SMOOTH DEPENDENCE OF THERMODYNAMIC
LIMITS OF SRB-MEASURES

MIAOHUA JIANG AND RAFAEL DE LA LLAVE

ABSTRACT. The thermodynamic limits of SRB-measures for uniformly hyper-
bolic sets are smoothly dependent on the map in an appropriate functional
space.

1. INTRODUCTION

In a recent paper [Rue97], Ruelle showed that, in an appropriate sense, the SRB
measure gy of an Axiom A map f depends differentiably on the map f and computed
explicit formulas for the derivative.

Since the motivation of that paper was to serve eventually as a justification of
statistical mechanics out of equilibrium, it seems natural to extend these results
to systems of many particles and study the dependence of the derivatives of the
measures (out of which one can compute response functions, entropy production,
etc.) as the number of particles, increases and specially, to study whether there is a
thermodynamic limit as the number of particles tend to infinity. The existence of this
thermodynamic limit of the derivatives of the measures implies that one can define
the thermodynamic response functions.

In this paper we establish differentiability of thermodynamic limits of SR B-measures
for lattice systems that have been often used as models in statistical mechanics
([Sim93]). We call attention to the fact that for these systems not only it makes
sense to consider the limit of physical quantities as the number of particles tends to
infinity, but also one can make sense of the system with an infinite number of particles
as a dynamical system on a Banach manifold. Hence, we will show that the systems
we consider (uniformly hyperbolic systems) have thermodynamic properties slightly
away from equilibrium. Besides the uncontroversial fact that hyperbolic systems are
a very natural first step to study thermodynamic behavior of deterministic systems
[Kry79], we note that it has been argued by Ruelle and Gallavotti-Cohen that the
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thermodynamic properties developed under the mathematical hypothesis of hyper-
bolicity should hold for all the physically relevant systems. This hypothesis is called
the “chaotic hypothesis” [Gal98].

We assume that to each point of Z¢ we associate a dynamical system given by a
phase space manifold M and a map f acting on M. So, the phase space of the whole
system is M = ®z«M and we can define a map on M by F' = ®yaf. These I are
referred to as the uncoupled systems. We will be concerned with modifications of
these uncoupled systems, which are obtained by small local couplings and that are
also translation invariant (see later precise definitions).

Recently, it has been shown [JP98] that when f is Axiom A, one can define the SRB
measures for such systems. The measure of the infinite system can be obtained by
taking the limit (in an appropriate sense) of the SRB measures of finite dimensional
systems. Moreover, the SRB measures of the infinite system also satisfy a variational
principle that behaves naturally with respect to finite dimensional approximations.
Even though some of the characteristics of SRB measures in finite dimensions, such
as the approximation by periodic orbits [Bow75], do not even make sense, a certain
number of them are still true. Notably, in [JP98] it was established that one can
have a variational principle for the thermodynamic limit of SRB measures of finite
subystems (hence, we will refer to these limits as the SRB measures of the infinite
system) and, indeed, a significant part of thermodynamic formalism still holds. This
characterization of SRB measures as equilibrium measures of a potential will play a
very important role in our study. One question that, to the best of our knowledge
remains open is whether the characterization of SRB measures of attractors as the
weak limit of iterated Lebesgue measures carries through for the infinite dimensional
system.

In this paper, we will show that indeed, the SRB measures of the infinite system
depend smoothly on the map when the space of maps is given an appropriate topol-
ogy that incorporates smoothness, locality of couplings, and translation invariance.
Hence, the derivatives will also enjoy these physically natural properties. We will
also show in a subsequent paper that the formulas for derivatives in [Rue97] can be
adapted to the infinite dimensional system. Moreover, these derivatives are the limit
of the derivative operators on finite number of sites as we take the number of sites
considered to infinity.

The availability of thermodynamic formalism allows us to show that there are
thermodynamic limits of many dynamical quantities such as the metric entropy or
the dimension of basic sets. We will also show in this paper that these thermodynamic
limits depend smoothly on the map.



SMOOTH DEPENDENCE OF SRB 3

We note that the smooth dependence of these dynamical quantities for finite di-
mensional systems have been considered in several places ([Mn90, KKPW90, Wei92]).

The proof of our results will be as follows: It turns out that much of the geometric
theory of hyperbolic systems (structural stability, persistence of hyperbolicity and the
parametric versions of them) goes through for diffeomorphisms of Banach manifolds.

Given a map ® in a C* neighborhood of F', we can find a unique homeomorphism h
close to the identity that satisfies ®oh = hoF'. This h will depend smoothly on ® (The
proof of this result in finite dimensional case was done in [dILMMS86]). Moreover, the
invariant exponential splitting of the tangent bundle, T, M = £&(Z) & £5(Z) satisfies
that £%(h(Z)) and £5(h(Z)) depend smoothly on & (This was proved in [Mn90] for
finite dimensional systems). Modifying the proofs indicated above, we will show
that, if ® has the structure of local couplings, then h, E%(h(z)), £5(h(Z)) and their
derivatives with respect to ® also have similar properties and they depend smoothly
on the map when we give them a topology based on a norm that incorporates locality,
etc.

By using the result above systematically, we can reduce the study of the SRB
measure for ® to the study of an equilibrium measure for F' with a potential function
that depends on ®. As it is well-known, in finite dimensions, an appropriate potential
is just the logarithm of the Jacobian of ® restricted along the unstable manifold. This
potential has the advantage that, besides having an SRB measure as its equilibrium,
it admits a clear geometric interpretation. Nevertheless, it is not suitable for the
considerations of the limits as the number of sites goes to infinity since it does not
have a limit. In order to be able to take limits as the size of the system grows,
one has to take advantage of the group structure of the underlying lattice Z¢. The
thermodynamic limit of SRB measures on finite dimensional spaces with respect to
Z-actions becomes an equilibrium measure for a meaningful potential with respect
to a Z%'-action induced by the dynamics on the infinite dimensional space and
the translation maps of the lattice Z¢. An appropriate potential ¢ suitable for
considerations in infinite dimensions is constructed in [JP98]. We will show that,
under the conditions of our theorem, the potential function ¢¢ depends smoothly on
.

The rest of the argument is a thermodynamic argument showing that the pressure
depends smoothly on the potential. This result is well-known in finite dimensions
since the underlying lattice gas model is one dimensional and thus, the pressure is
analytic. In the infinite dimensional system case, the underlying lattice gas model is
higher dimensional. The C'*°-smoothness of the pressure for the potential functions
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was proved in [BK97]. Hence, in our situation, P(pg) the pressure of pg depends
smoothly on ®.

The main result follows since the SRB measure is the derivative functional of the
pressure and the metric entropy can be expressed in terms of the pressure and the
SRB measure.

Since the precise definition of differentiability requires definitions of spaces of
smooth diffeomorphisms with local coupling structures, translation invariance, we
postpone the precise formulation of our results till these technical definitions are
introduced.

2. PRELIMINARIES

In this section, we will collect some results from smooth ergodic theory and from
coupled map lattices. We will use them to establish the notation that we will use
through out the paper.

2.1. SRB-measures for finite dimensional maps. Let M be a smooth compact
Riemannian manifold and f be a C"-diffeomorphism of M, r > 1. We assume that
f possesses a locally maximal hyperbolic set A, i.e., f is uniformly hyperbolic on
A and there exists an open neighborhood U O A that does not contain any larger
invariant hyperbolic set. Two important particular cases of this situation are when
fU) C U A = Npenf™U), ie., A is an attractor and, when A = M, i.e., the system
is Anosov. Note that strictly speaking, an Anosov system is a particular case of an
attractor.

When A is an attractor, a Sinai-Ruelle-Bowen measure p for f can be described by
the following limit:

. 1 n—1 i B
Jggoﬁ;/g(f (z))dm = /gdu,

where dm denotes the Lebesgue measure and the equality holds for any continuous
function g on M [Bow75]. More generally, when A is a locally maximal hyperbolic set
f is topologically transitive on A, the SRB measure p is the unique invariant measure
(called equilibrium state) at which the functional (called the pressure of v)

hxﬂ+/ﬁﬂmw

attains its maximal value, which is equal to the topological pressure P(¢y):

(1) PWﬂ=%m+/w@Wu
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where h,(f) is the measure theoretical entropy, and ¢s(z) = —log J*f(x) (J*f(z) is
the Jacobian of the restriction of f along the unstable manifold at x). The fact that
 satisfies the equation (1) is called the variational principle.

To ensure uniqueness of SRB-measures for direct product spaces, we will further
assume that f is topologically mixing on A. Note that a direct product of two
topologically transitive systems is not necessarily topological transitive and a direct
product of two topologically mixing ones is still topologically mixing.

2.2. Coupled map lattices. We will consider a compact manifold M of dimension
n and we will assume that there is a C" diffeomorphism f defined on M, r € NU{oo}.

We will also assume that there is a locally maximal hyperbolic set A C M. That
is, we can find v < 1 so that for every = € A,

(2) T.M = E}(x)® E}(x)
Df(z): Ej(z) — E}(f(2)); Df(z): Ef(z) = Ef(f(z))

and that, for an appropriately chosen C'* Riemannian metric g (called adapted met-
ric), we have for all z € A

(3) IDF@) ol <7 I1DF@) Lyl < 7
We will denote by d the distance in M induced by the metric g.
The phase space of lattice maps will be M = ®,z«M endowed with some structures

that we now describe.

We define a distance in M by
(4) p(2,y) = sup d(z;, yi)

1€Z4

where Z = (x;) and § = (y;) are two points in M and d is the Riemannian distance
on M.

As it is well-known, M can be given a structure of a Banach manifold with a Finsler
metric as follows. We will consider

TaM = @icpaly, M = {(vi)iez,|vi € Ti;; M, ||0]| = sup |v;] < oo},

(that is, we model T M on ¢*°(R"™), so that, in particular, it is not a separable space).
This defines a Finsler metric on 7'M which is compatible with (4).

Note that we can still define the exponential map using the metric g on the manifold
M. Given a vector v € T3 M, in the ith copy of M, we follow the geodesic flow for the
metric g starting at x;, in the direction of v; for a unit of time. We note that using
the exponential map, we can give M the structure of a Banach manifold modeled on
£°°(R™). Since all components of the exponential map are uniformly C* differentiable
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maps, the exponential map defined above is a C'*° chart from a neighborhood of T3 M
to a neighborhood of the manifold M. (Of course, since we define the topology on
M through this charts, the fact that a neighborhood is covered is automatic. The
only thing that needs to be checked is that the transitions from charts to charts are
C* but this follows easily from the fact that the geodesic flow is uniformly C" for all
r.)

Note that since the geodesic flow on each coordinate is independent, the exponential
map maps a ball in 73 M onto a product of neighborhoods in M of each point z;.

On the Banach manifold M, we can define the direct product map or uncoupled
map by F = ®;czaf;. The map is C" on the manifold M.

Recall that, since all the component manifolds M are compact and the maps are
identical copies, we have that all the maps f; have derivatives of order up to r uni-
formly bounded and that the derivatives of order » have a modulus of continuity that
is independent of 7. The map F' not only is a C" map, but the r derivative is uniformly
continuous.

More importantly, the map F' possesses an infinite-dimensional hyperbolic set Ap =
®;ezd\;, where f; and A; are copies of f and A, respectively. It is easy to check that
setting £7(7) = @iczallf (i), Ef(T) = Bz B} (2:), then,

TzM =E(z) @ EL(T)
is a hyperbolic splitting in A and, for every 7 € Ap,
DF(z)€p(2) = Ex(F(7)); DF(z)Ex(z) = Ep(F(2))
IDF(Z)les@ll < v |[DF(Z)7 |enrayll < v

where the v is the same number as in (3).

We call attention to the fact that, even if the definition of hyperbolic systems
and splittings goes through without much problems, the definition of transitivity and
the properties of approximation by periodic orbits are not quite straightforward to
transport to the infinite dimensional context since, with the Banach manifold that
we introduced, is not separable.

We recall the definitions of some objects discussed in [JP98|.

Let S denote the spatial translations on M induced by the translations on the
integer lattice Z¢, i.e., for any k € Z% and T = (z;) € M, S*¥(Z) = (wi1x). Let the
map G be a C%-perturbation of the identity map on M. G is said to be spatially
translation invariant if Go S = S o G. It is said to have short range property if G,
written in the form G = (G;);cza, where G; : M — M;, has the following property:
there exist a decay constant 8, 0 < # < 1 and a constant C' > 0 such that for any fixed
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k € Z* and any points T = (z;),§ = (y;) € M with z; = y; for all j € Z% j # k,
d(Gi(z), Gi(9)) < COF Fd(y, y).

Define ® = GoF (or equivalently, ® = Fo@, since F is also a diffeomorphism). The
map @ is a perturbation of F'. The infinite-dimensional dynamical system (M, (®, S))
is called a coupled map lattice. If G = Id, the lattice is called uncoupled . When G
is spatially translation invariant, ® satisfies the same property and the pair (®,S)
generates a Z%*!-action on M.

Fix a point Z* € Ag, and a finite volume V C Z¢, the map ®y : z,, — Py (zy,) on
My = ®;cy M; is defined coordinatewise by

(@v(zv)); = (2@, 27lp));, 1€V
where the point (z,,z*|;;) denotes an element in M whose restrictions to V' and its
complement V' are zy, and z*|, respectively.

The map @y is a diffeomorphism of My when the perturbation G is sufficiently close
to identity and it is C*-close to the diffecomorphism Fy = ®;cy f. By the structural
stability theorem ®y possesses a hyperbolic set Ag, since Fy has a hyperbolic set
Ap, = ®ieyA. There exists a conjugating homeomorphism hy : Ap, — Ag,,
®y ohy = hy o Fy.

The maps ®y and hy provide finite-dimensional approximations for the infinite-
dimensional maps ® and h, respectively.

Let 1y be the SRB-measure on the hyperbolic set Ag,, for the map ®y. Then, it is
shown in [JP98] that the measure uy “weakly converges” to a measure pig on Ag. The
measure [ig 1s invariant and exponentially mixing under @ and spatial translations
S. Tt also satisfies the variational principle:

(5) P (pg) = huq, (1) + | vadus,

where 7 denotes the Z4! action on Ag induced by ® and S, P, () is the topological
pressure for the potential function ¢4, and h,_ (7) is the measure theoretical entropy
of pg with respect to 7. This “weak convergence” is in a rather special sense since the
measures are defined on the different spaces and we need to consider the convergence
on observables that admit natural restrictions to smaller systems. The limiting pro-
cess is similar to the one in the thermodynamic limit of Gibbs ensembles on lattices
when the underlying finite volume tends to infinity. We call y14 the SRB-measure of
the coupled map lattice (®,S). The main purpose of this paper is to show that the
relation & — pg4 is differentiable in a proper setup.
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3. STRUCTURAL STABILITY AND SMOOTH DEPENDENCE ON THE PERTURBATION

3.1. Introduction. In this section, we will study structural stability and properties
of the hyperbolic splitting for lattice systems.

As it turns out, one can generalize strategies that worked for finite dimensional
systems but we also have to pay attention to the spatial structure and prove not only
regularity properties, but also properties of decay. Part of this strategy have already
been considered in [BS88] [PS91] [Jia95).

For our purposes, it seems that the most convenient proof of structural stability
is that of [Mos69], as modified in [dILMMS86]. This proof reduces structural stability
to an application of the implicit function theorem and then, all the work goes into
establishing that the operator we consider is differentiable. In our case, we will obtain
the spatial properties by introducing spaces that incorporate these local properties.

After we study the dependence of structural stability on the perturbation, we will
study the properties of the invariant hyperbolic splitting and the dependence on the
perturbation. We will do that by formulating the invariance of the splitting as a fixed
point problem in an appropriate space of sections.

3.2. Geometry of lattice bundles and spaces of sections.

Definition 3.1. We will consider the following spaces of vector fields (i.e. sections

of the tangent bundle

(6)

C' M, TM) = {v(Z) : T— v(Z) is continuous, ||v||co = sup sup |v;(Z)| < oo}
icZdTEM

For 0 < a < 1, given a trivialization of TM by a finite number of coordinate charts,

{P,..., P} we denote

(7)
V\Z) — v (Y
C*(M, TM) ={9(Z) : ||9||ce = max(||D]|co,sup max sup —| il )_ — ()| <
iEZd k E#:UEMymuylEPk d(x’ y)a

Following the usual convention, we will also allow o = Lip in the definition above.
In that case, we set « = 1 in (7). It is convenient and standard to think of Lip as
a special symbol that Lip < 1, Lip > «a, Ya € Rt < 1 and Lip enters in arithmetic
expressions as 1. For convenience, we assume that the marimum distance on M is
1. Thus, we have ||v]|cer < ||v]|caz when 0 < aq < ay.

Remark 3.2. We note that the definition of the Holder norm depends on the choice
of the trivialization. Nevertheless, any two of these norms are equivalent. Note that
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we choose the trivialization in M, which is finite dimensional and compact, and not

in M.

Definition 3.3. We will denote by C%, C2 the subspaces of the spaces C°(M,TM),
C*(M,TM), respectively, that also satisfy

Before we describe the space of diffeomorphisms that capture the idea of localized
(or short-ranged [PS91, Jia95]) interactions, we will need to introduce a technical
proposition that will simplify some of the arguments in the definitions as well as the
proof of the structural stability.

Definition 3.4. We say that a positive valued function T' : Z% — RY is a decay
function when:

L. Y iezal'(7) < 00,
2.3 jeza D — )T — k) < T(i — k)

The importance of decay functions is that infinite matrices A = (a;;); jez¢ endowed
with the norm

|A]] = sup a; T (i — 5)
%]

form a Banach algebra. This, in turn, will make it possible to define spaces of maps
that behaves well under composition. Roughly speaking, our spaces of diffeomor-
phisms will contain maps where the influence of the i*" coordinate of the argument
on the ;'™ coordinate of the map is bounded by a decay function.

Concrete examples of decay functions are the following.

Proposition 3.5. Given o > d, 0 > 0, for some a > 0 (depending on «,0, the
function defined by

(i) = {Z\z’\—a P 1 #0,

15 a decay function.

Proof. When i = k the desired result amounts to ), I(i — j) < a. Since the left
hand side is a convergent sum multiplied by a2, this can always be achieved taking a
sufficiently small.
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When i # k
(8)
e"THY (i = )T — k)

=a? S Ji— i - kl—aeﬂ‘)(\ifj|+|jfk\f|z'fk|) + 26T (i — k)elliH
i#i
ik
It suffices to show that the right hand side of (8) is smaller than a|i — k|~*. Note that
the second term in (8) is 2a?|i — k| .
Since e~?(i=l+li=kI=li=k) < 1 we can bound the first term of (8) by:
a®y_li— =i — k™
i
gk
We consider the sets
B={jez'—{i,k}: [i—j| <|j—kl}
and
B={j€Z'~{i,k}: li—j|>1|j—k[}.
Since max(|i — j|,|j — k|) > |i — k|/2 for j € B, we have |j — k|7 < 2%|i — k|~
Hence,
i =577 — k7™ < 2% = 5|70 — k|7
Similarly, for j € B¢ we have
0= 7175 — k[ < 2%j — k[Ti — k77
Hence, we have

a2 Z |’L _ j|—a|j _ k|_a6_0[|i—j|+\j—k|—|i—k\
i#j

ik

<@y fi— gl ik Y il -k
jEB jeBe

< a2 — k[T — T+ a® Y 2 — k|75 — k[
jEB jeBe

Bounding the sums over B and B¢ by sums over Z¢ we obtain that the right hand
side of (8) can be bounded by:

(9) a’(2-2°Kgq +2)|i — k|7
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where K4, = ZjeZd—{O} |7/7®. Since the constant in (9) contains a factor a?, by
taking a sufficiently small, we can achieve that the bound has the desired form. [

Remark 3.6. Note that I'(7) = exp(—0]i|),0 < 6 < 1 is not a decay function. Never-
theless, it has been customary in many papers to use spaces in which the dependence
on distant coordinates is bounded by exponential decay functions. Of course, since

exp(—(0 + €)|i]) <[]~ exp(—0]i[) < exp(-0]i]),

the results obtained using the decay function |i|~®exp(—#0|i|) imply results for expo-
nential decay functions. In the later part of this paper, we will use exponential decay
since it is more convenient for some calculations and to be able to use theorems from
the literature as stated.

Remark 3.7. Much of the results of this paper, in particular, all the results in Sec-
tions 3, 4 can be generalized to the situation when we have a graph H in place of the
lattice Z¢. The only requirement is that we have a decay function I'(i,5) satisfying
the properties of Definition 3.4.

In some graphs e.g. the Bethe Lattice where one can define a natural distance d
satisfying the ultrametric property d(j, k) < max(d(s, j),d(i, k)), it is easy to introduce
such T'. Tt suffices to take I'(4,j) = ap(d(i, 7)) where ¢ : R — R* is a monotone
decreasing function that tends to zero sufficiently fast and a is a sufficiently small
constant.

If we define the sets B and B¢ as above we have by the ultrametric property of the
distance and the monotonicity of ¢, because all the terms are positive.

DTG ATG ) <Y TG TG k) + Y T 5T, F)

< ZF(i,j)F(i, k) + Z T(i, k)T(j, k) < (4, k)[z (i, 7) + Z T'(j, k)]

Note that if ¢ decreases fast enough, the sums in the brackets converge and, by
choosing a sufficiently small we can make sure that they are smaller than 1.

Definition 3.8. Let h : M — R" be a function. For the convenience of later use,
R™ can be considered as a finite dimensional Banach space. Define
h(y) — h(z
Vasi(h) = sup sup [Ixs) = Az)] ;a) @l
(%5)ji (2i=Y;=T;)j£i,YiF2i (yi; Zz)
Clearly, 7a,:(h) is a semi-norm. We use o = Lip to denote the case when o = 1.

Later, we will use this semi-norm to define spaces of C" diffeomorphisms of M with
local interactions. When A is a function from M to L(R™), the space of all linear
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operators on R", the norm || - || on L(R") is the one induced by the norm in R". The
definition can be adapted to the coordinate functions of sections of product bundles
by taking a finite number of coordinate charts of M. If we fix a coordinate chart in
M;,j € Z% given a section v of TM, we can identify vj, the jth variable of v = (v;),
with a function from M to R" and take the maximum of the norm of the function
corresponding to each chart as the norm of v;. From now on, we assume that a fixed
finite coordinate chart of M is chosen.

Definition 3.9. Given a decay function I', we introduce the following Banach spaces
for 0 < a < Lip,

CEM,TM)={v: M —=TM,v e C? [vlce = max{||v]|co, sup Yo j (W)T (G — 7)1}

i, jeze

Remark 3.10. Note that, even though the norm || - ||ce depends on the choice of
the finite coordinate chart of M, all such norms are equivalent and thus, define the
same Banach space. Again, we emphasize that we choose a finite chart on M and not
charts on M.

Now we define the Banach space of differentiable sections.
Definition 3.11. For each r € N, we denote
CL(M, TM) = {U €eCo: M—TM,

alc
|vllcz =max  sup supl|

0<k<r i1, iR €29 i€Zd 8331-1 e 833%

0(®)]| o max {70 — ), T~ (i — ix))
< oo}

Note that the derivative %vi(a_ﬁ) (will be denoted by 0;,v;, for short) is a linear
operator on the tangent space T'M. Its norm can be defined using the norm induced
by the Finsler metric The norm for the multilinear operator ﬁvi(@ is similarly
defined.

Using the Riemannian geometry exponential map, we can define spaces of maps
close to the identity completely analogous to those of vector fields. For every map
G : M — M close to the identity map, we identify it with the map G : M — TM,
G(z) = A;'G(Z), where A; = ®;ez4A,, denotes the exponential map from Ty M to
M induced by the Riemannian metric g. It is easy to see that the map G — G is
one-to-one and the identity map corresponds to the zero section. Under the norms
just defined, we obtain open sets in these corresponding Banach spaces that are open

neighborhoods of the identity map.
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Similar definitions of Banach spaces work for maps from M to other bundles over
M that are direct sums of bundles on M on which we have a metric. In particular,
the definition can be extended to Grassmannian of the tangent bundle, which will be
used when we prove the smooth dependence of stable and unstable subbundles.

We state several simple properties about the norm just defined. The proofs are
omitted since they are straightforward verifications.

Lemma 3.12. 1. If G is a C} map close to identity, then G is C¥
for any 0 < a < Lip.
2. Let h be a C& map on M and G is C}. Then, the composition
Gohis Of and |G o hlcg < [Gllcyllhllee.
3. G is Cr,r > 1 if and only if DG is Cr~'. When h is a C
vector field on M and G is C%, the vector field DG - h is C& and
IDG - Rllca < IDGllcz IRl cg-

Next, we start to study the regularity of the composition of maps. The following
result establishes continuity. Presumably, it is not optimal and one can use almost
one derivative less. Nevertheless, it does not seem worth the effort to investigate this
question at the present time.

Lemma 3.13. The mapping C defined by
C(G,h) =Goh
1s Lipschitz when it is considered as

(1) C:CtxC*—= Y

(2) C:CExCr—CY

Proof. Lipschitz in G is obvious since the map € is linear in GG and clearly bounded.
To establish the first conclusion, we have the following estimation.

IG o h— G o h|| = sup ||G; o h(Z) — G; o h(Z)]
<sup (Y 119;Gill) sup [|h;(z) — by (@)
,T jEZd 7,

Note that > 74 [|0;Gill <3224 T'(¢ = J)I|Gllca. Then, we have :

IGoh—Gohlleo <> T~ )Gllcallh — hllco.

jezZd
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To prove the second conclusion, we start by estimating ||0,Gi(h(Z)) — 0,;Gi(h(9))]],
where Z, 7 differ only at lattice site [ € Z<.

10;Gi(h(x)) — 0;Gi(h@))Il < Y 10k;Gillll i (Z) — ()|

kezd

< Y T(i = K G2l (k = 1) || Bl cx d* (21, 51)
keZd

< 1Gllezllhllea (e = D)d* (@0, o)
Hence, we conclude that
(0;G) o h € CF,
and
19;G) © hllog < |GllczllPllce-
Now, we use the finite increment formula to estimate ||G;(h + i) — G;(h)]].

1
|Gi(h+ k) — G;(h)| = ||/ DG; o (h+ sh)hds|a,; < sup||DG;o (h+ sh)h|
0 s

<D 0G0 (h+ sl < Y 1IGlczllhllea TG = k)l Anllag

kcz4d kezZd
<> lGle2lhllcaT G — k)T (k = 5)|| 7l ce
kezd

< |Gllezlrllcg (@ — 5)l|Bllcg-
This proves the second conclusion. O

Once we have that the composition is continuous in those spaces, it is easy to
prove higher order differentiability. Again, we note that the proof just given could go
through under somewhat more general hypotheses of regularity. To obtain Lipschitz
continuity in the first case, we only need ) . I'(i) < co and the second property of a
decay function I' is not needed. Moreover, we do not really need Lipschitz continuity
to prove the differentiability in the lemma below but only continuity.

Lemma 3.14. The mapping C defined by
C(G,h) =Goh
is Ct when it is considered as

(1) C:CExC"—CY

(2) C:CExCr—Cy.
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Moreover, we have the following derivative formulas.

D,C(Goh)G =G oh;

D,C(G o h)h = (DG o h)h.

Proof. The first conclusion is obvious since the map is linear in the first variable.
To prove the second we note that by the finite increment formula, we have

Glh+h) - G(h) = / " DG(h+ shynds.

Applying Lemma (3.13) to DG, we have that DG is Lipschitz in the norm || - [|ce
when G € C2. Thus, we have the following estimation.
1
|G(h +h) = G(h) = (DG(h)Allca = |l / (DG(h + sh) — DG (h))hds| cq
0
< |IDG(h + sh) — DG(h)||cg [|7]| g
< Li([[flleg)?,

where L; denotes the Lipschitz constant for DG. This proves the C''-differentiability.
]

Corollary 3.15. The mapping C defined by
C(G,h) =Goh
18 C™ when it is considered as

(1) C:Cr x 0% — Y

(2) C:Crt2x Cf — CR.
Moreover, the derivatives are what one would obtain by formal computation.

Proof. The proof can be obtained easily by induction based on Lemmas (3.13) and
(3.14). O

Now we state and prove the result on the smooth dependence of the conjugating
map hg.

Theorem 3.16. For any C",r > 1 hyperbolic map f of M with a hyperbolic set
A and a decay function T, there exists € > 0 (We will make € somewhat explicit
in terms of properties of F' at the end of the proof) such that if G is in the C’{QH—
neighborhood of the identity map Id from M — M, then, the coupled map ® = Go F
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is topologically conjugate to F' on the hyperbolic set A = Q;cza\, where M = ®;czaM
and F = ®,cgaf: i.e., there exists a unique hg in the C°-neighborhood of 1d satisfying

do hG = hG oF.
Moreover,

1. hg s CF, where 0 < a < 1 is close to the Holder exponent of

stable and unstable invariant subspaces for the unperturbed map.
2. The map G — hg is C* from Crt? to C8.

Remark 3.17. We are not claiming, at the moment, that hg is a homeomorphism.
In finite dimensions this requires some arguments based either on index theory or on
the fact that Id —®, is also invertible on C° sections. For details of the proof that h¢g
is a homeomorphism, see [Jia95]. We do not need this property in the considerations
of smooth dependence of invariant measures.

Proof. The results of the theorem are conclusions from the Implicit Function Theorem.
Define a nonlinear function £ : C1t? x g — C& by:

L(G,h)(@) = h(z) — A" @(Ap-1)h(F (7))

Note that the first argument is a diffeomorphism and the second a section.
For typographical reasons, identifying sections and the homeomorphisms that they
generate via the exponential mapping A; , we will write the map as:

LG ,h)=h—GoFohoF™

Lemma (3.14) implies that £ is differentiable in both arguments G and h.

Note that £(Id,0) = 0.

Moreover, we have the following proposition on the invertibility of the derivative
operator.

Proposition 3.18. DyL(Id,0) = Id —F, is invertible as an operator on the space of
sections Cf when o < o*, where 0 < o* <1 s the Héolder exponent of the stable and
unstable invariant subbundles for Df.

Proof. Note that the equation for & given n
(Id—F.)¢=n
can be written component-wise on each of the copies of the manifold as:

fz( < L1y Ty it 1, - - ) o Df|f’1(z1)£z( .. :xiflaf_l(xi)ami—l—la - )

:77i(--- ,xiflaxiaxi—i-la---)
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In this equation, we can consider the variables x;, j # ¢ as parameters. The theory
of finite dimensional hyperbolic systems (see e.g [KKPW90]) tells us that if we fix z;
for j # ¢ the equation is solvable and we have for 0 < a < a*, o* > 0 depending only
on f, we have

(10)
||§z( s Ti—1y 5 Tty - - - )Hca(M,TM) < Kl\m(- < L1y Tl - - - )||ca(M,TM)

Now, recalling that by the definition of C}, we have

||7]z( s Lj—1y "y Ljgly - - ,l‘j,...) _771( sy Lj—1y "y Ljgly-- - ailja---)HC’O(M,TM)

< |InlleaT (@ — j)d(z;, ;)"
and by (10) we have:

(11)
||§1( SRR PR T EE B TR ) - é-z( e 3 L1y s L1y e - - ,Lf’j, e )HCO(M,TM)
< Kl[nllcaL'(i — j)d(x;, 7;)°

By the definition of C%, (10) and (11) imply that
¢llee < Kl|nllce
This finishes the proof of Proposition 3.18. O

Thus, the Implicit Function Theorem implies that there exists € > 0, for any G in
the CL"2-neighborhood of 1d, there exists a unique map hg is the C2 neighborhood
of Id such that £(G, hg) =0, i.e,

GoFohg=®ohg=hgocF.
By Corollary 3.15, when G is C"*2, the map G — hg is C".

4. SMOOTH DEPENDENCE OF INVARIANT HYPERBOLIC SPLITTINGS

To state and prove our results precisely we will need to endow the space of sections
of the Grassmannian bundle G with a Banach manifold structure that also captures
the ideas of locality and translation invariance. Similar treatments can be found in
[PS91].

We will follow the standard practice in hyperbolic theory of representing linear
subspaces close to a given one as the graph of a linear map from this space to its
complement (see e.g., [HP70]).
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A section of the Grassmannian bundle close to the stable subspace £%(Z) can be
identified with a section of the space of linear bundle maps from £°(Z) to £“(Z), the
unstable subspace. That is, given a family of linear maps

H>"(Z) : £°(z) — £“(T),
we associate to it the family of spaces Gr(H*"(z)) C Tz M
Gr(H>"(z)) = {(v, H*"(Z)v) | v € £°(7)}

It is easy to see and indeed standard that we can identify sections of the Grasman-
nian in £°QRE" close to £* and sections of linear bundle maps from £° to £“. Therefore,
if we give spaces of sections of linear bundle maps appropriate Banach norms, which
capture the notions of locality, invariance, regularity, we can define a Banach mani-
fold structure in sections of the Grasmannian bundle which captures the same ideas.
Analogous definitions and considerations work, of course, for perturbations of the
standard bundle.

So, our next task will be to introduce appropriate spaces of sections of linear bundle
maps that capture the desired properties.

Recalling that T M = @741, M, we decompose the linear map H *(Z) into blocks
H{(7) : Ty M — Ty, M defined by

Hij(z) = HTmiM(HS‘ijM)’

where Ilr, s is the projection associated to the direct sum decomposition Tz M =
@jeZdij M

Given a decay function I' we define

|1H*(Z)||r = sup ||H(2) |1~ (i - j)-
w,zﬂj

This is clearly a Banach norm in a space of linear maps £%(z) — £%(z). Note that the
fact that this norm is finite captures the idea that when j and 7 are very far apart,
the jth coordinate of v has very little influence on the ith coordinate of H*(Z)v.

We denote by Lr the space of linear maps from with finite | ||r. Similarly, we

define L3 as the maps form &% to £* with finite norm || |[|r. Similar notation for maps
from one subbundle to another. We use the notation ,Cl‘f’ﬂ to refer to the possibilities.

It will be very important to note that, because of the properties of decay functions
the norm || || makes the space Lr into a Banach algebra. Moreover, if A € £,

B € L, we have:

|[BA||r < ||B||rl|Allr
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If we introduce a trivialization of £%(Z), £“(Z) induced by a trivialization of T, M
we can define:

Co(Lr), C*(Lr);

as the Banach spaces of continuous and Hoélder sections, respectively. In particular,
the CF norm is defined by

(12)

I1H*(@)llcg = max{gg IHGIT" (6~ ), sup Voo (Hi3(@))T (0 = 4)}

We also introduce similarly spaces of Holder sections for all the other bundles of linear
maps considered above.

We emphasize that we only use trivializations on finite dimensional objects and
make them induce trivializations in the infinite dimensional ones. We also emphasize
that the trivializations are only used to introduce Holder norms. The objects that we
are considering — sections of linear bundle maps — have an intrinsic meaning. All the
functional equations we will derive are expressed in terms of geometric objects and
their natural operations. Of course, contraction, etc. will be expressed in norms that
use trivializations.

Again, it is important to note that the spaces with the norms (12) are Banach
algebras under the pointwise multiplication of operators. Using that the Holder norm
induces a Banach algebra, this reduces to properties of the decay functions.

Translation invariance can be readily incorporated into consideration. We note that
the translation S* introduced in section (2) induces a transformation (still denoted
by S*) on linear maps such that

(S*H?)y;(z) = Hz'5+lc,j+1c(5k33)

Clearly, S* does not change the C2, C& norms of a section.

The space of sections which are invariant under the translations S* is a closed
subspace of C2, Cf. We will denote them by CF. g, Cf ¢ respectively.

Following the hint of [Mn90], we will find it convenient to study the hyperbolic
splittings for ® evaluated at the point of the conjugacy given by structural stability.
That is we will study £*(h(z)) ® E“(h(Z). Since h is close to Id, we can use same triv-
ialization chart containing both points Z and A(Z). Thus, the tangent space T}z M
is identified with Tz M,z € A. Therefore, we can apply the derivative operator D®
to sections over A. The action on sections denoted by 7T is defined by

Tv(z) = DO v(F1(z)).

hoF~1(z)
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This operator has the advantage that v(Z) always depends on v(F~!(%)) independent

of what ® is. This is an important advantage with respect to the naively more natural

push forward. See for example [Mn90], [Rue97] for a more geometric justification.
The main result of this section is the following theorem.

Theorem 4.1. For any C",r > 4 hyperbolic map f of M with a hyperbolic set A and
a decay function I', there exists € > 0 such that if G is in an e CL.-neighborhood of the
identity map Id from M — M, then, denoting as usual, F' = ®;czaf, ® = Go F, we
have

1. there exits a hyperbolic splitting of TM over the hyperbolic set
Aq) = hg(AF)

TM = Eha(z)) ® E4(ha ()

mwvariant under the deriative operator D® = DG o F - DF’;

2. E&(hg()) are CF sections of the Grassmannian close to E%(T) in
C¥ norm. Similar result holds for £5(ha(Z));

3. D® is expanding on E%(he(T)) and contracting on £5(he(Z)) in
both C° and C¥ norms;

4. the map from G € Cr — E3°(hg(Z)) is C™~% when the sections of
the Grasmannian are giwen the Cf norm.

Moreover, if G commutes with translations, so do the invariant subspaces.

Proof. We will just give the proof for the unstable bundle. The result for the stable
bundle follows by applying the result on unstable bundles to F'~1. (Of course, a direct
proof for the stable follows along the same lines as the proof for the unstable.)

We consider the operator D® o h in the components induced by the coordinates
Ex(z) ® Ex(T), E4(F (7)) @ E4(F(x)) in the domain and the range, respectively. It
can be represented by a matrix

_ (AG(@) AE(%)
peon) = (453 4E0)
We note that A% = 0, A% = 0 because the splitting is invariant under F" and A3%, A%
are block diagonal matrices.
Notice that since Ar is a direct product of finite dimensional systems, we have that

(13) [ A% lco = 1D f** | co(ar)
[AFlco = IDf**llcoqar)
[AF lca = | Df**||lcaar)
[AF]lca = [IDf*||caar)
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Therefore, when G is in a sufficiently small Cf-neighborhood r > 4 of F, we can
assume

(14) [AG llcp <€ [|AG]lcp <€
[AZ e < <1 [I(AE) Hlleg S m<1

with € arbitrarily small and p as close to A as desired.

We will consider sections of Grassmannians close to £ as the graph of a section
of linear maps Ep(Z) — €5(Z). Given Uz € L}, the space of linear maps from
EL(z) = &5(Z), T € A, we consider

GrU; = {(Uzv,v) | v € EL(T)}
Since
D®|p(s)(Usv,v) = ([AZ (2)Uz + AZ (2)]v, [AE" () + AE (2)Us]v)
we see that the graph of U; is invariant if and only if

Ur(e)[AG'(7) + AE (2)Us] = [AG (2)Us + AG'(2)]

Equivalently

G Vs = MABE @+ Az @)
AE(FH) + AE (FH @) Up@)]

We now define a map F: (G,U) € C" x C*(L{) — F(G,U) € C*(L}) :

(16)

FGU)=Uz —

[AZ(F7(@))Up-1) + AZ (F7(2))] [AG(F7' (@) + A8 (F (@) Upa)]

Note that this map can be defined when U is in a neighborhood of 0 and G is in
a neighborhood of the identity. A%u o F~! is boundedly invertible and A% has very
small norm. So that, indeed the second factor in (16) can be inverted.

Note that F(Id,0) = 0. Therefore, by the Implicit Function Theorem, Theorem
4.1 is proved once we show that the operator F defined by (16) is differentiable in G
and U and Dy F is invertible at (Id, 0). We note that, by Corollary 3.15 the mappings

(17) G AS o F LAY o F A o F LAY o FY

are C"% when the G is considered in the manifold with the C% topology and the
target spaces with the C'? topology.

Note that the map F defined in (16) is formed out of the maps (17) by applying
Banach algebra operations, which are, of course, analytic.
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Hence, the map F is C"™® when we consider it as a map of spaces of sections
to spaces of sections endowed with the indicated topologies. Since we are assuming
r > 4, this means that the map is C.

To apply the implicit function theorem in the indicated spaces, we only need to
check that the derivative with respect to the second argument is invertible at the
origin.

Given the form of the derivative of composition, and the well known formulas for
the derivatives of the Banach algebra operations, we have:

(18)  DyF(Id,0)U; = Id — A7 (F ™ (2))Up-1(5) (AR (F~(2))) "

To finish the proof of Theorem 4.1, we just need to show that when 0 < o < 1 is
appropriately chosen, the operator in (18) is invertible. We will do it by showing that
the norm of S : Uz — SU

(SU)s = AR (FH(2)Up-1() (AR (F~1(2))) ™

is strictly smaller than 1.

We note that the operator U — Up-1 acting on CZ has norm ||[DF~!||%,. This
norm is equal to || Df~"(|&o(y-

Hence, recalling that C% is a Banach algebra and the expressions for norms (13)
we have that:

(19) ISl < [IDF™H[copmy 1(AF) ™ Hlca (A7) e
(20) = 1D~ Zoan (D) ~Hlcown (DS **) oo

Clearly, for a > 0 adequately small, the RHS of (19) is smaller than 1. Indeed, the
condition that o makes the RHS of (19) smaller than 1 is the same condition for the

regularity of the splitting applying the invariant section theorem of [HP70].
U

To prepare for the proof of smooth dependence of the equilibrium state, we need
further to express the action of D® on the invariant unstable subbundle £%(h(Z)) in
terms of an infinite matrix. Because of the invariance, there exists an infinite matrix
B = (bjj); jeze such that

Agz)  AG (@) (Uz) _ (Ur@)
A¥(z) A¥(z)) \1d Id ’
Clearly, the matrix B is the matrix representation of D® along the invariant unstable

subbundle £}(hs(Z)) under the chosen bases. So, we have

B = A¢ (z) + AF (2)Us.
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Note that D® = DG - DF. If we write DG blockwise according to the hyperbolic
splitting, we have

Ag (7)) = G*(F o ha(z)) (D" f (ha(T))),

where G** denotes the block matrix corresponding to the action of DG on the unstable
subbundle £%(hg) and (D*f(hg(z))) is a diagonal block matrix with D*f((hg):(Z))
on the main diagonal. Note that [|G** —Id [|¢; is small and ||hg — Id ||ce is small.
We can rewrite the matrix in the form

(21) B = (D"f(z:))(ld +Ag).

By the theorem just proved, we have that the map G — Ag is O™ 3 with respect
to the CL. norm for G' and Cf norm for Ag. Further more, [|Agllce < d(€), where
¢ = ||Gllcr and lim,o (€) = 0.

5. SMOOTH DEPENDENCE OF POTENTIAL FUNCTIONS ON INFINITE MATRICES

We first describe the Banach space containing all the infinite matrices that are
matrix representations of D*®, the restriction of the derivative D® on the unstable
spaces. We denote this space by B.

An infinite matrix function A(z),z € Ap is an element of B if it satisfies the
following criteria:

(1) A(z) = (ai;(®)); jeze is an infinite matrix. Each entry a;;() is a matrix function
of finite size p X p, where p is the dimension of the unstable space of D f.

or matrix functions a;; (), we define 1ts norm || - || using the following tormula:
(2) For matrix functions a;;(z), we define i ||| using the following formul
||az'j($)|| = 123}3(10;6121; |(az'j(33))kl|-

We recall the C#-norm for A(Z) is defined by (refHalpha) in the previous section.

|A(@)]l = max{sup [la;; (@) (i — 5), 5up Y (@i (z))T (i — 5)}-

ijezd k,iyj

An infinite matrix A(Z) belongs to B iff ||A(Z)|| < oco. It is easy to check that
B is a Banach space. In order to have a spatial translation invariant SRB measure,
it is necessary that & is spatial translation invariant. Note that we do not need to
assume the spatial translation invariance until the very last section when we introduce
equilibrium states for potential functions.

Next, we describe the Banach space of potential functions defined on the hyperbolic
set Ap. Let ¥(Z) be a real function on Ap. We define its norm

14(2)]] = max{ sup [¥(z)], Va,; (V)T (j).}

TEAR
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We denote H all such functions with finite norm. It is also a Banach space.
In order to define the map from the infinite matrix space B to the potential function
space H, we need to define a special linear functional on B, tr°: B — H:

tr(A(Z)) = trace(ag (T)).

The map £ : B — H is defined by
0a() = £(A@) = Y2 T G aka))
: : 2 p )
In [JP98], it is proven that when ® = G - F' is C'-close to F' and G is at least C?
and has short-range property, or equivalently, Cf close to Id for some I', there exists

a measure /4 on the hyperbolic set Ag invariant under both ® and the translation S.
The measure is obtained as a thermodynamic limit of SRB-measures for @y, the finite
dimensional approximations of ®. The pull-back measure (hg)*ue is an equilibrium
state for the Z4*1-action generated by (F,S) on A for a potential function g and

va(ha(T)) = —log J*f(z0) + ¥ (7)),
where Ag is defined by (21) in the last section.

Since — log J*f (o) is independent of ® = G - F, the next step we need to show is
that ¥ 4(Z) depends on A smoothly. In fact, we have the following theorem.

Theorem 5.1. The map L is well-defined in a small neighborhood of the origin of
the Banach space B and it is analytic.

Proof. Let t be a real number. We have

cta@) =Y (_kl) (@) =3 (_kl) fr(AF (7)),

It is clear that tr°(A; A; - - - Ag) is a multilinear operator from B to H. We need to
show that it is bounded. We start with &£ = 1.

| t2(A(2))] = | trace(ao(7))] < P A@)]-
Assume that z and ¢ differ only at j € Z¢.
[2(A(F)) — tr(A@)] = | trace(aoo (%) — aoo()] < pIAG@)I|d* (5, 4;)TG).

These two inequalities imply that || tr° || < p.
When k = 2,

0
|tr(AB) = Itrace(z aoibio)| < pl|Alll| Bl

i€7d
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For Z and ¥ with x; = v;,1 # 7,1 € Z°,

|r(A(@)B(2)) — tr(A()Bm))| = | trace ) aoi(z — a0i()bio (9)]|

€74
< | trace Z aoi (T — y))| + | trace Z a0i (Z) — aoi(y))bio(y)|
i€z i€zd
p() TOT( - j)+ > _ TET)) IAIBld* (x5, ;)

i€Zd i€Z4
< 2ps||A[l|| B||d* (2, y;)L'(5),

where s = .74 T(j)-
Thus, we have || t1°(AB)|| < 2ps||Al|||B||. By the Banach algebra property, we have

0
[ tr(A1As -+ - Ag)|| < 2ps|| A ||| Aa] - - - [ Al]-

Therefore, the operator £ is analytic in the open neighborhood {A : ||A]| < 1} C
B. O

6. SMOOTH DEPENDENCE OF EQUILIBRIUM STATES ON POTENTIAL FUNCTIONS

In this last section we prove the smooth dependence of equilibrium states on their
potential functions. The main tool used here is the transition from equilibrium states
of coupled map lattices to invariant Gibbs states on higher dimensional lattice spin
systems for corresponding potentials. The main results of this section were proved
over the last several years in several related articles [BK95, JM96, BK97]. However,
we shall give sufficient details to make this article self-contained and refer to [BK95,
JMO96, BK97] for some technical steps.

We first state the main result of this section. We will use a slightly different
Banach space of potential functions: the one with exponential decay properties. As
we explained earlier, the results are equivalent. We first define a new family of metrics
pg on M: forevery 0 < ¢<1,and z,5 € M

pe(Z,y) = sup ¢ d(z;, i)
i€Z4
Then, the potential function space is defined to be the space of all Holder continuous
functions with respect to the metric pg:

(22) H={p(Z): A%RSCEILSW
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The norm on this Banach space is

||S0|| = sup |§0($a) j (f(y)|
2y Pq (Z,9)
By choosing an appropriate 0 < ¢ < 1, the inclusion map from the Banach space
defined via a decay function v to ‘H is bounded, and thus analytic.

Let ¢o(Z) € H be a potential function whose value depends only on the coordinate
Zp, which means it is actually a Holder continuous function on A C M. We denote
the e-neighborhood of ¢y(Z) in H by O(p). Let 7 denote the Z*'-action on A
induced by the map F' and translations S. A measure p invariant under 7 is called
an equilibrium state for ¢ € O.(yy), if it satisfies the variational principle equation:

Py(¢) = hr(n) + / odp,

where P, (¢) and h,(u) are the topological pressure for ¢ and the measure theoretical
entropy of y with respect to 7, respectively. The next theorem is a summary of results
from [Jia95, JP98, BK97].

Theorem 6.1. For every @g and constants 0 < «, q¢ < 1 in the definition of the space
H, there exists an € such that the equilibrium state p, for every function ¢ € O(po)
is unique. This unique equilibrium state denoted by i, is mizing with respect to both
the map F' and spatial translations S.

By the results of the previous sections, we conclude that the SRB-measure for ®
is unique and mixing with respect to ® and S when ® satisfies the conditions in
Theorem (4.1). To complete the proof of smooth dependence of the SRB-measure for
®, we only need to show the the equilibrium state depends smoothly on the potential
function in O.(pg) C H.

Let H* denote the dual space of H. Clearly, for any ¢ € O.(py) C H, K, € H*.
Now we state the main theorem of this section.

Theorem 6.2. For any ¢o and constants 0 < o, q < 1 in the definition of the space
H, there exists an € > 0 such that the map from Oc(po) C H to H*: ¢ — p, is C*
Frechet differentiable.

The strategy to prove the theorem is to use the symbolic representation of the
uncoupled map lattice. To prove the smooth dependence of equilibrium states is then
equivalent to proving the smooth dependence of invariant Gibbs states on potentials,
which is proven by showing that the topological pressure is C'™ Frechet differentiable
in the corresponding potential space.
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6.1. Symbolic Representation of the uncoupled map lattice. Since we assume
that f possesses a locally maximal hyperbolic set A, there exists a Markov partition
that induces a semi-conjugating map m from a subshift of finite type X4 onto A
[Bow75]. The subshift is determined by an aperiodic matrix A since f is assumed to
be topologically mixing. Let o; denote the left shift map on the subshift. We have
fom =mooy Using this map 7, we can obtain naturally a semi-conjugating map
T = Qiezam from ®;cza% 4 (denoted by L) onto the infinite dimensional hyperbolic
set A = ®;cz4A for the uncoupled map F'. Let o, denote the maps on E%d induced
by translations on Z¢. We have

Fom=70®;cga0r, SoTm =7oo;,.
The corresponding metric p, on E%d is defined by

pq(ga ﬁ) = sup q|’|+‘]|d(§z(])’ 7)1(.7));

i€zl jeZ
where d(-,-) denotes the discrete distance on the space of finite symbols.
Let H denote the Banach space of all Hlder continuous functions on ¥4°. The
norm is defined similarly:
0y sup 1218 — 2,

[[oll = max{ sup |¢(£),sup —— =
fexzd E#T] Pq (3 n)

Proposition 6.3. [Jia95]

1. the map ¢ to @ o7 is a bounded linear operator.

2. the Z* -action topological pressures for both functions ¢ and o7
are equal;

3. For any ¢ € O py) C H, Ly, S its unique equilibrium state if
and only if (o, = T (1), the pull-back measure under 7, is the
unique equilibrium state for p o .

By this proposition, to prove the main theorem, we need only to show that the
topological pressure P.(¢ o 7) on H is C* Frechet differentiable since the unique
equilibrium state p1,, is the Frechet derivative of P.(-) at point .

6.2. localization of the potential functions. For the convenience of utilizing di-
rectly the results in [BK95, BK97], we introduce the Banach space of potentials that
are localization of potential functions. For simplicity, we shall also drop the map 7
in our notation. We assume (), € = (&)icza, & € 14 is a potential function on X%°
whose value depends only on the coordinate &. ¢,y € H.
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Localization of ¢y, and ¢ We consider Eﬁd as a subset of the full shift of
dimension d + 1. The potential U° obtained from localization of ¢ is a translation
invariant longitudinal potential on the intervals of ¥ 4. Let I, = [—n, n]. ZZ =7Z\ I,.
(&, 7);) denotes the element in >4 whose values in I agree with those of £ and whose
values in agree with those of n*

When n = 0, Iy = {0}, for a configuration &,, choose any ng such that (£, (15)7,) €
Y4 and define

Uo(gfo) = @0(&10: (778)1'5)

Assume that U°(&;,_,) is defined for all configurations over I,,_;. For a configuration
&1,., choose any 7 (depending on the configuration &r,) such that (&1, (n;)7) € ¥a
and define

U°(&1,) = wolér,, ) 7) — @o&rays (M 1) =)

n—1
= o(ér,, (m)7) = Y _U(En)-
k=0
In this way, we have
wo(§) = Z Uo(fln)-
n=0

For all other types of configurations over finite volumes, the potential is defined to
be zero. Since the function ¢, is Holder continuous, the corresponding longitudinal
potential decays exponentially to zero as the length of the interval increases.

The procedure to localize ¢ is similar. The potential U is now defined for all
configurations over d 4+ 1-dimensional cubes. Because of the translation invariance, it
is completely determined by its values for configurations over cubes centered at the

origin ), = ®ieZd,jeZ[_n’ n).
n=0

Let €, denote the space of all configurations over the finite volume @),. We define
a real function U, on Qq.: U,(§) = U,(&g,) = U(&g,). Formally, we can write
U= 1o Un.

Banach space of potentials Let

IUall = _sup  [Un(€qu)l-

£Qn €020n
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For 0 < # < 1, define a norm for U:

1Ull = sup 67"[[Usl-
0<n<oo

It is easy to see that all such translation invariant potentials with a finite norm form
a Banach space. This Banach space is denoted by P. One can also easily verify that
the map from the potential functions to the corresponding potentials is a bounded
linear map when 6 = ¢“.

Note that the longitudinal potential is fixed. Thus, to prove our main theorem,
it suffices to show that the topological pressure for potentials U® + U, P(U® + U) is
Frechet differentiable with respect to U in a small neighborhood of the origin of the
Banach space P .

6.3. Differentiability of Topological Pressure. We recall the definition of the
topological pressure function for potential U° + U with respect to the Z%!-action.

0 L 0
P(U°+U) = lim |A| In ZA(U° + U),

where

ZA(U°+U) =Y exp Y U&)+U(E)

£ea ICA,QCA

Theorem 6.4. For any fized exponential decay longitudinal potential U° and 0 <
0 < 1, there exists € > 0 such that the pressure function P(U® + U) is C*° Frechet
differentiable in the € > 0-neighborhood of the origin of the Banach space P.

Proof. The proof of the theorem is based on the following two lemmas.

Lemma 6.5. Let P(z) be a real function in a bounded conver open set U of a Banach
space.
1. If P(z) is Gateaux differentiable and its Gateauz derivative D, P
as a bounded linear operator is continuous in z, then P(x) is
Frechet differentiable.
2. If the Gateaux derivative D,Pis bounded for all x € U, then P(x)
18 Lipschitz continuous in U.

Lemma 6.6. Let f,(t),n = 1,2,--- | foo(t) be real functions on interval [—9,4]. I
limy, ;00 fn(t) = foo(t) for each t € [=04,0] and sup,, \dkf"(t)| < oo for each k, then

dtk
; . k n k -
Ffoo(t) is C= and lim,, o, T8 = @),
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We shall omit the proofs of these lemmas since they are standard. Lemma 6.6 is
taken from [Sim93]. As a direct corollary from the first lemma, we have that if the
(n+2)th order of the Gateaux derivative of P(z) is bounded in U, the P(x) is Frechet
differentiable up to order n,n > 1.

Let

PA(U° +U) = ﬁ Y exp 3 UNE) +UE).
EAEQN L,QcA
We have that limy_,za+1 Py(U° + U) = P(U° + U) for all U € P. According to the
lemmas, in order to show that P(U° + U) is Frechet differentiable in a neighborhood
of the origin of P, it suffices to prove that
d"Py(U°+ U +tV)
(23) s/1‘15)| T | <
for each £ = 1,2,--- and uniformly for U € O(P) and ||V|| =1,V € P. To prove
this boundedness, we use several results that are nicely presented in 77.12 of [Sim93].
Computation of \%PA(UO +U+tV)|:
Note that for any C* function h(t),

dk ok
ﬁh(t) = mh(tl + .. + tk)|ti:t/k.
So,
d"Py(U° + U +1tV) 9 1 K
N i E H) e
dt* Oty -+ -0t A n By (exp Z tiH;)|ti=t/k,

i=1
where E 4 denotes the integral with respect to the Gibbs distribution for the potential
U +U over the finite space 24 and H; are functions (Hamiltonians) on Q: H;(£4) =
H(y) = > oca V(&g). Using the notation of Ursell functions (see I1.12 of [Sim93)),
we have

d* 1
ﬁPA(UO +U+tV) = Zuk,t/k,A(m, Hy,--- Hy).
Let ¢(Q) denotes the center of the cube Q. We can rewrite the function H (&) into

a sum over lattice points in A.
HE) =) > V().
z€A ¢(Q)=2,QCA
We define a family of functions indexed by z € A

9z = Z V(EQ)

(Q)=z,QCA
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By the multi-linearity of the Ursell functions, we have

d"PAU°+U+tV) 1 Z

dtk A

T1,T2y " 7wkeA

uk,t/k,/l(gzugzm e 7gzk)

According to Theorem 11.12.10 and Corollary 11.12.8, to show %PA(UO +U+1tV)
is bounded for each k, we need only to prove that the following condition holds: there
exists some constant m, Cy, > 0, where m and C; may depend on k and U°, but are
independent of U, V', and A, such that the truncated correlation function satisfy the
condition

(24) ‘ < Oz, * gwju g$j+1 o gwk >A | S COe_mla

as long as there are two coordinate hyperplanes a distance of [ apart separating
x1,++,xjfromx;yq,- -+, 5. Werecall that the definition of the truncated correlation
function < gi; go > for two functions g, g» is < ¢192 > — < g1 >< g9 >. The integral
< - >, is again with respect to the Gibbs distribution for the potential U° + U over
the finite space €24.

Estimation of the truncated correlation functions:

To estimate the truncated correlation functions, we need the following theorem
from [BK97] (Theorem 1).

Theorem 6.7. For each U® and 0 < 0 < 1, there exist € > 0,m > 0,C > 0 such
that if ||U|| < €,U € P, the truncated correlation functions satisfy, for all functions
hy : QX1 — R, hy: QXQ - R, X, XoCAC Zd+1,

| < hihy >4 — < hy >4< hy >4 || < Cmin(| Xy, | Xa|)||ha]|||hole” ™ XX

where d(X1, Xs) is the distance between the sets X1 and Xy and < - >4 is the integral
with respect to the Gibbs distribution from the potential U° + U.

We now estimate | < gy, - gu;; Gu; 41 =~ Gz >4 |- We Tewrite

o0

9z = V(gQ) = Z Vn(an(w))a

«(Q)= n=0

where Q,(x) are cubes centered at x with 2n + 1 lattice points on each side and
Va,m=0,1,2,--- are functions from g,y — R from the definition of the potential
V. Note also that we have removed the restriction () C A in the expression of g, for the
convenience of estimation. Since we assumed V € P and ||V|| = supi>, 87"|| V.|| = 1,
we have ||V,|| < 0™ It is clear that < gu, - s;; 92;41 "~ Gz, >4 is multi-linear in
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(9z;)- Therefore, we have

| < G2y """ 923 Gajr ** Gy >4 |

o0

= > <Val€ouen) Vi ou@n)i Viyar Couiaen) -+ Vi (Eu@n) >4 -

N1, ,nEp=0

We consider the terms of this sum in two cases:

l

Case one: when ny,---,n, < 7, where [ is the separation constant between

{.’L‘l, s ,LE]'} and {$j+1, e ,.Ik}.
According to Theorem 6.7, we have

| < Vo E@uian) - Vi €anien)); Vajas E@uajnn)) -+ * Vi E@uian)) >4 |
< grtmtn OE(1/2 4 1) e ™2
< 0n1+n2—|—---+nk0/e—ml/4

where

C'= sup Ck(l/2+1)4 e ™4,

0<l<o0

Let Z denote the sum of all such terms in case one. Then, we have
1

o
Cl
1 —mi/4 Fnotetny _ ~ml/4
D I<Cem > o nk_(l_g)kem :
1 ni, - ,np=0
Case two: when at least one n; > /4 in the term determined by the sequence
(nl, Nng, - - 'nk)'
Note that | < hy;hy >4 | < 2||hq||||h2||- So we have

| < Vi (€ouian) ** Vin; (€@u@n); Vayer (€Qut@ssn) Vi EQuan) >4 |
<20 Va MIVas I+ - [Vl

If we let Z denote the sum of all such terms in case two, we have
2

o0

1/4 nitnatotng 1 _ 2k (In6)1/4
22: < 2k nl,m,an:l:Oe g
Combining these two cases, we have the desired estimation (23).
It seems to us that the arguments from Theorem 6.7 to the main Theorem are
standard. However, we can not find exact references.

O
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