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Abstract

In this paper we give an explicit methodfor mappingany simply con-
nectedsurfaceonto the spherein a mannerwhich preseresangles. This
techniquerelieson certainconformalmappingsrom differentialgeometry
Our methodprovidesa new way to automaticallyassigntexture coordinates
to complex undulatingsurfaces. We demonstrate finite elementmethod
thatcanbe usedto apply our mappingtechniqueto a triangulatecgeometric
descriptiorof a surface.

1 Introduction

Thetechniqueof texturemappings basednmappinganimageeithersynthesized
or digitized ontoa givensurface. The computergraphicditeraturehasmary such
works on this topic, e.g.,see[12] andthereferencesherein. We will not review
all the literatureon this subjecthere,but just someof the key worksin orderto
contrasour approach.

Parameterizationf polygonalgeometricsurfaceshasdirectusefor whatGomes
et al. referto asimagemapping[13], acategory of techniquesvhichincludestex-
ture mapping[6] [14] [15], reflectionor environmentmapping[4], bumpmapping
[5], andlight mapping20]. Asits nameimplies,imagemappingassociateaCcoor
dinatein imagespacewith everylocationonthe surfaceof ageometricobject. The
discretesamplesof animagerasteraddressedy the coordinatesn imagespace
areappliedto the geometricobject.

The mathematicabasisof this mappingdeterminesvhetherthe image pro-
videsthe objectwith the appearancef surfacetexture, a speculareflection,or
someothereffect. In this paper we will focusonly on mappingssuchastexture
mappingthatarea function of surfacelocationandnot those,for example,based
onsurfaceorientation.

No matterwhatkind of imagemappingis used,the parameterizatiofunction
thatrelatesthe geometryof the objectto imagespacemustbe determined.Three
roughcateyoriesof mappingfunctionsexist [25] [13]. Thefirstis asimplechange
of coordinatesfrom geometryspaceto imagespace. Surface patchesand other
parametricsurfacesfor instancecanoftenbe mappedisingtheir naturalparamet-
ric coordinatesystem.The secondcateyory, describedy Bier andSloan[3], uses
an auxiliary surfaceas an intermediatebetweengeometryand image. The third
catgyory projectsthe surface onto anothersurface or geometricsolid. For com-
plex non-parameteriobjects,finding a usableparameterizatiofunctioncanbe a
difficult task.

In practice thetechniquesisedto assigrparameterso undulatingsuriacesare
oftenad hoc andmay suffer from distortions singularities pr othershortcomings.

2



Severalmorerigoroustechniquesave beerproposedo parameterizeomplex sur
faces.Benniset al. describeaflatteningandcuttingtechniqug2]. Morerecently
Leeet al. have developeda multiresolutionapproactbasedon Loop subdvision
[18]. Lévy andMallet usean algorithmfor non-distortedmappingsfor triangle
meshegver cutsandotherdiscontinuitieg19]. This mappingmethodcombines
planargraphtheorywith penaltyfunctionsto presere right angles.Theuseof har
monic mapsfor mappingsurfaceswith boundaryconditionsis suggestedn [10]
for multiresolutionanalysisof meshes.This approachmay have the undesirable
propertyof triangleflipping.

In this paper we proposea methodbasedon a key factin conformalgeom-
etry. Indeed,one can prove that ary surfacewithout holesor self-intersections
canbe mappedconformallyonto the sphereandary local portionthereofonto a
disc. This mapping,calleda conformal equivalence, is one-to-onepnto,andan-
gle preserving.Moreover, onecanexplicitly write down how the intrinsic metric
on the original surfaceis transformedand thus areasandthe geodesicaswell.
Specifically the elementf thefirst fundamentaform (E, F, G) aretransformed
as(pE, pF, pG) for somepositive function p dependingon the point of the sur
face.For thisreasongconformalmappingsareoftendescribedasbeingsimilarities
in the small. This meanghatthe mappingcanbe usedto mapary planarimage
or structureon the sphereto our givensurfacein anangle-preservingnannerand
vice versa. Locally shape is preserved and distances and areas are only changed
by a scaling factor.

We shouldnote that the mappingwe constructis bijective (onto and one-to-
one),andthusthereis no problemwith triangles“flipping” or overlappingwhen
mappedo R2. Furtherthemethoddoesnotrequirecutsto bemadeonthesurface.
Themappings seamlesandthusavoidsthe problemof blendingtexturestogether
acrossuts.

Besidedexture mapping,onemay usethis techniqueo find longitudeandlat-
itude linesaswell asa northandsouthpole on a givensuriace S by mappingthe
correspondingieometricfeaturesof the sphereonto S in this conformalmanner
Sinceanglesare presered, the imagesof the longitudesand latitudesare guar
anteedo be orthogonalto eachother Surfacedeformationandflatteningis also
very usefulfor certainproblemsin medicalimagingsuchasfunctionalmagnetic
resonancesee[l, 7, 23, 24] andthereferencesherein.

What makes our methodpracticaland easyto implementis the key obsenra-
tion thatthe conformaltransformatiormaybe obtainedasthe solutionof asecond
order elliptic partial differential equation(PDE) on the surfaceto be deformed.
For triangulatedsurfaces thereexistsa powerful, reliablefinite elementprocedure
which canbe emploedto numericallyapproximatehe conformalmappingfunc-
tion. Theheartof this proceduresimply involvessolvingapair of system®f linear
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equations.

We shouldnote that beyond image mapping,the ability to parameterizer-
bitrary objectsof a given topology hasa variety of applications. For example,
physicalpropertiesor othervariablescanbe associatediniquelywith locationson
asurface.

The outline of this paperis asfollows. In Section2, we sketchthe analytical
procedureo find the conformalmapping. The detailsof this arefilled in the Ap-
pendixof Section6. In Section3, we describenow the numericalalgorithmworks
on a triangulatedsurface. In Section4, we demonstrateur procedureon some
surfacesboth syntheticanddigitized,andin Section5 we make someconclusions
aboutfurtherresearch.

2 Brief Sketch of Mathematical Theory

In this section,we outline the mathematicaustificationof our surface mapping
procedure See[1l] andthe Appendixof Section6 for moredetails. We startwith
thebasicassumptionthatthe givensurfaceis atopologicalsphere This meanghe
surfacehasno holes,handlespr self-intersections.

Let & denotea sucha surfacein R3. Let 6, denotethe Dirac delta(impulse)
functionatp € X, A theLaplace-BeltramoperatoonX\{p}, andi thesquareoot
of —1. (TheLaplace-Beltramoperatolis the generalizatiorf the usualLaplacian
operatorto a smoothsurface. See[21, 11] andSection6.) Let S? denotethe unit
spherein R? andlet C be the comple plane. Recallfrom the Introductionthat
a conformalequivalenceis a one-to-oneonto mappingwhich preseres angles.
We cannow statethe following resultwhich providesthe analyticalbasisfor our
texture mappingprocedure:

A conformalequialencez : \{p} — S?\{northpole} = C maybeobtainedby

solvingthe equation
o .0

The derivation of this equationmay be foundin the Appendixof Section6. This
resultmeanghatwe cangetthe conformalequivalenceby solvinga secondorder
partial differentialequationon the surface. Fortunately on a triangulatedsurface,
this may be carriedout usinga finite elementtechniquewe will describebelow.

Also, we shouldnotethatthe equivalenceabove is uniqueup to scalingandtrans-
lation.



3 Finite Element Approximation of Conformal Mapping

We have just sketchedthe analyticalbasisfor conformallymappinga surfaceonto
asphereWewantnow to describeanumericalprocedurdor carryingthis out. We
now assumehat?: is atriangulatedsurface.We continueto usethe notationof the
previoussectionandletoc = ABC beatriangleon whosefacethe pointp lies.

3.1 Finite Element Formulation

We will now briefly outline the finite elementmethodfor finding the conformal
mappingz which is the solutionto the PDE (1). See[16] for detailsaboutthis
method.

First we constructa weak formulation of the PDE (1), i.e. we multiply the
equationwith anarbitrarysmoothfunction f andintegrateby partsto get

//EVZ-Vde _ //Z(%—z'a%wapds

of Of
B_u(p) - ?a—v )

whereVz is the gradientwith respecto the inducedmetricon . Onecanshav
thatz satisfieq1) if andonly if (2) holdsfor all smoothfunctionsf.

Next, we restrictour attentionto thefinite dimensionalectorspaceP L (%) of
piecavise linearfunctionson X, andseeka z € PL(3) suchthat(2) holdsfor all
f € PL(Y). Foreachvertex P € ¥, let ¢pp bethecontinuoudunctionsuchthat

)

¢P(P) =1,
¢P(Q) = Oa Q 7£ Pa Q averte(a (3)

¢p islinearon eachtriangle.

Thenthesepp form abasisfor PL(X), andsoary z € PL(X) canbewritten

as
z = Z zpdp

P vertex of X

for somecomplex numbers:p. Further since(2) islinearin f, it is enoughto shaw
that(2) holdswheneer f = ¢ for someQ).

In short,we wantto find a vectorof complex numbersz = (zp), containing
oneelementpervertex, suchthatfor all @,

Seor [ [ Vor- Voads = 92(p) -2 ). @
.



3.2 Formulationin Matrix Terms

The formulation (4) is simply a systemof linear equationsin the comple un-
knownszp.
Letusintroducetherealmatrix D = (Dpg) where

Drg= [ [ Vér-Vods,

for eachpair of verticesP, Q). It is easyto seethatif P and@ arenotconnectedy

anedgeof atriangle,thenDpg = 0. Thusthematrix D is sparse.
Supposé¢hatP # @Q, andP(Q is anedgebelongingto two triangles say PQR,

andPQS. A classicaformulafrom finite-elementheory[16], thensaysthat

1
Dpg = _E{COt /R+ cot /S}, (5)

where/ R is theangleatthevertex R in thetriangle PQR, and/ S is theangleat
thevertex S in thetriangle PQS.
If P =(Q,thenonehas

Dpp=—Y_ Dpq. (6)
P7Q

We now considettheright-handsideof (4). Recallthatp is apointontheface
of sometriangles = ABC. If Q ¢ {A, B,C}, thengg is identically zeroon o
andsotheright-handsideof (4) is zero.

Sosuppose) € {4, B,C}, andchoosehew andthev axissothat A and B
arealongthis axis,andthe positive v axis pointstowardsC'. Since¢ is linearon
g,

0¢q _ do(B) —¢@(4)  0bg _ ¢q(C) — ¢o(£)
ou \B—A|| = 0w IC—E|

whereF is theorthogonalprojectionof C on AB.
We derive explicit formulasfor E and¢g (F) asfollows. Let§ be suchthat

E=A+6(B—-A).
Since(C — E) L (B — A), wehave
(C—A—6(B—A),B—A)=0,
SO

(C— A,B— A)
1B — All?

0=
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Thereforeagainby thelinearity of ¢ onthetriangles, we have
PQ(E) = ¢q(A) + 0(dq(B) — ¢q(A)).

If we definetwo realvectorsa = (ag) = (ag;f(p)) andb = (bg) = (ag’f (p)),
thentheabove formulasyield

0 Q¢1{A,B,C},
-1 - 1-0 _
aq —ibg = 4 B A1 T @=4,
a1 + o= @=5
e @=0C

andthesystem(4) becomesin matrix terms,

Dz =a —ib. (7)

3.3 Solving the System of Equations

The systemof linear equationg7) canbe solved using standardechniquegrom
numericallinearalgebra.ln practice we solve for the realandimaginarypartsof
z = ¢ + iy separatelyi.e. we solve Dz = a andDy = b.

NotethatsinceZQ Dpg = 0 for all P, thematrix D = (Dpg) is singular
andsowe needto shav thatsolutionsto Dz = ¢ and Dy = b exist. In addition,
we will shav that D enjoys several propertiesvhich make thesesolutionseasyto
computenumerically

We remarkthatif Dz = 0 for somenon-zerovectorz = (zp), thenall the
elementf z arethesame.To demonstratéhis, supposeéDz = 0. Thenclearly

> Dpgzprg =0. (8)
P,Q
Further by definitionof thematrix Dpg we have
/ / IVu2dS = " Dpouprg ©)
> PQ

whereu € PL(Y) is thefunctionwith »(Q) = z¢ for all verticesQ). Equations
(8) and(9) togetherimply thatw is constantandhencethatall z¢ areequal. We
concludethatthekernelof D is

H:={\1,1,...,)T | xeR}.

By constructionD is asparsereal,symmetricmatrix. Therelation(9) implies
thatD is positive semi-definiteandtogethemith theanalysisabove, we seethat D
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mapsH -, theorthogonatomplemenbf H, bijectively to itself. Thustheequation
Dz = f is sohableif andonlyif f € H' (i.e. >¢ fq = 0), andthis solutionis
uniqueup to additionof anelementbf H. We notethata andb areindeedin H-.

SinceD, restrictedo H-, is sparsesymmetricandpositive definite,equations
Dz = a andDy = b areparticularlywell suitedfor numericakolutionby thewell-
known conjugategradientmethod. Although D is singular this methodinvolves
only multiplicationsby D and addition of vectorsin H*, and so quite literally
solvestheequationgor D restrictecto H .

The speedof the conjugategradientmethodallows us to find z andy in a
combinedtime of under3 seconddor a surfacewith 8128triangles,usinga Sun
UltraSparclO.

3.4 Algorithm for Texture Mapping

We may summarizeour procedurefor texture mappingvia the constructionof a
conformalmapz asfollows:
Input: A triangulatedsuriace:, andanimageto be usedasatexture.

(1) Computethe elementsof the matrix D, andthe vectorsa andb, usingthe
formulasfrom section3.2.

(2) Solwethesystemf linearequationdz = ¢ andDy = —b.

(3) Compose: = z + iy with inversesteregprojectionto geta conformalmap
to theunit sphere.Specifically sendthe point z + iy to the point (2z /(1 +
r2),2y/(1 +72),2r2/(1 + r?) — 1), wherer? = 22 + 2.

(4) Computehesphericatoordinate®f thepointsonthesphereThesewill be
new texturecoordinates.

Output: Texture coordinatesandrenderedbriginal surface,usingthe new texture
coordinateso index into theinputimage.

4 Computer Experiments

Weillustratethetexturemappingprocedurenanumberof surfacesbothsynthetic
anddigitized.

Figuresl through3 are concernedvith mappingtexturesonto syntheticsur
faceswhich containhighly concae andconvex areasln Figurel, we conformally
map a mandrill imageonto a syntheticsurface. Similarly in Figure 2, we con-
formally mapa thermalimageof the earthonto a synthetictooth-shapedurface.



Notice how in both caseghelocal geometryis very well-presered, andthe map-
pingsareperformedwithoutary tearsor seamsn theimage.Eachimagein Figure
3 shaws two copiesof the earth,onemappedo the outsideandanotherto the in-
sideof a vase-shapedbject. Therim of the vaseis not a boundary but rathera
fairly sharpedgebetweenhe insidesurfaceof the vaseandits outside. The vase
is thusa topologicalsphere.This exampledemonstratea moregeneralproperty
of ourmethod,we have foundit to bequiterobustin the presencef edgessuchas
thosefoundon polyhedralsurfaces.

In Figure 4, we performeda white matter sgmentationof the brain whose
points are coloredaccordingto meancunature. (For detailsabouthow sucha
segmentatiormay be performedwe referthereaderto [17, 23].) To geta suriace
triangulationwe usedthe VisualizationTool Kit (VTK). Usingourconformalgeo-
metrictechniquewe thenmapthehighly convolutedbrainsuriaceontothesphere.
Notice how the sulci (indentationsandgyri (protrusionsare clearly represented
on the spherewith a nice preseration of the local geometry Suchmappingtech-
niqueshave usesn functionalmagnetiocesonancémagingfor the brainflattening
problem.Sinceit is importantto visualizefunctionalMRI datafor neuralactiity
within thefolds of the brainsurface flatteningmethodshave becomeanimportant
areaof researchin medicalimaging;see€[1, 7, 23, 24] andthereferencesherein.

Figure 5 shavs how orthogonalcoordinatesystems,.e. parameterizations,
canbeestablishedn surfacesusingour technique.The coloredareascorrespond
to sphericalrectangleswith boundariedying on lines of longitudeand latitude.
Noticethatwhentheserectanglesiremappedrom thespherdo thesesurfacesthe
cornerof therectanglesontinueto meetatright anglesdueto theconformalityof
themapping.As mentionedefore the conformalmappingfrom thesurfaceto the
spherds notunique.Essentiallythisis becauseve cancomposehe mapwith ary
conformalmappingfrom thesphergo itself. However, if we specifytheimageon
the sphereof threepointson the original surface thenthereis only oneconformal
mappingwhich satisfieghis condition.We cantake advantageof thisfact,because
it allows usto specifywhichtwo pointsonthesurfacewill correspondo thenorth
andsouthpolesonthesphereln Figure5, we have choserthesepointssothatthe
southpoleis asfar away aspossiblefrom the north.

Figure6 shavs how decimationof trianglesaffectsthe mapping. One-fourth
of thetriangleson eachsurfacewereremoredto createthe next surface,andthe
conformalmappingwasre-calculatedFromleft to right thesurfacesarecomposed
of 32512,8128,2032and 508 triangles. We madeconsistenthoicesfor north
and southpoleson eachsurface so that the imagescould be comparedvisually.
Remuwal of trianglestendsto flattenout portionsof the surface,andthis changen
geometryresultsin aslight shifting of thetexture.

Figure7 shavs the effect of affine transformation®n the procedure The sur
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facein theupperleft cornerwastransformedhreetimesby multiplying its vertices
by fixedmatriceschoserat random.Conformalmappingdo the sphereverethen

calculated Again, the poleswerechoserconsistentiyto aid in visualcomparison.
Affinetransformationsltersurfaceanglesandsonaturallythetexturecoordinates
we calculateare not completelyaffine invariant. However, we notethat continu-

ously deformingthe surfaceresultsin continuouschangesn texture coordinates
andsosingularitiesn thetexturemapdo notform. Here,althoughthe differences
betweerthe surfacesarerathersevere,thetexturemappingremainselatively con-

sistent.Giventheseresults,we arevery encouragedhatthis processnay beused

for automatictexture mapping. A simple examplewould be applyinga mottled

apple-skintextureto ary surfacethatis reasonablapple-shaped.

5 Conclusions

In this section,we summarizea numberof the key aspectof our method. Fur
ther we shaw how the methodavoids someof the problemsoftenassociateavith
surfacemappinganddiscussapplictionsandareador possiblefutureresearch.

5.1 General Remarks

In this papey we have describech generaimethodfor mappingcertainsuriacesto
the spherdn a mannemwhich preseresthelocal geometry Sinceanglesarepre-
sened by this mappingatexture,whenappliedto the surface,hasmuchthesame
appearancthatis hasin the planeor on the sphere.The methodalsoprovidesan
effective way to establishorthogonalkoordinatesystemson thesesurfaces.Since
themappingis naturallybijective, thereis noinherentproblemwith trianglesover-
lappingor “flipping” whenmappedo the plane.Nor doesthe methodrequirecuts
to be madeon the surface;it is a seamlessnappingandso avoids the problemof
blendingtogethertexturesacrosscuts. The formulationof the partial differential
equationwhichis centralto themethodorovidesit with anattractie simplicity and
elggance.

The simplicity of the equationformulatedallows usto usestandardpowerful
numericalmethodgo solw it. Thefinite elementmethodfrom numericalpartial
differentialtheoryappliedto our systemwith the properboundaryconditionsfor-
mulatedabove, togethemwith the conjugategradientmethodfrom numericalinear
algebraform arobustandreliablesolutionsystem.As seenin the examplesthis
robustnessshavs up in the stability of the methodwhen appliedto surfacesof
varying shapeandtriangulationevenin the presencef sharpedges.In addition,
thespeedf the conjugategradientmethodmalesthefinding of the solutionquite
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practical.

5.2 Other Applications

We have shavn how our methodcanbe usefulin automatictexture mapping,and
in the constructionof coordinatesystemson even highly undulatedsurfaces. We
have alreadydiscussedhe applicationof our techniquein medicalimageryfor
functionalmagnetiacesonancelatain orderto solve in a naturalmannerthe brain
flatteningproblem.Moreover, a numberof pathologiehave beenassociateavith
deformationof brainstructuresWe arevery hopefulthatour conformalmethod-
ologywill beusefulin quantitatvely describingsuchpathologies.

Our conformalgeometricapproactcanalsobe utilized for several otherprob-
lemsin computemgraphicsancludingdefiningthe northandsouthpoleson a given
surfaceandin the computationof shading maps. Traditionalcomputergraphics
shadings doneby applyingsynthetidighting calculationsat eachpolygonverte,
theninterpolatingbetweenrthe verticesto find approximationgo thosevalueson
theinterior of the polygons.Thecostof this calculationobviously goesup with the
numberof polygons.However, coarselytesselatedbjectsappeamorerealisticif
shadings doneatafinerscale andfinely tesselatedbjectsareexpensve to render
in partbecausef the large numberof lighting calculations.Also, it is harderto
do comple shadingoperationsn hardwarewherevertex-level shadingis usually
performed. Shadingmapsget aroundseveral of theseproblemsin a numberof
applications. Given a mappingfrom 3D geometryto a 2D texture, lighting and
interpolationcanbe performedon aregulargrid in two dimensionakpacenstead
of threedimensions.Texture mappingis thenusedto mapthe resultof the shad-
ing calculationsbackontothe surface. We planto apply our methodologyto this
problemaswell.

5.3 FutureResearch

We are currentlyworking on the problemof global areaandlengthdistortion. It
is a classicalresultin differentialgeometry(see,for example,[8]), thatit is not
possibleto mapagenerakurfaceto the sphereor planewithout somedistortionof
lengths,andso at besta compromisanustbe madebetweenengthpreseration
andconformalityof the map.

We aretestingcertainvariationalmethodsto find a suitablecompromisebe-
tweenour conformalmappingsandoneswith minimal areaandlengthdistortions.
We arealsoworking on extendingour methodto surfaceswith moregeneratopol-
ogy, suchassurfaceswith holesor boundaries.
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6 Appendix: Derivation of Partial Differential Equation

In this section,we outline the derivation the partial differentialequation(1). See
also[1, 11, 21] andthe referencegherein. Let p be a point on the surface %,
z : ¥ — S? be a conformalequivalencewhich sendsp to the north pole, and
let (u,v) be conformal coordinateson ¥ nearp suchthatu = v = 0 at p.
Conformalcoordinatess, v are suchthatthe metric at the point p is of the form
ds? = Mu,v)?(du® + dv?). We canalwaysensurethatat the particularpoint p,
A(p) = 1, VA(p) = 0. It canbe proventhat suchconformalcoordinatesaways
exist [8]. In thesecoordinatesthe Laplace-Beltrambperatortakes the simpler

morefamiliarform
1 o? H?
A=— _[—+—].
AMu,v)? <8u2 + 81)2)

Setw = u + iv. Sincethemappingz = z(w) is one-to-oneit follows that z
hasasimplepoleatw = 0, andhencea Laurentseriesrepresentation

A
z(w):E+B+Cw+Dw2+...

We interpretthis equationin the senseof distributionsandapply A to bothsidesto

get
Az=AA (l) ,
w

thenon-ngative powersof w beingharmonicnearp. We needonly find z upto a
constanmultiple, sotaking A = %

N (l) _ 0
2 w

.0
A (8_u — z%) log |w|

g .0
(% —’L%) Alog |w|

= 5 (8% —za%> (2m6p(w))

1
27
1
27
1
wherewe have usedthe fact that % log |w| is the fundamentalsolution for the
operatorA. Thisgives(1),
o .0
Az = <8_’u, - Z%) (Sp.
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Figurel: Mandrill Imageon SyntheticSurface
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Figure2: Thermallmageof Earthon SyntheticSurface
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Figure3: Earthon InsideandOutsideof a Vase
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Figure4: Two Views of Flattened/hite Matter



Figure5: OrthogonalCoordinateSystems

Figure6: Effect of TriangleDecimation

Figure7: Effect of Affine Transformations
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