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Abstract

We study boundary regularity of weak solutions of the Navier-Stokes equations in
the half-space in dimension n > 3. We prove that a weak solution u which is locally
in the class LP> with % + % = 1, ¢ > n near boundary is Holder continuous up to the
boundary. Our main tool is a point-wise estimate for the fundamental solution of the
Stokes system, which is of independent interest.

Key words. Navier-Stokes equations, Green tensor
AMS subject classifications. 76D03, 76D05

1 Introduction

In this paper we study the boundary regularity of weak solutions of the Navier-Stokes
equations

u—Au+ (u-Vu+Vp=f

} in R} x (0,T) Q)
divu=0

where R? = {z € R* : z, > 0},n > 3, and f is sufficiently smooth. In addition to (1)
initial and boundary conditions are given as follows

u(z,t) =0 on ORY} x (0,7, u(z,0) = up(z) at R} x {t =0} (2)

where wuyg is also sufficiently smooth and satisfies the compatibility conditions, i.e. ug = 0
at ORY and div ug = 0.

We will prove that if u € L (R} x (0,7')) in a neighborhood of z € OR%. x (0,T),
with 12—, + % =1, ¢ > n, then u is regular in a neighborhood of z. The corresponding
interior result was studied in [14] and [19]. In [7] Y. Giga investigated regularity under
global assumptions. Partial results for the local problem near boundary were previously

obtained in [4] and [20]. Recently, the interior partial regularity results in [2] were extended



up to the boundary in [13]. These partial regularity results implies some (although not all)
of our results, under an additional assumption that « is a suitable weak solution.

Our main tool is an estimate for the Green tensor of the Stokes system in the half-space,
which seems to be of independent interest. We prove the following point-wise estimate of
the Green tensor {T}; }; j=1,2,...,n Of the Stokes system:

C
|D{ D%, D! Tij(=,t)| < ;

= g Mt |x|n—1$}b—a’

3)

where (z,t) € R} x(0,T)and C = C(k,l,m, a,n) and a isany numberwith 0 < a < 1.
Although such an estimate may probably not be surprising to experts, we were not able to
find it in the literature. The estimate seems to be useful in other situations. Various other
estimates on the Green tensors and solution formula can be found for example in [15],
[16], [17], [21], and [3].

The plan of this paper is as follows. In section 2, we review results in [5] and [15],
and obtain the estimate (3) of the Green tensor for the Stokes system in the half-space.
In section 3, we study boundary regularity for the Navier-Stokes equations and prove our
main result.

2 Greentensor for the Stokes system

21 Preliminaries
Let us begin with some definitions and notations used throughout this paper.

e \We denote the whole space and the half-space by R™ and R} ,n > 3, respectively. Let
T € (0, 00] and we denote I = (0, T") for simplicity.

e Foragiven z = (z,t) € OR" x I, we denote a half ball with radius r at z by B .,
namely B} . = {y € R : |z —y| < r,y, > 0} and we also write a parabolic cylinder at
zby QF, = Bf, x (t—~%,t) with 0 < v < V1.

eLetQ) C R™. Forl < q < oo, Wk4(€) denote the usual Sobolev space, i.e. W#:4(Q) =
{u e LIQ) : D*u € LY(N),0 < |a| < k}. As usual, W9(Q) is the completion of
C8°(2) in Wk4(Q). For ¢ = oo, L>(2) denote the Banach space of bounded functions
on Q with the norm |[u||ze ) = supgq |u|.

eletl <g,r<ocoandI'C I. L"(I';WW1()) denote the Banach space consisting of all
measurable functions with a finite norm

1
s rrawacen = ([ 1, Olyogo) 402

We denote L?4(Q+ ) = LP((t —~?,t); LY(B; ,)) if there is no confusion.

a
a, 5

e For a given parabolic domain @ C R™ x I, C,;* (Q) indicates the Banach space of
functions that are Holder continuous with the exponent « € (0, 1). In the above definition,



R™ x I is endowed with a parabolic metric d(z, 2') = |z —z'| + |t — /|2 where z = (z, t)
and 2’ = (2/,¢").
e LetQ C R} x I.We denote by xq the characteristic function of ) defined by

1 ifze@
xa(2) = { 0  otherwise .

e The convolution of two functions is denoted by x with subscript. To be precise, suppose
[,9:Qx(0,T)=R" and h : Q—R"™ where Q2 = R or R}. Then f x; g and f x5 h are
defined as follows

t
e g(at) = /0 /Q @ -yt — 8)g(y, s) dy ds

f o h(a ) = /Q f(@ - y,t)h(y) dy.

In particular, in case of 2 = R", functions are understood as extended ones to the whole
space by assigning zero in the lower half-space.

e We denote by T the fundamental solution of the heat equation in R™, namely T'(z,t) =
—l=|?

(inyi7s €XP 40
e Let k,1 and m be nonnegative integers and 1 = (I4,...,1,,—1) a multi-index with [
[1] = > 1; where I; > 0 is integer for each i = 1,...,n — 1. we define Df D!, DT* =
o o' om

ot Bwlllnﬁxl"__ll Oy "

o If there is no confusion, summation convention is understood over repeated indices run-
H H _ n

ning from 1 to n, for instance f;g; = 21:1 fig:

e The capital letter C is used to denote the generic constant, the value of which may change

from line to line.

In this section, we will find the Green tensor and its estimate for the Stokes system in
the half-space R? ,n > 3. Let u be in the class u € L(I; L*(R%)) N L2(I; Wy % (R™))
and solve the following Stokes system in a distribution sense:

ur— Au+Vp=f )
‘ in R} x I 4)
divu=0
and initial and boundary conditions are
u(z',0,t) =0 on OR} x I, u(z,0) =g at t=0. (5)

To avoid technical difficulties, we assume that f and g are smooth and compactly sup-
ported in R7 x [0,7") and R, respectively (see Remark 2.1 for f € C¥(R? x [0,T))) and
g € C5(RY)).



Once we find the Green tensor T;; and the pressure tensor P; associated with Tj;
solving the following Stokes system for each,j = 1,2,...,n

(O — A)Ty5(x,t) + Oy, Pj(z,t) = §450(z, t) in R} x1I

V- Tij(mat) = aziTij(m;t) =0 in Ri x I
6
Tij(2',0,t) =0 on OR} x I ©)
Joy Tis (@ =y, t)9;(y) dy — gi(w) ast —s 0,

then the solution u of (4) and (5) can be represented as follows: For ¢ = 1,2,...,n,
ui(z,t) = Tij %1 fj + Tij *2 g;

t
- / / Tii(z,, 1 5)f;(y, 5) dy ds + / Tyi(e,,8)9;(y) dy, @)
0 JRY R™

because of the uniqueness of weak solutions for the Stokes system (see e.g. Theorem 3.1
in [8, page 84] and Lemma 4.2 in [20, page 271]). To obtain the Green tensor T7;, we shall
combine the Green tensor for the whole space R™ proved in [5] and the Green tensor for
the boundary value problem for the Stokes system in the half-space proved in [15]. Let
us first recall the Green tensor of the Stokes system for the whole space R™ (see [5]). Let
f and g be vector fields given in (4) and (5) (note that f and g are easily extended to a
whole space because they are compactly supported in a upper half-space). We consider the
following Stokes system in R”™:

vu—Av+Vg=f, divv=0 in R*xI
(@)
v(z,0) =g when ¢t = 0.
It is well known that unknowns v and ¢ are represented as follows:

vi(z,t) = (Eij *2 fj + Eij %1 g5)

= [ [ Bt onwomwast [ Byr0m6a
and .
aw.) =@ f)= [ [ Qutafe s
where E;; and @); solve the following system:
0¢E;j(x,t) — AE;j(x,t) 4+ 0,,Qj(x,t) = 6;56(x,t)  in R* x T
V- Ei(z,t) = Dy, Eij(z,t) =0 in R* x I

Jan Bij(x —y,t)g;(y) dy — gi(x) as t — 0.
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Moreover, E;; and @; are explicitly given as follows:
Eij(z,t) = 65T (z,t) — RiR,;T(z, t)

1
g 1 |z|2s, a_ 9)
=6;T(z,t)— [ D? - exp(———)s
6i;T'(x, 1) /0 22 43 exp( )s2 ! ds
e (232 3%
') 6 1 1(5F)
) — — = -2 '

where I is the fundamental solution of the heat equation and R;, R; are Riesz transfor-
mations, namely

. Ti —Yi
R;(h)(z) = lim C —_—
( )( ) €0 |lz—y|>e |$ - y|n+1

h(y) dy,

where hisin LP(R™) for 1 < p < coand C = (L) /n "3~ withy(z) = J et "t ds.
Tosumup, foragiven fand g in (4) and (5),v = Ex; f + Exs gand ¢ = @ %2 f, solves
(8). Besides when it is restricted to the half-space, it solves

vu—Av+Vg=f, divv=0 in R} x I
v(z,0) =g when ¢t =10 (10)
v(z',0,t) = (E*2 f+ Ex1 g)(2',0) on OR} x I

Next we set Tij(a;,t) = Eij(x,t) - Kij(JL',t) and Pj = Qj - Rj. To find Tij and Pj, it
suffices to find K;; and R; satisfying the following system for¢,j =1,2,...,n

(0y — A)Kjj(x,t) + Oy, Rj(x,t) =0 inR} x T

V- Kij(z,t) = Dy, Kij(x,t) =0 inR? x I i~
11
Kij(2,0) =0 when ¢ = 0

K;j(z',0,t) = E;;(a',0,t) on OR? x I.

With the aid of the Green tensor and their estimates for the half-space in [15], we can
have explicitly the integral representation of /;;, which enable us to calculate point-wise
estimates of K;;, and thus we also obtain those of T7;.

Before we analyze K;;, we first review results in [15] for the boundary value problem
of the Stokes system in the half-space. Although it was studied for n = 3, it can be
easily generalized to a general dimension n > 3. Let us recall some functionals and their
estimates used later (see [15, page 37, 41]).

c
I+(n—2) (12)

D! D™ A(z,t)| <
| D3 D™ A( )I_tm+%(m2+t) .




|DL, DY D"B(z,t)| <

- (13)

(@2 + )" (@2 4 )T

|DL, Dk DIC;i(z,t)| < : (14)

I+(n

tm-i- (1.2 + t) 2_1) (g;% + t)%
where A, B and C; are defined as follows (see [15, page 37, 40]).

1

A(m,t):(W *F(a:',O,t)):/R Tl,0,8) .

et |z — y'[P2

— 1 ! _ F(m_ylat)
B, ) = (1mg * 1) = /Rn_l W

Ol (y,t) ys — x4
Ci(z,t) = / dy / ! * dy,.
( Russ T

In addition, they satisfy the following relations (see [15, page 40]):

dy’,

0Cq _ Cn 6 B Z _20r (15)
6‘xz

|f06¢ aa—wn,

In T ma n

where d,, = y(%52)/2m=. Now we consider the boundary value problem of the Stokes
system in the half-space:

—Aw+Vqg=0, divw=0 in R} xI
w(z,0) =0 when ¢t =10
w(z',0,t) = b(z', 1) on OR} x I

The solution of the problem above is given by (see [15, page 53])
t
wile,t) = Gyrb) = [ [ Gule—yt- b/ dyar
0 Jrr-1
where G; solves the system below for each 4, j = 1,2, ...,n (see [15, page 48]):

0Gi; L 0P _ P
5 — AGi; + 5,2 = inR} x I

V-Gij =3 8,,Gi; =0 inR? x I (16)
Gijlen=0 = 6ij6(t)0(21)8(22)...0(x—1) ONORY x I.
Moreover, G;; is explicitly given as follows (see [15, page 48]):

or oC; 0 1

ij(z,t :_2—6i'_dn—_ na 1 n_9o9%jin
Gij(,1) J oz, Ox; |x|n—2"7

pre o(t), 4,j=1,..,n. 17
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Furthermore, the following estimate holds (see [15, page 42]):

C
I (22 + 1) 7 (a2 +1)%

|DL, Dt D"Gy;| < , (18)

wherei =1,2,...,nand j = 1,2,...,n — 1. Therefore, with the aid of the representation
formula, we have, fori,j =1,2,...,n,

t
K,’j (Z’, t) = Gia * (Eaj|zn:0) = / Gia(.’lf —yl,t—T)Eaj (y', 0, 7') dy' dr. (19)
0 JRn-1

Although the representation of a pressure R; is also available (see [15, page 48, 52]), it
will not be needed, and therefore omitted. To sum up, w; = (Kj; *1 f; + Kjj *2 g;) and
r = R;x f; + R;x2g; solves the following boundary value problem of the Stokes system:

wg—Aw+Vr =0, divw=0 in R} xI
w(z,0) =0 when ¢t =0
w(z',0,t) = (E*o f + E %1 g) on OR} x I.
Indeed, it can be checked by using change of variables. For example, we consider T; 3 f;.

Tij *2 fi(®,1) = [Gia * (Eajlz.=0)] * f(2,1)

t t—s
=/ / [/ / Gia(z —y — 2t — s — 7)Eay (', 7) d2' dr] i (y, 5) dy ds
0 i 0 Rn—1
t t—s
=/ / [/ / Gia(z — 2yt — ) Eaj(< —y, 7 — 8) d2' d7]f;(y, 5) dy ds
0 i 0 Rn—1

t T
:/ / Gia(m—z',t—T)[/ / Eoj(z' —y,7—8)f(y,s)dyds]dz' dr
o JRn-1 0o Jrr

= Gia *[(Eaj * fj)|z,=0](z,1).
Since T;; xg; can be verified in a similar manner, we omit the details. To sum up arguments
above, we obtain the Green tensor for the Stokes system (4) and (5):
Tz'j = Ez'j — Gia * (Eajlzn:()) for i,j = 1,2, eeey T (20)
Namely, T;; %2 f; + T;; *1 g; solves the Stokes system (4) and (5).

Remark 2.1 As mentioned earlier, to avoid technical difficulty, we assume that f and
g are smooth and compactly supported in R} x [0,7'), R}, respectively. However, the
assumptions on f and g can be relaxed. Suppose that f € C§(R? x [0,T')) where k is a
positive integer (since it can be treated similarly, we omit the details for g). Then f can



be extended to R such that the extension of f, say f, is C* differentiable, for example
f(@', zn,t) = Ele cif (@', —xn/i,t) for 2, < 0 where constant ¢; is determined by the
system of equation (see e.g. Theorem 7.25 in [6] or Lemma 4 in [15]). Green tensor for
such case can be expressed finite sum of tensors, which basically have the same form as
(20) with a slight modification because f is more or less the finite sum of f in a lower
space. Since our purpose is to obtain point-wise estimates of Green tensor, it suffices, for
simplicity, to estimate (20) by the reason mentioned above.

2.2 Point-wise estimates of Green tensor

In this subsection, we prove the point-wise estimate of Green tensor T7; in (6). To obtain
point-wise estimates of T;;, we need to analyze E;; in (9) and K;; in (16) separately. We
consider first E;;. In [5, page 230], the point-wise estimate of V E;; was mentioned and
the estimate of higher derivatives of E;; can be also easily calculated. Since such estimates
of E;; are elementary and straightforward compared to K;;, we only state the result and
omit the details. For convenience, let k£ and [ be nonnegative integers and 1 = (I4,...,1,)
a multi-index with I = |1| = > I; where I; > 0 is integer for each ¢ and we denote

Epl — 8" at
Dt D.t - Bt azlll___aziln )
Lemma 2.2 Let E;; be the Green tensor in (9) where 4,5 = 1,2,...,n and let (z,t) €
R} x I. Then for every nonnegative integer k,1,m > 0, E;; satisfies the following esti-
mate: c

IDED, By (o,8)] €
S (|2 +)"5"

; (21)

where C' = C'(k,l,n).

Next it remains to analyze the estimate of K;;, which automatically implies the estimate
of Tj;. Let us start with a simple observation on T7;.

Lemma 2.3 Let T;; be the Green tensor for (6) where i,j = 1,2,...,n and let (z,t) €
R? x I.Then for every nonnegative integers k,1 > 0, T;; satisfies

D}D.Ty(x,1) = t*”T*’*’“DfD;Ti,-(%, 1). (22)
Proof. We note that, first of all, it is easy to prove that
D; D,Gyj(pa, pi°t) = ="' "I DE DL Gy (1), (23)
where G; is the Green tensor in (16). In addition, we easily see that
D{Dg Bij(px, p?t) = p " 2 ' DE DL Eyj(w, 1), (24)



where E;; is the Green tensor in (9). Since T;; = E;; + Kjj , it remains to check that
D} D! K;; satisfies such scaling property. Using the identities (23) and (24), and substitut-
ingy' = Vtz', = tr, we have

T
1) = Df D% [Gi * (Egjle,=0))(

T
D;D.K;( %,1)

%a
x

1
= / Dé’D;ng( ZI,]. —T)Egj(ZI,T) dZI dr
0 Jre-t Vit

!

t !
t—p Yy Py, np
- DD G — L T g (2 By gy g
/O]Rn—lthB(\/z \/E t)ﬁj(\/zt) Yy au

¢
ntl
=t 2 +k/0 A _1DfD;G,~B(x—y',t—u)Egj(y',u) dy' dp

t

n4l

=t> +’“DfD’z/ A Giplz =yt — ) Ep;(y's ) dy’ dp
0 n—

2t ntl
=tz T*D{D}[Gig * (Egjla,=0)l(z,t) = % T*DFDLK;j(w,1),
where we used the fact that DY DG s(z — y',0) = 0 for all integers p,q > 0, because
|z — y'| # 0. This completes the proof. O
Thanks to the observations above, it suffices to estimate T;(z, t) when ¢ = 1. Now we are
ready to prove the estimate of green tensor T5;.

Theorem 2.4 Let T;; be the Green tensor for (6) where i,j = 1,2,...,n and let (z,t) €
R% x I. Then for every nonnegative integer k, I, m > 0, T}; satisfies the following estimate:

C
|DfDL, DI Ty (z, t)| < (25)

= pht gt |x|nfl$}l—a’

where C = C'(k,l,m,a,n) and « is any number with0 < a < 1.

Proof. We note first that it suffices to prove (25) for cases of [,m > 0,k =0,andt =1
because of Lemma 2.3. Moreover, in this proof, we only consider the case 0 < z,, < 1
because Green tensor T;; is more singular when z,, is close to zero. For the case that
x, > 1, the details are omitted because similar procedure leads to the same estimate as
the case 0 < x,, < 1. In addition, we will prove (25) only for the case I = 0 and m = 1,
that is

C

0
Tij(ZL', 1)| S W.

.

Indeed, the tangential derivatives (for example [ > 0, m = 0) are easily estimated and the
case m > 2, can be reduced to the case I > 0 and m = 1 by using the integration by parts

(26)



successively. To be precise, we recall first the representation of G;; already mentioned in
@an.
or acC; o 1

ij(z,t =—-2—0;j —2dpn7— —dpn7—77—0jn
Gij (1) Oz, " Ox; oz; |z|n—2"

5(1).

Note that the first term of G;; satisfies heat equation and the last one holds the Laplace
equation. In addition, for the second term, we can use the relation (15). To sum up, in this
proof, we consider only the case that k =1 = 0, m = 1, and ¢ = 1, which is sufficient for
proving (25) by arguments above.

We first denote disjoint sets A and B, for simplicity, in R*~! defined as follows: For
givenz € R,

A = {eR:Y|< % or |2'| > 2|z|},
B = {ZeR"!: % < |2| < 2|=|}.

It is easy to see that, on each separated set A or B, the following relations hold:

C < C
|z —2'2+1 ~ 22 +1

. 1 1 .
|fZI EA, m ~ m |fZI EB, (27)

where f ~ g means that they are comparable, i.e. Ci|f| < |g| < Ca|f| where Cy
and C are absolute constants. According to (20) and Lemma 2.2, it suffices to estimate
D, K;;(z,t). Since the estimate (18) holds for j # n, it is required to analyze G;; sepa-
rately depending on j = n or j # n. Reminding the expression (19), we have

Dg, Kij(z,1) = Dy, [Gig * (Epjlen=0)](z,1)

n—1 1
= 2/ D, Gig(x —2',1—71)Eg;(z',7)dz" dr
B=1 0 Rn—1

1
+/ D, Gin(z — 2,1 —1)E,;(',7)d2' dT = Fi(z) + Fa(x). (28)
0o Jrn-1

Let us first consider the first term Fy (), which is also split into two parts depending on
the range of time interval.

n—1 % n—1 1
|fl(m)|gﬁ;|/o /Rn—1|+ﬂ;|/% An_1|5fll(x)+f12(x). (29)

For F11(x), using the estimate (18) and relations (27), we obtain

@) < /0 .. (=2 + 1)2?;%(111)%(;:'2 i /02(/,4+/B)
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/ / dz'dr / / dz' dT
- m2+1 Z’2+7' |$|” ((x — 2" )

—— < —
< @I S T
Before considering Fi2(x) in (29), we recall the representation of G;3 where 5 # n (see

17):

ml:

or oC; .
i , — _2 i3 — Op—=—— = ]_727 -, = ]., “eey - ].
Gig(z,t) 637”6 s —d 925 i n, fB n

Changing the variable 1 — 7 by 7, we have

3 T
Fra(2) < C / D.. ;—éw(w ) By 1 —7)d dr]
0 Rn—1 :L'n

+C / : Do, 26 (5 21 1) By (2,1 = 1) A2’ dr| = Fion (2) + Fras(z). (30)
0 Rn—1 61‘5

o
is the fundamental solution of the heat equation. In addition, since I'(z — 2', 7) is zero at

7 = 0 and for the spatial variable the decay rate of integrand is C|z’|—(2"+2) at infinity,
using the integration by parts, we get

Let us first consider Fy: (). Note first that D, 2 = (8, — Y= - BWJ)I“ because T

Fron() < C| / / (@ =2, 7)(0r — 3 sy Ess (2,1 — 7)o’ dr]
0 Jrr-1 o

1 1
+C| F(x—z',—)Egi(z',—)dz'|
R"_l 2

Using |(0; — E?;ll 0:;2;)Epi(2',1=71)]| < C(2” + 1)~ for0 < r < 1, we obtain

Fia(z / / Cn w3 dz'dr
R -1 ((z—2')2+7)2 (22 +1)2

dz' = Fro11(z) + Fio12(z). (31)

_|_
/Rn_1 ((z =22+ 1) (2?7 +1)%
The second term Fi212(x) is easily estimated by using (18) and (21). Indeed,

dz'
Fraiz(x / / 132 (/A 2+ 1)%

c
+/B((m—z) +1)%)S @18
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Similarly, using the relations (27), F1211 in (31) is estimated as follows.

.7:1211 _/ / dz' dT+/ / dz' dr
/ / dz' dr / / dz d7'
|5U|n ATE(22+1) 5 ((x —2") )

< Q n L
Tzt @2 41)" |:v|"

Before estimating F122(z) in (30), we note that, on B, the following relation holds

m|:

(=2 +7)* <CL(z?+1)* for p>0 on B, (32)

forany u > Owhere 0 < 7 < 1/2and z,, < 1 are used. Let « € (0,1). According to the
estimate (14) of C; and the relation (32) for a sufficiently small i > 0 (we can take any p
satisfying 0 < p < 1 — ), we have

/ / Cdz dr
Fioa(z 1 [ES]
Rr-1 73 (2 — 2')2 +7) "2 (x2+r)2(z’2+1) 2
[ e
Jafr—tap 137 ATE (22 +1)"F

dz'dr
|x|2+1%/ /BT% (x—2")2 + 7)==
C

c
T fzrtan o (|$|2+1)2 2|t

where we used C/(|z|?> + 1)% < C/|z|"~*. To sum up, we obtain

C
|.7:12(.’L')| < |.7:121(.’E)| + |.7:122(£U)| <— for0<a< 1,

ol =Tk
where we used |z|* "'zl < |z|"~. Adding all the above estimates, we get

|[F1(z)] < |Fii(z)] + | Fre(z)] < for 0 <a<1.

It remains to estimate F»(x) in (28). Note that, due to the second equation in (16), the

case i = n is reduced to the case k¥ = 0 and m = 1. To be precise, since 8,, Gpnpn =
— 3071 30, G, We have

1
/ D, Gpn(z—2',1—7)En;(2',7)d2" dr
0 Jrr-1
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n—1 1
= Z /0 D Gin(z — 2',1 = 7)Epj(2',7) d2' dr.

Rn—1

After simple calculations, we have

1
/ / Dy, Gon(@ — 1 — ) By (#,7)| do/ dr < — S
0 Jrn-1 |z~ an

where « is any number with 0 < a < 1. Since computation is similar to the previous case,
we omit the details. Next, it remains to estimate F»(z) for the case of i # n. Recalling the
representation (17) of G;,,, we define, for convenience, U, and V;,, as follows:

ac; B 8 1
nar Vinl@t) = —dug o 0(0),

Uin(z,t) = — Bz: o2

Using notations above, we can write F»(z) in (28) as follows:

1
Falz) = / D, Upn(z — 2,1 —1)E,;(z',7)dz"dr
0 Jrn-1

1
+/ Do Vi — 2,1 = ) Eny (<, 7) A2 dr = U(a) + V(x).  (33)
0 Jrn-t

We first estimate U (z) by separating time interval into two parts as before.

; ! . ]
m)|§|/0 /Rn_ldz’dﬂ+|/1 /R d' dr| = Uy (z) + Ualz).  (34)

With the aid of (14) and (27), Uy (z) can be estimated as follows.

// Cdsz
rRo-1 ((z—2')2+1)"% (:172 +1)(22+71)%
/ JRIAE TRE
(2 +1)" 2 z’2+7'
// dz'dr
.CEZ+].|II}|” ;[;—z )%2

c
+ < .
($2 +1) (2% + 1)I$I" N )l

<
(@2 + 1)

Next we estimate Us(z) in (34). Note that, using (15), we have the following relation:

n

"Zl d ac,c "Zl B 0B
B:Uk 8$16$n 0x;0%x;, 8.%‘,07"

(35)
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where we used i # n. Changing the variable 7~ by 1 — 7 and using (35), we get

n—1
0 GCk 9B / '
<C|/ ~/]R" 1;6%1 a.’L'k amiagxk))(w_z7T)En](z71_7-)|

2
+C| / / oL — 2, 7)Ep; (2,1 — 1) dz dr|
R

no1 6w,0xn

: ’B )
- _ En 1’1 _ r )
+C|/0 /Rn_1 6$i87($ 2, T)Enj(2 ) d2' dr|

We note that the first and second integrals except for the last one can be estimated as before,
because the former has only tangential derivatives and the latter is the second derivative of
the fundamental solution of the heat equation, and thus we can use the same estimate as
that in Lemma 2.2. The details are omitted for those cases because the most difficult case
is the last one. Disregarding the three terms and only considering the last ter
(35), we have

3 OB OE,;
< o nj 0o _ !
z) < C|/0 /R"_l 6a:i(x z',7) 5y (', T)dz"' d7|

B 1 1 . .
10 [ Plam s By ) a| = Uy + U, (36)
Rn-1 6.(13',‘ 2
where we used the integration by parts and the facts that ‘93 ( ,T)iszeroatT =0

and for the spatial variable the decay rate of integrand is C|z’| (2" 1) at infinity. Let us
first consider the second term Uss in (36). Using the estimate (13) and (21), and properties
of (27), we have

d !
Uss < / n_(lj ° T p
Re-1 ((z—2')2 +1)%7 (2% +1)3 (22 + 1)

- (/A+/B) < (:t:2 +1 20(562 +1)2 / (Z'Q(fll)%

dz’'
+ n 1 n—1
(22 + 1)5(3132 +1)2 / (z—=22+1)"=
¢ Oz| y ¢
Tz )T @2+ 1) (EP+D)EFEL 4D T (g 4+ 1) (a2 +1)3

Thus, it remains to estimate the first term Us; in (36). According to estimates (13), (21),
and (27), we have

/ / Ccdz' dr
Un < 1
Rr-1 (22 +7)3 ((z — 2/)2 4+ 1) 5 (22 + 1)"F
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et [
|.’L'|"1 A7—2 z’2 T+

. C // dz' dr

@2 +1)" Jo Jpr T ((z =22+ 1) 70

C Cll* ¢

I N e i e

where 0 < a < 1and we used |z|* < C(z?+1). To summarize above estimates, we have

0(z) < U1(z) + D) < —C

where « is any number satisfying 0 < a < 1. Next we will estimate V() in (33). Since
i # n, we get

- _ 0 1 , ,
|V(.’L‘)| = | oot Tn TMWEM (Z ,1) dz |
Cdz cdz 6
< | = (21 T Bni(2'1
_A|$—Zl|n 1|a J Z |+/ |.Z‘ Z'ln 1 6 J(z )|
= Vi(2) + V(). (37)
Considering first V;, we have
- C 1 C

Vi(z) <

I VN LR Vi

where a is any number with 0 < a < 1 and z,, < 1 is used in the last inequality. Finally,
we estimate V5 in (37).

/ cdz' < / Cdz
|z — 2|7=1(22 + 1)~ Jp ah |z — 2/ 2te (22 4 1)
Clz|t= C
- 11— n+1 S -« 1’
o %22+ 1) T 2n Yzmm
where « is any number with 0 < o < 1. Therefore, to sum up, we have

B()I(N+WU|—T£#T

Adding up above all estimates, we obtain

C
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With the aid of the Lemma 2.3, we have

| Dy, Kij(z,t)| < ¢ for 0<a<l.

a tHTa|w|"*1$}fa

Combining the estimate of £;; in Lemma 2.3 and K;; above, we obtain

C

tH'TQ|;L'|"_1$L'}L_a7

|De,. Tij| < |Dy, Eij| + |De, Kij| <

where we used ¢ £ |z|" 1zl < C(t + |z[2) "% . This completes the proof. O

Remark 2.5 It is interesting to compare the estimates of T;; and E;;. With the aid of
Lemma 2.2 and the Young’s inequality, E;; can be estimated as follows: For any o with
0<ax<l,

c c
tk(|m|2+t)”T+’ = tk+’+T‘*|$|n—a'
Although (25) is weaker than (38), it will be sufficient for our estimates of the Riesz po-

tentials, which will be used next section for investigating the boundary regularity of the
Navier-Stokes equations.

|Df DL E;ij(z,t)| < (38)

Remark 2.6 In [21] Ukai proved the following L? — L7 estimates of a solution u in (4)
for f =0: Forany p,qwith1l < g < p < o0,
lu®)|zr®r) < Ct™*|lgllLawy)
) (39)
IVu(®)||zr®n) < Ct7*72||g]|Larn)

forany t > 0 with @ = (n/2)(1/q — 1/p) (see theorem 3.1 in [21]). Our point-wise
estimate of the Green tensor also gives the simple proof of the estimate (39).

3 Navier-Stokes equations

In this section, using the estimates of the Green tensor T;; proved in Theorem 2.4 for the
Stokes system (6), we study the boundary regularity of the Navier-Stokes equations (1)
with initial and boundary conditions (2) near boundary in the half-space R?} ,n > 3. As
usual, a weak solution » means w is in the class

u € L (I; L*(R7)) N L2(I; Wy * (R7))

and u solves the Navier-Stokes equations (1) and (2) in a distribution sense, i.e.

/T/ (u€ — VuVE — (uV)u€ + f€) dedt =0 (40)
0 2
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forall § € C§° (R} x I : R™) with div § = 0 and
T
/ / uVeodz =0 forall ¢ € C§° (R} ).
0 ¥
In addition, u satisfies the global energy inequality

sup/
tel JR

Remark 3.1 The pressure p does not appear explicitly in the above weak formulation, but
p can be chosen to belong to the class (see Theorem 3.1 in [8, page 84])

fu(, £) dz+ /

|f|? dz dt). (41)
Rix[ xTI

n

+

IVl de dt < C(/ |u0|2dx+/
R

n
+

L 2
pe L' (LI (RY)) if ;-l-g:n and 1<r<2.

An equivalent approach would be to bring p into the definition of weak solutions and
replace (40) by

T
/ / (s — VuVE — (uV)ué +pV - £ + f€) dardt = 0
o Jrr

forall £ € Cg°(R} x I: R™). 0

Here we state our Main Theorem.

Main Theorem Let u be a weak solution of the Navier-Stokes equations (1) and (2). Let
29 = (wo,t0) € OR} x (0,T'). Suppose that there exists v > 0 such that u satisfies

2057

2
u € LP1(QF ) for some p,q with = + " _1and q>n.
p q
Then u is Holder continuous in Qjo 5 with the exponenta € (0,1), i.e.
)

lu(z,t) —u(z', )| < C(lz — 2’| + |t — t']7)®

for all (z,t), (z',t') € Qjo 5 Where C' depends on n, « and given data f, ug, but not on
)
u.

Remark 3.2 Unlike in the interior case, it is not clear that Holder continuity implies
higher regularity in space variables at a boundary point. 0

To complete the proof of Main Theorem, we first prove next Lemma.

17



Lemma 3.3 Let u be a weak solution of the Navier-Stokes equations (1) and (2). Let
20 = (o, t0) € OR}. x (0,T'). Suppose that there exists v > 0 such that u satisfies

20,7

2
u € LPI(Q} ) forsome p,q with 1—D+%=1and(I>n-

ThenueL"vs(QjO y)foranyr,swithp <r < occandg < s < oo.
]

Proof. Using the Green tensor T;; in (6), we can have representation of  as follows:

t
wi(z, t) = / BTz, y, 8, sYun(y, s)u; (y, ) dy ds
0 Rq‘_

s [ T o () = Haa, ) + Halos), @2)
RY

where i = 1,2, ...,n. We first consider the second term #- and we will show that #5 is

bounded in Qjo )2 Note first that since ug is smooth and compactly supported in R ,

there exists a sufficiently large p > 0 such that support of ug is contained in Bj C R?.

For convenience we recall the estimate of T;; (see Theorem 2.4).

C

jalr1ahe

|D§ Do D Tij(x,t)| <

tk+ l+1721+a

Forany z = (z,t) € Qjm/w using the estimate above, we obtain

[Ha2(z,1)] S/R" |Tij (2, y, t)|Juo(y)| dy < IIUOlle(B;r)/ |Tj(z,y,t)|dy

% Bf
C
< ugl|y oo =
< llwoll sy /B,,+ t2 o — y|"Han — yolt=e
C C
< [luollpe By 75 < ||u0||L°°(B;f)m
where we used to — (y2/4) < t because (z,t) € Qjo /o~ It is obvious that H» €
L“‘(Qj0 7/2) forevery r,s withp < r < oc and ¢ < s < oo because H, is bounded
in Qjm/z. Next, we consider the first term H;(x,t) in (42). To utilize the assumption
u € LP9(Q} ), we split R into two parts Q1  and (R} x I)\ QF _, which are, for

20,7 20,7 20,7
simplicity, denoted by @ and Q°¢, respectively. Namely, we express #1 as follows:

t
Hy (2, ) = / / OkT; (2,9, t, 8)ur (9, 8)u; (y, 8) dy ds
o Jrz

dy

t t (43)
= / 8kT,-jukuij+/ / 6kT,-jukquQc = ’Hn(w,t)+?£12(a:,t),
0 R:_ 0 R_"'_

where x is the characteristic function defined at the beginning of section 2. It is easy to
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see that the second term #;2 in (43) is bounded in Qjo 42 Indeed it is due to the fact
that T;; has no singularity in Q¢ because (z,t) € Q+ /2 and integration is performed
in Q°. More precisely, |z — y| > vy/2and |t — s| > 72/4 for any (z,t) € QF
(y,s) € Q°. Thus, forany z = (z,t) € Q,,,/2, We obtain

oy/2 and

|H12($at)|5// |0k Tij(,y,t,8)||ur(y, s)u;(y, s)| dy ds
QC

S // 1+Ca|uk(y7 S)U](y, S)| dy dS
e (t=8)7 |z —y["Hon —yalt7®

2
<L / / fu(y, 5)[2 dy ds < ST / fu(-, ) dy.
0 Qe " tel Jrr

Due to the global energy inequality (41), 12 is bounded by given data. To sum up, so far
we have proved H 12 (z,t) and Ho(x,t) are bounded in Q@ where

20,7/2
wi(z,t) = Hix(z,t) + Hiz(z,t) + Ha(z, ). (44)

For simplicity, we denote #(z,t) = ’le(x t) + Ha(z,t). To complete our assertion, we

introduce an operator A(u) : L™ S(Qz 7/2)—)L"’5(R1 x I as follows:

t
(Aot = [ [ ooy, ts)unly. 9xas, 9 dy s

where ¢ € L”(QJr R? ) and r, s are numbers withp < r < oo and ¢ < s < oo.
In the above mtegral q§ |s understood to an extended one in R” by assigning zero outside
Q+ . Our aim is to show that A(u)¢ € L™*(R} x I)and A(u) is a bounded operator,
and tT1e following estimate holds:

1AW ¢l|Lre@yxn) < Cllullaos, ) 19llime @2 ) (45)
20,3
which automatically implies

||A(u)¢||L",S(Q‘:O S Cllu”LP,q(Q‘z"O,,/)||¢||LT’S(QjO ) (46)

For simplicity, we write, from now on, u;(y, s)xQ+ L B uy (y, s) without any confusion.
%,
Indeed, using the estimate of | VT;;(x,t)|, we have

A0l < | /R 19T, 4,9)] - [y, 9) 605, )| dy ds

/ / Iu y,s)||p(y, s)| dy ds.
wt— s 75 o =y T, — gl
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For an arbitrarily a with 0 < a < 1, we take 8 = (n — 1)a/n. With the aid of |2z’ —
y'|" 1Bz, — ya|® < Clz —y|" 1, the right side of the above inequality is estimated as

follows: .
/ / Clu(y, s)l|¢(y, s)| dyds
o Jry [t — s[5 |z — y|" Lz, — ol

t
Clu(y, s)|lo(y, s)|
S// e T — dy ds,
o JRy[t—s]"2 |z

_y’|("—1)_ = |gyn—yn n

Since « is an arbitrary number between 0 and 1, we may specifically choose o = n/q.
Using the inequality of the Riesz potential (see e.g. Theorem 1 in [18, page 119-120]), we
obtain

¢ 1
ey <O [ —— (900 9lln ey ds

|t —s|7=*

gC/t ||U(a3)||Lq(R1)||i(;8)||Ls(R1) as.
0

9

| A(u)g(-, )]

[t —s| =2
where 1/k = 1/s + 1/q. Applying the inequality of the Riesz potential again, we have

[[A(W)@l|Lrsmnxry < CllullLr.a@y xnl|@l| s mr x1)-

The last inequality comes from 2/p + n/gq = 1, which is equivalentto 1/r = 1/p +
1/r — (1/2 — n/2q). This completes our assertion (45), and thus (46). Now we rewrite
representation of u in (44) as follows:

(I — A(u))(u)(z,t) = H(z,t) where H(z,t) = Hia(z,t) + Ha(z,t).

The main point in this argument is that I — A () is an invertible operator on L™*( jo 7/2)

provided that ||u||L1,,,q(Qz+0 ) is sufficiently small because the operator norm of A(u) be-
. 2
in (45). Since A is bounded in Qjm/?’ which also implies it is in LT*S(QjM/Q) for all

r,s < 0o, u must be also in the same space L™*( jo 7/2) due to invertibility of 7 — A(u).

However, we still need the smallness of ||u||Lp,q(Q.;M). To complete the arguments, at
the beginning we decompose I, ., 5 = (to — 7?/2,to) as a union of m sectors, de-
noted by I; = (t; — 26,t;),7 = 1,2,...,m where t,, = to,t; — 26 = to — 7*/2
and tj; —t; = 6 such that J; = (t; — 6,t;) C I; for j = 1,2,...,m. We note that
(to — 7*/4,t0) C UL, J;. For given small e > 0, we can have ||u||Lp,q(Bw+X[j) < €
forall j = 1,2,...,m if § is taken sufficiently small. By repeating this procedure at each
B x I, we obtain u € LT’S(B;F/2 x J;), which leads to u € L™*(B7,, x (U1 J;)).

g v/2
This completes the proof. 0

tween LP(QF ) can be less than 3 if ]| £o.a(qz ) < £ where C is the constant
’ 20,

The easy consequence of the above Lemma is the following.
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Corollary 3.4 Let u be a weak solution of the Navier-Stokes equations (1) and (2). Let
20 = (o, t0) € OR}. x (0,T'). Suppose that there exists v > 0 such that u satisfies

L2
u € L”7‘1(Qjm) for some p,q with » + % =1landg > n.

Then w is bounded in Q+ 3 i.e.u € Loo°(QT

ZO’Z

).

Proof. In the expression (44), we already verified that 12, 2 are bounded in Q+ /2 in
the Lemma above. Thus, it remains to show that #; in (44) is bounded. As mentloned

earlier, taking a = n/q, for (z,t) € Qz 2+ We easily obtain

Haa (1) = |A(u) wt|</"/ VT @,y ,9)] - lu(y, 5)xal? dy ds

t Clu(y, s)xo|* dy ds
s//n [uly: s)xel < Cllulanae g,

R

|$n - yn|1_%
where Q = on ,, and r, s are sufficiently large numbers (in fact, it is enough to choose
r, s satisfying r > p and s > ¢). This completes the proof. 0

Now we are ready to prove the main theorem.

The Proof of Main Theorem According to Lemma 3.3 and corollary 3.4, we can prove
that w € L* °°(on 37/4) (this can be done by taking a characteristic function Xot .,
20,3v/4

instead of Xqt . in (43)). Recalling the expression (44), we will show that #5 and H,
are Holder continuous in Qjo,”//T In fact, they are more than Holder continuous. Indeed,
H1- and Ho are smooth in ij/z. We consider first H in (42). Since ug is supported in
B;,* for a sufficiently large p > 0, using the estimate of 7};, we have

|DEDL, DT Hy(z, )| </ |DEDL, DI Tyj(w,y, t)||uo(y)| dy

n

C
< ||uo L°°/ e dy
ol B thH 5 g —y|n Lz, —y, |l

C < C”U()”Loo
s S CEE S L

< [uol|z=

Now we consider #H» in (43). Here we again emphasize that a characteristic function

considered here is Xo+ instead of X, ., in (43). As mentioned earlier, T3; has no
%

20,3v/4

singularity provided that (x,t) € Qz /2 Hence any higher derivatives including time
variable of H1, is bounded by L2 norm of u, which is finite due to the global energy
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inequality (41). Therefore, it remains to prove that Hy4(z,t) is Holder continuous. For
clarity, we recall H1 (z,1):

t
Ui ) = [ [ oTy(eptountu@oxg: , dyds.
o Jrz

=0, 51

From now on, we denote Qjo 3y/4 by @ without any confusion. We first show the Holder
continuity for space variables. Let (z,t) and (Z, t) be in Qjo /2 @nde = |z — Z|. Since u

is bounded in @, using the estimate of T};, we have

t
|H11($7t) - %11 ('i-at)l S ||u||i°°(Q) / /Q|5sz]($,y,t,3) - 6lej('i'7y7t7 8)|
0

1 1
< Ollul]? / - — — d
< Cllullze(g) BL||m_y|n_1|xn_yn|1_a |x_y|n—1|$n_yn|1—a| Yy
4

where [5(t — s)~(1+)/2 s is finite because a € (0,1). Let w = z/e and @ = /e.
Changing of variable § = y/e and using the scaling method, we obtain

/ | 1 1 d
- = p Y
BE, |2 =y e —yal'm |7 —y[P T En — yalt e

4

. ! . |47
=€ — - - P = Y
BE, |0 =" Hwa =gl @ =G| g = Gal' e

de

< “/ | ! = | dy
<e - - R — Y-
I 7 e U ) e (e o (el 0

n
It can be easily checked that the last integral is finite regardless of € because |w — w| = 1
and it is locally integrable, and its decay rate is O(|z|~2"*+2%) at infinity. To sum up, we
have the following Hélder estimate:

[Has (2, t) — H11 (&, 8)| < Clluf|p=(g)e® = Clz — 2.
For the time variable, we can also obtain the following Holder estimate:
[Ha1(w, 1) — Har (@, b2)] < Ollul|peo(qlts — t2]%.

Since it follows the same argument as the case of space variables, the details are omitted.
Since « is arbitrary between 0 and 1, we conclude that « is also Holder continuous with
exponent « for every a € (0,1) in Qjo )2 This completes the proof. 0
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