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Abstract

We study boundary regularity of weak solutions of the Navier-Stokes equations in
the half-space in dimension ����� . We prove that a weak solution � which is locally
in the class ���
	 � with �� 
�� � ��������� � near boundary is Hölder continuous up to the
boundary. Our main tool is a point-wise estimate for the fundamental solution of the
Stokes system, which is of independent interest.
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1 Introduction

In this paper we study the boundary regularity of weak solutions of the Navier-Stokes
equations
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02143 �5,76

8
in 9;:<>= #%6@?BA�) (1)

where 9 :< ,DC�EGF 9 :IH E :�J 62K , L�M$N , and . is sufficiently smooth. In addition to (1)
initial and boundary conditions are given as follows

�;#OE�?QPQ)R,$6 on S�9 :< = #%6T?QA�)U? �;#OE�?B6V)W,$��XY#OE�) at 9 :< = C�PZ,$6@K (2)

where � X is also sufficiently smooth and satisfies the compatibility conditions, i.e. � X ,76
at S�9 :< and

021[3 � X ,$6 .
We will prove that if ��F]\Z^`_ ab ced # 9 :< = #%6T?QA�)B) in a neighborhood of f F S�9 :< = #%6@?BA�) ,

with g^ ! : a ,ihY?kj J L , then � is regular in a neighborhood of f . The corresponding
interior result was studied in [14] and [19]. In [7] Y. Giga investigated regularity under
global assumptions. Partial results for the local problem near boundary were previously
obtained in [4] and [20]. Recently, the interior partial regularity results in [2] were extended



up to the boundary in [13]. These partial regularity results implies some (although not all)
of our results, under an additional assumption that � is a suitable weak solution.

Our main tool is an estimate for the Green tensor of the Stokes system in the half-space,
which seems to be of independent interest. We prove the following point-wise estimate of
the Green tensor C�A���� K�� _ ����� _ g _
	
	
	 _ : of the Stokes system:� ��
� ������ ������ A �
� #%E ?QPQ) ��� �P 
 <��
�����! " � E � :�# � E � #%$: ? (3)

where #%E ?BPQ) F 9 :<'= # 6@?QA ) and � , � #'& ?�(�?�)G?+*R? L ) and * is any number with 6-,.*/,/h .
Although such an estimate may probably not be surprising to experts, we were not able to
find it in the literature. The estimate seems to be useful in other situations. Various other
estimates on the Green tensors and solution formula can be found for example in [15],
[16], [17], [21], and [3].

The plan of this paper is as follows. In section 2, we review results in [5] and [15],
and obtain the estimate (3) of the Green tensor for the Stokes system in the half-space.
In section 3, we study boundary regularity for the Navier-Stokes equations and prove our
main result.

2 Green tensor for the Stokes system

2.1 Preliminaries

Let us begin with some definitions and notations used throughout this paper.0 We denote the whole space and the half-space by 9 : and 9 :< ? L�M>N , respectively. LetA>F�# 6@?2143 and we denote 5 ,D#%6T?QA�) for simplicity.0 For a given f , #OE�?QPQ)'F S�9 :<D=65 , we denote a half ball with radius 7 at E by 8 <� _ 9 ,
namely 8 <� _ 9 , C�: F 9 :�H � E �6: � , 7 ?;: : J 62K and we also write a parabolic cylinder atf by < <= _ > , 8 <� _ > = #OP;�@? g ?QPQ) with 6-,A?@,.B P .0 Let CED 9 : . For h � j � 1 , F 
 _ a # C ) denote the usual Sobolev space, i.e. F 
 _ a # C )R,C � F�\ a # C ) H � $ � F \ a # C )e? 6 �G� * �H� &�K . As usual, F 
 _ aX # C ) is the completion ofI�JX # C ) in F 
 _ a # C ) . For j',K1 , \ J # C ) denote the Banach space of bounded functions
on C with the norm

�L� � �L� MONQPLRTS ,VU�WYX R � � � .0 Let h � j ? 7 � 1 and 5!Z[D.5 . \ 9 # 5!Z]\+F a # C )Q) denote the Banach space consisting of all
measurable functions with a finite norm�^� � �^� MY_`P^a �Lb c�d P^RTSeS ,D#]f a � �L� �;#�&[?QPQ) �^� 9 c d P^ROS 0 PQ)�g_Oh
We denote \ ^ _ a # < <= _ > )W,$\ ^ #B#OP;�i? g ?BPQ) \ \ a # 8 <� _ > )B) if there is no confusion.0 For a given parabolic domain <jD 9 : =/5 ,

I $ _  "� _ � # < ) indicates the Banach space of
functions that are Hölder continuous with the exponent *�F�#%6T? h ) . In the above definition,
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9 : =-5 is endowed with a parabolic metric � # f ? f Z )W, � E � E Z � ! � P � P Z � g" where f , #OE�?QPQ)
and f!Z , #%E Z ?QP Z ) .0 Let < D�9 :< = 5 . We denote by ��� the characteristic function of < defined by

� � # f )W, � h if f F <6 otherwise
h

0 The convolution of two functions is denoted by � with subscript. To be precise, suppose.�?�� H C/= #%6T?QA�)	� 9 : and 
 H C � 9 : where C , 9 : or 9 :< . Then . � � � and . � g 
 are
defined as follows

. � � ��#%E ?BPQ)R, f �X f R .;#OE'�6:�?QP ��� )
��#e:�?�� ) 0 : 0 �
. � g 
 #%E ?QPQ) , f R .;#%E'�6:�?BPQ) 
 # :@) 0 : h

In particular, in case of C , 9 :< , functions are understood as extended ones to the whole
space by assigning zero in the lower half-space.0 We denote by � the fundamental solution of the heat equation in 9 : , namely � #OE�?QPQ)k,�P���� � S ��� "���� X���� ��� "� � .0 Let &�?�( and ) be nonnegative integers and ! , #e( � ? hLh^h ?�( : # � ) a multi-index with ( ,� ! � ,#" ( � where ( � M 6 is integer for each $ ,ihY? h^hLh ? L � h . we define

� 
� � �� � � �� � ,%�&% � % �% ��� gg(')')' % � � � � g� � g
% �% ��� .0 If there is no confusion, summation convention is understood over repeated indices run-

ning from 1 to L , for instance . � � � ,*" :�^� � . � � � .0 The capital letter � is used to denote the generic constant, the value of which may change
from line to line.

In this section, we will find the Green tensor and its estimate for the Stokes system in
the half-space 9 :< ? L�M$N . Let � be in the class ��F \ J # 5T\ \ g # 9 :< )Q),+ \ g # 5T\ F � _ gX # 9 :< )B)
and solve the following Stokes system in a distribution sense:� � ��� �"!�(�+-,/.

021[3 W ,76
8

in 9 :< = 5 (4)

and initial and boundary conditions are�;#OE Z ? 6@?QPQ)W,76 on S�9;:<>= 5 ? �;#OE�?B6 )W,-� at PW,$6 h (5)

To avoid technical difficulties, we assume that . and � are smooth and compactly sup-
ported in 9 :< =/. 6@?BA�) and 9 :< , respectively (see Remark 2.1 for .�F I 
X # 9 :< =/. 6@?BA�)Q) and� F I 
X # 9 :< ) ).
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Once we find the Green tensor A ��� and the pressure tensor � � associated with A �
�
solving the following Stokes system for each $ ?�� , hV?��@? hLh^h ? L�������� �������

# S � ���")�A �
� #%E ?BPQ) ! S �
	 � � #OE ?BPQ)R,�� �
� �2#OE ?BPQ) in 9 :< = 5( &�A ��� #OE�?QPQ)R, S �
	 A ��� #OE ?BPQ)R,76 in 9 :< = 5A[���V#OE Z ? 6@?BPQ);,76 on S�9 :< = 5��� � � A ��� #OE'�6:�?QPQ)
� � #e:@) 0 : � � � � #OE�) as P�� � 6@?
(6)

then the solution � of (4) and (5) can be represented as follows: For $ , hY?��@? hLh^h ? L ,�%� #OE ?BPQ)R,�A[��� � �;.�� !�A[��� � g � �
, f �X f � � � A[�
�V#%E ?;:�?BPe?	� )Q.��V#e:�?	� ) 0 : 0 � ! f � � � A%���V#OE�?;:�?QPQ)
� �V# :@) 0 :�? (7)

because of the uniqueness of weak solutions for the Stokes system (see e.g. Theorem 3.1
in [8, page 84] and Lemma 4.2 in [20, page 271]). To obtain the Green tensor A ��� , we shall
combine the Green tensor for the whole space 9 : proved in [5] and the Green tensor for
the boundary value problem for the Stokes system in the half-space proved in [15]. Let
us first recall the Green tensor of the Stokes system for the whole space 9 : (see [5]). Let. and � be vector fields given in (4) and (5) (note that . and � are easily extended to a
whole space because they are compactly supported in a upper half-space). We consider the
following Stokes system in 9 : :��� � ��� � !�("j ,$.�? 0@14353 ,$6 in 9 : = 5� #%E ?B6 )W,-� when PZ,$6 h (8)

It is well known that unknowns
�

and j are represented as follows:� � #OE�?QPQ)R, #�� ��� � g .�� !�� �
� � �,� ��)
, f �X f � � � �
� #OE ?�:�?QPe?	� )B. � # :�?	� ) 0 : 0 � ! f � � � �
� #OE ?�:�?QPQ) � � #e:@) 0 :

and j2#OE ?BPQ)R, # < � � g . � )W, f �X f � � < � #OE ?�:�?QPe?	� )B. � # :�?	� ) 0 : 0 �V?
where � ��� and < � solve the following system:���� ��� S

� � ��� #OE�?QPQ);����� �
� #OE ?BPQ)�! S � 	 < �V#%E ?BPQ)R,����
�
�2#%E ?BPQ) in 9 : = 5( &�� � #%E ?QPQ) , � �
	 � �
� #%E ?BPQ)R,$6 in 9 : = 5� � � � ��� #%E'�@:�?BPQ) � � # :@) 0 :�� � � � #OE�) as P�� � 6 h
4



Moreover, � �
� and < � are explicitly given as follows:� �
� #%E ?BPQ)W, � �
� � #OE ?BPQ)Z� � � � � � #OE�?QPQ)
, � ��� � #%E ?BPQ)Z� f g �X � g� 	 ��� h#���� ) � " ��� X #�� � E � g �� ) � � " # � 0 � (9)

and < � #%E ?BPQ)W, � �2#%PQ) ?Z# : # gg )��� � " SS EY� h� E � :�# g , �2#OPQ) # L � �V) ?Z# : # gg )��� � " E �� E � : ?
where � is the fundamental solution of the heat equation and

� � ? � � are Riesz transfor-
mations, namely

� � # 
 )U#%E�) ,	� 1�
��
 X � f�� � #�� � � �
E � �@: �� E �6: � : < � 
 # :@) 0 :�?

where 
 is in \ ^ # 9 : ) for h � + ,.1 and � ,V?Z# : < �g )���� � � g" with ?Z# f )W, � JX�� #�� � = # � 0 � h
To sum up, for a given . and � in (4) and (5),

� ,�� � � . ! � � g � and j , < � g . , solves
(8). Besides when it is restricted to the half-space, it solves���� ���

� ����� � ! ( j ,/.�? 0@14353 ,76 in 9 :< = 5� #%E ?B6 )R, � when PZ,76� #OE Z ?B6@?BPQ)Z, # � � g .*! � � � �2) #OE Z ? 6V) on S�9 :< = 5
(10)

Next we set A �
� #%E ?BPQ) , � ��� #%E ?QPQ)R��� ��� #OE�?QPQ) and � � , < � ��� � . To find A �
� and � � , it
suffices to find � �
� and � � satisfying the following system for $ ? �", hY? �2? h^hLh ? L������� ������

# S � ���*)������ #%E ?QPQ)�! S � 	 � �V#%E ?QPQ) ,$6 in 9 :< = 5( &�� �
� #%E ?QPQ) , � � � � �
� #%E ?QPQ) ,$6 in 9 :< = 5
� �
� #%E ?B6 )W,$6 when PW, 6

���
�V#%E Z ?B6T?QPQ)W, � �
�V#%E Z ?B6T?QPQ) on S�9 :< = 5 h
(11)

With the aid of the Green tensor and their estimates for the half-space in [15], we can
have explicitly the integral representation of � ��� , which enable us to calculate point-wise
estimates of � ��� , and thus we also obtain those of A ��� .

Before we analyze � �
� , we first review results in [15] for the boundary value problem
of the Stokes system in the half-space. Although it was studied for L , N , it can be
easily generalized to a general dimension L M7N . Let us recall some functionals and their
estimates used later (see [15, page 37, 41]).� ���� ���� � #OE�?QPQ) �T� �P � < g"�#OE g ! PQ) �
�"! � � "$#" (12)
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� � �� � � 
� � � �� 8 #%E ?BPQ) ��� �#OE g: !�PQ) � < & � g" #%E g ! PQ) �
�"! � � "�#" (13)

� � �� � � 
��� � �� I �Q#%E ?BPQ) ��� �P � < g"T#%E g ! PQ) �
�"! � � g #" #OE g: ! PQ) & "
? (14)

where � ? 8 and
I � are defined as follows (see [15, page 37, 40]).

� #OE ?BPQ)R,D# h� E � : # g �(� #OE Z ? 6@?BPQ)Q)W, f � � � g � #e: Z ? 6@?QPQ)� E'�6: Z � : # g 0 : Z ?
8 #OE�?QPQ)R,D# h� E Z � : # g �(� #OE Z ?BPQ)Q)R, f � � � g � #%E'�@: Z ?QPQ)� : Z � : # g 0 : Z ?

I � #OE�?QPQ)R, f � � � g 0 : Z f
� �
X S � #e:�?BPQ)S : :

: � � E �� : � E � : 0 : : h
In addition, they satisfy the following relations (see [15, page 40]):

S I $E : , S I :E $ ! S g 8E $ E : if *��, L ? :� �L��� S
I �
S E � , � �

� :
S �S E :
? (15)

where � : , ?Z# :�# gg ) � � � � " . Now we consider the boundary value problem of the Stokes
system in the half-space:���� ���

� � ����� ! ("j ,76@? 021[3�� ,76 in 9 :< = 5
� #OE�?B6 ) , 6 when PZ,76

� #%E Z ? 6@?QPQ)Z,��`#OE Z ?QPQ) on S�9 :< = 5
The solution of the problem above is given by (see [15, page 53])

� � #OE�?QPQ)R,D#
	 ��� � ����)W, f �X f � � � g 	 �
� #%E'�6: Z ?QP ���T)
���V#e: Z ?��T) 0 : 0 �@?
where 	 �
� solves the system below for each $ ?�� , hY?��@? hLh^h ? L (see [15, page 48]):����� ����

%�� 	 �% � ����	 ��� ! %�� �% � 	 ,$6 in 9 :< = 5
(D&�	 �
� , " :�L��� S �
	 	 �
� ,76 in 9 :</= 5

	 ��� � ��� � X�, � ��� �2#OPQ) �2#OE � ) �2#OE g ) h^hLh �2#%E : # � ) on S�9 :<>= 5 h
(16)

Moreover, 	 �
� is explicitly given as follows (see [15, page 48]):

	 ��� #%E ?QPQ) , � � S �S E : � ��� � � : S
I �
S E � � � : SS E � h� E � : # g � � : �2#OPQ)U? $ ? � , hY? h^hLh ? L h (17)
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Furthermore, the following estimate holds (see [15, page 42]):� ������ ��
��� ���� 	 �
� ��� �P � < g"�#OE g !�PQ) �
� �" #%E g: ! PQ) & "
? (18)

where $ , hY?��@? hLh^h ? L and �', hY? �2? hLhLh ? L ��h . Therefore, with the aid of the representation
formula, we have, for $ ? � , hY? �2? hLhLh ? L ,

� �
� #OE�?QPQ)R, 	 � $ � # � $ � � ��� � X
)W, f �X f � � � g 	 � $ #%E���: Z ?BP@� �T) � $ � # : Z ? 6@?��T) 0 : Z 0 � h (19)

Although the representation of a pressure � � is also available (see [15, page 48, 52]), it
will not be needed, and therefore omitted. To sum up, ���R,I# ���
� � �Z.�� ! ����� � g � �
) and7 , � � � � .��@! � � � g � � solves the following boundary value problem of the Stokes system:���� ���

� � ��� � ! ( 7 ,$6@? 021[3 � , 6 in 9 :< = 5
� #OE�?B6V) ,$6 when PW,$6

� #OE Z ? 6@?BPQ)W, # � � g .*! � � � �@) on S�9 :<>= 5 h
Indeed, it can be checked by using change of variables. For example, we consider A ��� � g . � .A �
� � g . � #%E ?BPQ)R, . 	 � $ � #�� $ � � ��� � X
) 3 � .;#OE�?QPQ)
,Ef �X f � � � . f � #��X f

� � � g 	 � $ #OE-�@: � f Z ?BP � �k� �T) � $ � # f Z ?
�T) 0 f Z 0 � 3O. � # :�?��
) 0 : 0 �
,Ef �X f � � � . f � #��X f

� � � g 	 � $ #OE-� f Z ?BP�� �T) � $ � # f Z �@:�?
�*� � ) 0 f Z 0 � 3O. � # :�?��
) 0 : 0 �
, f �X f � � � g 	 � $ #OE � f Z ?BP � �T) . f

�

X f � � � $ � # f Z �6:�?
�"��� )B. � # :�?	� ) 0 : 0 �`3 0 f Z 0 �
, 	 � $ � . #�� $ � � . � ) � ��� � X 3 #OE�?QPQ) h

Since A[��� � � � can be verified in a similar manner, we omit the details. To sum up arguments
above, we obtain the Green tensor for the Stokes system (4) and (5):

A �
� , � �
� ��	 � $ � #�� $ � � ��� � X ) for $ ? � , hY? �2? hLhLh ? L h (20)

Namely, A �
� � g . � ! A �
� � � � � solves the Stokes system (4) and (5).

Remark 2.1 As mentioned earlier, to avoid technical difficulty, we assume that . and� are smooth and compactly supported in 9 :< = . 6@?BA�)e? 9 :< , respectively. However, the
assumptions on . and � can be relaxed. Suppose that .�F I 
X # 9 :< = . 6@?QA )Q) where & is a
positive integer (since it can be treated similarly, we omit the details for � ). Then . can
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be extended to 9 : such that the extension of . , say
�. , is

I 

differentiable, for example�.;#OE Z ?QE : ?BPQ)R, " 
�L��� � � .;#%E Z ? �kE : � $ ?QPQ) for E : ,�6 where constant � � is determined by the

system of equation (see e.g. Theorem 7.25 in [6] or Lemma 4 in [15]). Green tensor for
such case can be expressed finite sum of tensors, which basically have the same form as
(20) with a slight modification because

�. is more or less the finite sum of . in a lower
space. Since our purpose is to obtain point-wise estimates of Green tensor, it suffices, for
simplicity, to estimate (20) by the reason mentioned above.

2.2 Point-wise estimates of Green tensor

In this subsection, we prove the point-wise estimate of Green tensor A ��� in (6). To obtain
point-wise estimates of A �
� , we need to analyze � ��� in (9) and � ��� in (16) separately. We
consider first � ��� . In [5, page 230], the point-wise estimate of ( � �
� was mentioned and
the estimate of higher derivatives of � ��� can be also easily calculated. Since such estimates
of � ��� are elementary and straightforward compared to � �
� , we only state the result and
omit the details. For convenience, let & and ( be nonnegative integers and ! , #e( � ? h^hLh ?+( : )
a multi-index with (', � ! � , " ( � where ( � M 6 is integer for each $ and we denote� 
� � �� , % &% � % �% � � gg ')')' % � � �� .

Lemma 2.2 Let � �
� be the Green tensor in (9) where $ ? ��, hV?��2? h^hLh ? L and let #OE ?BPQ)'F9 :< =i5 . Then for every nonnegative integer &�?�(Q?;) M 6 , � �
� satisfies the following esti-
mate: � � 
� � �� � �
� #OE ?BPQ) �Y� �P 
 # � E � g !�PQ) � �!�" ? (21)

where � , � #'& ?�(�? L ) .
Next it remains to analyze the estimate of � �
� , which automatically implies the estimate
of A �
� . Let us start with a simple observation on A ��� .
Lemma 2.3 Let A ��� be the Green tensor for (6) where $ ? �G, hV?��2? h^hLh ? L and let #OE�?QPQ)*F9 :< = 5 . Then for every nonnegative integers &�?+( M 6 , A �
� satisfies� 
� � �� A �
� #%E ?QPQ) , P # � ���" # 
 � 
� � �� A ��� # EB P ? h ) h (22)

Proof. We note that, first of all, it is easy to prove that��
� ���� 	 �
� #�� E ?�� g PQ)R,�� #�: # � # g 
 # �e��
� ���� 	 �
�V#%E ?BPQ)e? (23)

where 	 �
� is the Green tensor in (16). In addition, we easily see that� 
� � �� � �
� #�� E ?�� g PQ)W,�� #�:�# g 
 # � � 
� � �� � ��� #OE�?QPQ)e? (24)
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where � �
� is the Green tensor in (9). Since A ��� , � �
� ! � ��� , it remains to check that� 
� � �� � �
� satisfies such scaling property. Using the identities (23) and (24), and substitut-
ing : Z , B P f�Z ? ��, P � , we have� 
� � �� � �
� # EB P ?�h
)W, � 
� � �� . 	 � � � # � � � � ��� � X`) 3 # EB P ?�h
)

, f �X f � � � g � 
� � �� 	 � � # EB P � f Z ?�hk� �T) � � � # f Z ?
�T) 0 f Z 0 �
, f �X f � � � g � 
� ���� 	 � � # EB P � : ZB P ? P � �P ) � � �V# : ZB P ? � P )�P # � � g" 0 : Z 0 �
,$P � �!�" < 
 f �X f � � � g � 
� � �� 	 � � #OE �@: Z ?QP � � ) � � � #e: Z ? � ) 0 : Z 0 �
,$P � �!�" < 
 � 
� � �� f �X f � � � g 	 � � #OE �@: Z ?QP � � ) � � � #e: Z ? � ) 0 : Z 0 �

,$P � �!�" < 
 ��
� ���� . 	 � � � # � � � � ��� � X
) 3 #%E ?QPQ) , P � ���" < 
 � 
� ���� � ��� #OE ?BPQ)e?
where we used the fact that

� ^� � a� 	 � � #OE]�A: Z ?B6 ) , 6 for all integers + ?Bj M 6 , because� E'�@: Z � �,76 . This completes the proof.

Thanks to the observations above, it suffices to estimate A �
� #%E ?BPQ) when PW, h . Now we are
ready to prove the estimate of green tensor A ��� .
Theorem 2.4 Let A[��� be the Green tensor for (6) where $ ? � , hY? �2? h^hLh ? L and let #OE�?QPQ) F9 :< = 5 . Then for every nonnegative integer &�?+(�?�) M 6 , A���� satisfies the following estimate:

� � 
� � �� � � �� � A ��� #OE�?QPQ) �Y� �P 
 < �
� ���� " � E � : # � E � #[$: ? (25)

where � , � #'& ?�(�?�)G?+*R? L ) and * is any number with 6-,.*/,/h .
Proof. We note first that it suffices to prove (25) for cases of (Q?;) M 6@?+& , 6 , and Pk, h
because of Lemma 2.3. Moreover, in this proof, we only consider the case 6@, E : , h
because Green tensor A ��� is more singular when E : is close to zero. For the case thatE : M h , the details are omitted because similar procedure leads to the same estimate as
the case 6�,$E : , h . In addition, we will prove (25) only for the case (Z, 6 and ) , h ,
that is � SS E : A[���V#OE�? h
)

� � �� E � : # � E � #[$:
h

(26)

Indeed, the tangential derivatives (for example ( J 6T?;) ,/6 ) are easily estimated and the
case ) M � , can be reduced to the case ( J 6 and ) , h by using the integration by parts
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successively. To be precise, we recall first the representation of 	 ��� already mentioned in
(17).

	 ��� #%E ?QPQ) , � � S �S E : � ��� � � � : S
I �
S E�� � � : SS EO� h� E � :�# g � � : �2#%PQ) h

Note that the first term of 	 �
� satisfies heat equation and the last one holds the Laplace
equation. In addition, for the second term, we can use the relation (15). To sum up, in this
proof, we consider only the case that & , ( ,/6@?�) ,Dh , and PR, h , which is sufficient for
proving (25) by arguments above.

We first denote disjoint sets � and 8 , for simplicity, in 9 :�# � defined as follows: For
given E]F 9 :< ,

� � C f Z F 9 : # � H � f Z ��� � E �� or
� f Z � M � � E � KV?

8 � C f Z F 9;: # � H � E �� , � f Z � , � � E � K h
It is easy to see that, on each separated set � or 8 , the following relations hold:�� E'� f Z � g !$h � �E g !$h if f Z F � ? h� f Z ��� h� E � if f Z F 8 ? (27)

where . � � means that they are comparable, i.e. � � � . �-� � � �-� � g � . � where � �
and � g are absolute constants. According to (20) and Lemma 2.2, it suffices to estimate� � � �����V#OE�?QPQ) . Since the estimate (18) holds for � �, L , it is required to analyze 	 ��� sepa-
rately depending on � , L or � �, L . Reminding the expression (19), we have� � � ���
�V#%E ?�h
)R, � � � . 	 � � � #�� � � � � � � X ) 3 #OE�? h
)

, : # ��
� � � f

�
X f � � � g � � � 	 � � #OE'� f Z ? hk� �T) � � � # f Z ?
�T) 0 f Z 0 �

! f �X f � � � g � � � 	 � : #OE � f Z ? hk� �T) � : � # f Z ?
�T) 0 f Z 0 � ��� �`#%E�) ! � g #%E�) h (28)

Let us first consider the first term � � #%E�) , which is also split into two parts depending on
the range of time interval.

� � � #OE�) �Y� : # ��
� ��� � f g"X f � � � g � ! : #

�
�

� ��� � f
�
g" f � � � g � ��� ��� #OE�)�! � � g #OE�) h (29)

For � �+� #OE�) , using the estimate (18) and relations (27), we obtain

� �+� #OE�) � f g"X f � � � g � 0 f�Z 0 �#B#OE'� f Z ) g ! h ) � " #%E g: !$h
) g" # f Z g ! �T) � " , f g"X # f��*!4f�� )
10



� �#OE g !$h
) � " f
g"X f � 0 f�Z 0 �# f Z g ! �T) � " ! �� E � : f

g"X f � 0 f!Z 0 �#Q#%E � f Z ) g !$h
) � "� �#OE g !$h
) � " ! �� E � : � �� E � : h
Before considering � � g #OE�) in (29), we recall the representation of 	 � � where � �, L (see
(17)):

	 � � #OE ?BPQ)R, � � S �S E : � � � � � : S
I �
S E �

$ , hV?��@? hLh^h ? L ? � , hV? hLh^h ? L � h h
Changing the variable hk� � by � , we have

� � g #OE�) � � � f g"X f � � � g � ��� S �S E : � � � #OE � f Z ?��T) � � � # f Z ?�hk� �T) 0 f Z 0 � �
! � � f g"X f � � � g � ��� S

I �
S E �

#%E'� f Z ?
�T) � � � # f Z ?�hk� �T) 0 f Z 0 � � � � � g � #OE�) ! � � g g #OE�) h (30)

Let us first consider � � g � #OE�) . Note first that
� ��� %��% ��� , # S �

� " : # ������ S � � � � ) � because �
is the fundamental solution of the heat equation. In addition, since � #%E � fYZ ?��T) is zero at� ,I6 and for the spatial variable the decay rate of integrand is � � f�Z � # P g : < g S at infinity,
using the integration by parts, we get

� � g � #OE�) � � � f g"X f � � � g � #%E'� f Z ?
�T)U# S �
� :�# ����� � S = � = � ) � � � # f Z ?�hk� �T) 0 f Z 0 � �

! � � f � � � g � #%E'� f Z ?
h� ) � � � # f Z ? h� ) 0 f Z �

Using
� # S �

� " : # ������ S = � = � ) � � �V# f�Z ? hk� �T) �Y� � # f!Z g !$h
) # � � "" for 6 , � , �
g , we obtain

� � g � #OE�) � f g"X f � � � g �#B#OE'� f Z ) g ! �T) � " # f Z g !$h
) � � "" 0 f Z 0 �
!4f � � � g �#Q#OE-� f Z ) g !$h
) � "�# f Z g !$h
) � " 0 f Z ��� � g �+� #%E�) ! � � g � g #%E�) h (31)

The second term � � g � g #OE�) is easily estimated by using (18) and (21). Indeed,

� � g � g #%E�) � #]f �*!4f � ) � �#OE g !$h
) � " #]f��
0 f!Z# f Z g ! h ) � "

!4f � 0 f Z#Q#%E � f Z ) g !$h
) � " ) � �#%E g !$h
) � " h
11



Similarly, using the relations (27), � � g �+� in (31) is estimated as follows.

� � g ��� #OE�) � f g"X f�� 0 f Z 0 � ! f g"X f�� 0 f Z 0 �
� �� E � : f

g"X f�� 0 f!Z 0 �
�  "�# f Z g !$h
) � � "" ! �#%E g !$h
) � � "" f g"X f�� 0 f!Z 0 �#B#OE'� f Z ) g ! �T) � "� �� E � : ! �#OE g ! h ) � � "" � �� E � : h

Before estimating � � g g #%E�) in (30), we note that, on 8 , the following relation holds#Q#%E'� f Z ) g ! �T)�� � � � # f Z g !$h
)�� for � J 6 on 8 ? (32)

for any � J 6 where 6�, � , h � � and E : , h are used. Let *�F # 6@?�h
) . According to the
estimate (14) of

I � and the relation (32) for a sufficiently small � J 6 (we can take any �

satisfying 6-, �@,>hk�4* ), we have

� � g g #%E�) � f g"X f � � � g � 0 f�Z 0 �
� g" #B#OE'� f Z ) g ! �T) � � g">#OE g: ! �T) g"T# f Z g !$h
) � � g"

,Ef g"X # f � !4f � ) � �� E � : # � E � #[$: f g"X f � 0 f Z 0 �
� g �! " # f Z g !$h
) � � g"

! �E � #[$: # � E � g ! h ) � " f
g"X f � 0 f�Z 0 �

� g �� "/#Q#%E � f Z ) g ! �T) � � g ���"� �� E � : # � E � #%$: ! �E � #[$: # � E � g ! h ) � " � �� E � : # � E � #%$: ?
where we used � �2# � E � g !$h
) � " � � � � E � : # � . To sum up, we obtain� � � g #%E�) �Y� � � � g �`#%E�) � ! � � � g g #OE�) �Y� �� E � : # � E � #%$: for 6 , * ,/hY?
where we used

� E � :�# � E � #%$: � � E � : #[$ . Adding all the above estimates, we get� � � #%E�) ��� � � �+� #%E�) � ! � � � g #%E�) �Y� �� E � : # � E � #%$: for 6 ,.*/,>h h
It remains to estimate � g #OE�) in (28). Note that, due to the second equation in (16), the
case $ , L is reduced to the case & , 6 and ) , h . To be precise, since S ��� 	 : : ,� " : # �
 � � S � & 	 
 : , we have

f �
X f � � � g � ��� 	 :Y: #OE'� f Z ? hk� �T) � : � # f Z ?
�T) 0 f Z 0 �

12



, : # ��
 � � f
�
X f � � � g � = �& 	 
 : #%E'� f Z ? hk� �T) � : � # f Z ?��T) 0 f Z 0 � h

After simple calculations, we have

f �
X f � � � g � � ��� 	 : : #%E'� f Z ? hk� �T) � : � # f Z ?��T) � 0 f Z 0 � � �� E � : # � E � #%$:

where * is any number with 6 , *A,7h . Since computation is similar to the previous case,
we omit the details. Next, it remains to estimate � g #OE�) for the case of $ �, L . Recalling the
representation (17) of 	 � : , we define, for convenience,

� � : and � � : as follows:

� � : #OE�?QPQ) � � � : S
I �
S E :

? � � : #OE�?QPQ) � � � : SS E � h� E � : # g �2#OPQ) h
Using notations above, we can write � g #OE�) in (28) as follows:

� g #%E�)R, f �
X f � � � g � � � � � : #OE-� f Z ?�hk� �T) � : � # f Z ?
�T) 0 f Z 0 �

!4f �X f � � � g � ��� � � : #OE � f Z ?�h � �T) � : � # f Z ?
�T) 0 f Z 0 � � �� #%E�) ! �

� #%E�) h (33)

We first estimate
�� #%E�) by separating time interval into two parts as before.

� �� #OE�) ��� � f g"X f � � � g 0 f Z 0 � � ! � f �
g" f � � � g 0 f Z 0 � � � �� � #OE�)�! �� g #%E�) h (34)

With the aid of (14) and (27),
�� � #%E�) can be estimated as follows.

�� �`#OE�) � f g"X f � � � g � 0 f�Z 0 �#B#OE'� f Z ) g ! h ) � � g" #OE g: ! h )U# f Z g ! �T) � "
, f g"X # f�� !6f � ) � �#OE g ! h ) � � g" #OE g: ! h )

f g"X f � 0 f!Z 0 �# f Z g ! �T) � "
! �#OE g: !7h
) � E � : f

g"X f�� 0 f�Z 0 �#B#OE � f Z ) g ! h ) � � ""� �#%E g ! h ) � � g" #OE g: !$h
)
! �#OE g: ! h ) � E � : # �

� �#OE g: ! h ) � E � : # �
h

Next we estimate
�� g #OE�) in (34). Note that, using (15), we have the following relation:

S g I �S g E :
, � : # ��
 ��� SS EO� # S

I 
S E 
 );� S g �S E � S E : �
: # ��
 � � S��`8S E � S g E 
 ! S g 8S E � S � ? (35)
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where we used $ �, L . Changing the variable � by hk� � and using (35), we get

�� g #OE�) � � � f g"X f � � � g : #
�

�
 ��� SS E � #B# S
I 
S E 
 ) ! S��`8S E � S g E 
 )Q) #OE � f Z ?��T) � : � # f Z ?�hk� �T) �

! � � f g"X f � � � g S g �S EO� S E : #OE'� f Z ?��T) � : � # f Z ?�hk� �T) 0 f Z 0 � �! � � f g"X f � � � g S g 8S E � S � #OE'� f Z ?��T) � : � # f Z ?�hk� �T) 0 f Z 0 � � h
We note that the first and second integrals except for the last one can be estimated as before,
because the former has only tangential derivatives and the latter is the second derivative of
the fundamental solution of the heat equation, and thus we can use the same estimate as
that in Lemma 2.2. The details are omitted for those cases because the most difficult case
is the last one. Disregarding the three terms and only considering the last term

% " �% �
	 % � in
(35), we have

�� g #OE�) � � � f g"X f � � � g S%8S E � #OE � f Z ?��T) S
� : �S � # f Z ?�hk� �T) 0 f Z 0 � �

! � � f � � � g S 8S EO� #OE'� f Z ?
h� ) � : � # f Z ? h� ) 0 f Z � � �� g � ! �� g g ? (36)

where we used the integration by parts and the facts that
% �% �
	 #OE � f!Z ?��T) is zero at �G, 6

and for the spatial variable the decay rate of integrand is � � fYZ � # P g : # � S at infinity. Let us
first consider the second term

�� g g in (36). Using the estimate (13) and (21), and properties
of (27), we have

�� gBg � f � � � g � 0 f!Z#Q#%E'� f Z ) g !$h
) � � g"/#%E g: !$h
) g"�# f Z g ! h ) � ",D# f �*! f � ) � �#%E g !$h
) � � g" #%E g: !$h
) g"
f � 0 f�Z# f Z g !$h
) � "

! �#OE g ! h ) � " #%E g: !$h
) g" f �
0 f Z#Q#%E'� f Z ) g !$h
) � � g"� �# � E � g !7h
) � � g"/#%E g: !$h
) g"

! � � E �# � E � g !$h
) � "�#OE g: !7h ) g"
� �# � E � g ! h ) � � g">#OE g: ! h ) g"

h
Thus, it remains to estimate the first term

�� g � in (36). According to estimates (13), (21),
and (27), we have

�� g � � f g"X f � � � g � 0 f�Z 0 �#OE g: ! �T) g"T#Q#%E � f Z ) g ! �T) � � g"/# f Z g !$h
) � � ""
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, f g"X # f � ! f � ) � �� E � : # � E � #[$: f g"X f � 0 f!Z 0 �
�  " # f Z g !$h
) � � ""

! �#%E g !$h
) � � "" f g"X f�� 0 f!Z 0 �
� g �� " #Q#%E � f Z ) g ! �T) � � g �  "� �� E � :�# � E � #%$: ! � � E � $#OE g ! h ) � � "" � �� E � : # � E � #[$: ?

where 6-, * ,/h and we used
� E � $ � � #OE g ! h
) . To summarize above estimates, we have

�� #OE�) � �� �`#%E�)�! �� g #OE�) � �� E � : # � E � #%$: ?
where * is any number satisfying 6 , *V,Dh . Next we will estimate

�

� #%E�) in (33). Since$ �, L , we get � �
� #%E�) � , � f � � � g � � � SS E �

h� E � f Z � : # g � : �V# f Z ? h ) 0 f Z �� f � � 0 f�Z� E'� f Z � : # � � SS E � � : � # f Z ?�h
) � ! f � � 0 f�Z� E'� f Z � : # � � SS E � � : � # f Z ?�h
) �
� �

� � #OE�)�! �

� g #%E�) h (37)

Considering first
�

� � , we have

�

� � #OE�) � �� E � : # � f�� h# � f Z g !$h
) � � g" � �E � #[$: � E � : # � ?
where * is any number with 6�,V* , h and E : � h is used in the last inequality. Finally,
we estimate

�

� g in (37).

�

� g #%E�) � f � � 0 f!Z� E'� f Z � :�# � # f Z g !$h
) g � �" � f � � 0 f�ZE � #%$: � E'� f Z � : # g < $ # f Z g !$h
) � � g"� � � E � � #%$E � #[$: #%E g !$h
) � � g" � �E � #[$: � E � : # � ?
where * is any number with 6 , *A,7h . Therefore, to sum up, we have

� g #%E�) � � �� #OE�) � ! � �
� #OE�) �Y� �E � #%$: � E � : # � h

Adding up above all estimates, we obtain� � ��� � �
� #%E ? h ) �Y� �E � #%$: � E � : # � for 6-,.*/,>h h
15



With the aid of the Lemma 2.3, we have� � ��� � ��� #OE�?QPQ) ��� �P g �! " � E � : # � E � #%$: for 6 ,.*/,>h h
Combining the estimate of � ��� in Lemma 2.3 and � ��� above, we obtain� � ��� A ��� ��� � � ��� � �
� � ! � � ��� � ��� � � �P g �! " � E � : # � E � #%$: ?
where we used P!g �! " � E � : # � E � #[$: � � #%P ! � E � g ) � � g" . This completes the proof.

Remark 2.5 It is interesting to compare the estimates of A ��� and � ��� . With the aid of
Lemma 2.2 and the Young’s inequality, � �
� can be estimated as follows: For any * with6 , *A,7h , � ��
� ���� � ��� #%E ?QPQ) ��� �P 
 # � E � g ! PQ) � ���" � �P 
 < �
�� " � E � : #[$ h (38)

Although (25) is weaker than (38), it will be sufficient for our estimates of the Riesz po-
tentials, which will be used next section for investigating the boundary regularity of the
Navier-Stokes equations.

Remark 2.6 In [21] Ukai proved the following \ ^ � \ a estimates of a solution � in (4)
for .5,$6 : For any +�?Bj with h , j , + , 1 ,�� � �L� �;#OPQ) �^� M�� P � � � S � � P #[$ �L� � �L� M d P � � � S�L� ( �;#OPQ) �^� M � P � � � S � � P #%$Y# g" �L� � �^� M d P � � � S (39)

for any P J 6 with * , # L � �V)U#�h �`j"� h��e+�) (see theorem 3.1 in [21]). Our point-wise
estimate of the Green tensor also gives the simple proof of the estimate (39).

3 Navier-Stokes equations

In this section, using the estimates of the Green tensor A��
� proved in Theorem 2.4 for the
Stokes system (6), we study the boundary regularity of the Navier-Stokes equations (1)
with initial and boundary conditions (2) near boundary in the half-space 9 :< ? L/M N . As
usual, a weak solution � means � is in the class��F \ J # 5T\ \ g # 9 :< )Q) +-\ g # 5T\ F � _ gX # 9 :< )B)
and � solves the Navier-Stokes equations (1) and (2) in a distribution sense, i.e.

f �
X f � � � #O��� � ��( � (�� ��#O� (")���� ! .��Y) 0 E 0 PZ,76 (40)
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for all �*F I�JX # 9 :< = 5 H 9 : ) with
02143 � ,$6 and

f �
X f � � � ��(�� 0 E5,$6 for all ��F I JX # 9 :< ) h

In addition, � satisfies the global energy inequality

U�WYX��� a f � � � � �;#�&[?QPQ) � g 0 Ek! f � � ��� a � ( � � g 0 E 0 P � � # f � � � � � X � g 0 Ek! f � � ��� a � . � g 0 E 0 PQ)
h

(41)

Remark 3.1 The pressure + does not appear explicitly in the above weak formulation, but+ can be chosen to belong to the class (see Theorem 3.1 in [8, page 84])

+]F]\ 9 # 5T\ \ � # 9 :< )Q) if
�7 ! L � , L and h , 7 , � h

An equivalent approach would be to bring + into the definition of weak solutions and
replace (40) by

f �
X f � � � #O���U����( ��( � � #%��(*)���� !�+�( & �k! .��Y) 0 E 0 PW, 6

for all �"F I�JX # 9 :< = 5 H 9 : ) .
Here we state our Main Theorem.

Main Theorem Let � be a weak solution of the Navier-Stokes equations (1) and (2). Letf X�, #%ETX ?QP X ) F S�9 :< = # 6@?BA�) . Suppose that there exists ? J 6 such that � satisfies

�]F \ ^`_ a # < <=�� _ > ) for some + ?Bj with
�+ ! L j , h and j J L h

Then � is Hölder continuous in < <=	� _�
 " with the exponent * F�#%6T? h ) , i.e.� � #%E ?BPQ) �G�;#OE Z ?BP Z ) ��� � # � E � E Z � ! � P;� P Z � g" ) $
for all #OE ?BPQ)e?
#OE Z ?QP Z ) F < <=	� _ 
 " where � depends on L ?+* and given data .�?B��X , but not on� .

Remark 3.2 Unlike in the interior case, it is not clear that Hölder continuity implies
higher regularity in space variables at a boundary point.

To complete the proof of Main Theorem, we first prove next Lemma.
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Lemma 3.3 Let � be a weak solution of the Navier-Stokes equations (1) and (2). Letf X�, #%ETX ?QP X ) F S�9 :< = # 6@?BA�) . Suppose that there exists ? J 6 such that � satisfies

�]F \ ^`_ a # < <= � _ > ) for some + ?Bj with
�+ ! L j , h and j J L h

Then �]F]\ 9Q_ � # < <= � _ 
 " ) for any 7 ?�� with + , 7 , 1 and j ,-� ,.1 .

Proof. Using the Green tensor A ��� in (6), we can have representation of � as follows:

�%�Q#%E ?BPQ)R, f �X f � � � S 
 A[���V#OE ?�:�?QPe?	� )�� 
 #e:�?�� ) �T�V# :�?	� ) 0 : 0 �
!4f � � � A ��� #OE ?�:�?QPQ) ��X � #e:@) 0 : ��� � #%E ?BPQ) ! � g #OE�?QPQ)U? (42)

where $ , hY? �2? hLhLh ? L . We first consider the second term � g and we will show that � g is
bounded in < <=�� _ >�� g . Note first that since � X is smooth and compactly supported in 9 :< ,

there exists a sufficiently large � J 6 such that support of � X is contained in 8 <� D 9 :< .
For convenience we recall the estimate of A ��� (see Theorem 2.4).� � 
� � �� � � ���� A ��� #OE�?QPQ) ��� �P 
 <��
�����! " � E � :�# � E � #%$:
For any f , #OE�?QPQ) F < <= � _ >�� g , using the estimate above, we obtain� � g #%E ?QPQ) ��� f � � � � A �
� #%E ?�:�?BPQ) �L� ��XV#e:@) � 0 : � �^� � X �^� MONQP � �� S f�� �� � A ��� #OE�?;:�?QPQ) � 0 :� �L� � X �^� M N P � �� S f � �� �P  " � E'�6: � : # � � E : �@: : � � #%$

0 :
� �^� � X �L� M N P � �� S �P  " � �L� � X �L� M N P � �� S �#OP X � > "� )  "

where we used P�X � # ? g ��� )A, P because #OE ?BPQ) F < <= � _ >�� g . It is obvious that � g F\ 9B_ � # < <=	� _ >�� g ) for every 7 ?	� with +V, 7 , 1 and j@, � , 1 because � g is bounded

in < <= � _ >�� g . Next, we consider the first term � � #%E ?QPQ) in (42). To utilize the assumption��FG\ ^ _ a # < <= � _ > ) , we split 9 :< into two parts < <= � _ > and # 9 :< = 5 )	� < <= � _ > , which are, for
simplicity, denoted by < and <�
 , respectively. Namely, we express � � as follows:

� � #OE�?QPQ)R, f �X f � � � S 
 A ��� #OE�?;:�?QPe?�� ) � 
 # :�?	� ) � � # :�?��
) 0 : 0 �
, f �X f � � � S 
 A[�
� � 
 �T� �,� ! f �X f � � � S 
 A[�
� � 
 �T� � �	� �
� �+�Y#OE ?BPQ)B! � � g #%E ?BPQ)e? (43)

where � is the characteristic function defined at the beginning of section 2. It is easy to
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see that the second term � � g in (43) is bounded in < <= � _ >�� g . Indeed it is due to the fact

that A[��� has no singularity in < 
 because #OE ?BPQ)'F < <=	� _ >�� g and integration is performed

in < 
 . More precisely,
� E � : � M ? � � and

� P � � � M ? g � � for any #%E ?QPQ)"F < <= � _ >�� g and# :�?��
) F < 
 . Thus, for any f ,D#OE�?QPQ) F < = � _ >�� g , we obtain� � � g #%E ?QPQ) ��� f f � � � S 
 A[���V#OE ?�:�?QPe?	� ) �^� � 
 # :�?	� ) �T�Y# :�?	� ) � 0 : 0 �� f f � � � � � 
 # :�?	� )��Y�V#e:�?�� ) �#OP;� � ) g �� " � E'�6: � :�# � � E : �6: : � � #[$
0 : 0 �

� �? : f f � � � �;# :�?	� ) � g 0 : 0 � �K� #%P X !/? g )? : U;WTX��� a f � � � � � #Q&4?��
) � g 0 :
h

Due to the global energy inequality (41), � � g is bounded by given data. To sum up, so far
we have proved � � g #%E ?QPQ) and � g #OE�?QPQ) are bounded in < <= � _ >�� g where

� � #OE�?QPQ)R, � �+� #%E ?QPQ)�! � � g #%E ?QPQ) ! � g #OE�?QPQ) h (44)

For simplicity, we denote
�� #%E ?QPQ) � � � g #OE ?BPQ)�! � g #%E ?BPQ) . To complete our assertion, we

introduce an operator � #%��) H \ 9B_ � # < <= � _ >�� g )	� \ 9B_ � # 9 :<>= 5 ) as follows:

# � #O� )	��) � #%E ?QPQ) ,Ef �X f � � � S 
 A �
� #%E ?;:�?BPe?	� ) � 
 # :�?��
) � � � � #e:�?	� ) 0 : 0 �V?
where �$F \ 9B_ � # < <=	� _ >�� g \ 9 :< ) and 7 ?�� are numbers with +V, 7 , 1 and ji, � , 1 .
In the above integral, � is understood to an extended one in 9 :< by assigning zero outside< <= � _ >�� g . Our aim is to show that � #O� )	� F5\ 9Q_ � # 9 :< = 5 ) and � #O� ) is a bounded operator,
and the following estimate holds:�L� � #O� )	� �L� MY_

� �

P � � ��� a S � � �L� � �L� M � � d P � �� � � 

S �L� � �L� MT_

� �

P � �� �
� 
 " S ? (45)

which automatically implies�^� � #%��)�� �L� MY_
� �

P � �� �
� 
 " S � � �^� � �^� M � � d P � �� � � 


S �^� � �^� MY_
� �

P � �� �
� 
 " S h (46)

For simplicity, we write, from now on, � � #e:�?	� ) � � �� � � 
 as � � # :�?	� ) without any confusion.

Indeed, using the estimate of
� ( A��
�V#%E ?BPQ) � , we have

� � #O� )	� #%E ?QPQ) �Y� f �X f � � � � ( A ��� #OE ?�:�?QPe?	� ) � & � � #e:�?	� ) �L� � #e:�?�� ) � 0 : 0 �� � f �X f � � �
� � #e:�?�� ) �L� � # :�?��
) �� P�� � � g �� " � E �@: � : # � � E : �6: : � � #[$

0 : 0 � h
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For an arbitrarily * with 6/, * , h , we take � ,i# L �/h ) * � L . With the aid of
� E Z �: Z � : # � # � � E : � : : � � � � � E"�i: � : # � , the right side of the above inequality is estimated as

follows: f �X f � � � � � � #e:�?�� ) �L� � # :�?��
) �� P;� � � g �� " � E'�6: � : # � � E : �6: : � � #%$
0 : 0 �

� f �X f � � � � � �;# :�?	� ) �L� ��#e:�?	� ) �� P ��� � g �! " � E Z �@: Z � P :�# � S # ! � � g #  � � E : �6: : � � #  �
0 : 0 �V?

Since * is an arbitrary number between 6 and h , we may specifically choose * , L � j .
Using the inequality of the Riesz potential (see e.g. Theorem 1 in [18, page 119-120]), we
obtain �L� � #O� )	� #�&[?QPQ) �^� M �

P � � � S � � f �X h� P�� � � g � � d" �^� � #Q?	� )	� #Q?	� ) �L� M � P � � � S 0 �
� � f �X �L� �;#�?��
) �^� M d P � � � S �^� � #�?	� ) �^� M �

P � � � S� P�� � � g � � d" 0 �Y?
where h ��� , h�� � ! h �`j h Applying the inequality of the Riesz potential again, we have�L� � #O� )	� �L� M _ � �

P � � ��� a+S � � �L� � �L� M � � d P � � � � a S �L� � �L� M _ � �

P � � ��� a+S h
The last inequality comes from � � + ! L �`j�, h , which is equivalent to h � 7 , h��e+5!h�� 7 �>#�h�� � � L � �Yj ) . This completes our assertion (45), and thus (46). Now we rewrite
representation of � in (44) as follows:

# 5 � � #O� )Q) #O� )U#OE�?QPQ) , �� #%E ?QPQ) where
�� #OE�?QPQ) ��� � g #OE�?QPQ) ! � g #OE ?BPQ) h

The main point in this argument is that 5 � � #O� ) is an invertible operator on \ 9B_ � # < <= � _ >�� g )
provided that

�^� � �L� M �
� d P � �� � � 


S
is sufficiently small because the operator norm of � #O� ) be-

tween \ ^`_ a # < <= � _ > ) can be less than
�
g if

�L� � �^� M �
� d P � �� � � 


S ,�� g where � is the constant

in (45). Since
�� is bounded in < <= � _ >�� g , which also implies it is in \ 9B_ � # < <= � _ >�� g ) for all7 ?	� ,V1 , � must be also in the same space \ 9B_ � # < <=�� _ >�� g ) due to invertibility of 5 � � #O� ) .

However, we still need the smallness of
�L� � �L� M �

� d P � �� � � 

S
. To complete the arguments, at

the beginning we decompose 5 � � _ >�� � g , #OP X �.? g � �@?QP X ) as a union of ) sectors, de-
noted by 5 �/, #%P]�*� � �`?BP]�U)U? � , hY? �2? h^hLh ?�) where P � , P X ?QP�� � � � , P X � ? g � �
and P � < � ��P]��, � such that � � � #%P]� � � ?QP]��) D 5 � for � ,ihV?��@? hLh^h ?;) . We note that#OP X �.? g ��� ?QP X ) D�� ������ � � . For given small 	 J 6 , we can have

�^� � �^� M �
� d P � �
 � a � S , 	for all � , hV?��@? hLh^h ?;) if � is taken sufficiently small. By repeating this procedure at each8 <> = 5 � , we obtain � F \ 9B_ � # 8 <>�� g =
� � ) , which leads to � F \ 9B_ � # 8 <>�� g = # � ������ � � )B) .This completes the proof.

The easy consequence of the above Lemma is the following.
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Corollary 3.4 Let � be a weak solution of the Navier-Stokes equations (1) and (2). Letf X�, #%ETX ?QP X ) F S�9 :< = # 6@?BA�) . Suppose that there exists ? J 6 such that � satisfies

�]F \ ^`_ a # < <= � _ > ) for some + ?Bj with
�+ ! L j , h and j J L h

Then � is bounded in < <= � _ 
 " , i.e. ��F \ J _ J # < <= � _ 
 " ) .
Proof. In the expression (44), we already verified that � � g ? � g are bounded in < <= � _ >�� g in
the Lemma above. Thus, it remains to show that � ��� in (44) is bounded. As mentioned
earlier, taking *G, L �`j , for #OE ?BPQ) F < <= � _ >�� g , we easily obtain

� �+� #%E ?BPQ)R, � � #%��)�� #%E ?BPQ) ��� f �X f � � � � ( A #%E ?;:�?BPe?	� ) � & � �;# :�?��
) � � � g 0 : 0 �
� f �X f � � � � � �;# :�?	� ) � � � g 0 : 0 �� P ��� � g �! " � E Z �@: Z � :�# � # ! � � g #  � � E : �4: : � � #  �

� � �L� � �^� gM " _ �
"

�

P � S ?
where < , < <= � _ > and 7 ?	� are sufficiently large numbers (in fact, it is enough to choose7 ?	� satisfying 7 J + and � J j ). This completes the proof.

Now we are ready to prove the main theorem.

The Proof of Main Theorem According to Lemma 3.3 and corollary 3.4, we can prove
that ��F�\ J _ J # < <= � _ � >�� � ) (this can be done by taking a characteristic function � � �� �

� � 
 � �
instead of � � �� � � 
 in (43)). Recalling the expression (44), we will show that � � g and � g
are Hölder continuous in < <=	� _ >�� g . In fact, they are more than Hölder continuous. Indeed,
� � g and � g are smooth in < <= � _ >�� g . We consider first � g in (42). Since ��X is supported in8 <� for a sufficiently large � J 6 , using the estimate of A���� , we have

� � 
� � ���� � ���� � g #OE ?BPQ) �Y� f � � � � � 
� � ���� � ���� A%���V#OE�?;:�?QPQ) �^� � X # :@) � 0 :� �L� ��X �L� MON f � �� �P 
 < �
� ���� " � E'�6: � : # � � E : �6: : � � #%$
0 :

� �^� ��X �L� MON �P 
 < �
� ���� " � � �L� ��X �L� MON#%P X � > "� ) 
 < �
� ���� " h
Now we consider � � g in (43). Here we again emphasize that a characteristic function
considered here is � � �� �

� � 
 � � instead of � � �� � � 
 in (43). As mentioned earlier, A���� has no

singularity provided that #%E ?BPQ)5F < <= � _ >�� g . Hence any higher derivatives including time

variable of � � g is bounded by \ g norm of � , which is finite due to the global energy
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inequality (41). Therefore, it remains to prove that � �+� #%E ?QPQ) is Hölder continuous. For
clarity, we recall � �+� #%E ?QPQ) :

� �+� #%E ?QPQ) , f �X f � � � S 
 A �
� #%E ?;:�?BPe?	� ) � 
 # :�?��
)�� � #e:�?	� ) � � �
�
�

� � 
�
0 : 0 � h

From now on, we denote < <= � _ � >�� � by < without any confusion. We first show the Hölder

continuity for space variables. Let #OE ?BPQ) and # �E�?BPQ) be in < <=�� _ >�� g and 	 , � E � �E � . Since �
is bounded in < , using the estimate of A ��� , we have

� � �+� #%E ?BPQ);� � �+� # �E ?BPQ) �Y� �L� � �^� gM N P � S f �X f � � S 
 A �
� #%E ?;:�?BPe?	� );� S 
 A ��� # �E�?;:�?QPe?�� ) �
� � �L� � �L� gM NQP � S f � �

� 
�
� h� E �@: � : # � � E : �6: : � � #[$ �

h� �E'�6: � :�# � � �E : �6: : � � #[$
� 0 :

where
� �X #%Pk� � ) # P � < $ S � g 0 � is finite because * F #%6T? h ) . Let � , E � 	 and

�� , �E � 	 .
Changing of variable

�:", : � 	 and using the scaling method, we obtain

f � �
� 
�
� h� E �@: � : # � � E : �6: : � � #[$ �

h� �E'�6: � : # � � �E : �6: : � � #%$
� 0 :

, 	 $ f�� �
� 
���
� h� � � �: � :�# � � � : � �: : � � #%$ �

h� �� � �: � : # � � �� : � �: : � � #%$
� 0 �:

�
	 $ f � � � �

h� � � �: � : # � � � : � �: : � � #[$ �
h� �� � �: � : # � � �� : � �: : � � #[$

� 0 �: h
It can be easily checked that the last integral is finite regardless of 	 because

� �$� �� � ,Dh
and it is locally integrable, and its decay rate is

� # � E � # g : < g $ ) at infinity. To sum up, we
have the following Hölder estimate:� � ��� #OE ?BPQ)Z� � ��� # �E ?QPQ) � � � �L� � �L� M N P � S 	2$ , � � E'� �E � $ h
For the time variable, we can also obtain the following Hölder estimate:� � �+�Y#OE ?BP��U);� � �+� #%E ?QP g ) ��� � �L� � �L� M N P � S � P�� �GP g �  " h
Since it follows the same argument as the case of space variables, the details are omitted.
Since * is arbitrary between 6 and h , we conclude that � is also Hölder continuous with
exponent * for every *�F # 6@?�h
) in < <=	� _ >�� g . This completes the proof.
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