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Abstract

The goal of this work is to determine appropriate domain and range of the map from

the coe�cients to the solutions of the wave equation for which its linearization or formal

derivative is bounded and the properties of the coe�cients on which the bound depends.

Such information is indispensable in the study of the inverse (coe�cient identi�cation)

problem via smooth optimization methods. The main result of this paper is an explicit

microlocal Sobolev estimate for the linearized forward map. In view of results of Rakesh

[19] for the smooth coe�cient case, the order of our regularity result is optimal.

Our proof is based on the method of nonsmooth microlocal analysis, in particular

various results on propagation of singularities, the method of progressing wave ex-

pansions, microlocal study of solutions of the transport equations, study of conormal

properties of the fundamental solution, and a duality technique.

1 Introduction

Linear acoustic wave equation governs many physical processes such as seismic and acoustic
wave propagation  
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@t2
���r� � r

!
u = f : (1.1)

Here � = �(x) is the logarithm of the density, c = c(x) is the sound speed of the medium,

and f = f(x; t) is the source term which introduces the energy to the problem. If �, c

and f are given along with appropriate side conditions, the forward (or direct) problem is

to determine u = u(x; t), the excess pressure. For appropriate choices of �, c, and f , u is
determined uniquely by standard linear hyperbolic theory of partial di�erential equations

(p:d:e:). Thus the problem stated above de�nes a map from the coe�cients to the solution

of the wave equation. In this paper, we study an aspect of the regularity of this map, and

especially of its composition with the trace on a time-like hypersurface.
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Throughout this work we shall restrict ourselves to the special case of constant velocity

c. We believe that the ideas in this work may be extended to cover some more general cases.

To �x ideas, write x 2 Rn as (x0; xn), where x
0 2 Rn�1, xn 2 R. We assume that the

problem is set in the whole space Rn and u = 0 in the past (t < 0). Take f(x; t) = �(x; t) as

an ideal point source. Thus u is the retarded fundamental solution:

2u � r� � ru = �(x; t) ; (x; t) 2 Rn �R ; (1.2)

u = 0 ; t < 0 ; (1.3)

where 2 is de�ned to be @2t ��, and � is the Laplacian.

It is some what easier to understand the sensitivity of the solution to distant perturbations

of the coe�cients. Thus we will assume that � and its perturbations are supported in the

half space fxn > 0g and study the solution near the boundary fxn = 0g.

De�ne the forward map F as:

F : � ! (�u) jxn=0 ; (1.4)

where � 2 C1

0 (Rn+1) is supported inside the conoid ft > jxjg and near fxn = 0g.
F is nonlinear. As a �rst step toward understanding the regularity of F , we study the

formal linearization (or formal derivative) DF , with respect to the reference state (�0, u0).
The �rst order perturbation theory gives, for a small change ��, the following problem for
the resulting change �u in u:

2�u � r�0 � r�u = r�� � ru0 ; (1.5)

�u = 0 ; t < 0 : (1.6)

The formal derivative DF (�0) is given by

DF (�0)�� = (��u) jxn=0 : (1.7)

It is our main goal in this work to determine appropriate spaces of the domain and range of
F for which

the formal derivative DF is bounded.

We obtain:

Theorem 1.1 Assume l > 3=2, and that s > l+9=2 for n = 2, s > l+ 3n=2 + 1 for n � 3.
Then for �0, �� 2 C

1

0 (fxn > 0g),

jjDF (�0)��jjl � Cjj��jjl+n�1
2

; (1.8)

where the constant C depends on the jj�0jjs and the support of �, but is independent of ��.

The study of the forward map is motivated by the inverse problem which arises in re-

ection seismology, oil exploration, ground-penetrating radar, etc. A highly over simpli�ed
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version of the inverse problem is to determine the coe�cient � by knowing additional bound-

ary value conditions of u. Since the inverse problem is just to invert the functional relation

F , we are naturally interested in all the properties of this forward map.

To understand the problem, let us look at a simple exploration seismology experiment:

Near the surface of the earth, a seismic source is �red at some point (point source). The

seismic waves propagate into the earth. Since the earth's structure varies (as do its physical

properties) part of the energy of the wave will be re
ected back to the surface and can be

measured. The inverse problem is to deduce the interior properties of the earth from the

recorded data.

A simple model of this re
ection seismic inverse problem in this context is: given data

Fdata(x
0; t), �nd a coe�cient �(x) so that

F (�) = Fdata

or perhaps minimizing the error (Fdata � F (�)) in some norm.
Numerical solution of this problem by means of Newton's method and its relatives, such

as the quasi-Newton, conjugate gradient, and variable metric methods, requires a choice of
Banach space structure in the space of models � and in the space of data F (�) (see e.g.

Kantorovich and Akilov [16]), in such a way that F is regular. This fact accounts for our
reliance on the L2-based Sobolev spaces in this work. The simplest regularity property of F
is boundedness of DF , which is discussed in this paper. We believe that similar arguments
will establish smoothness of F and allow investigation of coercive properties of DF , as is
required by the theory of optimization.

When the spatial dimension is one or c and � depend only on xn (layered problem) there
is a large literature available. For a similar problem in which the medium was assumed
to be excited by an impulsive load on the surface fxn = 0g instead of point sources, the
properties of the forward map have been studied fairly satisfactorily by Symes and others
(see Symes [26] for references). It was shown by Symes that, in the constant wave speed

case, the forward map de�nes a C1�di�eomorphism between open sets in certain Hilbert
spaces by applying the method of geometrical optics together with energy estimates.

When the spatial dimension n > 1 and c, � depend on all space variables (nonlayered

problem), very little is known in mathematics. Symes [24, 25], Sacks and Symes [22], Rakesh
[19], and Sun [23] have some partial results. The di�culties are essentially due to the
ill-posed nature of the timelike hyperbolic Cauchy problem and the presence of nonsmooth

coe�cients. For the one dimensional wave equation, both coordinate directions are spacelike,

which indicates that the problem is hyperbolic with respect to both directions. Apparently,
this is not the case when the spatial dimension is larger than one.

Rakesh in [19] studied a related linearized velocity inversion problem with constant den-
sity and point sources. Assuming smooth background velocity, he obtained both upper and

lower bounds for the linearized forward map. The essential observation in Rakesh's work is

that DF is a Fourier integral operator (see also Beylkin [7]). The calculus of Fourier integral
operators employed in Rakesh's work is not applicable to the nonsmooth reference velocity

case since the linearized forward map is a Fourier integral operator only when the reference
velocity is smooth. Nonetheless, the regularity estimate for DF in Theorem 1.1 (loss of

(n� 1)=2 derivatives) is exactly the same as that proved in [19], and is optimal.
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In [24], Symes gave a pair of examples, based on the geometric optics construction, which

show that both DF (1) and DF (1)�1 are unbounded for a slightly di�erent problem. As the

examples show, within the Sobolev scales no strengthening or weakening of topologies of the

domain and range can make both DF and DF�1 bounded. This fact also implies a strategy

of regularization: Change the topology in the domain so that DF becomes bounded, then

ask for optimal regularization of DF�1 in the sense of best possible lower bound estimate

for DF . In both examples of Symes, the unboundedness was caused by rapid oscillation of

� in the x0-direction or the tangential directions, hence the problem is actually \partially

well-posed", i.e., only more smoothness of the coe�cients in tangential directions (essentially

grazing ray directions) will be required to cure the di�culty. For this reason, the results of

[22] and [23] were formulated using the anisotropic Sobolev spaces Hm;s(Rn) or H�ormander

spaces.

In Theorem 4.1 of [22], Sacks and Symes showed by using the method of sideways energy
estimates that for a linearized density determination problem with constant velocity and
plane wave sources, DF is bounded from H1;1 to H1, provided that the reference coe�cient
is in H1;s for some s > n + 2. They also proved the injectivity of DF . An extension of
their reasoning shows that DF is bounded from H l;1 to H l provided that � is in H l;s for

s > n + 2. Since H l;s � H l+s and H l;s 6� Hq for q < l + s, the regularity condition on �0
in Theorem 1.1 is compatible with that of [22]. The bounds on DF are compatible as well,
allowing for the di�erence between plane wave and point sources. Our method is completely
di�erent from theirs. In particular, we believe that our method could be extended to study
the velocity inversion problem, i.e., to determine c(x) when the density is a known constant.

In fact, we have recently obtained several results in [3] that would be necessary to solve this
more di�cult problem.

Even though the coe�cients are always assumed to be smooth in this paper, our method
works equally well in the case of nonsmooth coe�cients. In particular, the method does
not require the reference density �0 to be smooth. Regularity results and some simple

interpolation arguments should yield a proof to the nonsmooth case. A detailed study
of this and results on continuity and di�erentiability of the forward map will be reported
elsewhere.

Throughout, C serves as a generalized positive constant the precise value of which is not
needed.

2 Preliminaries

In this section, we state some basic results that will be frequently used in this work. Only

those relatively new results will be proved.

The �rst was originally established by Bony [8] and was extended by Meyer [17]. See also

Beals [4] for a di�erent proof.

Proposition 2.1 Suppose that for some (x0; �0) 2 T
�(Rn)n0, u 2 Hs \Hr

m`(x0; �0), n=2 <

s � r � 2s � n=2, and g 2 C1, then

g(x; u) 2 Hs \Hr
m`(x0; �0) :
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The next is an algebraic property of the classic Sobolev spaces, whose proof may be found

in [2] or [4].

Proposition 2.2 (Generalized Schauder's Lemma) If u 2 Hs1(Rn) and v 2 Hs2(Rn), with

s1 + s2 � 0. Then

uv 2 Hmin(s1;s2;s1+s2�n=2+�) for any � > 0 :

We need the following standard result for hyperbolic p:d:e, as well as the estimates

involving in its proof. See, for example, Chazarain-Piriou [9] for the idea of the proof. The

following is the version stated in Beals [5].

Lemma 2.1 (Linear Energy Inequality) Let p(x;D) be a partial di�erential operator of or-

der m on Rn+1, strictly hyperbolic with respect to the plane fxn+1 = 0g, and let u satisfy

p(x;D)u = f(x). If f 2 Hs�m+1
loc (Rn+1) and u 2 Hs

loc(x : jxn+1j � �) for some � > 0, then

u 2 Hs
loc(R

n+1).

Concerning the microlocal ellipticity, the following G�arding type inequality is very useful.

Lemma 2.2 Assume that Q1 2 OPSm1 , Q2 2 OPSm2 , with m1;m2 2 R. Furthermore

assume that Q2 is elliptic on ES(Q1). Then for any r 2 R, 
 and 
0 two open bounded sets

of Rn with 
 �� 
0, and u 2 C1

0 (Rn),

jjQ1ujjs;
 � CjjQ2ujjs+m1�m2;
0 + Cjjujjr :

Proof. Let 
1 and 
2 be open sets with 
 �� 
1 �� 
2 �� 
0. Construct a cut-o�
function � 2 C1

0 (
2) with � = 1 on 
1.
The assumption Q2 is elliptic on ES(Q1) implies that a  :d:o R, a parametrix of Q2 on

ES(Q1), may be found such that

Q1RQ2 = Q1 +K (2.1)

with K a smoothing operator.
Having de�ned �, we can now rewrite

Q1RQ2u = Q1R�Q2u+Q1R(1 � �)Q2u :

It follows that, for any r,

jjQ1RQ2ujjs;
 � jjQ1R�Q2ujjs;
 + jjQ1R(1 � �)Q2ujjs;


� Cjj�Q2ujjs+m1�m2;R
n + CjjQ2ujjr

� CjjQ2ujjs+m1�m2;
0 + Cjjujjr :

where to obtain the second inequality, we have used that � = 1 on 
1 �� 
.

It is obvious, from (2.1),

jjQ1RQ2ujjs;
 � jjQ1ujjs;
 � jjKujjs;
 :

The proof is then complete. 2

The next proposition is also concerned with the microlocal ellipticity, whose proof may

be given as a simple exercise of the calculus of  :d:o:s. We shall leave it to the reader.

5



Proposition 2.3 Let A and B be  :d:o:s of the same oredr. Suppose that B is elliptic on

ES(A), then there exists C 2 OPS0, such that

A = CB + smoothing operators

or

A = BC + smoothing operators :

With the presence of nonsmooth coe�cients, one always has to deal with the product of

two distributions of limited regularity and the commutator of an operator with a function

with limited smoothness. Here we state an extended Rauch's lemma and two commutator

lemmas that established in [2].

Lemma 2.3 Suppose that 
 = 
0 � 
1 �� Rn0 � Rn�n0 (1 � n0 � n), 
0 �� 
, and
n0=2 < s, 0 � l � s; q and q < l + s � n0=2. Suppose that Q 2 S0(
0), ~Q 2 S0(
) elliptic
on ES(Q), and Q0 2 S

0(
0) satis�es that: (x; y; �; �) 2 ES( ~Q); � 6= 0 =) (x; �) 2 ES(Q0).
Then there exists a constant C > 0 so that for u 2 C1

0 (
0) and v(x; y) 2 C
1

0 (
),

jjQuvjjq;
0 � C(jjujjs;
0 + jjQ0ujjq;
0)(jjvjjl;
 + jj ~Qvjjq;
):

Remark. If n0 = n, the lemma implies the original Rauch's lemma in [20].

Lemma 2.4 Suppose that 
0 �� 
 �� Rn, and assume p1(x;Dx) 2 OPS1, b0(x;Dx) 2
OPS0 are properly supported, s > n=2 + 1, 0 � l � s, and a 2 Hs

loc. There exists C > 0 so

that for v 2 H l(
),
jj[b0; ap1]vjjl;
0 � Cjjvjjl;
) :

Lemma 2.5 Suppose that 
 = 
0 � 
1 �� Rn0 �Rn1 , 
0 �� 
, p1 2 S
1(
), b0 2 S

0(
),
a 2 Hs(
0) with s > n0=2 + 1, 0 � l � s, r < l + s � n0=2 � 1. Suppose that q0 2 S0(
0)

and q0(x;Dx)a 2 Hr(
0). Suppose that q 2 S0(
) satis�es: (x; y; �; �) 2 ES(q), � 6= 0 =)
(x; �) 2 ES(q0), and suppose b00 2 S0(
) so that q is elliptic on ES(b00). Then there exists

C > 0 so that for v 2 C1

0 (
),

jj[b0; ap1]vjjl;
0 � Cjjvjjl;
 ;

jjb00[b0; ap1]vjjr;
0 � C(jjvjjl;
 + jjqvjjr;
) :

Remark. If n0 = n then the condition relating q, b00 is simpler: q = q0 and b should be
elliptic on ES(q0).

3 Propagation of Regularity

In this section, we shall derive an estimate out of H�ormander's theorem on propagation of

singularities. The main results concerns regularity in t direction of the fundamental solution

for the wave equation. Recall that u0 solves the model problem (1.2) and (1.3) for � = �0.
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Theorem 3.1 Suppose that 1 + n=2 < s and �0 2 H
s(Rn). Then for l < s� n+ 1=2

@ltu0 2 L
2
loc(U) ;

where U = fRn � (0; T1)g \ ft > jxjg (T1 > 0). And for � 2 C1

0 (U), the following estimate

holds

jj�@ltu0jj � C ; (3.1)

where the constant C depends on � and jj�0jjs.

3.1 Propagation of regularity with estimates

In order to establish Theorem 3.1, we need the following results. Lemma 3.1 gives an estimate

based on Nirenberg's proof [18] of H�ormander's theorem which describes the propagation of

regularity along bicharacteristics. With nonsmooth coe�cients, only a limited amount of
regularity propagates. It indicates that an estimate may be derived near any bicharacteristic,
hence near the characteristic variety of operator 2 = @2t ��. We then proceed in Lemma
3.2 to argue that in the elliptic region of the operator 2 an estimate may also be formed.

Let � : T �(
0)! 
0 denote the projection of T �(
0) onto its base space.

Lemma 3.1 Suppose that  , � 2 C1

0 (Rn+1), s > n=2, k < s + 2 � n=2, �0 2 Hs+1
comp(R

n),

� is a null bicharacteristic strip for 2, and 
 �� Rn+1 satis�es �� \ �
 = ;. Then there

exist B 2 OPS0 with ES(B) supported in an arbitrarily small conic neighborhood of � and

C > 0 so that any w 2 H1
loc(R

n+1) vanishing for large t and satisfying

2w �r�0 � rw = f 2 L2(
);

satis�es in addition

jj B�wjjk � Cjjf jj0:

Proof. The standard energy estimate for the (variable-coe�cient) wave equation implies

that for any T 2 R

jjwjj
H1([T;1)�R

n
)
� Cjjf jjL2(
);

where C depends on �0 and on T .
Select T such that

t < T ) (x; t) 62 
 [ supp(�) [ supp ( ) :

Select �1 2 C
1(R) so that

�1(t) =

(
1; t > T � k;

0; t < T � k � 1 :

Then w1 = �1w 2 H
1
comp(R

n+1) satis�es

2w1 �r�0 � rw1 = f1 2 L
2
comp(R

n+1)
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with

jjf1jj0 � Cjjf jj0

so

jjw1jj1 � Cjjf jj0

and moreover f1 � f for t � T � k.

The construction described in Nirenberg [18], pp. 44-45, produces a sequence fBig �

OPS0, j = 1; � � �; 2k � 2, having the following properties:

(1) ES(Bj) is contained in a small conic neighborhood of �, and in particular �ES(Bj)\
�
 = ;, j = 1; � � �; 2k � 1;

(2) [2; Bj] 2 OPS
0;

(3) Bj is elliptic on ES(Bj+1), j = 1; � � �; 2k � 2.

Let T1; R > 0 be so large that

[T; T1]�BR(R
n) � 
 [ supp (�) [ supp ( );

where BR(R
n) is the ball in Rn centered at the origin of radius R. Also make R > 0 large

enough that the support of w does not intersect the cylinder [T � k + 1;1)� @BR.
Set


j = [T � k + j + 1; T1 + k � j]�BR+k�j(R
n)

for j = [0; k].
Let Aj = B2j�1B2j, j = 1; � � �; k � 1, and A0 = I. We claim that

jj
@j

@tj
Ajw1jj1;
j � Cjjf jj0 ; j = 0; � � �; k � 1 :

For j = 0, this just the consequence of the standard energy estimate stated above. Thus

assume the conclusion for j � k � 2.
We may assume that the essential support of the Bj (hence of the Aj) is so small that

@=@t is elliptic there. Thus Lemma 2.2 implies

jjB2j+1w1jjj+1;
j+1=2
� Cjj@j=@tjAjw1jj1;
j + Cjjw1jj1

� Cjjf jj0;

by the induction hypothesis.

On the other hand,

(2�r�0 � r)B2j+1w1 = [2; B2j+1]w1 + [B2j+1;r�0 � r]w1+B2j+1f1 :

By construction, B2j+2[2; B2j+1] 2 OPS
0; moreoverB2j+1 is elliptic on ES(B2j+2[2; B2j+1]),

so another application of Lemma 2.2 gives

jj
@j+1

@tj+1
B2j+2[2; B2j+1]w1jj0;
j+1 � CjjB2j+1w1jjj+1;
j+1=2

+ Cjjw1jj1

� Cjjf jj0:
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The microlocal version of the Commutator Lemma (Lemma 2.5) gives

jjB2j+2[r�0 � r; B2j+1]w1jjj+1;
j+1 � C(jjw1jj1;
j+1=2
+ jjB2j+1w1jjj+1;
j+1=2

)

� Cjjf jj0 :

The correspondence with the items in the statement of the Commutator Lemma is:

Lemma 2.5 Here


 
j+1=2


0 
j+1

v w1

p1 r

a r�0
s s

l 1

r j + 1 < s � n=2
n0 n

q B2j+1

q0 I

b0 B2j+1

b00 B2j+2.

Thus, from Lemma 2.5

jjB2j+2[r�0 � r; B2j+1]w1jjj+1;
j+1 � C(jjw1jj1 + jjB2j+1w1jjj+1;
j+1=2
);

provided that j + 1 < s� n=2.
Since we are only considering j+1 � k� 1 and have assumed k < s�n=2+1, we obtain

the conclusion above.
As noted above f1 = f for t > T � k, in particular f1 = f on 
j , j 2 [0; k � 1]. Since

B2j+1f1 = B2j+1f +B2j+1(f1 � f) ;

�ES(B2j+1) is disjoint from 
 � supp(f), and 
j is disjoint from supp(f1 � f), it follows

that

jjB2j+1f1jjj+1;
j+1 � Cjjf jj0:

On the other hand,

jj[B2j+2;2]B2j+1w1jjj+1;
j+1 � CjjB2j+1w1jjj+1;
j+1=2
+ Cjjw1jj1;Rn

� Cjjf jj0;

jj[r�0 � r; B2j+2]B2j+1w1jjj+1;
j+1 � CjjB2j+1w1jjj+1;
j+1=2
� Cjjf jj0;

so we obtain (Aj+1 = B2j+2B2j+1)

jj(2�r�0 � r)Aj+1w1jjj+1;
j+1 � Cjjf jj0:
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In particular,

jj(2�r�0 � r)
@j+1

@tj+1
Aj+1w1jj0;
j+1 � Cjjf jj0:

Since both the hyperplane ft = T1 + k � j � 1g and the cylinder boundary @
j+1 of the set

[T�k+j+2; T1+k�j�1]�@BR+k�j�1 are disjoint from the support of w1, for every r 2 R

the Hr norms of the traces of @
j+1
t Aj+1w1 on these sets, and the traces of all derivatives, are

bounded by multiples of jjw1jj1 � Cjjf jj0. So we can regard
@j+1

@
j+1
t

Aj+1w1 as the solution of a

mixed problem for 2�r�0 �r in 
j+1, with Cauchy data at t = T1+k� j�1 and Dirichlet

data, say, on the cylinder boundary, and all of this data is smooth, i.e., is bounded in Hr in

terms of jjf jj0. According to the standard energy estimate,

jj
@j+1

@tj+1
Aj+1w1jj1;
j+1 � Cjjf jj0;

which establishes the induction step.
Now set B = B2k�1. Note that �1 = 1 on supp(�)

B�w = �Bw1 + [B;�]w1 :

By construction, Ak�1 is elliptic on ES(B) and ES([B;�]), hence by Lemma 2.2

jj B�wjjk � Cjj
@k�1

@tk�1
Ak�1w1jj1;
k�1

+ Cjjw1jj1 � Cjjf jj0 :

2

Corollary 3.1 Suppose that  , � 2 C1

0 (Rn+1), s > n=2, k < s� n=2 + 2, �0 2 H
s+1
comp(R

n).

Suppose that 
 is a set of null bicharacteristic strips for 2, and 
 �� Rn+1 satis�es �
 \
�
 = ;. Then there exists Q 2 OPS0 with ES(Q) supported in an arbitrarily small conic

neighborhood of 
 and C > 0 so that for w 2 H1
loc(R

n+1) vanishing for large t and satisfying

2w �r�0 � rw = f 2 L2(
)

satis�es in addition

jj Q�wjjk � Cjjf jj0 :

Proof. For every null bicharacteristic strip of the set 
, Lemma 3.1 indicates that a  :d:o:

B of order zero may be found so that

jj B�wjjk � Cjjf jj0 :

Now Q may be constructed as Q =
P
B. Moreover, the local compactness of the unit sphere

ensures that the summation is �nite. 2
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Lemma 3.2 Suppose that  , � 2 C1

0 (Rn+1), s > n=2, k < s� n=2+2, �0 2 H
s+1
comp(R

n), P

is a  :d:o: of order zero such that a conic neighborhood of its essential support is contained

in the microlocal elliptic region of 2, and 
 �� Rn+1 satis�es �P \ �
 = ;. Then there

exists a constant C > 0 so that any w 2 H1
loc(R

n+1) vanishing for large t and satisfying

2w �r�0 � rw = f 2 L2(
)

satis�es

jj P�wjjk � Cjjf jj0

where the constant C depends on �0, k, P , �, and  , but not on w.

Proof. The proof is based on the same type of arguments as in the proof of last lemma.

Once again, select T such that

t < T ) (x; t) 62 
 [ supp(�) [ supp ( ) :

Select �1 2 C
1(R) so that

�1(t) =

(
1; t > T � k;

0; t < T � k � 1 :

Then w1 = �1w 2 H
1
comp(R

n+1) satis�es

2w1 �r�0 � rw1 = f1 2 L
2
comp(R

n+1) (3.2)

with

jjf1jj0 � Cjjf jj0

so
jjw1jj1 � Cjjf jj0;

and moreover f1 � f for t � T � k.
Let T1; R > 0 be so large that

[T; T1]�BR(R
n) � 
 [ supp (�) [ supp ( );

where BR(R
n) is the ball in Rn centered at the origin of radius R.

Set


j = [T � j + 1; T1 + j]�BR+j(R
n)

for j = [0; k].

Now since 2 is elliptic in a small conic neighborhood of ES(P ), we can construct a

sequence of  :d:o: fPig 2 OPS
0, i = 0; 1; � � �; 2k � 2, such that:

(1) 2 is elliptic in a small conic neighborhood of ES(Pi), and �ES(Pi) \ �
 = ;,

i = 0; 1; � � �; 2k � 2;

(2) Pi+1 is elliptic on ES(Pi), i = 0; � � �; 2k � 3, in particular P0 is elliptic on ES(P ).
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A simple application of Lemma 2.2 gives

jj P�wjjk � CjjP0w1jjk;
0 + jjw1jj1 :

Therefore, it su�ces to show that

jjP0w1jjk;
0 � Cjjf jj0;

which may be established by the following \bootstrap" argument.

Applying P0 to both sides of (3.2), we �nd

2P0w1 = [2; P0]w1 + [P0;r�0 � r]w1 +r�0 � rP0w1 + P0f1 : (3.3)

From the ellipticity of P12 on ES(P0), a G�arding type inequality yields

jjP0w1jjk;
0 � CjjP12P0w1jjk�2;
1 + Cjjw1jj1 ;

or from (3.3)

jjP0w1jjk;
0 � C(jjP1[2; P0]w1jjk�2;
1 + jjP1[P0;r�0 � r]w1jjk�2;
1 +

jjP1r�0 � rP0w1jjk�2;
1 + jjf jj0) :

Therefore an application of Lemma 2.5 and the extended Rauch's lemma Lemma 2.3 yields

jjP0w1jjk;
0 � C1jjP2wjjk�1;
2 + C2(jjw1jj1 + jjP2w1jjk�2;
2)

+C3(jjw1jj1 + jjP2w1jjk�1;
2)

� Cjjf jj0 + CjjP2w1jjk�1;
2 :

Here constants C2 and C3 depend on jjr�0jjs for k � 2 + n=2 < s.

Now we may continue this process to obtain the following estimate

jjP2jw1jjk�j;
j � Cjjf jj0 + CjjP2j+2w1jjk�j�1;
2j+2 ;

for j = 0; 1; � � �; k � 2.
Then the proof is complete by knowing that

jjP2j+2w1jj1;
2k�2 � jjf jj0 :

2

3.2 Regularity of the fundamental solution: Proof of Theorem 3.1

We study the regularity of u0 through its dual problem. To simplify the arguments on the

dual problem, we make use of the symmetric form of (1.2)(u = u0 and � = �0) by introducing

�(x) = e��0 . Then (1.2) becomes

21u0 = [
1

�
@2t �r � (

1

�
r)]u0 =

1

�
�(t)�(x);

u0 = 0 t < 0 :
(3.4)

12



Now let us look at a dual problem to (3.4),

21w = [
1

�
@2t �r � (

1

�
r)]w = 	;

w = 0 t >> T1 ;
(3.5)

where 	 2 C1

0 (
) with 
 = fRn� (0; T1)g\ft > jxj+ �0g, for �0 > 0 small. Note that, this

equation may be reformulated as

2
0

1w = 2w �r�0 � rw = e��0	;

w = 0 t >> T1 :
(3.6)

Thus if we can show that for any 	 2 C1

0 (
)

j(@ltu0;	)j � Cjj	jj0 ; (3.7)

then it can be concluded that
jj@ltu0jj0;
 � C : (3.8)

From (3.4), integration by parts leads

j(@ltu0;	)j = j(21@
l
tu0; w)j

= j(
1

�
�(t)�(x); @ltw)j

� Cj(@ltw)(0; 0)j :

The trace theorem (see for example [27]) yields that

j(@ltu0;	)j � Cjj�1wjjl+(n+1)=2 (3.9)

with �1 2 C
1

0 (
1), 
1 a small neighborhood of the origin and 
1 \ supp(	) = ;.
Construct two  :d:o: Q1, Q2 2 OPS

0(Rn+1), such that

� Q1 +Q2 = R; where R is an elliptic  :d:o: of order zero in 
1;

� �supp(qi) \ supp(	) = ;, for i = 1; 2;

� ES(Q2) is a small conic neighborhood of set of null bicharacteristics of the wave oper-

ator 2 passing over 
1;

� Q1 is microlocally smoothing on the null bicharacteristics passing over 
1.

Therefore, with (3.9), we have

j(@ltu0;	)j � CjjQ1�1wjjl+(n+1)=2;
1 + CjjQ2�2wjjl+(n+1)=2;
1; (3.10)

here the expression makes sense because the domain of dependence for w and the pseudo-local

properties of Q1 and Q2.
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Now, we can apply Corollary 3.1 to obtain that

jjQ2wjjl+(n+1)=2;
1 � Cjj	jj0 : (3.11)

Lemma 3.2 yields

jjQ1wjjl+(n+1)=2;
1 � Cjj	jj0; (3.12)

where the constants here depend on jj�0jjs with s > maxf1 + n=2; l + n� 1=2g.

Therefore, we have shown

j(@ltu0;	)j � Cjj�1wjjl+(n+1)=2 � Cjj	jj : (3.13)

which completes the proof. 2

4 Regularity of the Transport Equations

Consider a problem related to the model problem,

(2�r�0 � r)v0 = ��
n�1
2 (t)�(x) ;

v0 = 0 ; t < 0 :
(4.1)

Hadamard's construction leads to the progressing wave expansion for v0,

v0 =
l1�1X
k=0

bk(x)Sk(t� r(x)) +R(x; t); (4.2)

where r(x) = jxj, S0(t� r(x)) = H(t � r(x)) is the Heaviside function, S 0k = Sk�1 (k � 1),
and fbkg solve the so-called transport equations, for k = 1; � � �; s,

2rr � rb0 + (�r +rr � r�0)b0 = 0; (4.3)

2rr � rbk + (�r +rr � r�0)bk = �bk�1 +r�0 � rbk�1; (4.4)

for k = 1; � � �; s. Moreover, the remainder term R satis�es

(2�r�0 � r)R = (�+r�0 � r)bl1�1Sl1�1(t� r(x)) ;
R = 0 ; t < 0 :

(4.5)

Clearly away from the origin, R is the smoother part in the expansion.

This section is devoted to the regularity study of the solutions of the above transport
equations.

Let us �rst simplify the transport equations (4.3) and (4.4) by introducing two functions
� and �0, such that

rr � r�0 = �r=2 ; and � = �0=2 + �0 :

It is obvious that � is nothing more than a smooth perturbation of �0=2, away from the

origin.
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We can then rewrite the transport equations as

2rr � r(b0e
�) = 0; (4.6)

2rr � r(bke
�) = e�(�bk�1 +r�0 � rbk�1) : (4.7)

Observe that all the transport equations have the same principal part 2rr � r which is

a smooth vector �eld away from the origin. Therefore in order to understand the regularity

of the solutions, it is essential to study the properties of this vector �eld.

Let V denote the vector �eld rr � r and Char(rr � r) = f(x; �) 2 T �(Rn); rr � � = 0g.

Lemma 4.1 Assume that u is a smooth function with supp(u) � fjxj > �g for some � > 0.

Assume also that � 2 C1

0 (Rn) with � = 1 on 
 and supp(�) �� 
0, where 
 and 
0

are bounded open sets in Rn. Then there exist a Q 2 OPS0 which is elliptic on Char(V ),

[Q;V ] 2 OPS�1, and �0 2 C1

0 (Rn), �0 > 0 on supp(�), such that for s 2 R the following

estimates

jjujjs;
 � CjjQ�0V ujjs;
0 + CjjV ujjs�1;
0 + Cjjujj�;
0; (4.8)

jjQ�ujjs;
 � CjjQ�V ujjs;
 + Cjjujj�;
0; (4.9)

hold for any � 2 R, where the constants are independent of u.

Remark. Since the vector �eld V is singular at x = 0, the assumption supp(u) � fjxj > �g

is essential to make sense of the whole discussion here.

Proof. Following Nirenberg's construction (in the proof of Theorem 6 in [18]), one can
construct operators Q and P 2 OPS0 with properties:

� [Q;V ] 2 OPS�1;

� Q is elliptic on a small conic neighborhood 
 of Char(V );

� P +Q is elliptic and;

� ES(P ) \ 
 = ;.

Let f
ig
j
i=0 be a sequence of bounded open sets, such that


 = 
0 �� supp(�) �� 
1 �� � � � �� 
j�1 �� 
j = 
0;

here j is the smallest integer with s� j � k.

Correspondingly, one can construct a sequence of functions f�ig
j�1
i=o that satisfy: �0 = �,

�i 2 C1

0 (Rn); �i = 1 on supp(�i�1) [ 
i for i = 1; � � �; j � 1; �j > 0 on supp(�j�1); and
supp(�i) �� 
i+1, for i = 1; � � �; j � 1.

Because of the ellipticity of R+Q, G�arding's inequality (see f.g. Taylor [27]) yields

jj�ujjs;
 � Cjj(R+Q)�ujjs;
 + Cjj�ujj�;


� CjjR�ujjs;
 + CjjQ�ujjs;
+ cjj�ujj�;
 : (4.10)
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Now since V is elliptic on ES(R), our G�arding type result Lemma 2.2 gives

jjR�ujjs;
 � CjjV �ujjs�1;
1 + Cjj�ujj�;
1

� Cjj[V; �]ujjs�1;
1 + Cjj�V ujjs�1;
1 + Cjj�ujj�;
1

� Cjj�1ujjs�1;
1 + Cjj�V ujjs�1;
1 + Cjj�ujj�;
1 : (4.11)

Next note that V = @
@r
. Thus along the radial direction r = jxj, the standard method of

energy estimates may be applied to get

jjQ�ujjs;
 � jjQ�V ujjs;
 + jjQV (�)ujjs;
 + jj[V;Q]�ujjs;


� jjQ�V ujjs;
 + Cjjujj�;
1; (4.12)

where to obtain the second inequality, we have used the facts [V;Q] 2 OPS�1. The estimate

jjQV (�)ujjs;
 � Cjjujj�;
1 follows from the assumption � = 1 (hence V � = 0) on 
.

Substitutes estimates (4.11) and (4.12) into (4.10), we have

jj�ujjs;
 � Cjj�1ujjs�1;
1 + CjjQ�V ujjs;
 + Cjj�V ujjs�1;
1 + Cjjujj�;
1 : (4.13)

Now, we can repeat the above procedure to estimate jj�1ujjs�1;
1 . Actually, the same
idea allows us to obtain estimates

jj�ujjs�i;
i � Cjj�i+1ujjs�i�1;
i+1+CjjQ�iV ujjs�i;
i+Cjj�iV ujjs�i�1;
i+1+Cjjujj�;
i+1 (4.14)

for i = 1; � � �; j � 1.

Combining all of the estimates in (4.14), we have

jj�ujjs;
 � Cjj�jujjs�j;
j + C
j�1X
i=0

jjQ�iV ujjs�i;
i + C
j�1X
i=0

jj�iV ujjs�i�1;
i+1 + C
j�1X
i=0

jjujj�;
i+1

� C
j�1X
i=0

jjQ�iV ujjs�i;
i + C
j�1X
i=0

jj�iV ujjs�i�1;
i+1 + Cjjujj�;
0 (4.15)

because s � j � r and 
j = 
0.

It follows from our construction of f
ig and �i > 0 on [j�1
i=0 supp(�i) that

jj�ujjs;
 � C
j�1X
i=0

jjQ�iV ujjs�i;
i + CjjV ujjs�1;
0 + Cjjujj�;
0

= C
j�1X
i=0

jjQ�i�
�1
j �jV ujjs�i;
i + CjjV ujjs�1;
0 + Cjjujj�;
0

� C
j�1X
i=0

(jj[Q;�i�
�1
j ]�jV ujjs�i;
i + jj�i�

�1
j Q�jV ujjs�i;
i) + CjjV ujjs�1;
0 + Cjjujj�;
0

� CjjQ�jV ujjs;
0 + CjjV ujjs�1;
0 + Cjjujj�;
0 : (4.16)

Thus by choosing �0 = �j, we have completed the proof of (4.9). 2
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Having established Lemma 4.1, we are ready to study the solutions of the transport

equations, fbig(i = 0; � � �; l1 � 1). Unfortunately, Lemma 4.1 is not directly applicable

essentially due to the fact that fbig are not necessarily supported away from the origin.

However, the assumption made in Section 1, �� = 0 near fxn = 0g indicates that no

perturbation of the coe�cient �0 will take place near the origin. Since our primary concern

is the linearized problem in this work, �0 may therefore be assumed to be constant �c0 near

fxn = 0g for convenience. Suppose the solutions of the corresponding transport equations of

the problem obtained by replacing �0 by �
c
o are e0; e1; � � �; el1�1. Obviously, they are smooth

functions, and moreover

di = ei � bi; for i = 0; � � �; l1 � 1

are all supported away from the origin. Hence Lemma 4.1 becomes applicable.

It is easy to write down the equations for dk

2rr � r(d0e
q0) = (rr � r�0)b0e

q0; (4.17)

2rr � r(dke
q0) = (rr � r�0)bke

q0 +�dk�1e
q0 � (r�0 � rbk�1)e

q0; (4.18)

for k = 1; � � �; l1 � 1.
Let us �rst examine d0. Equation (4.17) may be rewritten as

2rr � r(d0e
q0+�0=2) = (rr � r�0)e0e

q0+�0=2

then energy estimates together with Schauder's Lemma yield, for any bounded open set

 � Rn

jjd0e
q0+�0 jji;
 � C;

where C depends on jj�0jjs for s > n=2 + 1 and s � i. Thus

jjb0jji;
 � C; (4.19)

where again the constant C depends on jj�0jjs.
Next, equation (4.18) may be rewritten as

rr � r(dke
q0) =

1

2
(�� 2rq0 � r+ jrq0j

2 ��q0)(dk�1e
q0); for k = 1; � � �; l1 � 1;

= P2(dk�1e
q0); (4.20)

where P2 =
1
2
(��2rq0 �r+ jrq0j

2��q0) a second order di�erential operator. To establish

our regularity theorem of the transport equations, we need the following result.

Proposition 4.1 Let Q and u be de�ned as in Lemma 4.1. Assume that 
 is a bounded

open set of Rn, � 2 C1

0 (Rn). Then there exist Q0 2 OPS0 which is elliptic on Char(V )
and [Q0; V ] 2 OPS�1, 
0 �� 
 [ supp (�), and �0 2 C1

0 (Rn), such that

jjQ�P2ujjs;
 � CjjQ0�0ujjs+2;
0 + jjujj�;
0

holds for any � 2 R.
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Proof. Let �0 2 C1

0 (
0) and �0 = 1 on supp(�). Then

Q�P2u = Q�P2�
0u :

Construct a  :d:o: Q0 of order zero with properties: Q0 = 1 on ES(Q) and [Q0; V ] 2 OPS�1.

It follows that

Q�P2u = Q�P2Q
0�0u+Q�P2(I �Q0)�0u

but the operator Q�P2(I �Q0) is an smoothing operator. Therefore,

jjQ�P2ujjs;
 � jjQ�P2Q
0�0ujjs;
 + jjQ�P2(I �Q0)�0ujjs;


� jjQ0�0ujjs+2;
0 + jjujj�;
0

which concludes the proof. 2

Applications of Lemma 4.1, Proposition 4.1, and the transport equations (4.20) together
with the estimate of b0 (4.19) will result in the following theorem. Since the proof is straight-
forward, we shall omit it.

Theorem 4.1 Suppose 
 is a bounded open subset of Rn. Then

jjbijjIi;
 � Ci;Ii for i = 0; � � �; l1 � 1;

where the constants Ci;Ii depend on Hsi \ H�i
m`(Char(V ))-norm of �0 with Ii; si; �i 2 R

satisfying si > n=2 + 1, si � Ii + i, and �i � maxfIi+ 2i; sig.

5 Conormal Properties of the Wave Equation

This section is concerned with the conormal properties of the wave operator, such properties

are of great importance in the understanding of progressing wave expansions. To demonstrate
the ideas, we use the following wave equation:

(@2t ���r�0 � r)u(x; t) = a(x)S(t� r(x)) ;
u = 0 ; t < 0 ;

(5.1)

where again r(x) = jxj.

To study the conormal properties for the wave equation, it is crucial to have various

commutator estimates. We begin with some useful identities. It seems that the polar co-
ordinates are particularly suitable for this study. Throughout this section, we shall assume
n > 2. Similar analysis will go through in the case of n = 2. Also, x is always assumed to

be away from the origin. In our application, the origin would not cause any trouble because

�� = 0 near the origin.

Introduce the standard polar coordinates for n > 2 with variables r = jxj, �1, �2, � � �; �n�1:

x1 = rsin�n�1sin�n�2 � � � sin�2cos�1

x2 = rsin�n�1sin�n�2 � � � sin�2sin�1
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�

�

�

xn�1 = rsin�n�1cos�n�2

xn = rcos�n�1 :

Then T1 = @t + @r. Denote Ti+1 = @�i for i = 1; 2; � � �; n� 1, and Tn+1 = @t � @r. Note that

Ti (i = 1; 2; � � �; n) form a basis of the tangent space to the characteristic surface ft = jxjg.

In polar coordinates, the Laplacian has the following form

� = @2r +
n � 1

r
@r +

1

r2
�� ;

where �� is the (n � 1) dimensional angular Laplacian.

Proposition 5.1 The following identity holds

[2; T1] =
2

r
2�

2

r
(@t � @r)T1 +

n � 1

r2
@r : (5.2)

Proof. From the above expression of the Laplacian, we have

[2; T1] = [@2t � (@2r +
n� 1

r
@r +

1

r2
��); @t + @r]

= �
n� 1

r2
@r �

2

r3
��

=
2

r
2�

2

r
(@2t � @2r ) +

n� 1

r2
@r :

2

Combining Proposition 5.1 with Leibnitz's rule, and knowing that T1 and @t � rr � r

commute, we have the following result.

Lemma 5.1 There exist smooth functions f�i(r)g and f�i(r)g such that the following iden-

tity holds

2T k
1 = ~T1

k
2 +

k�1X
i=0

�i(@t �rr � r)T
k�i
1 +

k�1X
i=0

�irT
k�i
1 ;

where ~T1 = T1 + 2=r.

Next, we want to study the commutator of the Laplacian and @�i or the commutator of

the angular Laplacian �� and @�i . It is easy to see that �� has the following expression:

�� = r2
nX
i=1

[
n�1X
j=1

(
@�j

@xi
)(
@r

@xi
)@2�jr +

n�1X
j=1

(
@�j

@xi
)r(

@r

@xi
)@�j

+
n�1X
k=1

f(
@r

@xi
)(
@�k

@xi
)@2�kr +

n�1X
j=1

(
@�j

@xi
)(
@�k

@xi
)@2�j�k +

n�1X
j=1

(
@�j

@xi
)�k(

@�k

@xi
)@�jg] : (5.3)
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Because of Lemma 5.1, the di�erential operators that involve @r can be handled similarly

as other lower order operators in estimates. The only trouble some term is

nX
i=1

n�1X
k=1

n�1X
j=1

(
@�j

@xi
)(
@�k

@xi
)@2�j�k =

n�1X
k=1

n�1X
j=1

[
nX
i=1

(
@�j

@xi
)(
@�k

@xi
)]@2�j�k :

The following proposition follows immediately from orthogonal properties in the expression

of the derivatives of � with respect to xi.

Proposition 5.2 If j 6= k, then

nX
i=1

(
@�j

@xi
)(
@�k

@xi
) = 0:

Also
nX
i=1

(
@�j

@xi
)(
@r

@xi
) = 0:

Introduce a vector � 2 Rn that satis�es

� = (r2sin2�n�1 � � � sin
2�2; r

2sin2�n�1 � � � sin
2�3; � � �; r

2sin2�n�1; r
2; 1) :

Then similar to Proposition 5.2, one can prove the following identity.

Proposition 5.3 For j = 1; 2; � � �; n� 1,

nX
i=1

(
@�j

@xi
)2 =

1

�j
:

Therefore, the last two propositions imply that

�� = r2
n�1X
j=1

f
nX

i=1

[(
@�j

@xi
)r(

@r

@xi
)@�j +

n�1X
k=1

(
@�k

@xi
)�j (

@�j

@xi
)@�k ] +

1

�j
@2�2j
g :

In particular, �� is independent of r as used in the proof of Proposition 5.1.

Next, we introduce the so called Anisotropic Sobolev spaces or H�omander's spaces,
Hm;s(Rn+1), which are de�ned originally in H�omander [13] as

Hm;s(Rk) = ff 2 D0; D�
x0;xk

f 2 L2(Rk); 8 � = (�1; �1; � � �; �k); j�j � m+ s; �k � mg

where D�
x0;xk

= D
�1;���;�k�1
x0 D�k

xk
.

For convenience, we state the following results, see [13] for a proof of Proposition 5.4.

Proposition 5.4 Suppose m > 1=2 and m+ s > k=2. Then

Hm;s � L1(Rk) \ C0(Rk) continuous inclusion :
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For the equation (5.1), we have the following conormal regularity result. Recall that Ti,

i = 1; :::; n are the vector �elds tangential to the hypersurface ft = r(x)g.

Theorem 5.1 Suppose that, in (5.1), S 2 Hm�1
loc and a(x) is a smooth function. Suppose

also that k � 0, p � m + k, p > k + n=2 + 1, q � m + k � 1, and q > k + n=2. Then for

fi1; � � �; ikg � f1; 2; � � �; ng and �(x; t) 2 C1

0 (Rn+1)

Ti1 � � � Tiku 2 H
m
loc

or

u 2 Hm;k
loc :

In addition,

jj�Ti1 � � � Tikujjm � Cm

with the constant Cm depending on jjajjq and jj�0jjp.

On the proof of Theorem 5.1. Clearly, in order to prove Theorem 5.1, it is su�cient to
show that

Ti1 � � � Tiku 2 H
m
loc ; (5.4)

where fijg are not necessarily distinct. The relation (5.4) may be proved by induction by
applying the method of energy estimates and commutator results above. The key fact is
that Ti for i = 1; � � �; n are tangential vector �elds to ft = jxjg. In other words,

Tj[a(x)S(t� r)] = [Tja(x)]S(t� r)

where i = 1; � � �; n. We shall skip the formal proof. However, for the sake of completeness,
let us point out how the regularity assumptions on the coe�cients a and �0 are determined.
From the discussions above, it is evident that the highest derivative of a involving in the

estimate of T ku is the k-th. Thus jj�Ti1 � � �Tikujjs should be bounded by jj�Ti1 � � �TikaSjjm�1.
But by using Schauder's lemma and the assumption that S 2 Hm�1

loc , we have for � � m� 1
and � > n=2 that

jj�Ti1 � � � TikaSjjm�1 � Cjj Ti1 � � � Tikajj� jj�Sjjm

� Cjj ajjq

where  2 C1

0 (Rn), q = � + k, i.e., q � m+ k � 1 and q > k + n=2.

Concerning �0, the dependence comes from verifying that

Ti1 � � � Tikr�0 � ru 2 H
s�1
loc

or
(Ti1 � � � Tikr)�0 � ru 2 H

s�1
loc :

Note that the hypotheses on S(t � r), a, and the method of energy estimates imply that

u 2 Hm
loc. Therefore, Schauder's Lemma yields, for � � m� 1 and � > n=2,

jj�0(Ti1 � � � Tikr)�0 � rujjm�1 � Cjj 0(Ti1 � � � Tikr)�0jj� jj�1ujjm

� Cjj�0jj�+k+1jj�1ujjs

where  0 2 C1

0 (Rn), �0 and �1 2 C1

0 (Rn+1). Hence the constant in the �nal estimate

depends on jj�0jjp with p � m+ k and p > k + n=2 + 1. 2
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6 Proof of the Main Theorem

Recall the linearized problem corresponding to the reference state (u0; �0), for (t; x) 2 Rn+1,

x = (x0; xn),
(2�r�0 � r)�u = r�� � ru0 ;

�u = 0 ; t < 0 ;
(6.1)

where u0 is the solution of the model problem corresponding to the reference density �0. The

linearized forward map can be de�ned as

DF (�0)�� = (��u) jxn=0 ; (6.2)

where �(x; t) 2 C1

0 (Rn+1) is supported inside the conoid ft > jxjg, and near fxn = 0g.

Consider a problem related to the linearized problem,

(2�r�0 � r)v = r�� � rv0 ;

v = 0 ; t < 0 ;
(6.3)

where �u = @
n�1
2

t v and v0 solves

(2�r�0 � r)v0 = ��
n�1
2 (t)�(x) ;

v0 = 0 ; t < 0 :
(6.4)

Observe that for l 2 R, there exists �̂ 2 C1

0 (Rn+1) supported inside the characteristic
surface and near fxn = 0g so that

jjDF (�0)��jjl = k (��u) jxn=0kl

� Cjj(�̂v) jxn=0 jjl1; (6.5)

where l1 denotes l + (n � 1)=2. Thus the real challenge here is to get an appropriate trace
regularity estimate for v on a time-like hypersurface fxn = 0g.

Before getting into the details of the proof, let us �rst make the following general remarks
on this theorem:

The estimate (1.8) has a similar form to a Rakesh's theorem (Theorem 2.5 in [19]).
Actually, we conjecture that a formal extension of our proof here could lead to an elementary

proof of his theorem. On the contrary, the principal tool of Rakesh's proof, calculus of Fourier

integral operators, is not available when the reference density is nonsmooth.
Our approach enjoys the beauty of the method of energy estimates, that is, it possesses

useful information on various parameters involved in the estimates.

Next, we present a trace regularity result. Recall the assumption made in Section 1,

supp(��) � fjxnj > �g, for � > 0 small.

Lemma 6.1 Assume that s > 3 + n=2, 1 � l1 � s, and v solves problem (6.3) then there is

a �0 2 C
1

0 supported near supp(�̂) such that the following estimate holds,

jj(�̂v)jxn=0jjl1 � Cjj�0vjjl1 ; (6.6)

where C is a constant depending on the Hs \ H l1+1
m` (K)-norm of �0, but is independent of

��.
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Proof. This lemma is a direct application of Theorem 3.1 in [2] by taking into account of

the fact that � and �� have disjoint supports. 2

For simplicity, we shall also assume that l1 is an integer. Without further di�culty, the

proof may be extended formally to cover the general case.

Now let us restrict �̂ 2 C1

0 (Rn+1) to being supported inside the characteristic surface

and the set fxn < �=2g. Multiplying �̂ to both sides of equation (6.3), we have

2�̂v = �̂r�0 � rv + [2; �̂]v ;

v = 0 ; t < 0 :
(6.7)

Here we have used the fact that according to the assumption (A), �̂ and �� have disjoint

supports, so that �̂r�� � rv0 = 0.

Having Lemma 6.1, the estimate of jj(�̂v)jxn=0jjl1 may be reduced to estimating jj�0vjjl1.

We shall �rst discuss the estimates of the t-derivatives of v. By the end of this section, it

will be shown that the rest may be dominated by the t-derivatives of v.
The rest of this section is devoted to the estimate of jj�0vjjl1.
We study the regularity of v through a dual problem. It is then convenient to look at

the symmetric form of (6.3), for �(x) = e��0

21v = [
1

�
@2t �r � (

1

�
r)]v =

1

�
r�� � rv0 ;

v = 0 ; t < 0 :
(6.8)

Introduce a dual problem to (6.8)

2
0

1w = [
1

�
@2t �r � (

1

�
r)]w = 	 ;

w = 0 ; t >> T0 ;
(6.9)

where 	 2 C1

0 (
0) with 
0 � fjxnj < �g \ ft 2 (0; T0); t > jxj+ �g for some � > 0.
Thus if we can show that for any 	 2 C1

0 (
0)

j(@l1t v;	)j � Cjj��jjl1 jj	jj0 ; (6.10)

then it can be concluded that

jj@l1t v2jj0;
0 � Cjj��jjl1 : (6.11)

Integration by parts gives

(@l1t v;	) = (r�� � r@l1t v0; w)

= (r�� � rv0; @
l1
t (�1w)) ; (6.12)

where �1 2 C1

0 (Rn+1), �1 is supported in a small neighborhood of supp(w) \ supp(r�� �
r@l1t v0), and �1 = 1 on supp(w) \ supp(r�� � r@l1t v0).

Construct Q0, Q1 and Q2 2 OPS
0, such that
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� supp(q0) is strictly contained in the light cone ft � r(x)g; q1 and q2 are supported near

the light cone;

� ES(Q1) � a conic neighborhood of Char(@t +rr � r);

� ES(Q2) � f! +rr � � 6= 0g;

� Q0 +Q1 +Q2 = I.

Hence

@l1t (�1w) = @l1t Q0(�1w) + @l1t Q1(�1w) + @l1t Q2(�1w) :

Therefore, (6.12) becomes

(@l1t v;	) = E0 + E1 + E2 (6.13)

and Ei are de�ned by

E0 = (r�� � rv0; @
l1
t Q0(�1w)) ; (6.14)

E1 = (r�� � rv0; @
l1
t Q1(�1w)) ; (6.15)

E2 = (r�� � rv0; @
l1
t Q2(�1w)) : (6.16)

We shall estimate these three terms separately.

6.1 The estimate of E0

We apply Theorem 3.1 to the study of E0. By observing the notation that P � represents the
formal adjoint of an operator P , it is obvious that

E0 = (�2@
l1
t v0; (r�� � r)

�Q0(�1w))

� jj�2@
l1
t v0jj jj(r�� � r)

�Q0(�1w)jj ;

where �2 2 C
1

0 (Rn+1) is supported strictly inside the light cone and �2 = 1 on supp(q0).
Theorem 3.1 implies that

jj�2@
l1
t v0jj � C

with the constant C depending on jj�0jjs for s > l + n� 1=2.

An application of Schauder's Lemma yields, since l1 � 1 > n=2, that

jE0j � Cjjr��Q0(�1w)jj1

� Cjjr��jjl1�1jjQ0(�1w)jj1

� Cjj��jjl1jj�1wjj1

� Cjj��jjl1jj	jj ; (6.17)

where to obtain the second inequality, we have used the assumption that l > 3=2 or l1� 1 >

n=2.
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6.2 The estimate of E1

According to the progressing wave expansion (4.2) in last section,

r�� � rv0 = �b0r�� � rr �(t� r) +r�� � rb0 H(t� r) +r�� � rR0 ; (6.18)

where b0(x) solves the �rst transport equation of v0, (4.3), and R0(x; t) solves

(2 �r�0 � r)R0 = (� +r�0 � r)b0 H(t� r(x)) ;

R0 = 0 ; t < 0 :
(6.19)

It follows that

E1 = (� b0r�� �rr �(t�r)+ r�� �rb0 H(t�r); @l1t Q1(�1w))+(�1r�� �rR0; @
l1
t Q1(�1w))

with  2 C1

0 (Rn),  (x) = 1 on �x(supp(r�� � rv0) \ supp(@
l1
t Q1(�1w))).

Therefore, properties of distributions give

E1 � (� b0r�� � rr; (@
l1
t Q1(�1w))t=r) + ( r�� � rb0; (@

l1�1
t Q1(�1w))t=r)

+((�1r�� � rR0; @
l1
t Q1(�1w)) :

The Cauchy-Schwartz inequality and the trace theorem yield

jE1j � jj b0r�� � rrjj jjQ1(�1w)jjl1+1=2 + jj r�� � rb0jj jjQ1(�1w)jjl1�1=2

+jj�1r�� � rR0jj jjQ1(�1w)jjl1 :

Because of the construction of Q1, the result on propagation of singularities and Lemma 3.1
imply that for i = 0; 1=2, and 1

jjQ1�1wjjl1�i+1=2 � Cijj	jj0 ;

where Ci depending on jj�0jjsi , for si > l1 + (n� 1)=2 � i. Thus

jE1j � C(jj b0r�� � rrjj+ jj r�� � rb0jj+ jj�1r�� � rR0jj) jj	j

� Cjj��jjl1jj	jj+ Cjj�1r�� � rR0jj jj	jj

with C depending on jj�0jjs, s > l1 + (n� 1)=2 = l+ n� 1.

Thus the problem has been reduced to estimate

jj�1r�� � rR0jj � Cjj��jjl1jj
��1R0jj1

for some ��1 2 C
1

0 (Rn+1), where to get the above estimate we have used the assumption that

l1 � 1 > n=2 and Schauder's lemma.
Knowing that R0 satis�es (6.19), the method of energy estimates gives

jj�1R0jj1 � C ;

where the constant C depends on jj ~�1(� +r�0 � r)b0jj hence on jj�0jjs with s > maxf1 +

n=2; 2g, for some ~�1 2 C
1

0 (Rn+1).
Therefore,

jE1j � Cjj��jjl1jj	jj : (6.20)
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6.3 The estimate of E2

Since @t +rr � r is elliptic on ES(@l1t Q2), Proposition 2.3 implies that there exists a  :d:o:
~Q2 of order zero, such that

@l1�it Q2 = (@t +rr � r)
l1�i ~Q2 +Ki ; (6.21)

where Ki are smoothing operators and for i = 0; 1; 2.

Once again, the progressing wave expansion leads to

r�� � rv0 =
2X

i=0

ai(x)Si�1(t� r(x)) +r�� � rR1(x; t) ; (6.22)

where S�1(t� r(x)) = �(t� r(x)), S0(t� r(x)) = H(t� r(x)), S01 = H, and

a0 = �b0r�� � rr ; (6.23)

a1 = r�� � rb0 � b1r�� � rr ; (6.24)

a2 = r�� � rb1 : (6.25)

Here fbig satisfy the transport equations for v0, (4.3) and (4.4), and R1 solves

(2 �r�0 � r)R1 = (� +r�0 � r)b1S1(t� r(x)) ;
R1 = 0 ; t < 0 :

(6.26)

Denote T1 = @t +rr � r.
We can then rewrite E2 as, for some  2 C1

0 (Rn),

E2 =
2X

i=0

( aiSi�1; @
l1
t Q2(�1w)) + (�1r�� � rR1; @

l1
t Q2(�1w))

=
2X

i=0

( ai; (@
l1�i
t Q2(�1w))t=r) + (�1r�� � rR1; @

l1
t Q2(�1w)) :

Notice that
(@l1�it Q2(�1w))t=r) = (rr � r)l1�i(Q2(�1w))t=r) :

We may use (6.21) to get

jE2j �
2X

i=0

jj((rr � r)l1�i�1)� aijj jj(T1Q2(�1w))t=r)jj+ jj(T1
l1�1)��1r�� � rR1jj jjT1 ~Q2(�1w)jj

� C
2X

i=0

jj jjl1�i�1jj(Q2(�1w))t=r)jj1 + jj(T1
l1�1)��1r�� � rR1jj jj�1wjj1 :

Applying the generalized Schauder's Lemma and the assumption that l > 3=2 or l1�1 > n=2,
we have

jj a0jjl1�1 � Cjj��jjl1jj 0b0jjl1�1 � C0jj��jjl1 ;

jj a1jjl1�2 � Cjj��jjl1(jj 1b0jjl1�1 + jj 1b1jjl1�2) � C1jj��jjl1 ;

jj a2jjl1�3 � Cjj��jjl1jj 2b1jjl1�2 � C1jj��jjl1 ;
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where  i 2 C
1

0 (Rn). By Theorem 4.1, the constants C0 and C1 depend on jj�0jjs0 and jj�0jjs1
respectively, where s0 s1 > 1 + n=2 and s0 � l1 � 1, s1 � l1.

Since ES( ~Q2) � f! +rr � � 6= 0g, a trace regularity result (Corollary 2 in [2]) implies

the existence of a �01 2 C
1

0 (Rn+1) such that

jj( ~Q2�1w)t=r(x)jj1 � Cjj�01wjj1 � Cjj	jj0 :

Therefore

jE2j � Cjj��jjl1jj	jj+ Cjj(T1
l1�1)��1r�� � rR1jj jj	jj : (6.27)

Thus is su�ces to estimate jj(T1
l1�1)��1r�� � rR1jj.

It is easy to see that

(T1
l1�1)� = (�1)l1�1(T1 +�r)l1�1

and

(T1 +�r)l1�1 = T l1�1
1 +

l1�1X
i=1

�iT
l1�1�i
1

with smooth coe�cients �i(x).

Hence

jj(T1
l1�1)��1r�� � rR1jj � jjT l1�1

1 �1r�� � rR1jj+
l1�1X
i=1

CjjT l1�1�i
1 �1r�� � rR1jj : (6.28)

Obviously it su�ces to study the �rst term on the right hand side of (6.28). Moreover, the fact
that T1 is a di�erential operator assures that it is su�cient to estimate, for � 2 C1

0 (Rn+1),

jj�T l1�1
1 r�� � rR1jj : (6.29)

Therefore, it remains to estimate

l1�1X
i=0

jj�T l1�1�i
1 r�� � T i

1rR1jj = jj�r�� � T l1�1
1 rR1jj+

l1�2X
i=0

jj�T l1�1�i
1 r�� � T i

1rR1jj : (6.30)

Note that although R1 2 H2
loc from the progressing wave expansion, as we shall show, the

terms on the right hand side of the above inequalities are still well de�ned due to the conormal

properties of R1. However, because of the lack of control on higher order normal derivatives

of the characteristic surface, R1 is only in H2
loc. It is relatively easier to estimate the �rst

term on the right hand side. In fact, by using the assumption l1 � 1 > n=2 and Schauder's
lemma, we have

jj�r�� � T l1�1
1 rR1jj � Cjj��jjl1jj�T

l1�1
1 rR1jj:

An application of Theorem 5.1 indicates that R1 2 H
1;l1�1
loc . Thus

jj�r�� � T l1�1
1 rR1jj � Cjj��jjl1

with the constant C depending on jj�0jjl+n+5=2 from Theorem 5.1.
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In order to estimate the second term on the right hand side of (6.30), we need a di�erent

approach. The idea is to show that �T i
1rR1 (0 � i � l1 � 2) is bounded. In fact, if this is

the case then

l1�2X
i=0

jj�T l1�1�i
1 r�� � T i

1rR1jj � C
l1�2X
i=0

jjT l1�1�i
1 r��jj

� Cjj��jjl1 :

According to Proposition 5.4, it su�ces to show that

R1 2 H
2;s+l1�2
loc ; s > (n� 1)=2 :

This can be done by an application of Theorem 5.1. In fact, Theorem 5.1 and Proposition 5.4

imply that the term �T i
1rR1 is bounded by a constant depending on jj�0jjp with p � s+ l1

and p > s+l1+n=2�1, and on jj (�+r�0�r)b1jjq with q � s+l1�1 and q > s+l1+n=2�2,
for  2 C1

0 .
Further, since l1 � 1 > n=2, Schauder's lemma gives

jj (�+r�0 � r)b1jjq � Cjjb1jjq+2 + Cjj�0jjq+1jj b1jjq+1;

which is bounded by a constant depending on jj�0jjq+4 with q+4 > l+3n=2+1 by Theorem

4.1.
Combining the discussions above, we �nally obtain

jE2j � Cjj��jjl1jj	jj (6.31)

with the constant C depending on jj�0jj� for � > l + n+ 5=2 and � > l+ 3n=2 + 1.

6.4 A useful Proposition

Until now, according to (6.17,6.20,6.31), we have shown that

jj@l1t vjj0;
 � Cjj��jjl1 (6.32)

under the hypotheses of Theorem 1.1.

To complete our proof, it su�ces to show that

jjvjjl1;
0 � Cjj@l1t vjj0;
1 + Cjj��jjl1 ; (6.33)

where 
 �� 
1 � Rn+1, and both 
0 and 
1 are near fxn = 0g.

Construct a  :d:o: A of order zero:

� a = 1 on fjwj � �j�jg;

� ES(A) � fjwj � �0j�j; � > �0g.
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Let � 2 C1

0 (Rn+1), � = 1 on 
0, and supp(�) �� 
1. Then

�v = A�v + (I �A)�v :

Since @l1t is elliptic on ES(A), for 
0 �� 


jjA�vjjl1;
0 � Cjj@l1t �vjj0;
 + Cjj�vjj0;
 :

On the other hand, 2 = @2t �� is elliptic on ES(I�A) as well as a small conic neighborhood

of ES(I � A). Furthermore, one can also ask that � and �� have disjoint supports. Then

the same idea as in the proof of Lemma 3.2 establishes the following result.

Proposition 6.1 Assume that s > maxfl1+ n=2 � 2; n=2g, then the estimate

jj(I �A)�vjjl1;
0 � Cjjvjj0;


holds for some constant C depending on jj�0jjs+1.

The above discussion and Proposition 6.1 lead to the estimate (6.33), which completes
the proof of Theorem 1.1.
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