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1 Introduction

A mathematical model of a crack in a 2-dimensional uniform elastic medium occupying a

bounded domain 
 consists of the following system (see [9]):

' 2 H2(
); (1.1)

�2' = 0 in 
 n �(t); (1.2)

' =
@'

@n
= 0 from both sides of �(t); (1.3)

' = g;
@'

@n
= h on @
; ; (1.4)

where ' = '(x) = '(x1; x2) is the stress function. Here � is the crack which, for simplicity,

we shall take to be a curve of the form

x2 = f(x1); �1 6 x1 6 0 (1.5)

contained in 
 except for its initial point (�1; f(�1)), which lies on @
; we shall also assume,

for simplicity, that

f(0) = 0; f 0(0) = 0: (1.6)

We are interested in the behavior of ' near the origin.

From basic work by Kondrat�ev and Oleinik [14] [15] it follows that if f is in C1[��0; 0]
for some �0 > 0, then

' 2 C3=2 near the origin; (1.7)

and

j'(x)j 6 Cjxj3=2; (1.8)

jr'(x)j 6 Cjxj1=2: (1.9)
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On the other hand if f 2 C1[��0; 0] then, by [5] (and some of the papers referenced

therein), ' has an asymptotic expansion near the origin. In the special case where

f(x1) � 0 for � �0 6 x1 6 0

the expansion is given explicitly [22] (see also [6; x16] [8; Part II, Chap. 7]) by

'(r; �) =

1X
k=1

rk=2+1
h
ak cos

�k
2
+ 1
�
� + bk cos

�k
2
� 1
�
�

+ck sin
�k
2
� 1
�
� + dk sin

�k
2
+ 1
�
�
i
;

(1.10)

where

�0bk+2 + ak =
2

��
k=2+1
0

Z �

��

 (�0; �) cos
�k
2
+ 1
�
�d� for k > 2;

�0

�k
2
+ 2
�
bk+2 +

�k
2
+ 1
�
ak =

2

��
k=2
0

Z �

��

 r(�0; �) cos
�k
2
+ 1
�
�d� for k > 2

(the formulae for b1; b2; b3; a1 are little di�erent) and similar relations hold for ck, dk. Hence

we get

jakj+ jbkj 6 C

�k0

Z �

��

fj (�0; �)j+ j r(�0; �)jgd�;

and the same inequality holds for jckj + jdkj. It follows that the series (1.10) is uniformly

convergent for 0 6 r 6 ��0, for any � < 1.

From (1.10) we get

'(r; �) = A1r
3=2B1(�) +A2r

3=2B2(�) +A3r
2B3(�)

+A4r
5=2B4(�) +A5r

5=2B5(�) +O(r3);
(1.11)

where

B1(�) = cos
3

2
� + 3 cos

1

2
�; B2(�) = sin

3

2
� + sin

1

2
�; B3(�) = sin2 �;

B4(�) = cos
5

2
� � 5 cos

1

2
�; B5(�) = sin

5

2
� � sin

1

2
�;

(1.12)

note that r2B3(�) = x22.

The main purpose of this paper is to establish asymptotic expansions of up to order r3��,

under very weak assumptions on the regularity of f(x1). Our results are:

(i) If f 2 C1+�[��0; 0], then

'(x) = A1r
3=2B1(�) +A2r

3=2B2(�) +O(r2��) (1.13)

for any � > 0 such that � + � > 1=2.
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(ii) If f 2 C2+�[��0; 0], then
'(r; �) = A1r

3=2B1(�) +A2r
3=2B2(�) +A3r

2B3(�) +A4r
5=2B4(�)

+A5r
5=2B5(�)� 2A2r

5=2f 00(0) cos
1

2
� +O(r3��)

(1.14)

for any � > 0 such that � + � > 1=2.

Note that if f 00(0) = 0, then the expansion (1.14) agrees with that of (1.11).

The �rst two terms in the above expansion are called, in fractural mechanics, the stress

intensity factors; or mode I and mode II of fracture [16; p. 24].

The proof of the estimates (i), (ii) require maximum principles for biharmonic solutions

in a domain whose boundary has a singular point. Such estimates are established in x2; for
related results see Remark 2.3. In x3 we give a proof of (i) and, in x5, a proof of (ii). In

x4 we derive an additional regularity result for ', near the tip O = (0; 0), for f in C1+�,

namely:
'(x)

jxj3=2 6 C
�
jxj2� + d2(x)

jxj2
�

near the origin; (1.15)

where d(x) = dist(x;�). This improves the inequality that can be obtained by sub-Schauder

(2� �)-estimates (stated in x9, Example 2), if jxj�+�0 < d(x)=jxj � 1 for some �0 > 0.

The remaining part of the paper is concerned with an application of some of the above

results to the crack propagation problem, where the tip of the crack is moving in time

according to (see [9])
_X(t) = h(jJ(X(t))j)jJ(X(t))j; (1.16)

where X(t) is the tip of the crack at time t, h(s) is a given function, and J(X(t)) is the limit

of J -integrals taken along circles that shrink to X(t). The model is described in x6. In x7
we prove that the crack propagation problem with C1+� crack is equivalent to the following

geometric problem:

Find an extension x2 = f(x1);�1 6 x1 6 � (� > 0) of � which is C1+� such that, at each

intermediate value x1 = s, the coe�cient A2 = A2(s) in the asymptotic expansion about the

tip X(s) = (s; f(s)) satis�es:

A2(s) � 0: (1.17)

In x8 we make a few comments on this problem, which we hope to pursue in a future work.

The paper concludes with an appendix in which we have assembled several sub-Schauder

estimates used in this paper.

2 Maximum principles

In this section we establish estimates for solutions of �2' = f in a bounded domain 
 in

terms of the supremum of the boundary values of ' and @'=@� on @
. When @
 is C4 such

an estimate is well known:

k'kW 1;1(
) 6 C
�
k'kL1(@
) + kr'kL1(@
) + kfkL1(
)

�
: (2.1)
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This estimate was derived by Miranda [18] when 
 is 2-dimensional, and by Agmon [2] for


 which is n-dimensional; Agmon has actually extended the results to elliptic operators of

any order with variable coe�cients.

For our purposes we need to deal with domains whose boundary has a singularity as, for

example, in Figure 1 below. However we begin with a local version of the type (2.1).

Let 
 be a bounded n-dimensional domain, S an open subset of @
, S in C4, and D a

subdomain of 
 such that

D � 
 [ S0 where S0 � @
; S0 � intS:

Lemma 2.1 Under the above assumptions there is a constant C such that for any function

' in Lp(
) \ C1(
 [ S), p > 1, if

�2' = f in 
; (2.2)

then

k'kW 1;1(D) 6 C
�
k'kL1(S) + kr'kL1(S) + k'kLp(
) + kfkL1(
)

�
: (2.3)

Proof. Set

� = k'kL1(S) + kr'kL1(S) + k'kLp(
) + kfkL1(
):
Without loss of generality we may assume that f = 0; otherwise we subtract from ' the

special solution of (2.2)
1

8�

Z



jx� yj2 log 1

jx� yjf(y)dy: (2.4)

Introduce domains D1 � D2 � 
 with

D � D1; D1 � D2; D2 � 
 [ S0;
@D \ S � int(@D1 \ S); @D1 \ S � int(@D2 \ S):

Take a C1 function � such that

� = 1 in D1;

� = 0 in 
 nD2

and introduce a domain eD with C4 boundary such that

D1 � eD � D2; and � � 0 in 
 n eD:
Consider the function v = �'. It satis�es

�2v =
X
j�j63

��D
�'
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and

v =
@v

@�
= 0 on @ eD n S:

Write v = v1 + v2 where

�2v1 = 0 in eD;
v1 = v;

@v1

@�
=
@v

@�
on @ eD:

By the Miranda-Agmon maximum principle

kv1kW 1;1( eD) 6 C
�
k�'kL1(@ eD) + kr(�')kL1(@ eD)

�
6 C

�
k'kL1(S) + kr'kL1(S)

�
: (2.5)

To estimate v2 we apply Theorem 8.1 of [1] which says: If for any w 2 C4( eD) with

w = @w
@�

= 0 on @ eD there holds

��� Z
eD

v2�
2wdx

��� 6 �jwjW 4�k;p0 ( eD) (
1

p
+

1

p0
= 1) (2.6)

for some integer k, 0 6 k 6 4, then

jv2jW k;p( eD) 6 C�; (2.7)

here v2 is an arbitrary function (say in Lp( eD)), � is a constant depending on v2, and C is a

constant independent of v2, �.

We shall apply this result to the function v2 de�ned above as v � v1. By integration by

parts, Z
eD

v2�
2wdx =

Z
eD

�2v2 � wdx =

Z
eD

X
j�j63

��D
�' �wdx

=

Z
eD

X
j�j63

'(�1)�D�(��w)dx

so that (2.6) holds with k = 1, � = Ck'kLp. Consequently, by (2.7),

kv2kW 1;p( eD) 6 Ck'kLp(
):

Combining this with (2.5) we get

k'kW 1;p( eD) 6 kvkW 1;p( eD) 6 C�:

We can now repeat the above argument with the smaller domains D1, eD, D2 (still con-

taining D) and k = 2 in (2.6). We get

kv1kW 1;1(eD) + kv2kW 2;p( eD) 6 C�:
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If p > n, then by Sobolev embedding we deduce that

kv2kW 1;1( eD) 6 C�

and (2.3) follows. If however p 6 n, we repeat the above process with a larger value of p; in

fact, if p < n, then

' 2 Lq( eD); and k'k
Lq( eD)

6 C�; where
1

q
=

1

p
� 1

n
;

whereas if p = n, then

' 2 Lq( eD); and k'kLq( eD) 6 C�;8q < +1:

After a �nite number of steps the proof of (2.3) is completed.

We shall now specialize to 2-dimensional domains whose boundary has a singular point.

The method of Miranda-Agmon does not extend to such domains, and, in fact, our estimates

will also be quite di�erent.

Let 
! be a domain shown in Figure 1, consisting of two line segments j�j = !=2 (� <

! 6 2�), connected by an arc on the circle jxj = 1, and regularized around j�j = !=2, jxj = 1

so that @
! n f0g 2 C1.

�
U

O

�!

�!

�

�


!
e�!

2� � !

Fig. 1

Then @
! = �! [ e�!, where e�! = @
! n �! = @
! \ fjxj = 1g and �! consists of the

two line segments � = �!=2 initiating at the origin with two small smooth arcs attached at

each endpoint.

Theorem 2.2 Suppose that ' 2 H2(
!),

�2' = f in 
!; (2.8)

' =
@'

@n
= 0 on @
! n �!: (2.9)
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Then, for any p > 2, � > 0, � < 2=p, there exists a constant C = Cp;�;� > 0, depending only

on the regularity of @
! \ fjxj > 1=2g (but not on the angle size !), such that

�Z

!

jxj�p�j'jpdx
�1=p

6 C
hn Z

�!

�
jxj�(1=2+2=p+�)j'(x)j

�p=2
dS
o2=p

+

Z
�!

jxj�1=2
���@'(x)
@n

���dS +

Z

!

jxj3=2jf(x)jdx
i
:

(2.10)

Proof. De�ne u to be the solution of the following problem:

u 2 H2(
!);

�2u = g in 
!; (2.11)

u =
@u

@n
= 0 on @
!; (2.12)

where g is any function in L2(
!). By integration by parts (cf. [14; equation (5)])Z

!

E[u]dx =

Z

!

ugdx 6 CkukL1(
!)kgkL1(
!)

where E[u] =

2X
i;j=1

� @2u

@xi@xj

�2
, 1=q + 1=eq = 1, 1 < q < 2. By embedding,

kukL1(
!) 6 C
�Z


!

E[u]dx
�1=2

;

and hence Z

!

E[u]dx 6 Ckgk2L1(
!): (2.13)

We shall now use the inequalities (40) and (47) of [14] (see also x9):

ju(x)j2 6 Cjxj2+2�
�
kgk2L1(
!) +

Z

!

E[u]dx
�
;

jru(x)j2 6 Cjxj2�
�
kgk2L1(
!) +

Z

!

E[u]dx
�

where � = �(e!) is the solution of

sin2(e!�) = �2 sin2 e!; 0 < e!�(e!) 6 �; �(e!) > 1

2
;

and e! is any constant such that ! 6 e! and � < e! 6 2�; it is easy to verify that there exists

a unique such � = �(e!). We take e! = 2� so that �(e!) = 1=2. If we substitute (2.13) into

these inequalities, we obtain

ju(x)j2 6 Cjxj3kgk2L1(
!); (2.14)

jru(x)j2 6 Cjxj kgk2L1(
!): (2.15)
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To obtain the estimates for the second and third order derivatives for u, we introduce

the scaling

u"(x) = u("x) for 1 6 jxj 6 4:

Then

�2u" = "4g("x) in D = f1 < jxj < 4; �!
2
< � <

!

2
g

u" =
@u"

@n
= 0 on @D:

By interior-boundary Lep estimates,

ku"kW 4;ep(D0) 6 C
ep

h
max
D
ju"(x)j+ "4

�Z
D

jgjep("x)dx
�1=epi

6 C
ep

�
"3=2kgkL1(
!) + "4�2=epkgkLep(
!\f"<jxj<4"g)

�
;

where D0 = D \ f2 < jxj < 3g, 1=p + 1=ep = 1. By embedding

ku"kW 3;r(D0\�) 6 C
ep"

3=2
�
kgkL1(
!) + k jxj5=2�2=epgkLep(
!\f"<jxj<4"g)

�
;

ku"kW 2;1(D0\�) 6 C
ep"

3=2
�
kgkL1(
!) + k jxj5=2�2=epgkLep(
!\f"<jxj<4"g)

�
;

where � = f� = �!=2g, r = ep=(2 � ep) = p=(p � 2), and so 1=r + 1=r0 = 1 for r0 = p=2.

Rewriting this in terms of the original variables, we have

�Z
f2"<jxj<3"g\�!

jD3u(x)jrdS
�1=r

6 C"�3=2+1=r
�
kgkL1(
!) + k jxj5=2�2=epgkLep(
!)

�
;

max
f2"<jxj<3"g\�!

jD2u(x)j 6 C"�1=2
�
kgkL1(
!) + k jxj5=2�2=epgkLep(
!)

�
:

Setting K =
�
kgkL1(
!) + k jxj5=2�2=epgkLep(
!)

�
, it then follows that

Z
f2"<jxj<3"g\�!g

�
jxj3=2�1=r+�jD3u(x)j

�r
dS 6

�
C"�K

�r
; (2.16)

jD2u(x)j 6 Cjxj�1=2K: (2.17)

Letting "j = (3=2)�j and summing over j, we conclude that

�Z
fjxj<1=2g\�!

�
jxj3=2�1=r+�jD3u(x)j

�r
dS
�1=r

6 CK: (2.18)

Inequality (2.18) is clearly valid if we integrate also over �! n fjxj < 1=2g, and similarly

(2.17) is valid over all of �!.

We now multiply equation (2.11) by ' and integrate by parts to obtainZ

!

' � gdx =

Z
�!

�
'
@�u

@n
� @'

@n
�u
�
dS +

Z

!

u � fdx
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6

nZ
�!

�
jxj3=2�1=r+�jD3u(x)j

�r
dS
o1=rnZ

�!

�
jxj�(3=2�1=r+�)j'(x)j

�r0
dx
o1=r0

+sup
�
jxj1=2jD2u(x)j

�Z
�!

jxj�1=2
���@'(x)
@n

���dx
+sup

�
jxj�3=2ju(x)j

�Z

!

jxj3=2jf(x)jdx

6 CK
hnZ

�!

�
jxj�(1=2+2=p+�)j'(x)j

�p=2
dS
o2=p

+

Z
�!

jxj�1=2
���@'(x)
@n

���dS +

Z

!

jxj3=2jf(x)jdx
i

Since, by H�older's inequality,

K 6 C�k jxj�gkLq(
!)

for any � < 2=p, the assertion (2.10) follows immediately by duality.

Remark 2.1. Let � = right-hand side of (2.10). Then, by Theorem 2.2,

Z

!

jxj��pj'(x)jpdx 6 C�p:

Take '"(x) = '("x) as before. Then

Z
f1<jxj<4g

j'"(x)jpdx 6 1

"2

Z

!\f"<jyj<4"g

j'(y)jpdy 6 C�p"�p�2:

and, by Lemma 2.1, for jxj = 2,

j'"(x)j+ jr'"(x)j 6 C
n
�"��2=p + max

�!\f1<jxj<4g

h
j'"(x)j+ jr'"(x)j

io
6 C

n
�"��2=p + max

�!\f"<jyj<4"g

h
j'(y)j+ jyjjr'(y)j

io
:

Rewriting this in terms of the original variables, we get

j'(x)j 6 C�jxj��2=p + C max
�!\fjxj=2<jyj<2jxjg

h
j'(y)j+ jyjjr'(y)j

i
; (2.19)

jr'(x)j 6 C�jxj��1�2=p + C max
�!\fjxj=2<jyj<2jxjg

h
jyj�1j'(y)j+ jr'(y)j

i
: (2.20)

Later on we shall also need a maximum principle in a domain 
�, shown in Figure 2; it is

bounded by a circle jxj = 1, a circle �� : jx�(�; 0)j = �, and a curve: x2 = f(x1);�1 < x1 < �.

We assume that f(x1) is in C
1+� for �1 < x1 < �, and that f(0) = 0, f 0(0) = 0.
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O


�

��

Fig. 2

Theorem 2.3 Let the foregoing assumptions on 
�, �� hold, and suppose that ' 2 H2(
�),

�2' = f in 
�; (2.21)

' = 'n = 0 on @
� n ��: (2.22)

Then, for any p > 2, � > 0, � < 2=p, there exists a constant C = Cp;�;� > 0 independent of

� such that �Z

�
jxj�p�j'jpdx

�1=p
6 C

hn Z
��

�
jxj�(1=2+2=p+�)j'(x)j

�p=2
dS
o2=p

+

Z
��

jxj�1=2
���@'(x)
@n

���dS +

Z

�
jxj3=2jf(x)jdx

i (2.23)

Proof. The proof is similar to that for Theorem 2.2. Denote by u the solution of the

following problem

u 2 H2(
�);

�2u = g in 
�; (p > 2) (2.24)

u =
@u

@n
= 0 on @
�: (2.25)

As before, we obtain

kukL1(
�) +
�Z


�
E[u]dx

�1=2
6 CkgkL1(
�):

From (40) of [11],

ju(x)j 6 Cjxj3=2kgkL1(
�) in 
�; (2.26)

where the constant C is independent of �.

10



Now we proceed as in the derivation of (2.16), (2.17) to derive, for " < �, the inequalities

Z
f2"<jxj<3"g\��g

�
jxj3=2�1=r+�jD3u(x)j

�r
dS 6

�
C"�K

�r
;

jD2u(x)j 6 C"�1=2K for x 2 f2" < jxj < 3"g \ ��;

(2.27)

where K is de�ned as before as above but with 
! replaced by 
�. (The assumption " < �

is necessary to ensure that the rescaled function satis�es the equation in a domain with

uniformly smooth boundary.) The rest of the proof is the same as in Theorem 2.2.

Finally, we prove a maximum principle for the domain 
�;m, bounded by a circle jxj = 1,

and ��;m, where m > 2�, and

��;m =
n
(x1; x2)

��� 1
�
(x1; x2) 2 �1;m=�

o
;

and �1;m=� is a curve consisting of two semi-circles centered at (1; 0) and (m=�; 0) of radius

1, connected by two line segments, regularized near four points (1; 1), (1;�1), (m=�; 1),
(m=�;�1) so that �1;m=� 2 C5.


�;m

��;m
O

Fig. 3

We follow the proof of Theorem 2.2. First, it is clear that the estimates (2.16), (2.17)

are still valid in the region f2" < jxj < 3"g for " < �. Next, for jxj > 3�, the argument of

Theorem 2.2 leads toZ
f2"<d(x)<3"g\��;m

�
d(x)3=2�1=r+�jD3u(x)j

�r
dS 6

�
C"� eK�r; (2.28)

jD2u(x)j 6 Cd(x)�1=2 eK for jxj > 3�: (2.29)
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where

d(x) = min(jxj; jx� (m; 0)j); � 6 " < m;

and eK is de�ned as K but with jxj5=2�2=q replaced by d(x)5=2�2=q and with 
! replaced by


�;m.

Now we can take " = "j as before to conclude:

Theorem 2.4 Suppose that ' 2 H2(
�;m),

�2' = f in 
�;m; (2.30)

' = 'n = 0 on @
�;m n ��;m: (2.31)

Then, for any p > 2, � > 0 � > 0, there exists a constant C = Cp;�;� > 0 independent of �

and m such that

�Z

�;m

d(x)�p�j'jpdx
�1=p

6 C

�n Z
��;m

�
d(x)�(1=2+2=p+�)j'(x)j

�p=2
dS
o2=p

+

Z
��;m

d(x)�1=2
���@'(x)
@n

���dS +

Z
��;m

d(x)3=2jf(x)jdx
� (2.32)

Remark 2.2. Remark 2.1 extends to both Theorems 2.3 and 2.4.

Remark 2.3. Maz'ya and Plameneveskii [17] use a di�erent method to derive a maximum

principle for a conical region: They �rst establish such a result in an in�nite cylinder, and

then, by a local Miranda-Agmon maximumprinciple (Lemma 10.1 in [17]), for a polycylinder.

Finally, they map a conical region into a polycylinder. Our approach to derive a maximum

principle with integral norms (e. g. Theorem 2.2) is much simpler, and our local Miranda-

Agmon lemma (which is sharper than Lemma 10.1 in [17]) then yields pointwise estimates for

u;ru as in (2.19), (2.20). We note that the Maz'ya-Plameneveskii estimates are in weighted

sup norms, similar to (2.19), (2.20); however, for our purposes, the integral estimates will

be more convenient. It is also important to note that whereas the conical region in [17]

is assumed to have C4 boundary, our method allows weaker regularity on the parts of the

boundary with zero Dirichlet data. Thus in the case of Theorems 2.3, 2.4, our method

requires only that the curve x2 = f(x1) is in C
1+�.

3 The stress intensity factors

Throughout sections 3{6 we assume that

' 2 H2(B1 n �); (3.1)

�2' = 0 in B1 n �; (3.2)

' =
@'

@n
= 0 from both sides of �; (3.3)
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where B1 is the unit disc fx21 + x22 < 1g and

� = fx2 = f(x1); �x� 6 x1 6 0g (3.4)

is a curve contained in B1 except for its end point (�x�; f(�x�)). We also assume that

f(0) = 0; f 0(0) = 0: (3.5)

In this section and in section 4, we also assume that f 2 C1+�, whereas in section 5 we

shall require that f 2 C2+�.

Theorem 3.1 If f 2 C1+�[�x�; 0], then (1.13) holds for any � > 0 such that �+ � > 1=2.

We shall �rst prove a weaker result:

'(x) = A1r
3=2B1(�) +A2r

3=2B2(�) +O(r3=2+�) for some � > 0: (3.6)

Proof of (3.6). De�ne

 "(x) =
'("x)

"3=2
; jxj < 1

"
; (3.7)

then

j "(x)j 6 Cjxj3=2 for jxj < 1

"
: (3.8)

Under this change of variables, � is changed to

�" : x2 = f"(x1) � 1

"
f("x1); (3.9)

where f" 2 C1+�, and

f"(0) = f 0"(0) = 0; kf"kC1+�(�16x160) 6 C"�: (3.10)

Let G = G" be a function de�ned on 
2� (
! is de�ned in the previous section; here we take

! = 2�) as follows:

G 2 H2(
2�);

�2G = 0 in 
2�;

G =
@G

@n
= 0 on f� = ��g; (3.11)

G =  ";
@G

@n
=
@ 

@n
on rest of @
2�: (3.12)

Setting ! = 2� � 2C"�, we want to apply the Theorem 2.2 to  " �G in the domain 
!.

For jxj 6 1=2, G has an expansion (see x1)

G =

1X
k=1

rk=2+1 eBk(�) (r > 0;�� < � < �); (3.13)
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where both eBk and their derivatives are bounded. It follows that

jGj
���
j�j=��C"�

6 C"2�jxj3=2;

jGnj
���
j�j=��C"�

6 C"�jxj1=2:

Since  2 C3=2 by [14], similar estimates are also valid for  :

j j
���
j�j=��C"�

6 C"3�=2jxj3=2;

jr j
���
j�j=��C"�

6 C"�=2jxj1=2:

It is also clear that a similar estimate is valid for  " � G on two connecting small smooth

arcs near fj�j = � � C"�; jxj = 1g.
By Theorem 2.2, for any p > 2,

k " �G"kLp(B1\f��+C"�<�<��C"�g) 6 Cp"
�=2:

Since also

j " �G"j 6 j "j+ jG"j 6 Cjf"j3=2 + C"2�jxj3=2 6 C"�=2jxj3=2

in B1 \ fj� � �j 6 C"�g, we get

k " �G"kLp(B1) 6 Cp"
�=2: (3.14)

Notice that j " � G"j is uniformly in C3=2. By interpolation, for any � < �=2, we can take

p large enough such that

j "(x)�G"(x)j 6 C"� for jxj 6 1: (3.15)

Rewriting this in terms of the original variables, we have���'(x)
"3=2

�G"

�x
"

���� 6 C"� for jxj 6 ": (3.16)

By (3.13),

G"(x) = r3=2B"(�) +O(r2) for r =

q
x21 + x22 6

1

2
; (3.17)

where O(r2) means a term which is bounded by Cr2 with the constant C independent of ".

Thus ���'(x)� r3=2B"(�)
��� 6 C"3=2+� + C"3=2

�r
"

�2
for r 6

"

2
:

Hence ���'(x)
r3=2

�B"(�)
��� 6 C"�

�"
r

�3=2
+ C

�r
"

�1=2
for r 6

"

2
: (3.18)

Setting � = �=2, we get���'(x)
r3=2

�B"(�)
��� 6 C"�("��)3=2 + C"�=2 6 C"�=4 for "�+1 6 r 6 2�+1"�+1: (3.19)

14



Now take "j = 2�j , r = "
�+1
j+1 . Then

���B"j (�)�B"j+1(�)
��� 6 ���'(x)

r3=2
�B"j (�)

���+ ���B"j+1(�) �
'(x)

r3=2

���
6 C2�j�=4 = C"

�=4
j :

It follows that the series X
j

���B"j(�)�B"j+1 (�)
���

is convergent, and X
j>k

���B"j(�)�B"j+1(�)
��� 6 C"

�=4
k : (3.20)

Setting

B(�) = lim
"j!0

B"j (�);

we then have ���B(�)�B"j (�)
��� 6 C"

�=4
j ; (3.21)

so that, by (3.19), ���'(x)
r3=2

�A �B(�)
��� 6 Cr�=[4(�+1)]; (3.22)

where

A �B(�) = A1B1(�) +A2B2(�);

A = (A1; A2); B(�) = (B1(�); B2(�));

and B1(�), B2(�) are de�ned in (1.12). This completes the proof of (3.6).

Let C1, C2 be positive constants such that

k'kH2(B1n�) 6 C1; kfkC1+� 6 C2; 0 < � <
1

2
: (3.23)

In order to complete the proof of Theorem 3.1, it su�ces to prove:

Lemma 3.2 For any � 2 (0;min(�; 1
2
)) there exists a constant C = C� depending only on

C1, C2 such that

j'(x)� jxj3=2(A1B1(�) +A2B2(�))j 6 Cr3=2+� in B1: (3.24)

Proof. It is su�cient to show that (3.24) holds for all r < 1
2
. Setting

w(x) = '(x)�A1r
3=2B1(�)�A2r

3=2B2(�);

we have, by (3.6),

jw(x)j 6 Cr3=2+�; for some 0 < � < �: (3.25)
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The proof of (3.25) shows that C depends only on C1, C2. If � 6 �, then there is nothing to

prove. So we may assume that � > �; consequently, for any 0 < � < 1,

jw(x)j
r3=2(r� + ����r�)

< C (3.26)

for all jxj < 1. If C can be chosen to be independent of �, as well as of C1, C2, then (3.24)

follows by taking � ! 0 in (3.26). So it su�ces to show that if such a C does not exist then

we get a contradiction.

Assuming that such a C does not exists, there exist sequences fn, wn, �n and xn such

that

Cn = sup
jxj<1

jwn(x)j
r3=2(r� + �

���
n r�)

=
jwn(xn)j

R
3=2
n (R

�
n + �

���
n R�

n)
!1;

if n!1, where Rn = jxnj < 1. In view of (3.25), we must then have

�n ! 0; Rn ! 0:

Introduce a function Gn(�) by

wn(x) = CnR
3=2
n (R�

n + ����n R�
n)Gn(�); x = Rn�:

Then

Gn(�n) = 1 where �n =
xn

Rn

; (3.27)

and

jGn(�)j 6 jxj3=2(jxj� + ����n jxj�)
R
3=2
n (R�

n + ����n R�
n)

6 j�j3=2R
���
n j�j� + ����n j�j�
R���
n + ����n

6 j�j3=2(j�j� + j�j�):

As n!1, the curves �n, de�ned by �2 = fn(�1), converge in the �-plane to the ray

S0 = f(�1; 0); �1 < �1 < 0g

and, for a subsequence,

Gn(�)! G(�) (3.28)

uniformly in compact subsets of R2 � S0, and

�2G = 0 in R2 n S0; (3.29)

G =
@ G

@�
= 0 from both sides of S0; (3.30)

jG(�)j 6 j�j3=2(j�j� + j�j�) in R2 (0 < � < � < min(�;
1

2
)): (3.31)
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To prove (3.30), we actually need to use sub-Schauder boundary estimates (cf. x9). We �rst

apply Lemma 9.2 to the function u(x) = "�3=2'n("x) in a ring 1=2 < jxj < 2 to obtain, for

any � 2 (0; 1),

j'n(x)j
jxj3=2 6 C

�d(x)
jxj

�1+�
;

jr'n(x)j
jxj1=2 6 C

�d(x)
jxj
��
; (3.32)

where d(x) is the distance to the �n. Similar estimates are valid for jxj3=2[A1B1(�)+A2B2(�)]

with d(x) replaced by jx2j. It follows that
jwn(x)j
jxj3=2 6 C

�d(x) + jx2j
jxj

�1+�
;

jrwn(x)j
jxj1=2 6 C

�d(x) + jx2j
jxj

��
: (3.33)

Since � < �, we can choose � su�ciently close to 1 so that �� > �. Rewriting (3.33) in

terms of �, we then have,

jGn(�)j 6 CK

R
3=2
n R

�(1+�)
n j�j3=2

CnR
3=2
n (R�

n + �
���
n R�

n)
6
CK

Cn

j�j3=2 for � 2 CK ; (3.34)

jr�Gn(�)j 6 CK

R
1=2
n R��

n j�j1=2
CnR

1=2
n (R�

n + �
���
n R�

n)
6
CK

Cn

j�j1=2 for � 2 CK; (3.35)

where CK = f�K 6 �1 6 0; j�2j 6 �CR�
n�1g (the constant C is from (3.10)). Similarly

[r�Gn]C�(CK) 6
R
1=2��
n R

�(���)
n

CnR
1=2��
n (R�

n + �
���
n R�

n)
6
CK

Cn

(3.36)

provided � is taken to be small enough. With these estimates, we can now apply Theo-

rem 9.3 (ii) to Gn(�) with the boundary S given by j�2j = �CR�
n�1 to obtain (3.30). We also

have uniform convergence up to the boundary in (3.28), so that if �n ! e = (e1; e2), then

jG(e)j = 1: (3.37)

We now invoke a Liouville theorem (Lemma 3.3 below) to deduce from (3.29){(3.31) that

G(�) � 0, which is a contradiction to (3.37).

Lemma 3.3 If G is a function satisfying (3.29){(3.31), then G � 0.

Proof. From the expansion

G(�) =

1X
k=1

rk=2+1Bk(�) (r = j�j) (3.38)

near � = 0 and (3.31) (with � > 0) it follows that B1 = 0. Recalling that

r2B2(�) = c�22 ; c constant,
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we introduce the function

H(�) = G(�) � c�22 :

Then

jH(�)j 6 Cj�j5=2 near � = 0:

The function

�(�) =
@H

@�1
=
@G

@�1

is a biharmonic in R2 n S0 and satis�es the same boundary conditions as in (3.30). Since �

has an expansion similar to (3.38), we deduce that

jrj�(�)j 6 Cj�j5=2�1�j near � = 0: (3.39)

Next, for j�j large, we have
jG(�)j 6 2j�j3=2+�:

By scaling and applying elliptic boundary and interior estimates we deduce that

jrj�(�)j 6 Cj�j3=2+��1�j for j�j large (3.40)

and 0 6 j 6 3.

Set DR =
n

1
R
< j�j < R

o
n S0. By integration by parts,

0 =

Z
DR

� ��2� =

Z
DR

j��j2 � IR;

where IR is a linear combination of integrals

AR;j =

Z
fj�j=1=RgnS0

Dj� �D3�j�

BR;j =

Z
fj�j=RgnS0

Dj� �D3�j�:

In view of (3.39), (3.40), we clearly have

jAR;jj 6 C

R
; jBR;jj 6 CR2�

R
;

and, since � < 1=2, IR ! 0 if R!1. It follows thatZ
R2nS0

j��j2 = 0;

so that �� � 0. Since � = @�=@� = 0 on S0, we get � � 0. This means that

@

@�1
(G� c�22) = 0

and so G = g(�2), g
(4) = �2G = 0. Hence G is a polynomial of degree 6 3 in �2, and by

invoking (3.30), (3.31) we �nally conclude that G � 0.
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4 A 
atness lemma

Let the assumptions of Theorem 3.1 be satis�ed and denote by d(x) the distance from x to

�. In this section we investigate the behavior of '(x) as x approaches the tip O while, at

the same time, d(x)=jxj tends to zero.

Theorem 4.1 Under the assumptions of Theorem 3.1

j'(x)j
jxj3=2 6 C

�
jxj2� + d2(x)

jxj2
�

(4.1)

where C is a constant depending only on the C1, C2 in (3.23).

Remark 4.1. If we apply the sub-Schauder estimates (x9, Lemma 9.2) to "�3=2'("x)

in 1=2 < jxj < 2, where ' is as in Theorem 3.1, we get

j'(x)j
jxj3=2 6 C

�d(x)
jxj

�1+�
8� > 0: (4.2)

The estimate (4.1) is an improvement of (4.2) when

jxj�+�0 < d(x)

jxj � 1 for some �0 > 0:

To prove Theorem 4.1, we shall establish a lemma which is of intrinsic interest.

Let

� = fx2 = f(x1); �1 < x1 < 1g;
D = f(x1; x2); �1 < x1 < 1; �1 < x2 < f(x1)g;

and let 
 be a subarc of �:


 = fx2 = f(x1); �1=2 < x1 < 1=2g:

We assume a bound

kfkC1+� 6 A (0 < � < 1; A > 0); (4.3)

and the \"-
atness" condition:

jf(x1)j < " (0 < " < 1=2): (4.4)

Denote by d(x) the distance function

d(x) = dist(x; 
); x 2 D:
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Lemma 4.2 (Flatness Lemma) If  2 H2(D n �), k kH2(Dn�) 6 C1,

�2 = 0 in D; (4.5)

 =
@ 

@�
= 0 on �; (4.6)

j j < 1 in D; (4.7)

then

j (x)j 6 C(d2(x) + "2) in D (4.8)

where C is a constant depending only on A, � and C1.

Remark 4.2. By sub-Schauder estimates (see Example 2 following Theorem 9.1)

j (x)j 6 Cd2��(x) 8� > 0;

(4.8) is an improvement when d(x)� "1+�
0

for some �0 > 0.

Proof. We assume that (4.8) is not valid and derive a contradiction. If (4.8) is not true

then there exist sequences

� = �n; 
 = 
n; D = Dn; " = "n;  =  n;

such that, with dn(x) = dist(x; 
n),

Cn = sup
Dn

j n(x)j
d2n(x) + "2n

=
j n(xn)j

d2n(xn) + "2n
!1 if n!1;

where xn 2 Dn; we necessarily have

dn � dn(xn)! 0; "n ! 0 if n!1

for otherwise the sequence Cn will remain bounded (by (4.7)). Denote by exn the point on


n such that dn = jxn � exnj.
Introduce functions Gn(�) by

 n(x) = Cn(d
2
n + "2n)Gn(�) where x� exn = dn�:

Then

dn(x) = dn edn(�); (4.9)

Gn(�n) = 1; �n =
xn � exn
dn

; edn(�n) = 1; (4.10)

where edn(�) is the distance from � to the image e
n of 
n under the mapping x� exn = dn�.

Clearly,

jGn(�)j 6 d2n(x) + "2n
d2n + "2n

6
d2n
ed2n(�) + "2n
d2n + "2n

(4.11)
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It is su�cient to consider the following two cases:

Case (1): dn="n ! 0 if n!1.

Case (2): dn > c"n for some c > 0 for all large n.

In case (1), (4.11) clearly implies that

jGn(�)j 6 ed2n(�)�dn"n
�2

+ 1; (4.12)

and in case (2), (4.11) implies that

jGn(�)j 6 d2n(x)

d2n
+ 1 6 j�j2 + 1: (4.13)

As n!1, the curves e
n in the �-plane converges to the line f�2 = 0g and, by (4.10),

Gn(�)! G(�) (4.14)

uniformly in compact subsets of f�2 < 0g,

�2G(�) = 0 in f�2 < 0g; (4.15)

jG(�)j 6 1 in f�2 < 0g in case (1); (4.16)

jG(�)j 6 j�j2 + 1 in f�2 < 0g in case (2): (4.17)

By sub-Schauder estimates (Lemma 9.2) applied to Gn(�) we deduce that

G =
@G

@�
= 0 on f�2 = 0g: (4.18)

We also note that the convergence in (4.10) is uniform near the boundary so that, in partic-

ular, if

�n =
xn � exn
dn

! e (e = (e1; e2); e2 6 0; jej = 1);

then

jG(e)j = lim jGn(�n)j = 1: (4.19)

By a Liouville theorem (Lemma 4.3 below) we conclude from (4.15){(4.17), (4.18) and

(4.19) that

G(�) = K�22 ;K 6= 0: (4.20)

This contradicts (4.16) (case (1)).

We shall next derive a contradiction to (4.20) (case (2)). The proof depends on sharp

estimates on the  n(x). Since,

j n(x)j 6 Cn(d
2
n(x) + "2n) in Dn

the 
atness condition implies that

j n(x)j 6 CCn"
2
n in fjx1j < 1

2
;�4"n < x2 < �2"ng: (4.21)
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By interior elliptic estimates we then also have

jr n(x)j 6 CCn"n on fjx1j < 1

4
; x2 = �3"ng: (4.22)

We need to construct an auxiliary function. For this purpose we �rst consider the problem

�2' = 0 in fx2 > 0g;
'(x1; 0) = f0(x1);

@

@x2
'(x1; 0) = g0(x1);

where f0 2 C1+�
loc , g0 2 C�

loc.

If f0, g0 are uniformly bounded, then we can write a solution in the form

' = P (f0) + x2

h
P (g0)� @

@x2
P (f0)

i
(4.23)

where P is the Poisson kernel:

P (h)(x) =
1

�

Z 1

�1

x2

(x1 � �1)2 + x22
h(�1)d�1:

Noting that
@

@x2
P (f0) =

1

�

Z 1

�1

(x1 � �1)
2 � x22

[(x1 � �1)2 + x22]
2
f0(�1)d�1;

we �nd that

j'(x)j 6 Cjf0jL1 + Cjx2j(jg0jL1 + jf0jL1): (4.24)

Let �(x1) be a C2 function such that �(x1) = 1 if jx1j < 1=8, �(x1) = 0 if jx1j > 1=4.

Introduce the functions

f0 = � n; g0 =
@

@x2
(� n) on x2 = �3"n

and denote by �n the biharmonic function in fx2 < �3"ng with Dirichlet data f0, g0 on

x2 = �3"n. Using a representation similar to (4.23) (with (x1; x2) replaced by (x1;�x2�3"n))
we get, from (4.24) and (4.21), (4.22), the estimate

j�n(x)j 6 CCn("
2
n + jx2j"n) if x2 6 �3"n: (4.25)

Consider the function

�n =  n � �n in 
n = fjx1j < 1

8
;�1 < x2 < �3"ng:

It satis�es

�2�n = 0 in 
n;

�n =
@�n

@x2
= 0 on x2 = �3"n; jx1j < 1

8
;
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and

j�n(x)j 6 1 + CCn"n � Kn in 
n;

by (4.25) and (4.7).

By standard elliptic regularity

1

Kn

j�n(x1;�3"n �Mdn)j 6 C(Mdn)
2 if jx1j < 1

16

for anyM > 0, and we shall later choose M � 1 (butMdn+3"n < 1). Combining this with

(4.25), we get

j n(0;�3"n �Mdn)j 6 CCn("
2
n + dnM"n) + (1 + CCn"n)C(Mdn)

2: (4.26)

On the other hand, by (4.10), (4.14), (4.20),

 n(0;�3"n �Mdn) > Cnd
2
nGn(b�n) � Cnd

2
nG(

b�n) = KCnd
2
njb�n;2j2

where

(0;�"n �Mdn)� exn = dnb�n = dn(b�n;1; b�n;2)
and jb�n;2j �M if M � 1. Comparing this with (4.26) we get

KCnd
2
nM

2
6 CCnM"2n + C(1 + CCn"n)M

2d2n:

Since dn > c"n (c > 0), choosing M to be large enough (say KM > 2C), we get a contra-

diction as we let n!1.

Lemma 4.3 If G(�) is a function satisfying (4.15),(4.17), (4.18), and if jG(�)j 6 C(1+j�j2)
in f�2 < 0g, then

G(�) � K�22 (4.27)

where K is a constant.

Proof. The biharmonic function

H(�) =
@2

@�21
G(�)

satis�es the same boundary condition as G, and

jrjH(�)j 6 Cj�j�j if j�j is large:
By integration by parts,Z

fj�j<R;�2<0g

H�2H =

Z
fj�j<R;�2<0g

(�H)2 + IR

where IR ! 0 if R ! 1 (cf. the proof of Lemma 3.3). If follows that �H � 0 and, by

unique continuation, H � 0. Hence G = g1(�2) + g2(�2)�1 and this implies (4.27).

Proof of Theorem 4.1. Applying the 
atness lemma to "�3=2'("x) for 1=2 < jxj < 2

and arbitrarily small ", the assertion (4.1) easily follows.
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5 Higher order expansion

In this section we assume that f 2 C2+� and obtain higher order expansion of '.

Theorem 5.1 Let ' be a solution of (3.1){(3.5) and assume that f 2 C2+�[�x�; 0] for some

� > 0. Then for any 0 < � < 1=2 such that � + � > 1=2, the expansion (1.14) holds.

The assumptions of Theorem 5.1 imply that

k'kH2(B1n�) 6 C1; kfkC2+� 6 C2:

For clarity we shall �rst prove a special case:

Lemma 5.2 Under the assumptions of Theorem 5.1, for any � 2 (0; 1=2) there exists a

constant C depending only on C1, C2 and � such that

j'(x)� r3=2[A1B1(�) +A2B2(�)]�A3r
2B3(�)j 6 Cr2+�: (5.1)

In the sequel we shall need the following interpolation inequality:

krukL1 6 C
�
kuk�=(1+�)L1 kruk1=(1+�)C� + kukL1

�
(0 < � < 1) (5.2)

where the norms are taken in a bounded domain 
. It su�ces to prove (5.2) in dimension 1.

For any x 2 
, let y; z belong to 
 such that

jy � xj = "; jz � xj = ":

Then
u(y)� u(x)

y � x
= ux(ex)

and

ux(z) = ux(z)� ux(ex) + u(y)� u(x)

y � x
:

Hence

kuxkL1 6 kuxkC�"� +
2

"
kukL1

and choosing

"�+1 = kukL1=(kuxkC� + kukL1)
yields the assertion.

In the sequel we shall also use the interpolation inequality

k�kC� 6 C
�
k�k(���)=�L1 [�]

�=�

C� + k�kL1
�

(0 < � < � < 1); (5.3)

which follows from

j�(x)� �(y)j
jx� yj� =

j�(x)� �(y)j
jx� yj� jx� yj��� 6 [�]C����� +

2k�kL1
��
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by taking � = (k�kL1=k�kC� )1=�.

Proof of Lemma 5.2. The function

 "(x) =
1

"3=2
'("x)

is biharmonic in B4(0) n �", where

�" : x2 =
1

"
f("x1) � f0(x1)

is uniformly C2;�. By sub-Schauder estimates (cf. x9, Theorem 9.3),

jD2 "j+ [D2 "]� 6 C for 1 < jxj < 2:

Rewriting this inequality in terms of ', we get

jD2'(x)j 6 Cjxj�1=2; [D2']C�[jxj<r<1] 6 Cjxj�1=2�� (5.4)

where the constant C is independent of ". Multiplying by a constant if necessary, we may

assume without loss of generality that

j "j 6 1; jr "j 6 1 for jxj < 1; 0 < " < 1:

Let '0 =  " where " will later on be chosen very small but �xed, and denote by G0 the

solution of

G 2 H2(B1(0) n f� = ��g);
�2G = 0 in B1(0) n f� = ��g;
G =

@G

@n
= 0 on f� = ��g; (5.5)

G = '0;
@G

@n
=
@'0

@n
on rest of @(B1(0) n f� = ��g): (5.6)

It is clear that

jf 000 (x1)j = "jf 00("x1)j 6 ";

and

jf0(x1)j 6 1

2
"jx1j2:

Hence, using (5.4),

j'0j+ jG0j 6 Cjxj�1=2
�
"jx1j

�2
6 C"2jxj3=2 on j� � �j 6 2"; (5.7)

jr'0j+ jrG0j 6 Cjxj�1=2
�
"jx1j

�
6 C"jxj1=2 on j� � �j 6 2"; (5.8)

Applying Theorem 2.2, we get

k'0 �G0kLp(
2��2") 6 C": (5.9)
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Notice that both '0 and G0 are uniformly C3=2. It is clear that if � < 1=4� �=2 (recall that
0 < � < 1=2), then [r('0 �G0)]C� 6 C for some universal constant C (Actually, '0 � G0

is bounded also in the C1=2 norm in this �rst step of the iteration; but we use the C� norm

for the later iterations). Thus by interpolation, for any � < 1, if we choose p large enough

we obtain

j'0 �G0j 6 C"� for jxj < 1: (5.10)

By (5.2) with u = '0 �G0, we also have

jr('0�G0)j 6 Cj'0�G0j�=(1+�)[r('0�G0)]
1=(1+�)
C� +C"� 6 C"��=(1+�) for jxj < 1: (5.11)

Clearly, there is a constant C and P0(x) = [r3=2B"(�) + r2 eB"(�)] such that

jG0 � P0j 6 Cr5=2 for r < 1=2; (5.12)

jr(G0 � P0)j 6 Cr3=2 for r < 1=2: (5.13)

It follows that

j'0 � P0j 6 C"� + Cr5=2 for r < 1=2;

jr('0 � P0)j 6 C"��=(1+�) + Cr3=2 for r < 1=2:

We now �x small constants ", � such that

C"� + C(2�)5=2 6 �2+�; C"��=(1+�) + C(2�)3=2 6 �1+�;

we can actually take " = �
 for 
 large enough and any � su�ciently small. Since " is now

�xed, we shall simply write P0 as

P0 = r3=2B0(�) + r2 eB0(�);

and we then have

j'0 � P0j 6 �2+� for jxj < 2�; (5.14)

jr('0 � P0)j 6 �1+� for jxj < 2�: (5.15)

Next, we de�ne

'1 =
1

�2+�

�
'0(�x)� P0(�x)

�
for r 6 2: (5.16)

Then

j'1j 6 1; jr'1j 6 1 for r 6 2; (5.17)

and, by (5.7), (5.8)

j'1j 6 C��2��j�xj�1=2("�j�x1j)2 6 C"2�3=2��jxj3=2 for j� � �j < 2("�); (5.18)

jr'1j 6 C��1��j�xj�1=2("�j�x1j) 6 C"�1=2��jxj1=2 for j� � �j < 2("�): (5.19)
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Finally, since jD2'0j+ jD2G0j 6 Cjxj�1=2,

[r'1]C�(fj���j<2("�)g\fr<jxjg) 6 C��1��j�xj�1=2("�j�x1j)1�� 6 C"1��jxj1=2�� (5.20)

since � < 1=4 � �=2. We claim that

j'1(x)j 6 jxj1+� if jxj < 2: (5.21)

For clarity of exposition we shall postpone the proof until the end of this section, and in

fact, establish a general result (namely Lemma 5.4) for which (5.21) follows as a special case

(upon taking fj(x1) to be parabolic curves x2 = �jx
2
1, with �1 < �1 < �2 < 1; notice that '1

is biharmonic outside the thin region enclosed by these two parabolic curves).

In view of (5.21), we can apply Theorem 9.3 (ii) to the function

'1(�x)

� 1+�

which (by (5.21)) is bounded in 1=2 < jxj < 2 and whose C1+�-norm is uniformly bounded

in the sector j� � �j 6 2("�) (by (5.19), (5.20)). We then have

[r'1]C�(B1) 6 C (5.22)

for some universal constant C. We can now proceed as above (with the same "; �) to derive

j'1 � P1j 6 �2+� for jxj < 2�; (5.23)

jr('1 � P1)j 6 �1+� for jxj < 2� (5.24)

for some P1(x) = r3=2B1(�) + r2 eB1(�).

Proceeding by induction, we de�ne

'k+1(x) =
1

�2+�

�
'k(�x)� Pk(�x)

�

= (��(2+�))k+1'0(�
k+1x)�

kX
j=0

(��(2+�))j+1Pk�j(�
j+1x):

Clearly,

j(��(2+�))k+1'0(�
k+1x)j 6 C��(2+�)(k+1)j�k+1xj�1=2

�
"�k+1j�k+1xj

�2
6 C"2�(3=2��)kjxj3=2 for j� � �j < 2"�k+1;

and

kX
j=0

(��(2+�))j+1jPk�j(�j+1x)j 6 C

kX
j=0

(��(2+�))j+1j�j+1xj�1=2
�
"�k+1j�j+1xj

�2
6 C"2�(3=2��)kjxj3=2 for j� � �j < 2"�k+1:
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It follows that

j'k+1(x)j 6 C"2�(3=2��)(k+1)jxj3=2 for j� � �j < 2"�k+1: (5.25)

Similarly,���rh(��(2+�))k+1'0(�
k+1x)

i��� 6 C��(1+�)(k+1)j�k+1xj�1=2
�
"�k+1j�k+1xj

�
6 C"�(1=2��)(k+1)jxj1=2 for j� � �j < 2"�k+1;

and

kX
j=0

(��(2+�))j+1
���r�Pk�j(�j+1x)���� 6 C

kX
j=0

(��(1+�))j+1j�j+1xj�1=2
�
"�k+1j�j+1xj

�

6 C"�(1=2��)kjxj1=2 for j� � �j < 2"�k+1:

It follows that

jr'k+1(x)j 6 C"�(1=2��)(k+1)jxj1=2 for j� � �j < 2"�k+1: (5.26)

We can apply the same procedure to deduce that

[r'k+1(x)]C�(fj���j<2"�k+1g\fr<jxjg) 6 C"1��jxj1=2��: (5.27)

With the estimates (5.25) and (5.26) and (5.27) at hand (where the constants C are inde-

pendent of "; �; k), the same procedure can be used to deduce that

j'k+1 � Pk+1(x)j 6 �2+� for jxj 6 2�; (5.28)

jr('k+1 � Pk+1(x))j 6 �1+� for jxj 6 2�: (5.29)

We can rewrite the inequality (5.28) in terms of the original variables:

j'0(x)�Qk(x)j 6 (�k)2+� for jxj < 2�k;

where

Qk(x) =

kX
j=0

(�j)2+�Pj

� x
�j

�

Since Pj(x=�
j) are bounded by Cjx=�jj2 + Cjx=�jj3=2, the series converges, and we let

Q(x) = lim
k!1

Qk(x) =

1X
j=0

(�j)2+�Pj

� x
�j

�
:

Since Qk(x) are of the form r3=2B�(�) + r2 eB�(�), the limit function is also of the same form,

and we denote it by

Q(x) � r3=2B(�) + r2 eB(�):
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We then have

jQ(x)�Qk(x)j 6
1X

j=k+1

(�j)2+�
h��� x
�j

���3=2 + ��� x
�j

���2i 6 C
n
(�k)1=2+�jxj3=2+ (�k)�jxj2

o
:

Therefore,

j'0(x)�Q(x)j 6 C(�k)2+� for jxj < �k: (5.30)

For each jxj < �, we choose k such that �k+1 < jxj 6 �k. Then the above inequality implies

that

j'0(x)�Q(x)j 6 Cjxj2+�;
and the proof of Lemma 5.2 is complete.

Remark 5.1. The above proof also shows that

jr('0(x)�Q(x))j 6 Cjxj1+�:

Remark 5.2. The iterative argument used in the proof of Lemma 5.2 is similar to the

iterative argument used in the proof of Lemma 2.4 of [12].

Lemma 5.3 Suppose Gj is the solution of the following system:

Gj 2 H2(B1(0) n �j);
�2Gj = 0 in B1(0) n �j;
Gj =

@Gj

@n
= 0 on both sides of �j ; (5.31)

Gj = 'j;
@Gj

@n
=
@'j

@n
on rest of @(B1(0) n �j); (5.32)

where �j : x2 =
1
2
f 00(0)�j"x21; �2 < x1 < 0, and

jf 00(0)j 6 1; k'jkC1(B1)
6 1: (5.33)

Then, for any small � > 0 there exist su�ciently small " and � such that the corresponding

Gj satis�es:

jGj(x)� Pj(x)j 6 1

2
�3�� for jxj < 2�; (5.34)

jrGj(x)�rPj(x)j 6 1

2
�2�� for jxj < 2�; (5.35)

where

Pj(x) = r3=2
�
A
j
1B1(�) +A

j
2B2(�) +A

j
2"�jr

_B2(�))
�
+ r2A

j
3B3(�)

+r5=2
�
A
j
4B4(�) +A

j
5B5(�)

�
� r5=2

3

2
A
j
2"�jB1(�);

for all j > 0, 0 6 �j < 1.
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Proof. Under the above assumptions it is clear that

jGj j 6 Cjxj3=2; jrGj j 6 Cjxj1=2; [rGj]C1=2(B1=2)
6 C:

Let eGj be the solution of the following problem

eGj 2 H2(B1=2(0) n f� = ��g);
�2 eGj = 0 in B1=2(0) n f� = ��g;
eGj =

@ eGj

@n
= 0 on f� = ��g; (5.36)

eGj = Gj ;
@ eGj

@n
=
@Gj

@n
on rest of @(B1=2(0) n f� = ��g): (5.37)

By scaling and using C2+� estimates as before, we get

jxj�3=2"�1jGj � eGj j+ jxj�1=2jr(Gj � eGj)j 6 C" if j� � �j 6 2":

Then by maximum principle (Theorem 2.2),

kGj � eGjkLp(B1=2) 6 C":

For any � < 1, we use C3=2 regularity and interpolation, and take p to be large enough to

obtain

jGj � eGjj 6 C"�; jr(Gj � eGj)j 6 C"�=3:

By (1.11), we have

j eGj � P (x)j 6 Cr3; jr( eGj � P (x))j 6 Cr2;

where

P (x) = r3=2B(�) + r2 eB(�) + r5=2
eeB(�):

Notice that the extra terms in Pj(x) are of order ". Choosing " and � such that

C"� + C(2�)3 <
1

4
�3��; C"�=3+ C(2�)2 <

1

4
�2��; (5.38)

the proof is now complete.

Proof of Theorem 5.1. We shall modify the proof of Lemma 5.2 for C2 expansion to

obtain C5=2 expansion. The Pj will be of the form

Pj(x) =
n
r3=2

�
A
j
1B1(�) +A

j
2B2(�) +A

j
2"�jr

_B2(�))
�o

+
n
r2A

j
3B3(�) + r5=2

�
A
j
4B4(�) +A

j
5B5(�)

�
� r5=2

3

2
A
j
2"�jB1(�)

o
;

� P 1
j (x) + P 2

j (x)

obtained from Lemma 5.3.
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Notice that the terms r5=2 cos 3
2
� in P 1

j and P 2
j cancel out, and the term r5=2 cos 1

2
� (in

P 1
j and P 2

j ) is biharmonic. Thus Pj still satis�es the biharmonic equation: �2Pj � 0.

We de�ne 'k inductively as

'k+1 =
1

�3��

�
'k(�x)� Pk(�x)

�

= (��(3��))k+1'0(�
k+1x)�

kX
j=0

(��(3��))j+1Pk�j(�
j+1x);

where �k�j are still to be determined.

Instead of two lines � = �(� � 2"�k), we now use the two C1 curves

�k� : x2 =
1

2
"�kf 00(0)x21 � "1+��(1+�)kx21; �2 < x1 < 0;

which are "1+��(1+�)kx21 close to the original curve (instead of just "�kx1 close to the original

curve). Then, using (5.4), we �nd that on �k+1� , as well as on any arc jxj =const. in the thin

region connecting �k+1+ and �k+1� ,

j(��(3��))k+1'0(�
k+1x)j 6 C"2(1+�)�(k+1)(1=2+2�+�)jxj3=2; (5.39)���r�(��(3��))k+1'0(�

k+1x)
���� 6 C"1+��(k+1)(�+��1=2)jxj1=2; (5.40)h

r
�
(��(3��))k+1'0(�

k+1x)
�i

C�(�k+1
�

\fjxj<Rg)
6 C"(1+�)(1��)R1=2��; (5.41)

provided 0 < � < 1=2, �+ � > 1=2, 0 < � 6 �0, where

�0 =
� + � � 1=2

2 + �
;

cf. the proof of (5.18){(5.20).

Next, we estimate the sumX
(��(3��))j+1Pk�j(�

j+1x) =
X

(��(3��))j+1P 1
k�j (�

j+1x) +
X

(��(3��))j+1P 2
k�j(�

j+1x)

on the curves �k+1� and in the thin region lying between them. The second derivatives of

those terms involving r2 and r5=2 are bounded. Therefore, we can follow the calculations as

in the case for C2 expansion to conclude that on �k+1� as well as any arc jxj =const. which
lies in the thin region lying between �k+1+ and �k+1� ,���X(��(3��))j+1P 2

k�j (�
j+1x)

��� 6 C"2�k(1+�)jxj3=2; (5.42)���r�X(��(3��))j+1P 2
k�j(�

j+1x)
���� 6 C"�k�jxj1=2; (5.43)

furthermore,h
r
�X

(��(3��))j+1P 2
k�j (�

j+1x)
�i

C�(�k+1� \fjxj<Rg)
6 C"(1��)�k(��2�)R1=2��

6 C"(1��)R1=2��;

(5.44)
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provided � 6 �=2.

Next, we split P 1
k into two parts.

P 1
k (x) = r3=2Ak

1B1(�) + r3=2Ak
2

�
B2(�) + "�kr _B2(�)

�
� P 11

k (x) + P 12
k (x):

Since

B1(�)
���
�=��

=
@

@�
B1(�)

���
�=��

=
@2

@�2
B1(�)

���
�=��

= 0;

we have

B1(�) = O(j� � �j3); @

@�
B1(�) = O(j� � �j2):

Using the computation for C2 expansion, we �nd that the estimates (5.42){(5.44) are valid

for
P
(��(3��))j+1P 11

k�j(�
j+1x).

To estimate P 12
k , notice that �x1 = r +O(r2) on the curve x2 =

1
2
f 00(0)x21; x1 < 0. This

curve can be rewritten in polar coordinates:

� = �� � 1

2
f 00(0)r +O(r2):

We take �j = �jf 00(0)=2 in order to make the curves �k� "1+��(1+�)kr2 close to the curves

� = �� � "�kr. Since _B2(�) = (@=@�)B2(�) =
3
2
cos 3

2
� + 1

2
cos 1

2
�, we have

B2(�)
���
�=��

=
@

@�
B2(�)

���
�=��

=
@3

@�3
B2(�)

���
�=��

= 0;
@2

@�2
B2(�)

���
�=��

= �2;

and

B2(�) + "�kr _B2(�)
���
�=��

= 0;

@

@�

�
B2(�) + "�kr _B2(�)

����
�=��

= �2"�kr;
@2

@�2

�
B2(�) + "�kr _B2(�)

����
�=��

= �2;��� @3
@�3

�
B2(�) + "�kr _B2(�)

����
j���j<2"�k

6 C"�k:

Therefore

B2(�) + "�kr _B2(�)
���
�=���"�k r

= �(2"�kr)(�"�kr) + 1

2
� (�2) � (�"�kr)2 +O(j"�krj3)

= O(j"�krj2);
@

@�

h
B2(�) + "�kr _B2(�)

i���
�=���"�k r

= �2"�kr � 2(�"�kr) +O(j"�krj2) = O(j"�krj2);
@

@r

h
B2(�) + "�kr _B2(�)

i���
�=���"�k r

= "�k _B2(�)
���
�=���"�k r

= "�kO(j"�krj):
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Rewriting these estimates in terms of P 12
k , we have

jP 12
k (x)j

���
�=���"�k r

6 C"2�2kr
7=2; (5.45)

jrP 12
k (x)j

���
�=���"�k r

6 C"2�2kr
5=2: (5.46)

From the de�nition of P 12
k it is clear that

jD2P 12
k (x)j 6 Cjxj�1=2 for jxj < 2: (5.47)

Recall that �k� is "1+��(1+�)kr2 close to the curve � = �� � "�kr. Using (5.45){(5.47), we

can then derive the estimates (similarly to (5.39){(5.41))���X(��(3��))j+1P 12
k�j(�

j+1x)
��� 6 C"2�(k+1)(1=2+�)jxj3=2;���r�X(��(3��))j+1P 12

k�j(�
j+1x)

���� 6 C"1+��(k+1)(�+��1=2)jxj1=2;h
r
�X

(��(3��))j+1P 12
k�j(�

j+1x)
�i

C�(�k+1
�

\fjxj<Rg)
6 C"(1+�)(1��)R1=2��;

in the thin region bounded by �k+1� .

Combining all these estimates, we �nd that

j'k+1(x)j
���
�k+1
�

6 C"2; jr'k+1(x)j
���
�k+1
�

6 C"; [r'k+1]C�(�k+1� ) 6 C"1��: (5.48)

By Theorem 2.2, we then have

k'k+1 �Gk+1kLp(B1) 6 C"; (5.49)

where Gk+1 is given in Lemma 5.3. From this, we can argue in the same way as before (using

Lemma 5.4 below in deriving H�older estimates for r('k+1 � Gk+1)) to conclude that, for

any � < 1,

j'k+1 �Gk+1j 6 C"�;

jr('k+1 �Gk+1)j 6 C"��=(1+�):

Combining this with Lemma 5.3, we conclude that

j'k+1 � Pk+1j 6 �3��;

jr('k+1 � Pk+1)j 6 �2��:

We now proceed as in the proof of (5.28){(5.30) (with �2+� replaced by �3��) to establish

the estimate

'0(x) = r3=2
�
A1B1(�) +A2B2(�)

�
+ r2A3B3(�)

+r5=2
h
A4B4(�) +A5B5(�)� 2A2"f

00(0) cos
1

2
�
i
+O(r3��);
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which, when written in terms of the original variables, becomes

'(x) = r3=2
�
A1B1(�) +A2B2(�)

�
+ r2A3B3(�)

+r5=2
h
A4B4(�) +A5B5(�)� 2A2f

00(0) cos
1

2
�
i
+O(r3��);

with di�erent coe�cients A3, A4, A5. This completes the proof of (1.14) (with � = �).

Remark 5.3. Theorem 5.1 is new even if � is a parabola x2 = x21.

Remark 5.4. If f 0(0) 6= 0 then, in Theorem 5.1, the second derivative f 00(0) should be

replaced by the curvature � at 0 and Bi(�) should be replaced by Bi(���0), where �0 = f 0(0).

Remark 5.5. As in the case of Remark 5.1, the proof of Theorem 5.1 shows that (1.14)

can be di�erentiated, with

r(O(r3��)) = O(r2��):

The same remark applies to (1.13), with r(O(r2��)) = O(r1��) and the proof can be given

by the method of x3 using (2.20).

The next lemma establishes (as a special case) the estimate (5.21) which was needed in

the proof of Lemma 5.2.

Lemma 5.4 Let 0 < � < 1, and let fj = f �j (x1) (j = 1; 2) be curves satisfying:

fj(0) = f 0j(0) = 0; [f 0j]C�[�2;0] 6 1;

�x1 6 f1(x1) 6 f2(x2) 6 ��x1 for � 2 < x1 < 0;
(5.50)

where 0 < � < 1. Let ' 2 H2(B2 n ff1(x1) 6 x2 6 f2(x2); x1 < 0g) satisfy

�2' = 0 in B2 n ff1(x1) 6 x2 6 f2(x2); x1 < 0g; (5.51)

jr'j 6 1 in B2; (5.52)

'(0) = 0; r'(0) = 0; (5.53)

[r']C�(fjx2j6��x1g\fjxj<;x1<0g) 6 1: (5.54)

Then, for any � < 1=2,

j'(x)j 6 Cjxj1+�; (5.55)

where the constant C depends only on � and �, but not on the fj and � .

Proof. From (5.52) and (5.53) we deduce that

j'(x)j 6 jxj in B2: (5.56)

Next, (5.53) and (5.54) imply that

jr'(x)j 6 jxj� for jx2j 6 ��x1; x1 < 0 and jxj < 2; (5.57)
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and therefore

j'(x)j 6 jxj1+� for jx2j 6 ��x1; x1 < 0 and jxj < 2: (5.58)

Consider the function

Z�(x) =
'(x)

jxj1+� + �jxj 8� > 0: (5.59)

By (5.56), sup
jxj<1

jZ�(x)j < +1 for any � > 0. We claim that

sup
jxj<1

jZ�(x)j 6 C (5.60)

for some constant C independent of �, � and fj; once this is proved, we can then �nish the

proof of the lemma by letting � ! 0.

Suppose (5.60) is not true. Then there exist sequences ' = 'n, fj = fnj (j = 1; 2),

�n ! 0, xn ! 0, �n (�n may go to 0) such that

Cn = sup
jxj<1

jZ�n(x)j = jZ�n(xn)j ! 1:

De�ne Gn(�) by:

'n(x) = Cn(R
1+�
n + �nRn)Gn(�) where x = Rn�; Rn = jxnj:

Then

jGn(�)j 6 j'n(x)j
Cn(R1+�

n + �nRn)
6
j�j1+�R1+�

n + �nj�jRn

(R1+�
n + �nRn)

6 j�j1+� + j�j;

and, from (5.58), (5.57) and (5.54) we also have

jGn(�)j 6 R1+�
n

Cn(R1+�
n + �nRn)

j�j1+� 6 1

Cn

j�j1+� for j�2j < ��n�1; j�j 6 2

Rn

;

jr�Gn(�)j 6 R�
n

Cn(R�
n + �n)

j�j1=2 6 1

Cn

j�j1=2 for j�2j < ��n�1; j�j 6 2

Rn

;

and, for any K > 0,

[r�Gn]C�(fj�2j<��n�1g\fj�j<Kg) 6
R�
n

Cn(R�
n + �n)

6
1

Cn

:

The curve x2 = fj(x1) (j = 1; 2) under the change of variables x! � becomes

�2 =
1

Rn

fj(Rn�1); � 2

Rn

< �1 < 0:

Under the assumptions of the lemma, we have, for any K > 1,n 1

Rn

f1(Rn�1) 6 �2 6
1

Rn

f2(Rn�1)
o
\ fj�j < Kg � fj�2j 6 �R�

nK
��1g;n 1

Rn

f1(Rn�1) 6 �2 6
1

Rn

f2(Rn�1)
o
� fj�2j 6 ��n�1g:
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Therefore, for �n = min(R�
nK

�; �n), we haven 1

Rn

f1(Rn�1) 6 �2 6
1

Rn

f2(Rn�1)
o
\ fj�j < Kg � fj�2j 6 ��n�1g

Just as in the proof of Lemma 3.2, we can now apply Theorem 9.3 (ii) with boundary

given by the rays j�2j = ��n�1 (j�j < K) to conclude that (for a subsequence and any K > 1)

Gn(�)! G(�), where G(�) satis�es

�2G = 0 in R2 n S0; (5.61)

G =
@G

@�
= 0 from both sides of S0; (5.62)

jG(�)j 6 j�j1+� + j�j in R2; (5.63)

jG(e)j = 1 where e = lim
xn

Rn

; (5.64)

and where S0 = f(�1; 0); �1 < 0g. This is a contradiction to the Liouville theorem stated in

the following lemma.

Lemma 5.5 If G satis�es (5.61){(5.63), then G(�) � 0.

Proof. The proof is similar to that of Lemma 3.3. Let eG 2 H2(B1 n S0) be a solution of

�2 eG = 0 in B1 n S0;
eG =

@ eG
@�

= 0 from both sides of S0;

eG = G;
@ eG
@�

=
@G

@�
on @B1:

Then j eG � Gj 6 Cj�j and jr( eG � G)j 6 C near � = 0. Applying the maximum principle

(Theorem 2.3) to eG �G in the domain B1 n (S0 [ B") and then letting "! 0 we conclude

that eG � G � 0. Since eG has an expansion at the origin, this expansion is valid also for

G(�):

G(�) =

1X
k=1

rk=2+1Bk(�) (r = j�j) (5.65)

near � = 0. Introduce the function

H(�) = G(�) � r3=2B1(�)� r2B2(�):

Then

jH(�)j 6 Cj�j5=2 near � = 0; jG(�) � r3=2B1(�)j 6 Cj�j3=2 near � =1:

Since r2B2(�) = c�22, @=@�1[r
2B2(�)] = 0. The function

�(�) =
@H

@�1
=
@G

@�1
� @

@�1
[r3=2B1(�)]
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is biharmonic in R2 n S0 and satis�es the same zero boundary conditions. It follows that

jrj�(�)j 6 Cj�j5=2�1�j near � = 0; j = 0; 1; 2; 3;

and

jrj�(�)j 6 Cj�j3=2�1�j near � =1 j = 0; 1; 2; 3:

Now we can follow the proof of Lemma 3.3 to conclude that � � 0, which immediately

implies that G � 0.

Remark 5.7. The preceding Liouville theorem does not follow from a general theorem

of Kondrat�ev [13; Theorem 11] since one of the assumptions he makes,Z 1

0

Z 1

0

r
jGj2rdrd� <1;

is not satis�es for any 
, in our case.

Remark 5.8. The proof of Lemma 5.2 can be extended to the case where f 2 C1+� to

yield a di�erent (although more complicated) proof of Theorem 3.1. In (5.16) we need to

replace �2+� by �1+�, and (5.7), (5.8) need to be modi�ed by using the fact that '0 is C
3=2

and applying (5.2) to � = r'1 with � = � < 1=2. Finally, (5.9) follows from Lemma 5.4

with fj(x1) = �jjx1j1+�; �1 < �2 < �1 < 1.

6 The crack propagation model

In this section we introduce a model of crack propagation. Let 
 be a domain in R2,

representing a homogeneous elastic body. Let u = (ui), " = ("ij) and s = (�ij) denote

the displacement vector, the strain tensor and the stress tensor, respectively. The linear

elasticity equations for homogeneous isotropic material consist of the constitutive law

�ij =
E

1 + �

�
"ij +

�

1 � 2�
"kk�ij

�
(6.1)

and the equilibrium conditions
@

@xj
�ij = 0; (6.2)

provided there are no body forces. Here E is the Young modulus, � is the Poisson ratio, and

the strain-displacement relations are given by

"ij =
1

2
(ui;j + uj;i); ui;j = @jui: (6.3)

Suppose there is initially a crack in 
, given by a non-intersecting curve �0 with initial

point on @
 and terminal point (the \crack tip") X0 = (x0; y0) inside 
. Under external

forces the crack tip will generally propagate, and we shall denote it by X(t). The crack

propagation problem consists of �nding the displacement u and path X(t) such that

�ij;j = 0 in 
 n �(t) (6.4)
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where

�(t) = �0 [ fX = X(s); 0 6 s 6 tg; (6.5)

�ijnj = 0 on ��(t) (no traction on ��(t)) (6.6)

��(t) means both sides of �(t), (nj) is the normal to the curve,

ui = �i on @1
; �ijnj = gi on @2
 (6.7)

where @
 is a disjoint union of @1
; @2
, and an appropriate dynamical equation for X(t).

Based on [7] [10] [19] [20] [21], Friedman and Liu [9] introduced the following dynamics:

_X(t) =
v(t)


0

v1 � v(t)

v1 + v(t)
J(X(t)) (6.8)

where

v(t) = j _X(t)j; X(0) = X0: (6.9)

Here 
0, v1 are positive constants and J(X(t)) is described in terms of the J -integral

J
 =

Z



(W � ~n� ~s �Du)dl

where

W =
1

2
�ij"ij

is the strain energy density and

~s = (si) = (�ijnj)

is the traction vector; 
 is a curve in 
 n �(t), initiating at Y and terminating at X, ~n is a

normal to 
, and dl is the arc element. It is well known [11] that J
 is independent of the

path connecting Y to X. Denote by S"(X) the circle with center X and radius ", and set

�"(X(t)) = S"(X(t)) \ 
. By the path-independence property of the J -integral it follows

that

J(X(t)) � lim
"!0

Z
�"(X(t))

(W � ~n� ~s �Du)dl (6.10)

is well de�ned, and this is the function we use in (6.8); here ~n is the outward normal to the

circles S"(X(t)). Taking the absolute value in (6.8) we get

1 =
1


0

v1 � j _X(t)j
v1 + j _X(t)j jJ(X(t))j;

or

j _X(t))j = v1
(jJ(X(t))j � 
0)+

jJ(X(t))j+ 
0
:

Hence (6.8) can also be written in the form

_X(t) = h(jJ(X(t))j)J(X(t)) (6.11)
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where

h(s) =
v1

s

(s� 
0)+

s+ 
0
: (6.12)

Note that the crack cannot propagate unless jJ(X(t))j is larger than 
0. In particular, if

jJ(X(0))j 6 
0, then the crack does not propagate, and �(t) � �0. Hence in the sequel we

shall always assume that jJ(X(0))j > 
0.

As in [9] we can express the stress components in terms of the stress function ' (which

is determined up to an additive linear function):

�11 =
@2'

@y2
= '22; �12 = � @2'

@x@y
= �'12; �22 =

@2'

@x2
= '11:

Then the system (6.1){(6.6) becomes:

�2' = 0 in 
 n �(t); (6.13)

' = 0;
@'

@n
= 0 on �(t); from both sides, (6.14)

�(t) = �0 [ fX(s); 0 6 s 6 tg: (6.15)

For de�niteness we take boundary conditions (cf. [9])

' = g;
@'

@n
= h on @
: (6.16)

We �nally recall that

J(X(t)) = (J1(X(t)); J2(X(t)))

can be computed in the form

Ji(X(t)) =
1� �2

2E
lim
"!0

Z
�"(X(t))

h
(�')2ni � 2~s � ~�i

i
dl; (6.17)

where
s1 = '22n1 � '12n2; s2 = �'12n1 + '11n2;

~�1 = (�'; (�')c); ~�2 = (�(�')c;�') (6.18)

and (�')c is the harmonic conjugate of �' determined up to an additive constant (the

constant disappears in the limit in (6.17).

De�nition. The crack problem, Problem (C), is the problem of solving the system

(6.13){(6.18).

7 Reformulation of the crack propagation problem

In this section we reformulate the crack problem by �rst replacing the dynamic formulation

(6.11) by a geometric condition, and then replacing the latter by the condition (1.17).
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We assume that (';�) form a solution to problem (C) with � in C1+�, and write

J(t) = (J1(t); J2(t)) = (J1(X(t)); J2(X(t)):

For simplicity we shall always assume that

f(0) = f 0(0) = 0: (7.1)

Lemma 7.1

J(0) =
�(1� �2)

2E

�
36A2

1 + 4A2
2; 24A1A2

�
; (7.2)

Proof. Consider �rst the case of the tip X(0). By Theorem 3.1,

'(x) = A1r
3=2
�
cos

3

2
�+3 cos

1

2
�
�
+A2r

3=2
�
sin

3

2
�+sin

1

2
�
�
+G � r3=2A �B(�)+G; (7.3)

where

G = O(r3=2+�) (for any 0 < � <
1

2
):

Since �2G = 0, by interior elliptic estimates

jD2Gj = O(r�1=2+�):

Since j�'j = O(r�1=2), we also have

j(�')cj = O(r�1=2);

as can be seen by writing (�')c as a line integral of ((�')y;�(�')x):
Similarly

j(�G)cj = O(r�1=2+�):

From the above estimates we easily conclude that we can take G � 0 in the calculation of

the J -integral. Using complex variables z = x1 + ix2 = rei�, we have

' = A1r
3=2
�
cos

3

2
� + 3 cos

1

2
�
�
+A2r

3=2
�
sin

3

2
� + sin

1

2
�
�
;

= Cz3=2+ Cz3=2 +Dzz1=2 +Dz1=2z;

where

C =
1

2
(A1 � iA2); D =

1

2
(3A1 � iA2):

Then (cf. [8; pp. 275{276])

�' = 6A1r
�1=2 cos

1

2
� + 2A2r

�1=2 sin
1

2
� = 2Dz�1=2 + 2Dz�1=2;

(�')c = �6A1r
�1=2 sin

1

2
� + 2A2r

�1=2 cos
1

2
� = �2iDz�1=2 + 2iDz�1=2;

@

@�
(�') = �3A1r

�1=2 sin
1

2
� +A2r

�1=2 cos
1

2
� = �iDz�1=2 + iDz�1=2;

@

@�
(�')c = �3A1r

�1=2 cos
1

2
� �A2r

�1=2 sin
1

2
� = �Dz�1=2 �Dz�1=2:
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It follows that Z
�

(�')2n1dl =

Z
�

h
2Dz�1=2 + 2Dz�1=2

i21
2
(ei� + e�i�)dl

=

Z �

��

h
2Dei�=2 + 2De�i�=2

i21
2
(ei� + e�i�)d� (7.4)

= 2�(2D2 + 2D
2
) = 18�A2

1 � 2�A2
2:

where � is the circle r = ", �� < � < �, traced counterclockwise. SimilarlyZ
�

(�')2n2dl =

Z
�

h
2Dz�1=2 + 2Dz�1=2

i2 1
2i
(ei� + e�i�)dl

=

Z �

��

h
2Dei�=2 + 2De�i�=2

i2 1
2i
(ei� + e�i�)d� (7.5)

= 2�i(2D2 � 2D
2
) = 12�A1A2:

To evaluate ~s, we compute

~s = ('22n1 � '12n2;�'12n1 + '11n2);

=
�@2'
@x22

cos � � @2'

@x1@x2
sin �;� @2'

@x1@x2
cos � +

@2'

@x2
sin �

�

=
�1
r

@

@�

� @'
@x2

�
;�1

r

@

@�

� @'
@x1

��
Next we compute @'=@x2 and @'=@x1.

@'

@x1
=

@'

@z
+
@'

@z

=
3

2

�
Cz1=2+ Cz1=2

�
+Dz1=2 +Dz1=2 +

1

2

�
Dz�1=2z +Dz�1=2z

�
;

@'

@x2
= i

�@'
@z

� @'

@z

�
=

3

2
i
�
Cz1=2 � Cz1=2

�
+ i
�
Dz1=2 �Dz1=2

�
+
1

2
i
�
Dz�1=2z �Dz�1=2z

�
:

By integration by parts (both @'=@x1 and @'=@x2 vanishes on � = ��) we then getZ
�

~s � ~�1dl =

Z �

��

� @
@�

� @'
@x2

�
;� @

@�

� @'
@x1

��
� (�'; (�')c)d�

=

Z �

��

�
� @'

@x2
;
@'

@x1

�
�
� @
@�

�';
@

@�
(�')c

�
d� (7.6)

=

Z �

��

�
� @'

@x2

@

@�
�'+

@'

@x1

@

@�
(�')c

�
d� � K1 +K2;

Substituting the formulas obtained above into the various expression which appears in the

integrand of K1, we get

K1 = �
Z �

��

n3
2
i
�
Cei�=2 � Ce�i�=2

�
+ i
�
De�i�=2 �Dei�=2

�
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+
1

2
i
�
De�i 3�=2 �Dei 3�=2

�o
�
�
� iDe�i�=2 + iDei�=2

�
d�

= 2�
h
� 3

2
CD � 3

2
CD +D2 +D

2
i
:

Similarly

K2 =

Z �

��

n3
2

�
Cei�=2 + Ce�i�=2

�
+
�
De�i�=2 +Dei�=2

�

+
1

2

�
De�i 3�=2 +Dei 3�=2

�o
�
�
�Dei�=2 �De�i�=2

�
d�

= 2�
h
� 3

2
CD � 3

2
CD �D2 �D

2
i
:

It follows that

K1 +K2 = 6�(CD + CD) = �3�(3A2
1 +A2

2);

and, together with (7.4),

J1 =
�(1� �2)

2E

h
(18�A2

1 � 2�A2
2) � 2(K1 +K2)

i
=
�(1� �2)

2E
(36A2

1 + 4A2
2): (7.7)

In a similar way we computeZ
�

~s � ~�2dl =

Z �

��

� @
@�

� @'
@x2

�
;� @

@�

� @'
@x1

��
� (�(�')c;�')d�

=

Z �

��

�
� @'

@x2
;
@'

@x1

�
�
�
� @

@�
(�')c;

@

@�
�'
�
d� (7.8)

=

Z �

��

� @'
@x2

@

@�
(�')c +

@'

@x1

@

@�
�'
�
d� � eK1 + eK2;

where

eK1 =

Z �

��

n3
2
i
�
Cei�=2 �Ce�i�=2

�
+ i
�
De�i�=2 �Dei�=2

�

+
1

2
i
�
De�i 3�=2 �Dei 3�=2

�o
�
�
�Dei�=2 �De�i�=2

�
d�

= 2�
h3
2
iCD � 3

2
iCD � iD2 + iD

2
i
;

and

eK2 =

Z �

��

n3
2

�
Cei�=2 + Ce�i�=2

�
+
�
De�i�=2 +Dei�=2

�

+
1

2

�
De�i 3�=2 +Dei 3�=2

�o
�
�
� iDe�i�=2 + iDei�=2

�
d�

= 2�
h
� 3

2
iCD +

3

2
iCD � iD

2
+ iD2

i
:

It follows that eK1 + eK2 = 6�(iCD � iCD) = �6�A1A2;
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and, together with (7.5),

J2 =
�(1� �2)

2E

h
12A1A2 � 2( eK1 + eK2)

i
=
�(1� �2)

2E
(24A1A2): (7.9)

Remark 7.1. We denote by �P the angle from the positive x-axis to _X(t). If we

rotate the coordinate system by an angle �P , then the formula in Lemma 7.1 is valid in the

new coordinate system. Therefore we expect the formula for J = (J1; J2) in the original

coordinate system to be:

J1 =
�(1� �2)

2E

h
(36A2

1 + 4A2
2) cos �P � 24A1A2 sin �P

i
;

J2 =
�(1� �2)

2E

h
(36A2

1 + 4A2
2) sin �P + 24A1A2 cos �P

i
:

(7.10)

We shall now verify (7.10) directly. From the computations in Lemma 7.1, we get,

J =

Z
~n � (�')2 � 2

Z � @'
@x1

;
@'

@x2

� @
@�
(�')c; @

@�
�'

� @
@�
�'; @

@�
(�')c

!
:

Under the new coordinate system x01 = cos �Px1 + sin �Px2; x
0
2 = � sin �Px1 + cos �Px2, we

have

~n = (cos �; sin �)

=
�
cos(� � �P ) cos �P � sin(� � �P ) sin �P ; cos(� � �P ) sin �P + sin(� � �P ) cos �P

�
;

=
�
cos(� � �P ); sin(� � �P )

� cos �P ; sin �P

� sin �P ; cos �P

!
;

� @'
@x1

;
@'

@x2

�
=

� @'
@x01

cos �P � @'

@x02
sin �P ;

@'

@x01
sin �P +

@'

@x02
cos �P

�

=
� @'
@x01

;
@'

@x02

� cos �P ; sin �P

� sin �P ; cos �P

!

Clearly  
cos �P ; sin �P

� sin �P ; cos �P

! 
@
@�
(�')c; @

@�
�'

� @
@�
�'; @

@�
(�')c

!

=

 
@
@�
(�')c; @

@�
�'

� @
@�
�'; @

@�
(�')c

! 
cos �P ; sin �P

� sin �P ; cos �P

!
;

and the 2 matrix with the �' is invariant under the above change of coordinates. Substi-

tuting these relations into J, we get (7.10).

Set

�s = �0 [ fx1 = f(x2); 0 6 x2 6 sg (7.11)
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for any 0 6 s 6 s0 and consider (6.13){(6.16) with 
n�(t) replaced by 
n�s and with (6.8)

replaced by

f 0(s) =
J2(s)

J1(s)
(7.12)

where

J(s) = J((s; f(s)):

We shall refer to this problem as Problem (C0).

Lemma 7.2 Problems (C) and (C0) are equivalent.

Proof. For a solution (', X(t)) to problem (C), we have

_X2(t)

_X1(t)
=
J2(X(t))

J1(X(t))
: (7.13)

If we write X1(t) = s;X2(t) = f(s), then

f 0(s) =
_X2(t)

_X1(t)
=
J2((s; f(s))

J1((s; f(s))

with x2 = f(s) de�ned by f(s) = X2(X
�1
1 (s)), which shows that ('; f(s)) forms a solution

to problem (C0).

Conversely, let (';�s) be a solution to problem (C0) and de�ne X(t) = (X1(t);X2(t)) by

_X(t) = h(jJ(t)j)J(t) (7.14)

where J(t) = J(X(t)). Writing X1(t) = s or t = X�1
1 (s), we introduce a function X2 = bf(s)

by bf(s) = X2(X
�1
1 (s)):

Thus bf 0(s) = _X2(t)

_X1(t)
=
J2(s; f(s))

J1(s; f(s))

which implies that bf 0 at X1(t) agrees with f
0 at s, i.e., bf and f de�ne the same curve with

di�erent parameterizations. It follows that the J(t) in (7.14) is the J -integral for the tip

X(t) of the curve de�ned by f(s), 0 6 s 6 X1(t); hence (';X(t)) is a solution to problem

(C).

We proceed to consider problem (C0), and denote by A1(s), A2(s), � � � the coe�cients in

the asymptotic expansion of the solution about the tip X(s) = (x; f(s)).

From Lemma 7.1, it is clear that

J2

J1
=

tan �P + g(A2=A1)

1 � tan �P g(A2=A1)
(7.15)
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where

g(u) =
6u

9 + u2
; g0(u) =

54 � 6u2

(9 + u2)2
: (7.16)

If the curve in problem (C0) is given by (s; f(s)), then, at s,

tan �P = f 0(s):

Substituting this into (7.15) we conclude that (7.12) is equivalent to

g
�A2

A1

�
= 0

or, by (7.16),

either A1 = 0 or A2 = 0:

We shall henceforce assume that

A2(0) = 0: (7.17)

Since jJ(0)j > 
0, A1(0) is necessarily 6= 0 and by continuity (assuming that jJ(s)j > 
0) we

get that

A2(s) = 0; A1(s) 6= 0: (7.18)

In particular:

Theorem 7.3 ('; f(s)) is a solution to problem (C0) if and only if

A2(s) � 0: (7.19)

Thus the crack problem is equivalent to the following:

Problem (C1). Find a pair ('; f(s)) such that ' satis�es (6.13){(6.16) with 
 n �
replaced by 
 n �s, �s as in (7.11), with (7.12) replaced by (7.19).

Condition (7.19) implies that

' = r
3=2
P A1(s)B1(� � �P ) +O(r

3=2+�
P ) (0 < � < 1=2)

in a neighborhood of the tip P = (s; f(s)). Consequently, as we approach P from 
 n �s
along the tangent � to �s at P ,

'�� � K

r
1=2
P

(K 6= 0); '�n ! 0

where n is the direction normal to � , or, in terms of the stress �,

�nn � K

r
1=2
P

(K 6= 0); ��n ! 0: (7.20)

This local behavior is used by some authors (e.g. [7; p. 433] [4]) to model the propagation of

cracks developed by traction (and commonly called mode I, or opening mode ([16; p. 24]).

Since, conversely, (7.20) implies (7.19), we have thus obtained a very interesting physical

result:

Theorem 7.4 In the modeling of the crack propagation problem, the conditions (7.13) and

(7.20) are equivalent (assuming the crack is in C1+�).
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8 Remarks on problem (C0)

The results of xx3, 5 can be used to study the regularity of the coe�cients Ai(s). As an

example, we shall establish in this section the H�older continuity of A(s) = (A1(s); A2(s)).

We assume that

�s : x2 = f(s);�1 6 s 6 � (� > 0) (8.1)

is a C1+� curve initiating on @
 and contained in 
, with

f(0) = 0; f 0(0) = 0; (8.2)

and set 
s = 
 n �s. Let  (x; s) be the solution of

 2 H2(
s); (8.3)

�2 = 0 in 
s; (8.4)

 =
@ 

@n
= 0 from both sides of �s: (8.5)

 = g;
@ 

@n
= h on @
 (8.6)

where g; h are independent of s.

By Theorem 3.1, if X(s) = (s; f(s)), 0 6 s 6 � ,

 (x; s) = jx�X(s)j3=2A(s) �B(� � arctan f 0(s)) +O(jx�X(s)j2��) (8.7)

for any � such that � + � > 1=2.

Set

w(x; s) =  (x; s)�  (x; 0) for s > 0:

Lemma 8.1 For any su�ciently large p,�Z

0

jw(x; s)jpdx
�1=p

6 Cps: (8.8)

Proof. It is clear that, for any s > 0,

j (x; s)j 6 Cjx� (s; f(s))j3=2;
jrx (x; s)j 6 Cjx� (s; f(s))j1=2:

It follows that

jw(x; s)j 6 Cs3=2 for jx� (s; 0)j 6 2s;

jrxw(x; s)j 6 Cs1=2 for jx� (s; 0)j 6 2s:

Applying Theorem 2.3 in the domain 
0\fjx�(s; 0)j > sg with �� replaced by fjx�(s; 0)j =
sg, we obtain the assertion (8.8).

We shall use Lemma 8.1 and (8.7) to prove the following:
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Theorem 8.2 Let

kfkC1 6 F1; [f 0]C� 6 F1;�

for 0 < � < 1=4. Then A(s) is H�older continuous:

jA(X(s)) �A(X(bs))��� 6 C(s� bs)e� (0 6 bs < s 6 � ) (8.9)

for any 0 < e� < �=4 where C depends only on �, F1, F1;�.

Proof. It su�ces to take bs = 0. Note that in (8.7),

jO(jx�X(s)j2��)j 6 Cjx�X(s)j2��

where C depends on F1, F1;� but is independent of s. It is also clear that jX(s)j 6 Cs.

Therefore, for
p
s 6 jxj 6 2

p
s,

w(x)

jxj3=2 = A(X(0)) �B(�)�A(X(s)) �B(� � arctan f 0(s)) +O(s�); � =
1

2

�1
2
� �
�

(8.10)

We substitute (8.10) into (8.8) and then integrate over the region fps < jxj < 2
p
sg. By

choosing p to be su�ciently large, we conclude that, for any e� 2 (0; �=2),

�Z ��Cs�=2

��+Cs�=2
jA(X(s)) �B(� � arctan f 0(s))�A(0) �B(�)jpd�

�1=p
6 Cse�: (8.11)

Since � can be chosen arbitrarily close to (but smaller than) �=2, e� can be chosen arbitrarily

close to (but smaller than) �=4. Noting that jB(� � arctan f 0(s)) �B(�)j 6 C[f 0]�s
�, (8.9)

easily follows.

A simple approach to solving problem (C1) is to introduce a family of curves

Y =
n
f(s)

��� f(0) = f 0(0) = 0; [f 0]C�[0;s0] 6M1;�

o
where 0 < � < 1=4.

For any ef (s) 2 Y , let e'(x; s) denote the solution of (6.13){(6.16) with 
 n �(t) replaced
by eGs, where eGs is de�ned as in (7.11) with f replaced by ef . Writing

e'(x; s) = r
3=2
P

h eA1(s)B1(� � �P ) +A2(s)B2(� � �P )
i
+O(r

3=2+�
P )

(where 0 < � < �), we introduce the functional

M(ef) = Z s0

0

� eA2(s)
�2
ds; (8.12)

and consider the minimization problem:

min
ef2Y

M( ef) =M(f); f 2 Y: (8.13)
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Since the eA2(s) are uniformly H�older continuous (by Theorem 8.2), a minimizing sequence

( efn; eA2;n) has a uniformly convergent subsequence to a limit (f;A2). If the minimum in

(8.13) is equal to zero, then A2 = 0 and so f is a solution to problem (C0). Thus we may

view (8.13) as a relaxation of the crack propagation problem.

It is not clear how to prove that the minimum in (8.13) is equal to zero. In a future

paper, currently under preparation, we shall use the results obtained in the previous sections

in order to rewrite the condition A2(s) = 0 as a relation between the curvature �(s) at X(s)

and leading coe�cients in the expansions near X(s) of  (x; s) and its tangential derivative.

This relation should enable us to establish the existence of a solution of problem (C0).

9 Appendix: sub-Schauder estimates

Let 
 be a 2-dimensional bounded domain containing the origin, and �j (j = 1; � � � ;m)

be C1+� arcs initiating at the origin and contained in 
. Set � =

m[
j=1

�j. For any small r

denote by !(r) the largest arc on the circle jxj = r which is contained in 
 n �, and setb! = inf0<r<r0 !(r) for some small r0 > 0, max(�; b!) < e! 6 2�. It is easy to verify that there

is a unique solution � = �(e!) of
sin2(e!�) = �2 sin2 e! such that 0 < e!�(e!) 6 �; �(e!) > 1

2
:

Now let u be a solution of

�2u = f in 
 n �; u 2 H2(
 n �); (9.1)

u =
@u

@�
= 0 from both sides of �; (9.2)

where Z



jf j 6 C0: (9.3)

Theorem 9.1 (Kondrat�ev-Oleinik[14],[15]) If kukH2(
n�) 6 C1, then the solution u be-

longs to C1+�(e!) in r0-neighborhood of the origin, and

ju(x)j 6 Cjxj1+�(!); (9.4)

jru(x)j 6 Cjxj�(!); (9.5)

where the constant C depends only on C0, C1 and 
.

Example 1. � consists of a single C1+� arc with one endpoint at the origin. Theorem

9.1 is then valid with �(e!) = 1=2.

Example 2. � is a C1+� curve passing through the origin (and � = �1 [ �2). In this

case, e! can be taken arbitrarily close to � (if r0 is small enough). Hence �(e!) can be taken

arbitrarily close to 1 and, in particular, for any " > 0,

kukC2�"fjxj<r0g 6 C (9.6)
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if r0 is small enough; C depends only on the C1+� norm of � restricted to fjxj < r0g and on

bounds on
R


jf j and kukH2(
n�).

We shall establish a local version of this theorem whereby kukH2(
n�) is not assumed to

be (uniformly) bounded by a constant C1 but, instead, kukL1(
) is (uniformly) bounded by

a constant C1. Let 
 is a 2-dimensional bounded domain, S an open C1+� subarc of @


containing the origin in its interior, and

�2u = f in 
; u 2 H2(
); (9.7)

u =
@u

@�
= 0 on S; (9.8)Z




jf j 6 C0; juj 6 C1 in 
: (9.9)

Let 
0 be any subdomain of 
 such that 
0 � 
 [ S.

Lemma 9.2 If (9.7){(9.9) hold, then

kukH2(
0) 6 C2 (9.10)

where C2 is a constant depending only on 
0;
; S; C0 and C1, and the estimates (9.4) (9.5)

hold for any �(e!) arbitrarily close to 1.

Proof. For simplicity we may assume that the curve S is given by

S : x2 = g(x1); �1 < x1 < 1; g(0) = 0;

and 
 = fx 2 B1; x2 > g(x1)g and 
0 = B1=2 \ 
. For any 0 < r 6 1=4, let � be a cuto�

function such that

� = 1 for jxj < 1� 2r; � = 0 for jxj > 1 � r; jr�j 6 C

r
; jD2�j 6 C

r2
:

Since u 2 H2(
), Theorem 9.1 implies that for any 0 < " < 1, u = O(d2�"),Du = O(d1�")

(and then also D2u = O(d�") and D3u = O(d�1�") for jxj < 1 � r where d = d(x) =

dist(x; S). We can therefore integrate by parts

Z
B1

�4uf =

Z
B1

�4u�2u =

Z
B1

�(�4u)�u

=

Z
B1

�4j�uj2 +
Z
B1

u�u��4+ 2

Z
B1

�uru � r�4

=

Z
B1

�4j�uj2 +
Z
B1

u�u(12�2jr�j2 + 4�3��) + 2

Z
B1

�uru � (4�3r�)

>
1

2

Z
B1

�4j�uj2�
Z
B1

u2(12jr�j2 + 4���)2 �
Z
B1

jruj2(8�jr�j)2:
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Notice thatZ
B1

�4j�uj2 =
X
i;j

Z
B1

�4uiiujj

=
X
i;j

Z
B1

�4uijuij +
X
i;j

Z
B1

uiiuj4�
3�j �

X
i;j

Z
B1

uijuj4�
3�i

>
1

2

Z
B1

�4jD2uj2 �C

Z
B1

jruj2�2jr�j2:

Combining these two inequalities, and using also the fact that juj 6 C1, we obtainZ
B1

�4jD2uj2 6 CC2
1

Z
B1�rnB1�2r

(12�2jr�j2 + 4�3��) + C

Z
B1�r

jruj2�2jr�j2

6
CC2

1

r3
+
C�

r2

Z
B1�r

jruj2 + C1C0:

By embedding Z
B1�r

jruj2 6 "

Z
B1�r

jD2uj2 + C

"

Z
B1�r

u2;

where the constant C is independent of ". Taking " = r=(32C�), we getZ
B1�2r

jD2uj2 6
Z
B1

�4jD2uj2 6 C��(C2
1 + C2

2)

r3
+

1

16

Z
B1�r

jD2uj2 80 < r 6
1

4
;

which implies that Z
B1�r

jD2uj2 6 16C��(C2
1 + C2

2)

r3
:

Taking r = 1=4 the proof of (9.10) is complete. The conclusions (9.4), (9.5) now follows from

Theorem 9.1 (example 2) with � = S.

Remark 9.1. The proof of Lemma 9.2 extends to the case where S is replaced by �

as de�ned at the beginning of this section; i. e., Theorem 9.1 is valid if the assumption

kukH2(
n�) 6 C1 is replaced by the assumption juj 6 C1 in 
.

The estimate (9.6) is a sub-Schauder estimates for C1+� boundary. The next sub-

Schauder estimates are for C2+� boundary.

Theorem 9.3 Let 
 be a bounded domain and let 
0 be a subdomain of 
 with 
0 � 
[ S
where S is a C2+� subarc of @
. Let u be a solution of

�2u = f in 
; u 2 H2(
);

u = g;
@u

@�
= h on S:

(i) (C2+� estimate) If

kgkC2+�(S) <1; khkC1+�(S) <1;

Z



jf jpdx <1 (p >
1

1� �
);
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then

kukC2+�(
0) 6 C
�
kgkC2+�(S) + khkC1+�(S) + kfkLp(
) + c0kukL1(
)

�
;

(ii) (C1+� estimate) If

kgkC1+�(S) <1; khkC�(S) <1;

Z



jf jdx <1;

then

kukC1+�(
) 6 C
�
kgkC1+�(S) + khkC�(S) +

Z



jf jdx+ c0kukL1(
)

�
;

if 
0 = 
 then the constant c0 can be taken to be zero in both cases (i) and (ii).

If S 2 C4+� then the result is a consequence of [3; x9] (which is valid also for n-dimensional

domains).

Proof. By subtracting the special solution (2.4), we may assume without loss of gener-

ality that f(x) � 0. Let y = �(x) be the conformal mapping which 
attens the boundary

S. Under our assumptions, � 2 C2+� up to the boundary.

Setting w(y) = u(x), the equation �2u = 0 becomes

�y[k(y)�yw(y)] = 0 (9.11)

where k(y) = jrx�(x)j2 is in C1+� up to the boundary. Now apply [3; x9] to immediately

conclude both (i) and (ii).
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