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Abstract.

The solution sets of algebraic Riccati equations Ri(X) = A/X + XA —
XBB:X+Q =0= (I, X,))H;(I,X;)" = 0,i = 1,2, can be compared if
H, < H,. In this paper we obtain a comparison result for local frames of
solutions of algebraic Riccati inequalities and prove parametrization results

which involve different Riccati equations.
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1 Introduction
Let
RIX)= A" X+ XA-XBBX+Q=0 (1.1)

be a continuous-time algebraic Riccati equation (CARE) where 4, BB*,Q =
@™ and .X' = X'~ are complex n x n matrices. Put

_(Q@ &
H“(.4 —BB')

such that R(.X') = (7. X)H([..X')". Besides (1.1) we consider another CARE
R(\) = .:{‘.\' 1‘-.\‘:1 - \BB‘\-!-Q =0 (13)

with associated hermitian matrix

T (} -“1‘ = Inx2n
H‘(& ~BB~>‘C |

[t is well known that an inequality H < H induces relations between
solutions of (1.1) and (1.2). For example. if Q > 0 and if (1.1) has a positive-
semidefinite solution then there exists a solution .X > 0 of (1.2). and if K and
K are the least positive-semidefinite solutions of (1.1) and (1.2) respectively.
then according to Wimmer (submitted) we have K < K. In this paper
further results arve presented which are implied by the inequality H < H.
Section 2 deals with local frames of solutions of Riccati inequalities and
Section 3 contains parametrization results.

2 The local frame

In their study ol the noncausal estimation problem A. Lindquist and G. Picci
(1991) considered the continuous-time algebraic Riccati inequality

RX)=A"N+XA-XBB"X+CC>0

and introduced the following concepts. It ¥ is a solution of R(.X) > 0 then
a solution {7 (resp. W) of the CARLE R(X) = 0 is called an internal lower
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(resp. upper) bound of Y if U <Y (resp. W > Y) holds. A local frame
of ¥ consists of a pair [/.IV of such internal bounds. A. Lindquist and G.
Picci (1991. Section 6.4) used methods from the theory of stochastic linear
systems to prove the subsequent result.

Theorem 2.1 Assume that (A, B) is controllable. Let Y be a solution
of R(X) > 0. Then there exists a tightest local frame of Y. i.e. there exist
solutions U_ and W, of R(X) =0 such that

Uo=sup{X | R(X)=0, X <Y} (2.1)
~and
H_=mf{X|RX)=0, Y <X} (2.2)
In this section we want to show how under the hypotheses 0 < R(Y

<
R(Y) and H < H the rightest local frames of ¥ with respect to R(.X) = 0
and to R(.X) = 0 can be compared. Let us note first that the preceding
theorem can be related to results on semidefinite solutions of CAREs. If ¥
satisfies R(Y") > 0 then we have R(Y) = P for some P > 0. Put

Ay = A - BBYY.

Let .X be a solution of R{.X') =0 and set A = X —Y". Then it is not difficult
to see that A\ satisfies o CARE

AN = 4520+ Ady —ABB*A+ P =0. (2.3)

Hence X' = ¥+ \ is an internal upper (resp. lower) bound of Y if and only
if A >0 (resp. A <0 Thus the existence of W, and U_ in (2.1) and (2.2)
is equivalent to the cxistence of a least positive-semidefinite and a greatest
negative-semidefinite solution A of (2.3). - The first part of the following
lemma can be found in Geerts (1938), the second part which was mentioned
already in the introduction is contained in Wimmer (submitted). We focus
on positive-semidefinite solutions.

Lemma 2.2 Assume that (A.B) is stabilizable and Q > 0. (1) Then
(1.1) has a solution X > 0. and the set of positive-semidefinite solutions of
(1.1) has a least clement. (2) If H < H then (A, B) is also stabilizable.
Let K and K be the least positive-semidefinite solutions of (1.1) and (1.2)
respectively. Then we have I < K.



Obviously, part (1) of the lemma vields a proof of Theorem 2.1. We shall
see that part (2) leads to a comparison of tightest local frames.

Theorem 2.3 Assume that (A, B) is controllable and H < H. Let Y be
a hermitian matriz such that 0 < R(Y) < R(Y). Then there ezist X and V
which satisfy R(X) = R(V ) =0 and V <Y < X. Furthermore there exist

U- =sup{X | R(X) =0, X <Y}
and
W, =inf{X | R(X) =0, Y < X}.
Let i~ and W be given by (2.1) and (2.2). Then
[C<I_<V<W, <,

Proof. We are going to [)10\6‘ only those statements which are concerned
with internal upper bounds of ¥'. Put Ay = A = BB*Y and P = R(Y) and
define

Ay =43 +34y —ABB"A+P =0 (2.4)

as a counterpart to (2.3). Let

O RY) A . [ RY) A
H*-( Ay -33->-H*—( iy -BB

be the hermitian matrices associated to (2.3) and (2.4). Put

s_ (L0
= 7))

Then Hy = S*HS and Hy = S*HS. Hence H < H is equivalent to Hy <
Hy and we can apply Lemma 2.2 to (2.3) and (2.4). To complete the proof
recall that internal upper bounds of ¥ with respect to R(X) = 0 and R(X) =
0 are of the form ¥ + A and ¥ + N, where A > 0 and A > 0 are solutions
of (2.3) and (2.4).

a



3 Parametrization of solutions

Willems (1971) and Kuéera (1972) use extremal solutions and projections to
classify solutions of (1.1). With the monotonicity assumption H < H it is
possible to obtain parametrization results which involve different CAREs.

Put E\(A) = Ker (A — AI)™ and define £ (A4) = D{E\(A), Re A < 0}
and E>(A) = B{E\(A), Re A > 0} such that

C" = E.(A)@ Ex(A). (3.1)

.Let Pe(A): C" — E(d) and P>(A) : C" — E5(A) be the spectral pro-
jections induced by the decomposition (3.1). Similarly we define P<(A4) and
P>(.~l).

In the theorem below we deal with three CAREs
Ri(X)=ATX + XA - .X'BLB:\’ +Q@; =0
and their associated hermitian matrices

_ [ Qi A
Hi = ( A —B.B: )

1 = 1.2.3. Let .X; be a solution of R;(.X') =0 and put
Fi = Ai - BiB;.\/i,
=123 and A; = X, — X1,y =2.3. It is not difficult to verify that

Ry(Xy) = R(Xy) =
= F 0+ NPy + By Br Ny + (1LX)(Hy — H)(1,X1)" =0 (3.2)

and

Ri(X3) = Ra(Xy) =
= FSAs + AsFy — A3By B3A; — (I, X3)(Hs — H2)(I,X3)" =0.(3.3)

The following auxiliary result will be needed.



Lemma 3.1 Let F, A = A", T =T*, BB™ be complex n X n matrices
which satisfy

FFTA+AF =ABB"A+T (3.4)
Assume that
rank (FF = A,B)=nif Re A =0. (3.5)
IfA>0and T >0 then E<(F)C Ker A.

Proof. It is well known that A > 0,7 > 0 together with the Lyapunov-
type equation (3.4) yield E.(F) C Ker A. Let us show that the additional
assumption (3.3) implies E_(F) = ${E\(F), Re A = 0} C Ker A. We
consider a Jordan chain yi,y2. - ,yk, y1 # 0, of F where (F — Al)y; =

Yi-1st =L, yk, yo = 0 and Re A = 0. As induction hypotheses we assume
yi1 € Ker A. Then y7(F=A + AF)y; = (A 4+ AN)yiAy; = 0 and (3.4) yields

yrAB =0 (3.6)
and y*T = 0. Therefore
0=yr AWM+ F) =y A(=A+ F) = 0. (3.7)

From (3.5) - (3.7) follows y7A =0, i.e. y; € Ker A. Since yg € Ker A is
trivially satisfied we have < yy, -,y > C Ker A.
a

Theorem 3.2 dssume H; < Hy < Hy and
rank (4o — AL, By) =n if Re A =0. (3.8)

Let X; be a solution of R;(X) = 0.t = 1,2.3. [f X; < X3 < X3 then we
have

Xy = X\ P (Fy) + X3 Pe(Fy) (3.9)

where Fg = Af_) - BQB;.X”_).
Proof. From (3.2) follows FyA; + AyFy = —A;B;B3A, — S and we
have Ay > 0 and § > 0. Therefore Lemma 3.1 yields Es(F;) C Ker A, or

equivalently -
A2P>(Fz) - 0 (3.10)
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Similarly (3.3) implies Fy Az + A3Fy = A3B,B5A;+ T, and Ay, > 0,T > 0.
At this point we take (3.8) into account to conclude that E<(F;) C Ker A3
or

AgPc(Fy) = 0. (3.11)

Clearly (3.10) and (3.11) are equivalent to X3 Ps (F%) = X Ps(F3) and
.Y'zps(Fg) = .\3.Ps(F2) From P>(Ff_;) + Ps(Fg) = [ follows (39)
O

Instead of (3.10) and (3.11) we could also work with AoP>(F3) = 0 and
A3P<(F>) = 0 and derive a representation of the form

,Y'z = .Ylpz(Fz) + .\’3P<(F2). (312)

In the special case where Hy = H, = Hj the preceding theorem can be found
in Ando (1983. p.30).

[n the following we consider positive-semidefinite solutions and assume

Q: > 0.

Corollary 3.3 Let Ry(X) = A; X + XA, - XB,B:X + C7C; and

”f‘( A —B,-B;)

1= 2,3, be qrven. Assume (3.8) and Hy < Hs. I[f Ri(X;) = 0,2 = 2,3, and
0< X, < X5 then
Xy = X Pe(Ay — BaB3X,). (3.13)

Proof. Define R(.X') = A7.X + X4, - XB,B5X and

0 A
m=( 5 b )

Then X = 0 is a solution of R, (X) = 0 and we have H, < H,. Hence (3.12)
vields (3.13).
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