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Abstract

The goal of this work is to determine appropriate domain and range of the map from
the coefficients to the solutions of the wave equation for which its linearization or formal
derivative is bounded and the properties of the coeflicients on which the bound depends.
Such information is indispensable in the study of the inverse (coefficient identification)
problem wvia smooth optimization methods. The main result of this paper is an explicit
microlocal Sobolev estimate for the linearized forward map. In view of results of Rakesh
[19] for the smooth coefficient case, the order of our regularity result is optimal.

Our proof is based on the method of nonsmooth microlocal analysis, in particular
various results on propagation of singularities, the method of progressing wave ex-
pansions, microlocal study of solutions of the transport equations, study of conormal
properties of the fundamental solution, and a duality technique.

1 Introduction

Linear acoustic wave equation governs many physical processes such as seismic and acoustic
wave propagation

Lo A—-Vo-V]|u= 1.1

Zgp A Voo u=f. (1.1)
Here o = o(x) is the logarithm of the density, ¢ = ¢(x) is the sound speed of the medium,
and f = f(x,t) is the source term which introduces the energy to the problem. If o, ¢
and f are given along with appropriate side conditions, the forward (or direct) problem is
to determine u = u(x,t), the excess pressure. For appropriate choices of o, ¢, and f, u is
determined uniquely by standard linear hyperbolic theory of partial differential equations
(p.d.e.). Thus the problem stated above defines a map from the coefficients to the solution
of the wave equation. In this paper, we study an aspect of the regularity of this map, and
especially of its composition with the trace on a time-like hypersurface.



Throughout this work we shall restrict ourselves to the special case of constant velocity
c. We believe that the ideas in this work may be extended to cover some more general cases.

To fix ideas, write € R" as (2/,,), where 2’ € R"™', 2, € R. We assume that the
problem is set in the whole space R" and v = 0 in the past (f < 0). Take f(x,t) = §(x,1) as
an ideal point source. Thus u is the retarded fundamental solution:

Ou — Vo-Vu=d(x,t), (z,1) e R" xR, (1.2)
u = 0, t<0,
where O is defined to be 9? — A, and A is the Laplacian.
It is some what easier to understand the sensitivity of the solution to distant perturbations
of the coefficients. Thus we will assume that ¢ and its perturbations are supported in the

half space {x,, > 0} and study the solution near the boundary {x, = 0}.
Define the forward map F' as:

F:o— (ou) |u,=o , (1.4)

where ¢ € C3°(R™") is supported inside the conoid {¢ > ||} and near {z, = 0}.

F' is nonlinear. As a first step toward understanding the regularity of F', we study the
formal linearization (or formal derivative) DF, with respect to the reference state (¢, ug).
The first order perturbation theory gives, for a small change do, the following problem for
the resulting change du in u:

Odu — Vogo-Vou=Vio-Vug, (1.5)
ou = 0, t<0.

The formal derivative DF'(og) is given by
DF(0¢)do = (¢pdu) |z,=0 - (1.7)

It is our main goal in this work to determine appropriate spaces of the domain and range of
F for which
the formal derivative DF is bounded.

We obtain:

Theorem 1.1 Assume { > 3/2, and that s >14+9/2 forn =2, s >1+3n/2+1 forn > 3.
Then for oq, do € C({x, > 0}),

1D F(a0)dalli < Clléo]|pnzr (1.8)
where the constant C' depends on the ||og||s and the support of ¢, but is independent of o.

The study of the forward map is motivated by the inverse problem which arises in re-
flection seismology, oil exploration, ground-penetrating radar, etc. A highly over simplified



version of the inverse problem is to determine the coefficient ¢ by knowing additional bound-
ary value conditions of u. Since the inverse problem is just to invert the functional relation
F, we are naturally interested in all the properties of this forward map.

To understand the problem, let us look at a simple exploration seismology experiment:
Near the surface of the earth, a seismic source is fired at some point (point source). The
seismic waves propagate into the earth. Since the earth’s structure varies (as do its physical
properties) part of the energy of the wave will be reflected back to the surface and can be
measured. The inverse problem is to deduce the interior properties of the earth from the
recorded data.

A simple model of this reflection seismic inverse problem in this context is: given data
Fiata(2',1), find a coefficient o () so that

F(U) — Fdata

or perhaps minimizing the error (Fyu, — F'(0)) in some norm.

Numerical solution of this problem by means of Newton’s method and its relatives, such
as the quasi-Newton, conjugate gradient, and variable metric methods, requires a choice of
Banach space structure in the space of models o and in the space of data F(o) (see e.g.
Kantorovich and Akilov [16]), in such a way that F'is regular. This fact accounts for our
reliance on the L?-based Sobolev spaces in this work. The simplest regularity property of F
is boundedness of DF', which is discussed in this paper. We believe that similar arguments
will establish smoothness of F' and allow investigation of coercive properties of DF, as is
required by the theory of optimization.

When the spatial dimension is one or ¢ and o depend only on z,, (layered problem) there
is a large literature available. For a similar problem in which the medium was assumed
to be excited by an impulsive load on the surface {z, = 0} instead of point sources, the
properties of the forward map have been studied fairly satisfactorily by Symes and others
(see Symes [26] for references). It was shown by Symes that, in the constant wave speed
case, the forward map defines a C'—diffeomorphism between open sets in certain Hilbert
spaces by applying the method of geometrical optics together with energy estimates.

When the spatial dimension n > 1 and ¢, o depend on all space variables (nonlayered
problem), very little is known in mathematics. Symes [24, 25], Sacks and Symes [22], Rakesh
[19], and Sun [23] have some partial results. The difficulties are essentially due to the
ill-posed nature of the timelike hyperbolic Cauchy problem and the presence of nonsmooth
coefficients. For the one dimensional wave equation, both coordinate directions are spacelike,
which indicates that the problem is hyperbolic with respect to both directions. Apparently,
this is not the case when the spatial dimension is larger than one.

Rakesh in [19] studied a related linearized velocity inversion problem with constant den-
sity and point sources. Assuming smooth background velocity, he obtained both upper and
lower bounds for the linearized forward map. The essential observation in Rakesh’s work is
that DF' is a Fourier integral operator (see also Beylkin [7]). The calculus of Fourier integral
operators employed in Rakesh’s work is not applicable to the nonsmooth reference velocity
case since the linearized forward map is a Fourier integral operator only when the reference
velocity is smooth. Nonetheless, the regularity estimate for DF in Theorem 1.1 (loss of
(n —1)/2 derivatives) is exactly the same as that proved in [19], and is optimal.
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In [24], Symes gave a pair of examples, based on the geometric optics construction, which
show that both DF(1) and DF(1)~! are unbounded for a slightly different problem. As the
examples show, within the Sobolev scales no strengthening or weakening of topologies of the
domain and range can make both DF and DF~! bounded. This fact also implies a strategy
of regularization: Change the topology in the domain so that DI becomes bounded, then
ask for optimal regularization of DF~' in the sense of best possible lower bound estimate
for DF'. In both examples of Symes, the unboundedness was caused by rapid oscillation of
o in the a'-direction or the tangential directions, hence the problem is actually “partially
well-posed”, i.e., only more smoothness of the coefficients in tangential directions (essentially
grazing ray directions) will be required to cure the difficulty. For this reason, the results of
[22] and [23] were formulated using the anisotropic Sobolev spaces H™*(R") or Hormander
spaces.

In Theorem 4.1 of [22], Sacks and Symes showed by using the method of sideways energy
estimates that for a linearized density determination problem with constant velocity and
plane wave sources, DI is bounded from H! to H*', provided that the reference coefficient
is in HY* for some s > n + 2. They also proved the injectivity of DF. An extension of
their reasoning shows that DF is bounded from H"' to H' provided that o is in H"* for
s >mn +2. Since H"* C H'F* and H" ¢ HY for ¢ < [ + s, the regularity condition on oy
in Theorem 1.1 is compatible with that of [22]. The bounds on DF' are compatible as well,
allowing for the difference between plane wave and point sources. Our method is completely
different from theirs. In particular, we believe that our method could be extended to study
the velocity inversion problem, i.e., to determine ¢(2) when the density is a known constant.
In fact, we have recently obtained several results in [3] that would be necessary to solve this
more difficult problem.

Even though the coefficients are always assumed to be smooth in this paper, our method
works equally well in the case of nonsmooth coefficients. In particular, the method does
not require the reference density o9 to be smooth. Regularity results and some simple
interpolation arguments should yield a proof to the nonsmooth case. A detailed study
of this and results on continuity and differentiability of the forward map will be reported
elsewhere.

Throughout, C serves as a generalized positive constant the precise value of which is not
needed.

2 Preliminaries

In this section, we state some basic results that will be frequently used in this work. Only
those relatively new results will be proved.

The first was originally established by Bony [8] and was extended by Meyer [17]. See also
Beals [4] for a different proof.

Proposition 2.1 Suppose that for some (x9,&) € T*(R")\0, v € H* N H} ,(x0,&0), n/2 <
s <r<2s—n/2, and g € C*, then

g(x,u) € H* 0V H ((x0,80) -



The next is an algebraic property of the classic Sobolev spaces, whose proof may be found
in [2] or [4].

Proposition 2.2 (Generalized Schauder’s Lemma) If uw € H*(R") and v € H*»(R"), with
51+ 52 > 0. Then '
wp € Hmn(s1s2.514s2—n/249) for anyd > 0.

We need the following standard result for hyperbolic p.d.e, as well as the estimates
involving in its proof. See, for example, Chazarain-Piriou [9] for the idea of the proof. The
following is the version stated in Beals [5].

Lemma 2.1 (Linear Energy Inequality) Let p(x, D) be a partial differential operator of or-
der m on R™', strictly hyperbolic with respect to the plane {x,41 = 0}, and let u satisfy
plz, Dyu = f(z). If f € H7"PH R and u € HE (2 : |2ny1| < €) for some ¢ > 0, then
u € Hi, (R™).

Concerning the microlocal ellipticity, the following Garding type inequality is very useful.

Lemma 2.2 Assume that Q1 € OPS™, Q3 € OPS™, with my,ms € R. Furthermore
assume that Qq is elliptic on ES(Q1). Then for anyr € R, Q and Q' two open bounded sets
of R" with Q CC ¥, and u € C5°(R"),

1Q1ulls.0 < CllQaulls4my—ms 0 + Cllull, -
Proof. Let €y and £, be open sets with Q CC Q; CcC Q, CcC . Construct a cut-off
function ¢ € Cg°(Qz) with ¢ =1 on Q.

The assumption Q3 is elliptic on ES(Qy) implies that a ¢.d.o R, a parametrix of )3 on
ES(Q1), may be found such that

QRQ =1+ I (2.1)

with K a smoothing operator.
Having defined ¢, we can now rewrite

Q1EQou = Q1ReQ2u + Q1 R(1 — ¢)Qau .
It follows that, for any r,

|Q1RQ2ulls0 < [|Qi1RoQaul|so + [|Q1R(1 — 0)Qaul|s0
< ClleQaull,,,, ., r" + CllQ2ul],
< CllQaullsymy =m0 + Cllul], .

where to obtain the second inequality, we have used that ¢ =1 on ; DD €.
It is obvious, from (2.1),

Q1 RQ2ulls0 = [[Quullso — [[Kullsq -

The proof is then complete. a
The next proposition is also concerned with the microlocal ellipticity, whose proof may
be given as a simple exercise of the calculus of i.d.0.s. We shall leave it to the reader.
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Proposition 2.3 Let A and B be 1p.d.o.s of the same oredr. Suppose that B is elliptic on
ES(A), then there exists C € OPS°, such that

A = CB + smoothing operators

or
A = BC + smoothing operators .

With the presence of nonsmooth coefficients, one always has to deal with the product of
two distributions of limited regularity and the commutator of an operator with a function
with limited smoothness. Here we state an extended Rauch’s lemma and two commutator
lemmas that established in [2].

Lemma 2.3 Suppose that @ = Qg x Q3 CC R™ xR"™ (1 < ng < n), ¥ CC Q, and
no/2 < s, 0<1<s, qand q<l+s—ng/2. Suppose that ) € S°(Q), Qe SO(Q) elliptic
on ES(Q), and Qo € S°(Qy) satisfies that: (z,y,&,n) € ES(Q),f #0 = (2,€) € ES(Qo).
Then there exists a constant C' > 0 so that for u € C3°() and v(x,y) € C5°(Q),

1Quolly.0r < Clllullg, + [|Quullyg)(vllia + [1Qv]l40)-
Remark. If ng = n, the lemma implies the original Rauch’s lemma in [20].

Lemma 2.4 Suppose that ' cC Q cC R", and assume p,(x,D,) € OPS*, by(x, D) €
OPS° are properly supported, s > n/2+1,0<1<s, and a € Hf_. There exists C' > 0 so
that for v € H'(1),

[1bo, apr]v]lear < Cllollie) -

Lemma 2.5 Suppose that & = Qo x 3 CCR™ x R™, @ CC Q, p1 € SYQ), by € 5°(Q),
a € H*(Qo) with s > no/2+ 1,0 <1 <s,r<l+s—ng/2—1. Suppose that go € S°()
and qo(x, Dy)a € H"(Qp). Suppose that g € S°(Q) satisfies: (z,y,&,n) € ES(q), £ #0 =
(x,€) € ES(qo), and suppose by € S°(Q) so that q is elliptic on ES(b)). Then there exists
C > 0 so that for v € C5°(12),

Cllvlla
Cllvllna + llgvll-) -

||[boa Clpl]UHl,Q'
||56[boa Gpl]UHr,Q'

IA A

Remark. If ng = n then the condition relating ¢, b) is simpler: ¢ = ¢y and b should be
elliptic on E5(qo).

3 Propagation of Regularity

In this section, we shall derive an estimate out of Hormander’s theorem on propagation of
singularities. The main results concerns regularity in ¢ direction of the fundamental solution
for the wave equation. Recall that ug solves the model problem (1.2) and (1.3) for o = oy.



Theorem 3.1 Suppose that 1 +n/2 < s and oo € H*(R"). Then forl <s—n+1/2

g € L} (U)

loc

where U = {R" x (0, Ty)} N{t > |z|} (T1 > 0). And for ¢ € C3°(U), the following estimate
holds
60fuol| < O (31)

where the constant C depends on ¢ and ||og]]s.

3.1 Propagation of regularity with estimates

In order to establish Theorem 3.1, we need the following results. Lemma 3.1 gives an estimate

based on Nirenberg’s proof [18] of Hérmander’s theorem which describes the propagation of

regularity along bicharacteristics. With nonsmooth coefficients, only a limited amount of

regularity propagates. It indicates that an estimate may be derived near any bicharacteristic,

hence near the characteristic variety of operator O = 92 — A. We then proceed in Lemma

3.2 to argue that in the elliptic region of the operator O an estimate may also be formed.
Let I : T%(Qo) — Qo denote the projection of T(£y) onto its base space.

Lemma 3.1 Suppose that ¢, ¢ € CF(R™), s > n/2, k <s+2—-n/2, 0o € H (R,

comp

B is a null bicharacteristic strip for O, and Q CC R™ " satisfies I NQ = 0. Then there
exist B € OPSY with ES(B) supported in an arbitrarily small conic neighborhood of 3 and
C' > 0 so that any w € HL (R"") vanishing for large t and satisfying

loc
Ow — Voo - Vw = f € L*(),

satisfies in addition

[ Béw|]r < C||f]lo.

Proof. The standard energy estimate for the (variable-coefficient) wave equation implies
that for any T' € R

||w||H1([T,oo)xR") < Cll A2y,

where ' depends on oy and on T
Select T such that

t<T = (x,t) & QU supp(¢p) Usupp () .

Select ¢ € C°(R) so that

1, t>T—k,
¢1<t>:{0, L<T—k—1.

Then wy = ¢pyw € HY (R") satisfies

comp

le—VUO-le :f1 € L2

comp

(R*)
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with

1 fillo < ClIf]lo
SO

[[willr < Cl[f]]o

and moreover f1 = f fort > T — k.
The construction described in Nirenberg [18], pp. 44-45, produces a sequence {B;} C
OPS° j=1,---,2k — 2, having the following properties:

(1) ES(B;)is contained in a small conic neighborhood of 3, and in particular [LE.S(B;)N

(2) [O, Bj] € OPSY;
(3) B is elliptic on ES(Bjy41), j =1, -2k — 2.
Let Ty, R > 0 be so large that
[T, T1] x Br(R") D QUsupp (¢) Usupp (),

where Br(R") is the ball in R" centered at the origin of radius R. Also make R > 0 large
enough that the support of w does not intersect the cylinder [T — k + 1,00) x 0 Bkp.

Set

Q=[T—-k+j+1,T1+k—j] X Bryr—;(R")

for j = [0, k].

Let A; = Byj_1By;, 5 =1,---,k—1, and Ay = I. We claim that

o .
55 4mwillua, < Clifllo, 7 =0, k—1.

For j = 0, this just the consequence of the standard energy estimate stated above. Thus
assume the conclusion for j < k — 2.

We may assume that the essential support of the B; (hence of the A;) is so small that
d/0; is elliptic there. Thus Lemma 2.2 implies

Bajriwnlljrrg,,,,, < Cll7/ot Ajunllia, + Cllwi]s
< [ fllo,

by the induction hypothesis.
On the other hand,

(B = Voo V)Byjpiwr = [0, Byja|wi + [Bajr, Voo - V]w + Bajyi fi -
By construction, Byj12[0, Bajy1] € OPSY; moreover By is ellipticon ES(Bayjy2[0, Bajt1]),
so another application of Lemma 2.2 gives
git

155771 Bei+2[D Bajawr o,

IA

Cl|Bojsrwilljrr,0,4,, + Cllwil)

ClI flo-

IA

oo



The microlocal version of the Commutator Lemma (Lemma 2.5) gives

|[B2j+2[Voo -V, Bajpi]wil|j10 Clwillie, . + 1B2jr1wr]ir1,0,4,,,)

Cllflo -

j+1 <
<

The correspondence with the items in the statement of the Commutator Lemma is:

Lemma 2.5 Here

Q Q172

4 Qi

v wy

b1 \Y%
Voo

S S

{ 1

r J+1l<s—n/2

no n

q sz+1

qo 1

bo Bajti

by, Byjio.

Thus, from Lemma 2.5
|| Bji2[Vao -V, Byjpiwil|jrre,0 < Cllwills + [ Bajwn|j+1,0,4. ),

provided that j +1 < s —n/2.
Since we are only considering j+ 1 < k—1 and have assumed k < s —n/2+ 1, we obtain

the conclusion above.
As noted above f; = f for t > T — k, in particular f; = f on Q;, j € [0,k — 1]. Since

Baji1fi = Bajirf + Bajra(fi — f)

HHES(Bzj41) is disjoint from Q D supp(f), and Q; is disjoint from supp(fi — f), it follows
that
[Bajrfilli+re, < Cllfo-

On the other hand,

[[B2j+2, O] Bajy1wn][j41,0,4, Cl|Bajprwillj1,,4,, + Clluill, g

Cllf o,

I[Voo -V, Bajra] Bajrrwil|jrre, < CllBejriwillivig,,, . < Cllfllo,

so we obtain (Aj11 = Baj12Baj4+1)

<
<

||(D —Vog - v)Aj+1w1||J'-I-LQJ+1 < C||f||0'
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In particular, 4

j+1
g irwillog, . = Clifllo.
Since both the hyperplane {t = Ty + k — j — 1} and the cylinder boundary 9,1 of the set
[T—k+7+42,Ti+k—j—1] X 0Bpyk—j—1 are disjoint from the support of wy, for every r € R
the H" norms of the traces of afHAijl on these sets, and the traces of all derivatives, are
a]-l—l
?
mixed problem for O — Voo -V in Q,,;, with Cauchy data at { =71+ k— 7 —1 and Dirichlet
data, say, on the cylinder boundary, and all of this data is smooth, i.e., is bounded in H" in
terms of || f|[o- According to the standard energy estimate,

(B = Voo - V)

bounded by multiples of ||wy||1 < C||f]]o. So we can regard Aj 1wy as the solution of a

a]-l-l
|5 Amilhe, < Cllflo

which establishes the induction step.
Now set B = Bai_1. Note that ¢ = 1 on supp(¢)

Bow = ¢Bwy + [B, ¢|w .

By construction, Ax_; is elliptic on ES(B) and ES([B, ¢]), hence by Lemma 2.2

k—1

0
[ Bowl||x < C||WAk—1w1||1,ﬂk_1 + Clfwnlls < Cl[fl]o -

a

Corollary 3.1 Suppose that ¢, ¢ € CP(R™), s >n/2, k <s—n/2+2, 00 € HZL (R").

comp

Suppose that v is a set of null bicharacteristic strips for O, and 2 CC R satisfies Iy N
Q = 0. Then there exists Q € OPS® with ES(Q) supported in an arbitrarily small conic
neighborhood of ¥ and C > 0 so that for w € H} (R"™") vanishing for large t and satisfying

Ow — Voo - Vw = f € L*(Q)

satisfies in addition

[Qdw|[x < Clfllo -

Proof. For every null bicharacteristic strip of the set v, Lemma 3.1 indicates that a .d.o.
B of order zero may be found so that

[ Bowllx < C|f]o -

Now () may be constructed as () = > B. Moreover, the local compactness of the unit sphere
ensures that the summation is finite. O
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Lemma 3.2 Suppose that 1, ¢ € CE(R"™), s >n/2, k<s—n/2+2, 00 € HL (R"), P

comp
is a .d.o. of order zero such that a conic neighborhood of its essential support is conlained

in the microlocal elliptic region of O, and Q CC R"™ satisfies IIP N Q = 0. Then there
exists a constant C' > 0 so that any w € HL (R"") vanishing for large t and satisfying

Ow — Voo - Vw = f € L*(Q)

satisfies
[Pl < Cfllo
where the constant C depends on og, k, P, ¢, and ), but not on w.

Proof. The proof is based on the same type of arguments as in the proof of last lemma.
Once again, select T' such that

t<T = (x,t) & QU supp(¢p) Usupp () .

Select ¢ € C°(R) so that

1, t>T—k,
¢1<t>:{0, L<T—k-1.

Then wy = ¢pyw € HL (R"") satisfies

comp
Dw; — Voo - Vwy = f1 € L2, (R"™) (3.2)
with
Aillo < ClIfllo
SO
[lwrl[y < Cll o,

and moreover f1 = f fort > T — k.
Let Ty, R > 0 be so large that

[T, T1] x Br(R") D QUsupp (¢) Usupp (¢),

where Br(R") is the ball in R" centered at the origin of radius R.
Set

Q=[T-7+1,T1+ )] x Bry;(R")
for j = [0, k].
Now since O is elliptic in a small conic neighborhood of ES(P), we can construct a

sequence of ¥.d.o. {P;} € OPS°, i =0,1,- -+, 2k — 2, such that:

(1) O is elliptic in a small conic neighborhood of ES(P;), and IIES(P) N Q = 0,
P = 0,1, 2% — 2

(2) Piyq is ellipticon ES(P;), i =0,---,2k — 3, in particular P, is elliptic on ES(P).
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A simple application of Lemma 2.2 gives
[ Pow|lr < Cl|Fowrl[r.a, + w1 -
Therefore, it suffices to show that
[ Fowr|[r0o < Cllflo,

which may be established by the following “bootstrap” argument.
Applying Fy to both sides of (3.2), we find

OPyw; =[O, PyJwy + [Py, Voo - V]wy + Voo - VPyw + Py fy . (3.3)
From the ellipticity of PO on ES(F,), a Garding type inequality yields
[Pows ||k, < Cl[PABFows|[g—2,0, + Cllwi]]1
or from (3.3)

Pl < CUIAIS, Bl s + 1ALy, Voo Thorllia, +
||P1v0'0 . VPOlek—?,Ql + ||f||0) :

Therefore an application of Lemma 2.5 and the extended Rauch’s lemma Lemma 2.3 yields

[[Powillrg, < Cil|Pawl|lr-1,0, + Co(llwi||y 4 [[Prwi||r-2,9,)
+Cs(]Jwi ]|y + || Pewr || r-1,0,)
< Cl[fllo + Cl|Pywr|[p-1.0, -

Here constants Cy and C5 depend on |[Voy|s for k=24 n/2 < s.
Now we may continue this process to obtain the following estimate

[ Pojwr||r—j0, < Cllfllo 4+ Cll Pajyaw0r|[k—j—1,9042

fory=0,1,-- - k—2.
Then the proof is complete by knowing that

[1P2j2w0n 105, < [[f]lo-

a

3.2 Regularity of the fundamental solution: Proof of Theorem 3.1

We study the regularity of ug through its dual problem. To simplify the arguments on the
dual problem, we make use of the symmetric form of (1.2)(u = ug and o = 0g) by introducing
p(x) = €. Then (1.2) becomes

Loy _ Lsns(e
Oyug = [;9,5 -V (;v)]UO = pé(t)cS( ); (3.4)
up=0 t<0.
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Now let us look at a dual problem to (3.4),

1
Oyw =[~-0f =V - (=V)]w =10,
U):O t>>,1117

where U € C5°(2) with Q@ = {R" x (0,T1)} N{t > |z| + €}, for o > 0 small. Note that, this

equation may be reformulated as

Olw = 0w — Voy- Vw = e U,

Thus if we can show that for any ¥ € C§°(Q)
(D0, W) < C1P][o (3.7)
then it can be concluded that
|0¢uollo < €. (3.8)
From (3.4), integration by parts leads
(Do, ©)] = [(D105u0,w)|
1
= |(;5(t)5($)795w)|
< Cl(@nw0)(0,0)]
The trace theorem (see for example [27]) yields that
(Djuo, ©)| < C|d1w] | ngr) 2 (3.9)

with ¢ € C§°(241), Q1 a small neighborhood of the origin and Q; N supp(V) = 0.
Construct two .d.o. Q1, Q2 € OPS°(R™), such that

o ()1 + @)y = R; where R is an elliptic ©.d.o. of order zero in ()y;
o Ilsupp(q;) N supp(¥) =0, for i = 1,2;

e FS((Q)3) is a small conic neighborhood of set of null bicharacteristics of the wave oper-
ator O passing over {y;

e () is microlocally smoothing on the null bicharacteristics passing over €2;.

Therefore, with (3.9), we have

|(a£u07 ‘I’)| < C||Q1¢1w||l+(n+1)/2,91 + C||Q2¢2w||l+(n+1)/2,ﬂm (3-10)

here the expression makes sense because the domain of dependence for w and the pseudo-local
properties of ()1 and Q5.
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Now, we can apply Corollary 3.1 to obtain that

Q20| |t (1) 200 < Cl[W]o - (3.11)

Lemma 3.2 yields
Q0 ]14(nt1) /2,00 < C[[¥][o, (3.12)

where the constants here depend on ||og||s with s > maz{l +n/2,{ +n —1/2}.
Therefore, we have shown

(o, U)| < Cllgrw]|isnsnyy2 < CIY| (3.13)

which completes the proof. a

4 Regularity of the Transport Equations
Consider a problem related to the model problem,

(0 = Voo - Vvg =65 (1)8(x)

4.1
Vg = 0 5 t<0. ( )
Hadamard’s construction leads to the progressing wave expansion for v,
-1
vo = 3 belw)Sult — r(e)) + Rz, 1), (42)
k=0
where r(x) = |z|, So(t — r(x)) = H(t — r(x)) is the Heaviside function, S, = Sp—1 (k > 1),
and {b;} solve the so-called transport equations, for k =1, - s,
2Vr - Vby + (Ar+ Vr-Vog)by = 0, (4.3)
2Vr - Vb, + (Ar+ Vr-Voo)b, = Abg_1+ Vog- Vby_1, (4.4)
for k=1,--- 5. Moreover, the remainder term R satisfies

(D — VO'O . V)R = (A + VO'O . v)bll—lsll—l(t — T(l’)) 5

R=0. t<0. (4.5)

Clearly away from the origin, R is the smoother part in the expansion.

This section is devoted to the regularity study of the solutions of the above transport
equations.

Let us first simplify the transport equations (4.3) and (4.4) by introducing two functions
a and «ag, such that

Vr-Vag=Ar/2, and a = 0¢/2 + ag .

It is obvious that « is nothing more than a smooth perturbation of 0¢/2, away from the
origin.
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We can then rewrite the transport equations as

2Vr - V(be™) = 0, (4.6)
2Vr - V(be®) = e*(Aby_1 + Voo - Vbi_1) . (4.7)

Observe that all the transport equations have the same principal part 2Vr - V which is
a smooth vector field away from the origin. Therefore in order to understand the regularity
of the solutions, it is essential to study the properties of this vector field.

Let V denote the vector field Vr-V and Char(Vr-V) ={(z, &) € T*(R"), Vr-£ = 0}.

Lemma 4.1 Assume that u is a smooth function with supp(u) C {|z| > 8} for some § > 0.
Assume also that ¢ € C&(R") with ¢ = 1 on Q and supp(¢) CC ', where Q@ and
are bounded open sets in R". Then there exist a Q € OPS° which is elliptic on Char(V),
[Q, V] € OPS™, and ¢ € C§7(R"), &' > 0 on supp(¢), such that for s € R the following

estimates

ClREVullsa + ClIVullsmrar + Cllullrar, (4.
CllQoVullso + Cllullrar, (4.9)

[lulls.0

lQdull. 0

o oo
~—

<
<

hold for any 7 € R, where the constants are independent of u.

Remark. Since the vector field V' is singular at « = 0, the assumption supp(u) C {|x| > ¢}
is essential to make sense of the whole discussion here.

Proof.  Following Nirenberg’s construction (in the proof of Theorem 6 in [18]), one can
construct operators Q and P € OPS° with properties:

e [Q,V] € OPS—;
e ( is elliptic on a small conic neighborhood 7 of Char(V);
o P+ Q is elliptic and;
o ES(P)N~=0.
Let {Q:}7_, be a sequence of bounded open sets, such that
0 =0y CC supp(¢) CC O CC--- CC Ry CCQ =,

here j is the smallest integer with s — 7 < k.

Correspondingly, one can construct a sequence of functions {qbl}f;j that satisfy: ¢g = ¢,
¢ € Cg°(R™); & = 1 on supp(¢i—1) U, for e = 1,-- -5 —1; ¢; > 0 on supp(pj_1); and
supp(¢i) CC Qugq, fori=1,--+,5—1.

Because of the ellipticity of R+ @, Garding’s inequality (see f.g. Taylor [27]) yields

[lpulls.a ClI(R+ Q)oullsa + Clloull-g

<
< CllRullso + CllQeullsa + ¢f|oull-a - (4.10)
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Now since V is elliptic on ES(R), our Garding type result Lemma 2.2 gives

| Roulls 0 CllVoulls-1.0, + Clloull-0,
CIV, olulls-1.0, + ClloVullsora, + Clloull-0,

Cllgrulls-r0, + ClloVullsmra, + Clloull-a, - (4.11)

IA A IA

Next note that V = %. Thus along the radial direction r = |z|, the standard method of
energy estimates may be applied to get

lQoull.o < ||QeVullso +[1QV(P)ullsa + [I[V, Qloulls0

where to obtain the second inequality, we have used the facts [V, Q] € OPS™>. The estimate
|QV(d)ulls.0 < Cllul|-q, follows from the assumption ¢ = 1 (hence V¢ = 0) on €.
Substitutes estimates (4.11) and (4.12) into (4.10), we have

lpullso < Cllgrulls-1.0, + CllQdVulls0 + ClloVulls-1.0, + Cllull-g, - (4.13)

Now, we can repeat the above procedure to estimate ||pjulls—1.0,. Actually, the same
idea allows us to obtain estimates

|oulls—in; < Clloiprul|s—im1,0i, FOQPV ul|s—s 0, +C|diVul|s—iz1 00 O w00y, (4.14)

fore=1,---,7—1.
Combining all of the estimates in (4.14), we have

-1 -1 -1
pullso < Cllojulls—o;, + C D NQdVulls—ig, + C D ||oiVulls—icran, + C Y [|ullrau,
=0 =0 =0
-1 j—1
< O IQéVullsmig, + C Y |oiVullsmiciaig, + Cllullra (4.15)
=0 =0

because s — 7 < r and ; = . 4
It follows from our construction of {£2;} and ¢; > 0 on Uf;ésupp(gbi) that
-1
loullso < CY_NQéVullsmig, + ClIVulls—1.0 4+ Clull-

=0

7—1
= O _[1Qeid; ¢Vulls—ig, + Cl[Vulls—1,0 + Cllull o
=0

7—1
< CY (Q, ¢ o Vullsmia, + [|0id; ' Qe Vullsia,) + ClIVulls—1 .0 + Cllullror
=0
< CllQe;Vullsar + ClIVulls—ro + Cllullrar - (4.16)
Thus by choosing ¢’ = ¢;, we have completed the proof of (4.9). O
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Having established Lemma 4.1, we are ready to study the solutions of the transport
equations, {b;}(: = 0,---,[; — 1). Unfortunately, Lemma 4.1 is not directly applicable
essentially due to the fact that {b;} are not necessarily supported away from the origin.
However, the assumption made in Section 1, 6o = 0 near {z, = 0} indicates that no
perturbation of the coefficient oy will take place near the origin. Since our primary concern
is the linearized problem in this work, o9 may therefore be assumed to be constant of near
{x, = 0} for convenience. Suppose the solutions of the corresponding transport equations of
the problem obtained by replacing o by of are eg, ey, -+, €,—1. Obviously, they are smooth
functions, and moreover

dizei—bi, fOfiZO,"',ll—l

are all supported away from the origin. Hence Lemma 4.1 becomes applicable.
It is easy to write down the equations for dj

2Vr - V(doe®™) = (Vr-Vog)bee®, (4.17)
2Vr - V(de™) = (Vr-Voo)bre® + Ady_1e® — (Voo - Vbg_1)e™, (4.18)

fork=1,---,[1 — 1.

Let us first examine dy. Equation (4.17) may be rewritten as
2Vr - V(doeqo"'go/z) =(Vr- Vao)eoeqo"'go/z

then energy estimates together with Schauder’s Lemma yield, for any bounded open set
QCR"
|ldoe™ |0 < C,

where C' depends on ||og||s for s >n/2 + 1 and s > 4. Thus
[[bo||:0 < C, (4.19)

where again the constant C' depends on ||og]|s.
Next, equation (4.18) may be rewritten as

1
Vi V(de®) = §(A—2VQO-V—I— Vaol* — Ago)(di_1e®), fork=1,---1; — 1,
= Pg(dk_leqo), (420)

where Py = 2(A =2V qo-V + [Vqo|* — Ago) a second order differential operator. To establish
our regularity theorem of the transport equations, we need the following result.

Proposition 4.1 Let Q) and u be defined as in Lemma 4.1. Assume that  is a bounded
open set of R", & € C5°(R"). Then there exist Q' € OPS® which is elliptic on Char(V)
and [Q,V] € OPS™, Q' 2D QU supp (¢), and ¢’ € C57(R"), such that

1QoPyulls0 < CllQ"Fullsragr + [[ullrar

holds for any 7 € R.
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Proof. Let ¢/ € C§(QV) and ¢' =1 on supp(¢). Then

QoPu = QoP¢'u .

Construct a t.d.o. Q' of order zero with properties: @' =1 on ES(Q) and [Q', V] € OPS™>.
It follows that

QoPu = QoPQ v+ QoPs(1 — Q')d'u
but the operator QéPx(I — Q') is an smoothing operator. Therefore,

Qo Pyulls0 Qo PQ ulls0 + QO] — Q) ulls0

<
< Q¢ ullsrag + [lullro

which concludes the proof. a

Applications of Lemma 4.1, Proposition 4.1, and the transport equations (4.20) together
with the estimate of by (4.19) will result in the following theorem. Since the proof is straight-
forward, we shall omit it.

Theorem 4.1 Suppose Q) is a bounded open subset of R". Then

[0

na <Cip fori=0,---1; — 1,

where the constants C; 5, depend on H* N H',(Char(V))-norm of oq with I;,s;,7 € R
satisfying s; > n/2+ 1, s; > I; + 4, and 7; > max{l; + 21, s;}.

5 Conormal Properties of the Wave Equation

This section is concerned with the conormal properties of the wave operator, such properties
are of great importance in the understanding of progressing wave expansions. To demonstrate
the ideas, we use the following wave equation:

(0} — A — Voo Vu(z,t) = a(x)S(t —r(z)),
(5.1)

u=0, 1<0,

where again r(z) = |z|.

To study the conormal properties for the wave equation, it is crucial to have various
commutator estimates. We begin with some useful identities. It seems that the polar co-
ordinates are particularly suitable for this study. Throughout this section, we shall assume
n > 2. Similar analysis will go through in the case of n = 2. Also, z is always assumed to
be away from the origin. In our application, the origin would not cause any trouble because
do = 0 near the origin.

Introduce the standard polar coordinates for n > 2 with variables r = |z|, 0y, 05, -+, 0,,_1:
ry = rsinb,_sinb,_q - - - sinbscosd;
e = rsinb,_sinb,_o - - - sinbhysind;
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Tpno1 = rsinb,_jcosb,_ o
T, = rcosb, ;.
Then Ty = 0; + 0,. Denote T;y1 = 0y, for i =1,2,---,n—1, and T,,41 = 0; — 0,. Note that

T; (i =1,2,---,n) form a basis of the tangent space to the characteristic surface {t = |z|}.
In polar coordinates, the Laplacian has the following form

A=+ 2

where Ay is the (n — 1) dimensional angular Laplacian.

Proposition 5.1 The following identity holds

2 2 —1
[O.11] = 20 = 2(9 = 011 + =~

r r

0, . (5.2)

Proof. From the above expression of the Laplacian, we have

[DvTI] = [af_(af_l_n )7at+af’]
n—1 2
= 3 058
2 2 n—1
— fO_Z(a2_ 2 ‘
r r(at ar)—l_ T2 67’

O
Combining Proposition 5.1 with Leibnitz’s rule, and knowing that 7} and 0, — Vr - V
commute, we have the following result.

Lemma 5.1 There exist smooth functions {a;(r)} and {3;(r)} such that the following iden-
tity holds

k—1 k—1
07 =T, 0+ Y a0 — Ve - V)T 4+ 3 BVTH
=0 =0

where Ty = T, + 2/r.

Next, we want to study the commutator of the Laplacian and dy, or the commutator of
the angular Laplacian Ay and Jp,. It is easy to see that Ay has the following expression:

n o=l 90; ar ~ 8r
2
Ro =7 ;[ (8:1:2 8:1:2 Z 8:1:2 8:1:2
=l o 00, 9 nod 6(9] 00, 9 nod 8(9] 00,
+ GG, + Z( ()03, + ga—%)ek(a—%)a@}]  63)
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Because of Lemma 5.1, the differential operators that involve d, can be handled similarly
as other lower order operators in estimates. The only trouble some term is

(G Gk,

The following proposition follows immediately from orthogonal properties in the expression
of the derivatives of # with respect to x;.

Proposition 5.2 If j # k, then

n90; 00,

Also " o0 o
J r.o_

Introduce a vector A € R" that satisfies

A= (r’sin®0,_y - sin*0q,v2 5100,y - - - sin®03, - - - risin?0, 1,7 1) .
Then similar to Proposition 5.2, one can prove the following identity.

Proposition 5.3 for j=1,2,---n—1,

Therefore, the last two propositions imply that

87“ 196, 06, 1
2 j A
Ro=r Z{; 8:1:2 8 x; 3, + ,;(axi)gj(axi)aek] + A 95} '

In particular, Ay is independent of r as used in the proof of Proposition 5.1.
Next, we introduce the so called Anisotropic Sobolev spaces or Homander’s spaces,
H™(R"*"), which are defined originally in Hémander [13] as

H™(RF) = {f €D, Dy ] € L*(RF), Va=(ar, 01, ap), la] <m+s,ap <m}

a _ YLOE—T yay
where D7, = D, D3k

For convenience, we state the following results, see [13] for a proof of Proposition 5.4.

Proposition 5.4 Suppose m > 1/2 and m + s > k/2. Then

H™ C LZ(RF) N CORFY) continuous inclusion .
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For the equation (5.1), we have the following conormal regularity result. Recall that 7;,
i = 1,...,n are the vector fields tangential to the hypersurface {t = r(x)}.

Theorem 5.1 Suppose that, in (5.1), S € H™" and a(z) is a smooth function. Suppose

also that k>0, p>m+k, p>k+4+n/241, g>m+k—1, and ¢ > k+n/2. Then for
{in, -+ i} C{1,2,- - n} and ¢(z,t) € CE(R™)

Til Tzkue H?”

loc

or
k
ue HM.

loc

In addition,

with the constant Cy, depending on ||al|, and ||ool|,.

On the proof of Theorem 5.1. Clearly, in order to prove Theorem 5.1, it is sufficient to
show that

T, ---T,ue H. , (5.4)
where {i;} are not necessarily distinct. The relation (5.4) may be proved by induction by
applying the method of energy estimates and commutator results above. The key fact is
that 7; for ¢ = 1, - -, n are tangential vector fields to {t = |z|}. In other words,

Tila(2)S(t = r)] = [Tia(2)]S(t = 1)

where ¢ = 1,- - -,n. We shall skip the formal proof. However, for the sake of completeness,
let us point out how the regularity assumptions on the coefficients ¢ and oy are determined.
From the discussions above, it is evident that the highest derivative of a involving in the
estimate of T%u is the k-th. Thus ||¢T;, -+ T}, ul|s should be bounded by ||¢T, -+ T;, aS||m_1.
But by using Schauder’s lemma and the assumption that S € H/"7', we have for 7 > m — 1
and 7 > n/2 that

¢T3, - - - TipaS||m-s CllYT, - - - T all-|| @S|
Clall,
where v € C°(R"), g=7+4k,i.e.,g>m+k—1and ¢ > k+n/2.

Concerning og, the dependence comes from verifying that

Til ce TikVO'o -Vu - Hs_l

loc

<
<

or

(Til tee TikV)O'o -Vu € Hs_l .

loc
Note that the hypotheses on S(t — r), a, and the method of energy estimates imply that
u € H”. Therefore, Schauder’s Lemma yields, for 7 > m — 1 and 7 > n/2,

[@o(T5, -+ - T3, V)oo - Vullmoy < Cllbo(T5, - - T2, V) ool |5 || pru | m
< Clloo]|r4r1l|Prulls

where 1o € CF(R"), ¢ and ¢ € CZ(R™'). Hence the constant in the final estimate
depends on ||og||, with p > m +kand p > k+n/2 4 1. 0
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6 Proof of the Main Theorem

Recall the linearized problem corresponding to the reference state (ug, 00), for (¢,2) € R",
x= (2, x,),
(O —Voy-V)du= Vo - Vug ,
dbu=0, t<0,

where ug is the solution of the model problem corresponding to the reference density o¢. The

(6.1)

linearized forward map can be defined as
DF(o¢)do = (¢pdu) |z,=0 , (6.2)

where é(z,t) € C(R™") is supported inside the conoid {¢ > |z|}, and near {z, = 0}.
Consider a problem related to the linearized problem,

(O —Vou-V)v=Viéo-Vuy,

v=0, t<0, (6.3)

where du = 0, % v and vg solves

(0 = Voo - Vvg =65 (1)8(x)

6.4
UOZO, t<0. ( )

Observe that for [ € R, there exists qAb € Og°(R™") supported inside the characteristic
surface and near {x, = 0} so that

1DF(o0)dolli = [ (¢0u) [s.=oll
< Cll(e0) len=o [l (6.5)

where [y denotes [ + (n — 1)/2. Thus the real challenge here is to get an appropriate trace
regularity estimate for v on a time-like hypersurface {z, = 0}.

Before getting into the details of the proof, let us first make the following general remarks
on this theorem:

The estimate (1.8) has a similar form to a Rakesh’s theorem (Theorem 2.5 in [19]).
Actually, we conjecture that a formal extension of our proof here could lead to an elementary
proof of his theorem. On the contrary, the principal tool of Rakesh’s proof, calculus of Fourier
integral operators, is not available when the reference density is nonsmooth.

Our approach enjoys the beauty of the method of energy estimates, that is, it possesses
useful information on various parameters involved in the estimates.

Next, we present a trace regularity result. Recall the assumption made in Section 1,
supp(do) C {|x,| > €}, for € > 0 small.

Lemma 6.1 Assume that s >3+ n/2, 1 <y < s, and v solves problem (6.3) then there is

A

a ¢o € CF° supported near supp(p) such that the following estimate holds,

[1(60) ool < Clldov]li, » (6.6)

where C' is a constant depending on the H® N Hféjl([()-norm of oo, but is independent of
do.
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Proof. This lemma is a direct application of Theorem 3.1 in [2] by taking into account of
the fact that ¢ and do have disjoint supports. a
For simplicity, we shall also assume that [; is an integer. Without further difficulty, the
proof may be extended formally to cover the general case.
Now let us restrict qAb € CSO(R”H) to being supported inside the characteristic surface
and the set {z, < ¢/2}. Multiplying ¢ to both sides of equation (6.3), we have

DgAbU = ngUO'VU—I_ [qug]vv
v=0, t<0. (6.7)

Here we have used the fact that according to the assumption (A), qAb and 4o have disjoint
supports, so that qAbV(SU - Vg = 0.

Having Lemma 6.1, the estimate of ||(¢v)|s,—o||;, may be reduced to estimating ||dov]|,.
We shall first discuss the estimates of the t-derivatives of v. By the end of this section, it
will be shown that the rest may be dominated by the ¢-derivatives of v.

The rest of this section is devoted to the estimate of ||¢gv||y,-

We study the regularity of v through a dual problem. It is then convenient to look at
the symmetric form of (6.3), for p(x) = e~

1 1 1
Ow = [-0! =V - (-V)]jv=~-Vdo- Vg,
v=0, t<0.
Introduce a dual problem to (6.8)
O = [0 — V- (+¥)Jw = W,
p p (6.9)

U):O, t>>,‘zj07

where W € C5°(Q) with Qg C {|a,| < e} N{t € (0,Ty),t > || + €} for some € > 0.
Thus if we can show that for any ¥ € C5°(€p)

(90, W) < Cléo| i, 11P]]o . (6.10)
then it can be concluded that

107 v2llog, < Cllda]l, - (6.11)

Integration by parts gives

(0o, W) = (Vo - Vdltvy,w)
= (Véo - Vg, 0 (1)) , (6.12)
where ¢; € CZ(R™"), ¢, is supported in a small neighborhood of supp(w) N supp(Vio -

Vollvg), and ¢y = 1 on supp(w) N supp(Véo - Voltvg).
Construct Qo, Q1 and Q4 € OPS®, such that
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o supp(qo) is strictly contained in the light cone {t > r(2)}; ¢1 and ¢ are supported near
the light cone;

e F£S(Q1) C a conic neighborhood of Char(d; + Vr - V);
o ES(Q2) C{w+ Vr-{#0}
o Qo+ Qi1 +Qr=1.

Hence
O (d1w) = 07 Qoldrw) + 0 Qu(Grw) + 0 Qa(drw) .
Therefore, (6.12) becomes

(00, V) = Eg + By + B, (6.13)
and F; are defined by
EO == (V(SO' . Vvo,aleo(qblw)) 5 (614)
By = (Véo- Vv, d1Q:(d1w)) (6.15)
E2 == (V(SO' . Vvo, aleQ(qblw)) . (616)

We shall estimate these three terms separately.

6.1 The estimate of E

We apply Theorem 3.1 to the study of Fy. By observing the notation that P* represents the
formal adjoint of an operator P, it is obvious that

Ey = ($20;'v0, (Vo - V) Qo(d1w))
< I8t ool [[(Vdo - V) Qo(drw)]|

where ¢, € CS°(R™") is supported strictly inside the light cone and ¢y = 1 on supp(qo).
Theorem 3.1 implies that
[|620; vol| < C

with the constant C' depending on ||ogl|s for s > [ +n — 1/2.
An application of Schauder’s Lemma yields, since {; — 1 > n/2, that

| Eo ClIVéoQo(drw)|ls
ClIVéolli[lQo(drw)ly
Clloal]s, [|rw]ly

<
<
<
< Clloo]i, V], (6.17)

where to obtain the second inequality, we have used the assumption that [ > 3/2 or [; — 1 >

n/2.
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6.2 The estimate of E;
According to the progressing wave expansion (4.2) in last section,

Véo - Vg = —boVéo - Vr §(t —r) + Vo - Vb H(t —r) + Véo - VR, (6.18)
where bo(z) solves the first transport equation of v, (4.3), and Ro(x, 1) solves

(O —=Voo-V)Ry=(A+Voo-V)by H(t —r(z)),

Ry=0, t<0. (6.19)

It follows that
By = (=byNéo-Vr 8(t—r)+¢Véo-Vby H(t—r), 00 Q1(¢1w)) + (61 V0V Ro, 9 Q1 (1))
with ¢ € C°(R"), ¥(x) = 1 on I (supp(Vdo - Vug) N supp(0' Q1 (drw))).

Therefore, properties of distributions give

B < (—;/;bOV(SU -V, (8£1Q1(¢1w))t=r) + (;/;V(Sa - Vb, (a,fl—lQl(lew))t:r)
+((¢1V 0 - V Ro, 0} Q1(d1w) .

The Cauchy-Schwartz inequality and the trace theorem yield

[Ex] < ([0oVio - Vel [[Qu(érw)]; 1172 + [0V o - Vbo|| [[Q1(@1w0)]]1,-1/2
H[@1Véo - Vo[l [[Qu(drw)[ly -

Because of the construction of ()1, the result on propagation of singularities and Lemma 3.1
imply that for ¢ =0,1/2, and 1

|Q1P1w0]|1—it1/2 < Cil|[¥]]o
sis for s; > 1y +(n—1)/2 —i. Thus

where C; depending on ||og

[Ex] < C([[boVio - V|| + || Vio - V|| + |1 Ve - VRo]) || V]
< Clloal]y [[W][ + Cllg1 Vo - V Rol| || ]|
with C' depending on ||ogl|s, s >l +(n—1)/2=1+n— 1.

Thus the problem has been reduced to estimate
|61V do - VRl < C||6c] | ]|é1Rollx

for some ¢ € Cg°(R™), where to get the above estimate we have used the assumption that
[y — 1 > n/2 and Schauder’s lemma.
Knowing that Ry satisfies (6.19), the method of energy estimates gives

|1 Rol|r < C,

where the constant ' depends on ||61(A + Voo - V)bo|| hence on ||og||s with s > maz{l +
n/2,2}, for some ¢; € C&(R™).
Therefore,
[Ex| < Clloa]]i, [[W]] - (6.20)
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6.3 The estimate of E5

Since 9; + Vr - V is elliptic on ES(@£1Q2)7 Proposition 2.3 implies that there exists a .d.o.
(), of order zero, such that

I TQy = (0 + Vr-V)17Qy 4+ K; | (6.21)
where K; are smoothing operators and for : = 0,1, 2.

Once again, the progressing wave expansion leads to

Véo - Vuvg = ZZ:ai(:p)Si_l(t —r(z))+ Voo - VRy(x,1), (6.22)

=0

where S_;(t — r(x)) = 6(t — r(a)), So(t —r(x)) = H(t — r(x)), S] = H, and

ag = —byVio-Vr, (6.23)
a; = Véo-Vby—bVio-Vr, (6.24)
ag = V(SO' . Vbl . (625)

Here {b;} satisfy the transport equations for vg, (4.3) and (4.4), and Ry solves

(D — VO'O . V)Rl = (A + VO'O . V)blSl(t — T(l’)) 5
Rl — 0 5 t < 0 .

Denote T} = 9y + Vr - V.
We can then rewrite Fs as, for some ¢» € C5°(R"),

(6.26)

2

Ey = Y (VaiSic1, 07 Qa(drw)) + (61Vo - VR, 91 Qx(d1w))

=0
2

= > (Yai, (37 Qa(d1w))i=r) + ($1Vé0 - V Ry, 0] Qa(d1w)) .

Notice that ' '
(077" Qalbrw))i=r) = (Vr - V)" 7 Qa(h110)) =) -
We may use (6.21) to get

2

B < (Ve W) a| Q2 (d1w))emr )| + (T ) 61Ve - V R (| T1Qa(610)]

= CZ: 11—zt (@2 D1w) =)l + (W) 1 Vo - VR [|drw]]s -

Applying the generalized Schauder’s Lemma and the assumption that { > 3/2 or [;—1 > n/2,
we have

[aoll—1 < Clloal]y,[[¢obollr, -1 < Colldal]s,
lparll—2 < Clloally ([[¢nbolly—1 + [[1balli—2) < Cilldoll,
lpasll—s < Clloall [0l -2 < Cilldal]s,
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where ¢; € C5°(R"™). By Theorem 4.1, the constants Cy and € depend on ||oy|s, and ||oo]]s,
respectively, where sg 81 > 1 +n/2 and s > 1, — 1, 817 > [;.

Since ES(QQ) C {w+ Vr- £ # 0}, a trace regularity result (Corollary 2 in [2]) implies
the existence of a ¢} € Cg°(R™") such that

(Q21w) iy 1 < Cllhw0]]s < CJ[W]fo -
Therefore
|| < CllSo||n 1] + Cl(Ty" 1) 1 Vo - VRy|] |[¥]] . (6.27)

Thus is suffices to estimate ||(17},"7!)*$; Vo - VRy||.
It is easy to see that
(Tlll—l)* _ (_1)11—1(T1 T AT)ll_l

and -
(Ty+Ar) =t =T 4 3 o1
=1
with smooth coefficients «a;(x).
Hence
=1 '
(T o Voo - VRi|| < [TV Vo - VR ||+ Y. CITY ' Vo - VRi|| . (6.28)
=1

Obviously it suffices to study the first term on the right hand side of (6.28). Moreover, the fact
that 7} is a differential operator assures that it is sufficient to estimate, for ¢ € Cg°(R"'),

[T Vo - VR . (6.29)
Therefore, it remains to estimate
ll_l . . ll_2 . .
ST Ve - TIV Ry || = ||¢V o - TP ' Ry|| 4+ - ||¢T ' "' Viéo - T{VRy|| . (6.30)
=0 =0

Note that although R; € H?_ from the progressing wave expansion, as we shall show, the
terms on the right hand side of the above inequalities are still well defined due to the conormal
properties of Ry. However, because of the lack of control on higher order normal derivatives
of the characteristic surface, Ry is only in H7Z_. Tt is relatively easier to estimate the first
term on the right hand side. In fact, by using the assumption [; — 1 > n/2 and Schauder’s
lemma, we have

16Véo - TV Ry < Clldo]y, [|oT1 VR .
An application of Theorem 5.1 indicates that By € H-""'. Thus

loc

16Véo - TPV R < Cllo]],

with the constant C' depending on ||og||i4n45/2 from Theorem 5.1.
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In order to estimate the second term on the right hand side of (6.30), we need a different
approach. The idea is to show that ¢TVR; (0 < i <[ —2) is bounded. In fact, if this is
the case then

1—2 ) ) 1—2 )
ST Ve - TIVR|| < C Y ||[T1 Vo]
=0 =0

< Clso||s, -

According to Proposition 5.4, it suffices to show that

Ry € HYN 2 s> (n—1)/2.

loc

This can be done by an application of Theorem 5.1. In fact, Theorem 5.1 and Proposition 5.4
imply that the term ¢T{V R, is bounded by a constant depending on ||og||, with p > s+
and p > s+l1+n/2—1,and on ||P(A+Voo-V)b||, with ¢ > s+li—1and g > s+{1+n/2—2,
for ¢ € C§°.

Further, since {1 — 1 > n/2, Schauder’s lemma gives

(A + Voo - V)billy < Cllballg42 + Clloollg41][001]]g11,

which is bounded by a constant depending on ||og||4+4 With ¢+4 > [+3n/2 41 by Theorem
4.1.
Combining the discussions above, we finally obtain

| Es| < Clldal]s, [[W]] (6.31)

with the constant C' depending on ||ogl|, for 7 > 1+ n+5/2 and 7 >[4 3n/2 + 1.

6.4 A useful Proposition
Until now, according to (6.17,6.20,6.31), we have shown that

107 v]lo.q < Clléo]l, (6.32)

under the hypotheses of Theorem 1.1.
To complete our proof, it suffices to show that

||U||11790 < CHailUHO,Ql + C||5U||11 ’ (633)

where Q@ CC Q; C R"*', and both Qg and Q,; are near {x, = 0}.
Construct a t.d.o. A of order zero:

e ¢« =1on {|w| > 6|§|}7

o BS(A) C {lw] = alél, ¢ > o).
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Let ¢ € C(R™), ¢ = 1 on Qp, and supp(¢) CC Q. Then
v = Agv + (I — A)gv .
Since 9! is elliptic on ES(A), for Qy CC Q
|A¢0|l1,0, < Cll9Fdv]loq + Cllgvllog -

On the other hand, O = 92 — A is elliptic on F.S(I — A) as well as a small conic neighborhood
of ES(I — A). Furthermore, one can also ask that ¢ and do have disjoint supports. Then
the same idea as in the proof of Lemma 3.2 establishes the following result.

Proposition 6.1 Assume that s > max{ly + n/2 — 2,n/2}, then the estimate

(7 = A)bolli 0o < Cllvllog
holds for some constant C' depending on ||oo]|s41-

The above discussion and Proposition 6.1 lead to the estimate (6.33), which completes
the proof of Theorem 1.1.
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