j ^B�`badcJe �B��gB_ � 
09��J� j k �w�U_ � 
09��J� j ^ �`?anc!e ���
where

�
dependson


 { e �!� e � .
Weneedthefollowing propertiesandestimates(see[2]) of theJacobianoperator

��Y ^ �e ��^ �e �_ �
in thesequel:R

S ��
��w�d�&�d� T � T$� �N'
R
S ��
��w�"�w�%� T � T$� �

R
S �F
��w�d���%� T � T$� ��9��� R S ��
��w�d�&� T � T�� � [ i l�� i�i l�� i �
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for all
�w�d�w�"�3g ^ �e .

Now, we derive somea priori estimatesfor thesolutionof (1.1)and(1.2)with
�GMN9

to ensure

theglobalexistence.For
�����9

, theestimatesarealmostthesame.

Multiplying (1.1) by
�

, performingan integration by partsand using the periodic boundary

conditions,weconclude O� TT  i l�� i � 

R E$�]�7��
L� i pU� i � �@9�t (2.2)

Similarly, weget O� TT  i � i � 'P( �
R E$������
 �*,+#i l-� i � �@9�t (2.3)

Multiplying (2.2)by
( �

andaddingto (2.3),wehaveO� TT  
0( � i l�� i � 
 i � i � ��
��1
0( � i pU� i � 
 O*,+ i l-� i � �	��9�t (2.4)

By thePoincaŕe inequalityandtaking � � ����¡ �¢¤£ W O � �¥ c \ ( ¦ � is thesmallesteigenvalueof
'§p

with periodicboundaryandzeromean),weobtain( � i l�� i � 
 i � i � 
 R �e�¨ �©
0( � i pU� i � 
 O*,+ i l-� i � �0ª T  
[�q }�« � 
0( � i l�� e i � 
 i � e i � ��t (2.5)

If weonly wantto know whetherthesolutiontendsto zeroas
 ��¬

, wecouldusethefollowing

specialGronwall Lemma.Weomit thedetailsfor thisasymptoticshere,andwewill concentrate

on theexponentialdecayof thesolutionin thesequel.

Lemma 2.2 If a non-negativedifferential function
�

satisfies�w­%
% >��
 � � ��
% "��[L�w
% "���
where � � 8®9 and ¯ ¢¤ �±° � �w
% "����9 , then ¯ ¢± �±° � ��
% "�	��9 .
PROOF. Wefirst have ��
% >��[�q }�« � � ��
097�w
�q }�« � � R �e q « ��² �w
0³w� T ³�t (2.6)

Since ¯ ¢¤ �±° � �w
% "����9 , for any given ´ 8®9 , thereexistsa
�

suchthat��
% >�Z[ ´ � for
 rµ��)t
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So,(2.6)canbewrittenas��
% "��[�q }�« � � ��
097�w
 ´� � 
 O '�q }�« � � ��
�q }�« � �
R3¶
e q « � ² �w
0³w� T ³�t (2.7)

Let
 �·¬

andnotethat ´ is arbitrary, theresultis thusobtained.

Now, weturn to theexponentialdecayestimatesfor thesolutions.

Multiplying (1.1)and(1.2)by
'§ph�

and
p3�

respectively, integratingby parts,usingtheperiodic

boundaryconditions,wehaveO� TT  i pU� i � �
R E$����pU��'�� i l�pU� i � � (2.8)

O� TT  i l-� i � '
R �F
%�����¸�dph�.�X')( � R E5�5�¹ph�º' �*º+ i ph� i � t (2.9)

Notethat O� TT  i pU� i � � ' R ��p3�»�¼'�� i l.pU� i �[ O½5¾ � i � i � '®
 O ' ¾ �n� i l.pU� i � 
w¿h9-À ¾ À O �[ O½5¾ � i � i � ' 
 O ' ¾ �n�¦ � i pU� i �[ O½5¾ � q }�« � 
0( � i l�� e i � 
 i � e i � �¡' 
 O ' ¾ �n�¦ � i pU� i � t
wherethePoincaŕe inequalityis used.By theGronwall inequalityand(2.5),we thusobtain

i pU� i � [�q }¸Á �0Â�ÃÅÄÇÆÈ � � i pU� e i � 

q }¸Á �0Â�ÃÅÄÇÆÈ � � ¦ �½5¾ 
 O ' ¾ �n� �

R �e q }�« ² 
0( � i l�� e i � 
 i � e i � �nq Á �0Â]ÃÅÄÇÆÈ � ² T ³�t (2.10)

Noticing that � � ����  �¢¤£ W O � �¥ c \ , we know for every given
*,+

, thereexistsa
9UÀ ¾ À O , such

that ¾ � � � ' 
 O ' ¾ �n�¦ � 8®9�t
Hence(2.10)canbereducedto

i pU� i � [�q } Á �0Â�ÃÅÄÇÆÈ � � 
 i p3� e i � 
 ¦ �½5¾ 
 O ' ¾ � ¾ � � � 
0( � i l�� e i � 
 i � e i � �!��t (2.11)

Multiplying (2.8)by
( �

, addingto (2.9),usingintegratingbypartsandthefactthat É ¨ É E5�5l-��l��Z
É E � l��rl-�$ª���9 , weconcludethat
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O� TT  
0( � i pU� i � 
 i l�� i � �¡'
R ��
%�&�����dph�.�X'�( � � i l.pU� i � ' �*,+ i ph� i � t (2.12)

Now weonly needto estimate
' É ��
%�&�����dph�.� É 
%�$4b�	�¼'G�$���	4��>
%�$�6�)
���4�4�� . NotethatR � 4 � � � �6� � O� R � �� � �64 ' R � � � 4 � �6� �R �$4b�	���$4�4 � ' O� R � �4 �	�64]�' R �$���	46�$�6� � O� R � �� �	�64��' R �$���	46�$4�4 � ' O� R � �4 �	�64�
 R ���C��4b�	4�4�t

Now we needthe following lemmaaboutthe equivalencebetweeni / i u¹Ê and i p3/ i for
/Ëg^ �`badc!e .

Lemma 2.3 For every
/Bg ^ �`badc!e , wehavei / i uZÊ [®< � i pU/ i �

where
< � �NÌ O 
 ¦ � 
 ¦ � � .

PROOF. Since

i p3/ i � � R 
!
 E � /E � � � � 
�
 E � /E � � � � 
�
 E � /E � E � � � ��t (2.13)

Adding i / i �u � to bothsideof (2.13),andusingPoincaŕe inequality, theproof of this lemmais

complete.

Usingthis lemma,we imply that� R ��
%�����¸�dph� � � � R 
%� �� '�� �4 �Å�	�64�' R �$�]�$45
0�	�6�Í'P�	4�4]� �[ R 
 � � � � � 
 � � 4 � � � � � �64 � 
 R � � � �K� � 4 � 
 � � �6� � 
 � � 4�4 � �[ < � 
 � 
�Î � � i p3� i ¨ 

R � ��� � � � �Ê 
 R � ��4 � � � �Ê ��t

By thefollowing inequalityfrom [5]

i / i>Ï7Ð [®< � i / i �Ê i l�/ i �Ê ��/Bg ^ �`banc!e 
 V ����< � �N
 O½5Ñ � 
 Î �Ñ 
 � � �Ð t
Therefore, � R ��
%�&�����dph� � [®< �� < �� 
 � 
 Î � � i p3� i�i l-� i�i ph� i
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[ ¾ � �*,+Íi ph� i � 
 < � � < � � 
�Ò�
 ��Î � � *,+¾ � � i pU� i � i l-� i � � (2.14)

Combining(2.12)with (2.14)andusingthePoincaŕe inequality, weobtainO� TT  
0( � i pU� i � 
 i l�� i � �[f'�( � � i l�pU� i � 
�
 < � � < � � 
�Ò�
 ��Î � � *,+½5¾ � � i pU� i � '®
 O ' ¾ � � �¦ � *,+ � i l-� i � t (2.15)

By (2.11),thereexistsa
 � suchthat< � � < � � 
�Ò�
 ��Î � � *,+½5¾ � � i pU� i � '�
 O ' ¾ � � �¦ � *,+ �X' ¾ � À®9��#9�À ¾ � À O t

Let Ó e � i pU� e i � 
 � ��!Ô"Õ � } Ô!ÖKÔ � � Ê 
0( � i l�� e i � 
 i � e i � � . It follows thatq }¸Á �0Â�ÃÅÄÇÆÈ � � Ó e À ½5¾ � 
 O ' ¾ � �n� �< � � < � � 
�Ò�
 ��Î � � ¦ � *,+ � t
Since

½5¾ � 
 O ' ¾ � �#[ O , so
 � canbechosenas � 8 ¦ �
 O ' ¾ �n� ¯ £ ¨ <�< � � < � � 
�Ò)
 ��Î � � ¦ � *,+ � Ó e� � ª�t

By (2.15),weknow

i l-� i � [®× e ��9-[� r[® � (2.16)

and

i l-� i � [�q }�« Ê � 
0( � i pU� e i � 
 i l-� e i � ���# Z8� � t (2.17)

Here � � �  �¢¤£ W ¾ � �5Ø Ê ���� \ and
× e is constantdependingon

 � , i pU� e i � � i l-� i � �>��� *,+ and ¦ � .
The estimates(2.16)and(2.17) tell us that the mean-squarenorm of the density(fluctuation)

gradient,i l�� i , is uniformly boundedupto sometimeinstantandthendecayexponentiallyfast.

Remark 2.4 If
�

is large enoughor
*,+

is smallenough,wealsocanhave< � � < � � 
�Ò�
 ��Î � � *,+½5¾ � � i pU� i � '®
 O ' ¾ � � �¦ � *,+ À®9��
that is
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*,+ À �< � � < �� 
 � 
 Î � �fÙÚÚÛ O
 ¦ � q }¸Á �0Â�ÃÅÄÝÜÈ � � 
 i pU� e i � 
 ����!Ô"Õ � } Ô!ÖKÔ � � Ê 
0( � i l�� e i � 
 i � e i � �!�!�
or
�

satisfyingq }¸Á �0Â�ÃÅÄÞÆÈ � � 
 i pU� e i � 
 ¦ �½5¾ 
 O ' ¾ � ¾ � � � 
0( � i l�� e i � 
 i � e i � �!�!�r[ O
i.e.,

�Uµfß < � � < � � 
�Ò�
 ��Î � � *,+ � ¦ �½5¾ � 
 O ' ¾ � � t
Now, we derive the estimatesfor i l�pU� i when the initial value

� e g ^ �`banc!e . By a similar

processasabove,wehaveO� TT  i l.pU� i � '
R ��
ÅpU�����¸�dp � �L�X' R E � ��p � ��'�� i p � � i � t (2.18)

By thesamediscussionasin deriving (2.14),wehave� R ��
0à&��/©�dpUà � [®< �� < �� 
 � 
 Î � � i pU/ i�i l�à i�i pUà i � for
/1��à�g ^ �`badc!e t (2.19)

Weuseinequality(2.19)for
/h���

and
à��ËpU�

, wehave� R ��
ÅpU�������dp � � � [®< �� < �� 
 � 
 Î � � i p3� i�i l.pU� i�i p � � i
[ � ½)i p � � i � 
 < � � < � � 
�Ò)
 ��Î � �� i pU� i � i l.pU� i � (2.20)

and R � E5����p � � � [ � ½�i p � � i � 
 O� i l�� i � t (2.21)

By (2.18),(2.20)and(2.21),weget

O� TT  i l�pU� i � [ O� i l-� i � 
 < � � < � � 
�Ò)
 ��Î � �� i pU� i � i l.pU� i � ' � � i p � � i � t
Thusweconcludeby usingthePoincaŕe inequality,

TT  i l.p3� i � [ �� i l-� i � 
�
 < � � < � � 
 O � 
 ½ Î � �� i pU� i � ' ¦ � �� � i l.pU� i � t (2.22)

Using(2.11)andfor ¦ � largeenough,thereexists � � 8®9 suchthat
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< � � < � � 
 O � 
 ½ Î � �� i pU� i � ' ¦ � �.�N' � � À®9��)
 � � 8 � � ��t
Hence TT  i l.pU� i � 
 � � i l�pU� i � [ �� i l-� i � �
by theGronwall’s inequality, wehave

i l.p3� i � [�q }�«5á � i l.pU� e i � 
 �� R �e q }�«5á Õ � } ² Ö i l-� i � T ³�t
For

 Z[� � , using(2.16),wehave

i l.p3� i � [�q }�« á � i l.pU� e i � 
 �� � � × e t��× � t (2.23)

For
 Z8� � , using(2.17)and � � 8 � � , weget

i l.pU� i � [ q }�« á � i l�pU� e i � 
 �� 
0( � i p3� e i � 
 i l-� e i � � R �e q }�« á Õ � } ² Ö }�« Ê ² T ³� q }�« á � 
 i l�pU� e i � 
 �� 
0( � i pU� e i � 
 i l-� e i � �!� R �e q } Õ « Ê }�« á Ö ² T ³�t[ q }�« á � 
 i l�pU� e i � 
 �� 
0( � i pU� e i � 
 i l-� e i � �!��t (2.24)

If ¦ � is notsolarge,by (2.11),thereexist � � 8®9 and
 � 8®9 largeenoughsuchthat< � � < � � 
 O � 
 ½ Î � �� i pU� i � ' ¦ � �.�X' � � À®9�� for

 Zµ� � 
 � � 8 � � ��t
Thus(2.22)canbewrittenas

TT  i l.pU� i � 
 � � i l�pU� i � [ �� i l-� i � t
By thethesameargumentaswe obtaintheestimatesof (2.23)and(2.24),we couldgetsimilar

estimates.

Theestimates(2.23)and(2.24)tell usthatthemean-squarenormof thevorticity gradient,i l {Íi ,
is uniformly boundedup to sometime instantandthendecayexponentiallyfast.

Thus,by the above estimates(2.5), (2.11),(2.16), (2.17), (2.23)and(2.24),which hold in the

caseof nowind forcing (
�3��9

), weobtainthemaintheoremin thissection:

Theorem2.5 (Exponential Decayin the Caseof No Wind Forcing) Let theinitial conditions

for thevorticity anddensityfluctuation

 { e �!� e � bein

k®�ºk
(i.e.,

� e g ^ �`badcJe ). Then,whenthere

is no externalwind forcing, i � i u áv�x%y�z and i � i u �v�x%y�z tendto zero exponentiallyfast as
 � ¬

.
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Thatis, underappropriatenormsor metrics,thestreamfunctionanddensityfluctuationtendto

zero exponentiallyfastastimegoesto infinity.

Moreover, thereexistssometimeinstant
�f8®9

such that, themean-square normsfor thedensity

(fluctuation)gradient, i l-� i , andfor thevorticity gradient, i l {Íi , areuniformlyboundedwhen .[:�
and exponentiallydecaywhen

 �8â�
. Thetime instant

�ã�  �ä]å Wb � �! � \ dependson*,+ �#( � �Z�
, ¦ � andinitial values.

3 AveragingPrinciple: Rapidly Oscillating Forcing

In this section,we considerthe averagingprinciple for the systemof (2.1) and(1.2) underthe

rapidlyoscillatingforcing
��
 � � � �! "� . Werewrite (2.1)and(1.2)as{ ��
çæ � { � ',�F
 { �"p } � { �w
ç�$��
���
 � � � �! >��� (3.1)� � 
çæ � � � ',�F
%���"p } � { �¡'P( � p } � { � � (3.2)

where
æ � and

æ � denotetheoperator
')�&p

and
'è�¥ c � with theperiodicboundaryconditions

andzeromean.For therestof this section,weconcentrateon thesystem(3.1)-(3.2).

Weassumethattheforcing term
�

in (3.1) is rapidlyoscillating,i.e., it hastheform
��
 � � � �! "�����
 � � � ��é� >� t�ê��
0é� >�

, with parameter
é@ë O t We alsoassumethat

�
hasa well-definedtime

average.With sucha forcing, it is desirableto understandthefluid dynamicsin someaveraged

sense,andcomparetheaveragedflowswith theoriginal (non-averaged)flows.

Themain resultof this sectionis anaveragingprinciple for (3.1)–(3.2)with rapidly oscillating

forcing on finite but large time intervals. This includescomparisonestimateandconvergence

result(as
é �·¬

) between(3.1)–(3.2)andits averagedmotions.

Startingfrom the fundamentalwork of Bogolyubov [6] theaveragingtheoryfor ODE hasbeen

developedandgeneralizedin a large numberof works (see[7]–[9] andthereferencestherein).

Bogolyubov’s maintheoremshave beengeneralizedin [10] to thecaseof differentialequations

with boundedoperator-valuedcoefficients.Someproblemsof averagingof differentialequations

with unboundedoperator-valuedcoefficientshavebeenconsideredin [11]–[14] in theframework

of abstractparabolicequations.In [15], Ilyin consideredtheaveragingprinciplefor anequation

of theform E5��/U��(�
0/1��
���
0é� >���
(3.3)

where
�

is a given forcing functionand
éBë O is a largedimensionlessparameter, and

�
hasa

timeaveragedefinedas

¯ ¢¤ �±° � O 
R �e ��
�ì�� T ì)�@� e t (3.4)
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Notethat
æ � and

æ � aresectorialoperators.For asectorialoperator, onecandefinethefractional

powerof
æ

asfollows [11]:æ « �N
%æ }�« � } � �
where

æ }�« � Oí 
 � �
R �e  «�} � q }�î � T  ït

ThecorrespondingdomainsV 
%æ « � areBanachspaceswith normgivenbyi>��i « YÞ� i>�Fi S Õ î1ð Ö � i æ « ��i t
Werecallsomedefinitionsandresultsto beusedin therestof thissection.

Lemma 3.1 [11] Thefollowingestimatesare valid:

i q }�î � i Ï Ê ° Ï Ê [®ñ�q }�ò � �  Zµ®9��
(3.5)

i æ « q }�î � i>Ï Ê ° Ï Ê [ ñ « « q }�ò � �G Z8®9�� (3.6)

where
ñ~��ñ « arepositiveconstants.

Remark 3.2 Since
æ � and

æ � are differentoperators but bothsatisfytheconditionsof Lemma

3.1. For thesimplicity, wetake thesameconstantsfor
æ � and

æ � whenweuseLemma 3.1.

Lemma 3.3 [11] Giventwo sectorialoperators ó and ô in
_ �

, let V 
 ó ��� V 
 ô � , õ q?öF
 ó �¹89�� õ qböF
 ô �#8�9 , andfor some� g ¨ 9�� O � . Let theoperator

 ó ' ô � ó }�« beboundedin

_ �
. Then

for every ÷ g ¨ 9�� O � , V 
 ó�ø �	� V 
 ô�ø � , thetwonormsbeingequivalent.

Setting ³.��é$ ï� ´ ��é } � �
werewrite theequations(3.1)-(3.2)in theso-calledstandardform

{ ² 
 ´ æ � { 
 ´ ��
Åp } � { � { ��� ´ �$��
 ´ ��
 � � � ��³w��� (3.7)� ² 
 ´ æ � �,
 ´ ��
%���"p } � { ��� ' ´ ( � p } � { ��� (3.8)

We assumethat
�

hasa time average,
� e 
 � � � � , in V 
%æ ø � ; thevalueof ÷ will bespecifiedlater

on. Moreprecisely, let
��
0³w���>� e gBæ ø andsupposethat

i æ ø 
 O� R �±ù ¶� ��
0³w� T ³�'�� e � i [  .¢¤£ 
0× ø ��ö ø 
ú�,�!��� (3.9)

where
× ø 8�9���ö ø 
ú�,� � 9��

as
� ��¬

.
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Weconsidertheaveragedequationû{ ² 
 ´ æ � û{ 
 ´ ��
Åp } � û{ � û{ �·� ´ û�$��
 ´ � e 
 � � � ��� (3.10)û� ² 
 ´ æ � û�¼
 ´ �F
 û���"p } � û{ �·� ' ´ ( � p } � û{ �-� (3.11)

By themethodof [16]–[19], weknow thesemigroupü � correspondingto equation(3.10)–(3.11)

possessesabsorbingsetsin thespaceý �Q_ �`badcJe � _ �`badcJe �!þÿ� V 
%æ �Ê� � � V 
%æ �Ê� ��� ^ �`badc!e �^ �`badc!e and V 
%æ.�¼� V 
%æ � � � V 
%æ � � (in fact, V 
%æ � �Í� V 
%æ � � ).UsingLemma3.3, we knowV 
%æ ø � �)� V 
%æ ø � � , for ÷ g ¨ 9�� O ª . i I i and i I i �Ê denotethenorm in
_ �`banc!e and

^ �`?anc!e . These

setsarecertainballs ô 
 õ e � in thesespaces,whereõ e is largeenough.Thismeansthatfor every

boundedset ô ü � ô���ô 
 õ e ��� for
 Z8� e 
 ô � õ e ��t

In addition,thesemigroupis uniformly boundedin thesespaces,that is, givenany ball, in par-

ticular, theball ô 
 õ e � , thereexistsaball ô 
 õ � suchthatü � ô 
 õ e � �®ô 
 õ ��� for
 Z8®9�t

By increasingõ wemayassumethat

ü � ô 
 õ e � �®ô 
 õ ' + ��� for
 Z8®9�� + 8®9��

where
+

is a positive constant.We considerthe averagingprinciple in the space
þ

. Given a

point { e in ô�� 
 õ e � , we comparethe trajectories(solutions)

 { 
0³w���!�w
0³w�!� and


 û{ 
0³w��� û��
0³w�!� of

system(3.1–(3.2)and(3.7)–(3.8)startingfromsameinitial point. Considertheirdifferenceonthe

interval
³mg ¨ 9�� ¶ � ª , � beingarbitrarybut fixed.We supposefor themomentthat


 { 
0³w���!��
0³w�!��gô�� 
 õ � . Thenthedifference� 
0³w��� { 
0³w�»' û{ 
0³w�����o��� ' û� satisfiestheequationsE ² � 
 ´ æ � � 
0³w��
 ´ ¨ �F
Åp } � { � { �1'���
Åp } � û{ � û{ �0ª � ´ 
!
%�$�Í' û�����w
@
���
0³w�¡'�� e �!��� (3.12)E ² ��
 ´ æ � 
0³w��
 ´ ¨ ��
Åp } � { �!���¡'���
Åp } � û{ � û�&�0ª � ' ´ ( � 
Åp } � { �¼'çp } � û{ ����t (3.13)

Wefirst give thefollowing lemma,theproofcanbeobtainedby directestimate.

Lemma 3.4 Thenonlinearoperator
��
0/1��à �

is a boundedLipschitz mapin thefollowingsense:

i �F
0/ � ��à � �1'���
0/ � ��à � � i [
� �Ê 
 i / � i �Ê 
 i / � i �Ê 
 i à � i �Ê 
 i à � i �Ê �>
 i / � 'Pà � i �Ê 
 i / � 'Pà � i �Ê ��� (3.14)

where
� �Ê is somepositiveconstants.
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Invertingthelinearoperators
æ � and

æ � we cometo theequivalentintegral equationsof (3.12)

and(3.13) � 
0³w��� ' ´ R ²e q } � î � Õ ² }	� Ö ¨ �F
Åp } � { � { �¡'���
Åp } � û{ � û{ �0ª T ì
 ´ R ²e q } � î � Õ ² }	� Ö 
%���Í' û�$�7� T ìZ
 ´
R ²e q } � î � Õ ² }	� Ö 
���
�ì��1'�� e � T ì5� (3.15)

�-
0³w�·� ' ´ R ²e q } � î Ê Õ ² }	� Ö ¨ �F
Åp } � { �!���¡'���
Åp } � û{ � û���0ª T ì' ´ ( � R ²e q } � î Ê Õ ² }	� Ö 
Åp } � { �¼'çp } � û{ �7��t (3.16)

Using(3.6)and(3.14),weseethatthe i I i �Ê -normof thefirst termin theright handsideof (3.15)

satisfiestheinequality

i"´ R ²e æ �Ê� q } � î � Õ ² }	� Ö ¨ �F
Åp } � { � { �¡'���
Åp } � û{ � û{ �0ª T ì i[ ´ R ²e ñ �Ê � �Ê ´ } �Ê 
0³-'�ì5� } �Ê q } � ò Õ ² }	� ÖÅ� õhi>� 
�ì�� i �Ê T ì
� � õ ñ �Ê � �Ê ´ �Ê R ²e 
0³-'�ì5� } �Ê q } � ò Õ ² }	� Ö i>� 
�ì5� i �Ê T ì5t (3.17)

Let usestimatethesecondtermin theright handsideof (3.15).

i"´ R ²e æ � q } � î � Õ ² }	� Ö 
%�$�Í' û����� T ì i [®ñ �Ê ´ �Ê
R ²e 
0³�'Pì�� } �Ê q } � ò Õ ² }	� Ö i �-
�ì5� i �Ê T ì$t (3.18)

Now let usestimatethethird termin theright handsideof (3.15).Integratingby partswehave

i"´ R ²e q } � î � Õ ² }	� Ö 
���
�ì5�¡'�� e � T ì i �Ê� i ' ´ q } � î � Õ ² }	� Ö R ²� 
���
% "�1'�� e � T  � ² e 
 ´ �
R ²e æ � q } � î � Õ ² }	� Ö R ²� 
���
�ì��1'�� e � T ì i �Ê[ i"´ æ �Ê } ø� q } � î � ² æ ø � R ²e 
���
% "�¡'�� e � T  i
 i"´ � R ²e æ áÊ } ø� q } � î � Õ ² }	� Ö æ ø � R ²� 
���
�ì5�¡'�� e � T ì i t (3.19)

Using(3.6)and(3.9),we furtherhave

i"´ æ �Ê } ø� q } � î ��² æ ø � R ²e 
���
% "�1'�� e � T  i [ ´ ñ �Ê } ø q } � ò ² 
 ´ ³w� ø } �Ê i O³
R ²e æ ø � 
���
% >�1'�� e � T  i�N
 ´ ³w� �Ê ù ø ñ �Ê } ø q } � ò ² i O³

R ²e æ ø � 
���
% "�1'�� e � T  i
13



[f
 ´ ³w� �Ê ù ø ñ �Ê } ø  �¢¤£ 
0× ø ��ö ø 
0³w�!�nq } � ò ² � Y5_�
0³w��t (3.20)

For any
¾ 8�9

, let
³ Ô be so large that for

³�µ�³ Ô ��2§qC��<�à7qbö ø [ ¾
. Let ´ e beso small that for´ À ´ e theinequality

¶
� 8®³ Ô is valid. Then

_�
0³w�#[�
 ø � 
ú��� ´ ���Ëq } � ò ² �
 � � �Ê ù ø ñ �Ê } ø ¾ � if
³Uµ®³ Ô �
 ´ ³w� �Ê ù ø ñ �Ê } ø × ø � if
³UÀ®³ Ô t

Let ÷ 8Ë' �� . Notethat
³ Ô doesnotdependon ´ . Taking

¾º� 9
andthen ´ � 9

, weobtain

i"´ q } � î � ² R ²e 
���
% "�¡'�� e � T  i �Ê [�
 ø � 
ú��� ´ � � 9
when ´ � 9�t

(3.21)

i"´ � R ²e æ áÊ } ø� q } � î � Õ ² }	� Ö æ ø � R ²� 
���
�ì5�¡'�� e � T ì i [®ñ á Ê } ø ´ �Ê ù ø
R ²e  �¢¤£ 
0× ø ��ö ø 
0/1�!�Å/ ø } �Ê T /[®ñ áÊ } ø × ø ´ �Ê ù ø

R ²��e / ø } �Ê T /-
Lñ áÊ } ø ´ �Ê ù ø��
R�� �
e / ø } �Ê T /

��ñ á Ê } ø 
 ÷ 
 O� � } � 
0× ø 
 ´ ³�� � �Ê ù ø 
 � � �Ê ù ø �	� Y�
 ø � 
ú�)� ´ ��� (3.22)

wherefor any � 8f9 we have chosen
³��

so largethat
ö ø 
0³w��À � when

³�8f³��
. Letting � � 9

andthen ´ � 9
weobtain 
 ø � 
ú��� ´ � � 9�� ´ � 9�t

Thus,by (3.17)–(3.22)weobtainthefollowing inequality:

i>� 
0³w� i �Ê [®ñ ´ �Ê R ²e 
0³�'�ì�� } �Ê 
 i>� 
�ì5� i �Ê 
 i ��
�ì�� i �Ê � T ìZ
�
 ø 
ú��� ´ ��� (3.23)

where
ñ �  �ä]å W � õ ñ �Ê � �Ê ��ñ �Ê \ and


 ø ��
 ø � 
�
 ø � � 9�� ´ � 9
.

Similar to theargumentabove for � 
0³w� , andusing(3.6)and(3.14),weget

i � i �Ê [®ñ � ´ �Ê R ²e 
0³�'�ì5� } �Ê 
 i>� 
�ì�� i �Ê 
 i �-
�ì5� i �Ê � T ì$� (3.24)

where
ñ � dependson õ ��ñ �Ê � � �Ê and ¦ � .

Adding(3.23)and(3.24),wefinally obtain

i>� 
0³w� i �Ê 
 i �-
0³w� i �Ê [f
0ñN
�ñ � � ´ �Ê R ²e 
0³§'Bì5� } �Ê 
 i>� 
�ì�� i �Ê 
 i �-
�ì�� i �Ê � T ì»
�
 ø 
ú�)� ´ ��t (3.25)

Hereweneedthefollowing fact.
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Lemma 3.5 [11] Let ÷ gP
09�� O ª andfor
 rg ¨ 9��J��ª/¡
% "�#[®<Í
�= R �e 
% »'�ì5� ø } � /¡
�ì5� T ì$t

Then /¡
% "�#[®<�� ø 
!
�= í 
 ÷ �!� �Ü  "���
where thefunction

� ø 
 � � is monotoneincreasingand
� ø 
 � ��� ÷ } � q 4 as � �ÿ¬

.

Applying this lemmato theinequality(3.25)on
³Ug ¨ 9�� ¶ � ª , weobtaini>� 
% >� i �Ê 
 i �-
0³w� i �Ê [


 ø 
ú��� ´ � � �Ê 
 ´ ³ Ñ 
0ñ;
�ñ � � � � [ 
 ø 
ú��� ´ � � �Ê 
ú� Ñ 
0ñ:
Lñ � � � ��YÞ�Ëé �¶ 
 ´ ��t (3.26)

We thus have proved the proximity of solutionsof (3.1) and (3.2) in
þ

, for the trajectory
 { 
% "���!��
% "�!� with initial condition

 { 
097���!��
097�!�3g ô�� 
 õ e � staysin the ball ô 
 õ � on the time

interval ¨ 9�� ¶ � ª .
Let ´ besosmallthattheright-handsideof (3.26)arelessthan

c� , where
+

is definedearlierin this

sectionwhenwe discussabsorbingsets.Supposethat thetrajectory

 { 
% "���!��
% "�!� leavestheballô 
 õ � duringtheinterval ¨ 9�� ¶ � ª andlet

³"!
bethefirst momentwhere i!{ 
0³"!C� i �Ê 
 i ��
0³"!C� i �Ê � õ .

However, on the interval
³�g ¨ 9���³"!"ª

both trajectoriesstayin the ball ô 
 õ � andwhatwe have

provedsofarshows thattheinequalityi!{ 
0³w�¡' û{ 
0³w� i �Ê 
 i ��
0³w�¡' û�w
0³w� i �Ê [ +�
is valid. In particular, it is valid for

³@� ³"!
. This togetherwith the inequality i û{ 
0³"!C� i �Ê 
i ��
0³"!C� i �Ê [ õ ' + , whichholdsby thehypothesisof thefollowing theoremandthepropertyof

thesemigroupü 
% "� , givesthecontradictioni!{ 
0³ ! � i �Ê 
 i ��
0³ ! � i �Ê [ i!{ 
0³ ! �"' û{ 
0³ ! � i �Ê 
 i ��
0³ ! �>' û��
0³ ! � i �Ê 
 i û{ 
0³ ! � i �Ê 
 i û�w
0³ ! � i �Ê [ õ ' +� �
since i!{ 
0³"!C� i �Ê 
 i �w
0³"!C� i �Ê � õ .

Thuswehave themaintheoremin this section:

Theorem3.6 (AveragingPrinciple in theCaseof Rapidly Oscillating Wind Forcing) Assume

that thewind forcing hasa timeaverage. Let
�D8o9

bearbitrary andfixed. If ÷ 8è' �� andthe

initial conditionsfor thevorticity anddensityfluctuation

 { 
097���!��
097�!���D
 û{ 
097��� û�©
097�!� are in the

absorbingball ô � 
 õ e � (dependingon ÷ ), thenfor
³3g ¨ 9�� ¶ � ª , wehavethefollowingcomparison

andconvergenceestimatebetweenthethermohalinecirculationandtheaveraged thermohaline

circulation i!{ 
0³w�	' û{ 
0³w� i �Ê 
 i ��
0³w�	' û��
0³w� i �Ê [®é �¶ 
 ´ � � 9��
as ´ � 9��

where
é �¶ 
 ´ � is a decayingfunctiondefinedin (3.26).
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4 Summary

Theoceanthermohalinecirculationhasimportantimpactson theclimate. We have considered

a thermohalinecirculationmodelin themeridionalplaneunderexternalwind forcing. We have

shown that,whenthereis no wind forcing, thestreamfunctionandthedensityfluctuation(un-

derappropriatemetrics)tendto zeroexponentiallyfastastime goesto infinity (Theorem2.5).

With rapidlyoscillatingwind forcing,wehaveobtainedanaveragingprinciplefor thethermoha-

line circulationmodel(Theorem3.6).Thisaveragingprincipleprovidesconvergenceresultsand

comparisonestimatesbetweentheoriginal thermohalinecirculationandtheaveragedthermoha-

line circulation,wherethewind forcing is replacedby its timeaverage.
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