Asymptotics for the biharmonic equation

near the tip of a crack

Avner Friedman* Bei Hu' Juan J. L. Velazquez*

1 Introduction

A mathematical model of a crack in a 2-dimensional uniform elastic medium occupying a

bounded domain € consists of the following system (see [9]):

p € H*(Q), (1.1)
A?p =0 inQ\T(), (1.2)
= gﬁ =0 from both sides of I'(?), (1.3)
n
de
0 =g, a_n_h on 01}, (1.4)

where ¢ = p(x) = p(x1,22) is the stress function. Here I' is the crack which, for simplicity,

we shall take to be a curve of the form
Lo — f(l’l), —1 < 1 < 0 (15)

contained in § except for its initial point (—1, f(—1)), which lies on 9€; we shall also assume,
for simplicity, that
f0) =0, F(o)=o0. (16)
We are interested in the behavior of ¢ near the origin.

From basic work by Kondratév and Oleinik [14] [15] it follows that if f is in C''[—&y, 0]

for some 69 > 0, then

@ € C*? near the origin, (1.7)

and
lp(e)] < Cla?, (1.8)
V()] < Cla] 2. (1.9)
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On the other hand if f € C>[—éo,0] then, by [5] (and some of the papers referenced

therein), ¢ has an asymptotic expansion near the origin. In the special case where
flz1) =0 for —6p < a1 <0

the expansion is given explicitly [22] (see also [6; §16] [8; Part II, Chap. 7]) by

o(r,0) = ki:; /2t [ak cos <§ + 1>(9 + by, cos <§ — 1>(9 (1.10)
4-¢p sin <§ — 1>(9 4 d, sin <§ + 1>0],

where

o 7 2
= — - >
Sobrio + ay, 7r5§/2+1 /_7T (6o, 0) cos <2 + 1> 0do  for k > 2,
2 2 o 7 2
_ — - — >
50<2 +2>bk+2 n (2 n 1>ak 7 /_W 1(60,0) cos (2 n 1>0d0 for k> 2

(the formulae for by, by, bs, aq ave little different) and similar relations hold for ¢, di. Hence

we get

C w
oul+ 1] < 5z / (1050, 0)] + 1t (50, 0)] o,

and the same inequality holds for |¢| + |dg|. It follows that the series (1.10) is uniformly
convergent for 0 < r < dg, for any 6 < 1.

From (1.10) we get

QO(T, 0) = A1T3/2B1(0) —|— A2T3/2B2(0) —|— A3T2B3(0)

1.11
—|—A4T5/2B4(0) —|— A5T5/2B5(0) ‘|‘ O(TS), ( )
where
3 1 .3 1 . 9
B1(0) = cos =0 + 3cos =0, B(#) =sin =0 +sin =0, Bs(f) = sin” 0,
2 2 2 2
5 ] 5 ] (1.12)
B4(0) = cos 50 — 5 cos 50, Bs(0) = sin 50 — sin 50;

note that r?Bs(0) = 3.
The main purpose of this paper is to establish asymptotic expansions of up to order r3=7,

under very weak assumptions on the regularity of f(x1). Our results are:

(i) If f € C*2[—6p, 0], then
o(x) = A1r3/231(0) + A2r3/2B2(0) +O(r*™") (1.13)

for any n > 0 such that a +7n > 1/2.



(ii) If f € C*[—60,0], then
o(r,0) = Ayr®2By(0) + Ayr®2By(0) + Asr?Bs(0) + Ag®/? By(0)

1.14
—|—A5r5/zB5(0) — 2A2r5/2f”(0) COS %0 + O(r*™") ( )

for any n > 0 such that a +7n > 1/2.

Note that if f”(0) = 0, then the expansion (1.14) agrees with that of (1.11).

The first two terms in the above expansion are called, in fractural mechanics, the stress
intensity factors; or mode I and mode II of fracture [16; p. 24].

The proof of the estimates (i), (ii) require maximum principles for biharmonic solutions
in a domain whose boundary has a singular point. Such estimates are established in §2; for
related results see Remark 2.3. In §3 we give a proof of (i) and, in §5, a proof of (ii). In
§4 we derive an additional regularity result for ¢, near the tip O = (0,0), for f in C**e,

namely:

22
#(2) < C<|:Jc|2cy + ($)> near the origin, (1.15)

32 |z[?
where d(x) = dist(x, ). This improves the inequality that can be obtained by sub-Schauder
(2 — n)-estimates (stated in §9, Example 2), if |2|*t" < d(z)/|z| < 1 for some 5’ > 0.

The remaining part of the paper is concerned with an application of some of the above
results to the crack propagation problem, where the tip of the crack is moving in time
according to (see [9])

X(t) = h(IJ (XD (X E))]; (1.16)
where X (1) is the tip of the crack at time ¢, h(s) is a given function, and J(X(t)) is the limit
of J-integrals taken along circles that shrink to X (). The model is described in §6. In §7
we prove that the crack propagation problem with C'** crack is equivalent to the following
geometric problem:

Find an extension 9 = f(z1),—1 < 2; < 7 (7 > 0) of I which is C'*® such that, at each
intermediate value x1 = s, the coefficient Ay = A,(s) in the asymptotic expansion about the
tip X(s) = (s, f(s)) satisfies:

Ay(s) = 0. (1.17)

In §8 we make a few comments on this problem, which we hope to pursue in a future work.
The paper concludes with an appendix in which we have assembled several sub-Schauder

estimates used in this paper.

2 Maximum principles

In this section we establish estimates for solutions of Ao = f in a bounded domain € in
terms of the supremum of the boundary values of ¢ and d¢/dv on Q. When 09 is C'* such

an estimate is well known:

lelwss@ < C(Ielleson + IVellieen + 1 @ )- (2.1)
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This estimate was derived by Miranda [18] when € is 2-dimensional, and by Agmon [2] for
Q which is n-dimensional; Agmon has actually extended the results to elliptic operators of

any order with variable coefficients.

For our purposes we need to deal with domains whose boundary has a singularity as, for

example, in Figure 1 below. However we begin with a local version of the type (2.1).

Let © be a bounded n-dimensional domain, S an open subset of 99, S in C*, and D a
subdomain of € such that

D cCQUSy, where Sy C 99, Sy C intS.

Lemma 2.1 Under the above assumptions there is a constant C' such that for any function

@ in LF(Q)NCHQUS), p>1, i
Ap=1f inQ, (2.2)
then

Ielwrosmy < € (Iellsis) + 1V ellis) + Il + 11 o). (2.3)

Proof. Set
A = |lpllpessy + IVellressy + lellee@y + 1)

Without loss of generality we may assume that f = 0; otherwise we subtract from ¢ the

special solution of (2.2)

1 / 5 1
— x—1y|"lo fly)dy. 2.4
o [l oPlos ) (2.4)

Introduce domains Dy C Dy C Q with

ECDl, E1CD2, EQCQUSO,
OD NS Cint(@Dy N S), 9Dy S Cint(@Dy N S).

Take a C'*° function ( such that

and introduce a domain D with C* boundary such that
DiyCcDCD, and(=0 inQ\D.
Consider the function v = (. It satisfies

A%y = Z (oD%

|| <3
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and P
v= 2220 on 9D\ S.
ov

Write v = v; + v, where

Aoy =0 in D,
avl B av

a——a— OHaE.
14 14

U1 =0,
By the Miranda-Agmon maximum principle
lorllys sy < € (16l oy + IV 6N imomy) < € (lellzmis) + I Vellies) ). (2:5)

To estimate vy we apply Theorem 8.1 of [1] which says: If for any w € 04(5) with
w = 2—7;“ = 0 on dD there holds

‘ / vo Atwdx
D

for some integer k, 0 < k < 4, then

1
Al (45 =1) (2.6)

|v2|Wk,p(f)) < OX (2.7)

here vq is an arbitrary function (say in Lp(ﬁ)), A is a constant depending on vy, and C'is a

constant independent of vy, A.

We shall apply this result to the function vy defined above as v — vy. By integration by
parts,

v A*wdr = /Av wdr = / (oD% - wdz
e - i [

|o|<3

2/299 )* D (Caw)d

|o|<3

so that (2.6) holds with k =1, A = Cl|¢||zs. Consequently, by (2.7),
[v2ll w5y < Cllellzra)
Combining this with (2.5) we get
lellwremy < lvllwnsy < CA.

We can now repeat the above argument with the smaller domains Dy, 13, Dy (still con-

taining D) and k = 2 in (2.6). We get
[orllyyr0e By + 12l () < CA
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It p > n, then by Sobolev embedding we deduce that
[0zl 5y < CA

and (2.3) follows. If however p < n, we repeat the above process with a larger value of p; in
fact, if p < n, then
~ 1 1
o€ LI(D), and gl < CA, where = - - L,
g p n

whereas if p = n, then

o€ L1(D), and gz < CA.Va < +oc.
After a finite number of steps the proof of (2.3) is completed. [l

We shall now specialize to 2-dimensional domains whose boundary has a singular point.
The method of Miranda-Agmon does not extend to such domains, and, in fact, our estimates
will also be quite different.

Let Q, be a domain shown in Figure 1, consisting of two line segments |0 = w/2 (7 <
w < 27), connected by an arc on the circle |¢| = 1, and regularized around || = w/2, |z| =1

so that 99, \ {0} € C™.

Fig. 1

Then 09, =T, U fw, where fw =00, \ T, =90, N{|z| = 1} and T', consists of the
two line segments § = +w/2 initiating at the origin with two small smooth arcs attached at

each endpoint.

Theorem 2.2 Suppose that ¢ € H*({,),

Ap=1f inQ, (2.8)

_ Oy _
p=on = 0 ondQ,\T.. (2.9)



Then, for any p > 2, 0 >0, u < 2/p, there exists a constant C = C,,,, > 0, depending only
on the reqularity of 09, N {|x| = 1/2} (but not on the angle size w), such that

|| 7P| |Pd p<0 E |—(1/2+2/p+0)|99(x)| p/zdS 2/p
(f v <el( ]

(2.10)
)
# ) [ e olas].
Qg
Proof. Define u to be the solution of the following problem:
u € H*(Q,),
A*u=g¢ inQ, (2.11)
u = g—z =0 on 09, (2.12)

where ¢ is any function in L*(Q,). By integration by parts (cf. [14; equation (5)])

/ Elu]dz :/ ugdr < Cllul|eeau) 921w
w Qo

where FElu] = Z <8j;x> L 1/¢g+1/G=1,1 < g < 2. By embedding,
- 7 7

7,7=1
1/2
HuHLm(Qw)g(J(/ Bluldz) ",
Qo

| Bl <l (213)

We shall now use the inequalities (40) and (47) of [14] (see also §9):

and hence

u() 2 < Ll (gl ) + / Elu

w

V(o) < Claf (gl ) + / Elu

Qu
where 6 = 6(&) is the solution of
1
sin?(6) = 6*sin* @, 0 <wo(&) <, 6(&) = 3

and & is any constant such that w < © and 7 < & < 27, it is easy to verify that there exists
a unique such 6 = §(&). We take & = 27 so that 6(&0) = 1/2. If we substitute (2.13) into
these inequalities, we obtain
u(@)]* < Clallgllzrq,)» (2.14)
V(@) < Cle 9], (2.15)
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To obtain the estimates for the second and third order derivatives for u, we introduce
the scaling
uc(x) =u(ex) forl < |o| <4

Then
A*u, = e'g(ex) in D ={l<|z| <4, —% <0< %}
.
U, = 81; =0 on dD.

By interior-boundary L? estimates,

foclberson < Cofmgxluc(ol +( [ loPeoldr) ]
< Co(Pglliran + g lr@untecricnn )
where Dy = DN {2 < |z| <3}, 1/p+1/p = 1. By embedding
[[wellwr (Do) < 0553/2<H9HL1(m) + | |51f|5/2_2/59HLﬁ(an{s<|x|<45})>7
[t [lw20 (Dorry < 0553/2<H9HL1(m) + | |51f|5/2_2/59HLﬁ(an{s<|x|<45})>7

where I' = {0 = +w/2}, r = p/(2—=D) = p/(p — 2), and so 1/r 4+ 1/ =1 for r' = p/2.

Rewriting this in terms of the original variables, we have

1/r .
( /{ gy, D@ AS) < O gl + e el ).
2e|x|<3e NIy,

D2 <C —1/2< 5/2-2/5 )| >
{26<|£ﬁ133§}m| u(z)| < Ce 191l (@u) + 11 1] 9llzr o)

Setting K = <HgHL1(Qw) + || |:1?|5/2_2/p9HLﬁ(Qw)>, it then follows that

/{ i <|:1;|3/2_1/T+U|D3u(:1;)|>TdS < ((Jea[{)?", (2.16)
2e|x|<3e NIy,
|D*u(z)| < Clz| V2K, (2.17)

Letting ; = (3/2)7/ and summing over j, we conclude that

r 1/7’
(/{| o <|:1;|3/2_1/T+U|D3u(:1;)|> dS> < COF. (2.18)
x|< Nnl'y

Inequality (2.18) is clearly valid if we integrate also over I', \ {|z| < 1/2}, and similarly
(2.17) is valid over all of T',,.

We now multiply equation (2.11) by ¢ and integrate by parts to obtain

B J0Au  Jy
/wc,o-gd:zj = /Fw<c,o o —a—nAu>dS—|-/Qwu fdx
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< {/m <|x|3/2—1/T+U|D3u(x)|>Td5'}1/7°{/ <|x|_(3/2_1/r+0)|99(:1?)|>T/d:1;}1/T/

Iy
o] ()
1/2| 2 1/2| 9%
tsup (|20 u<x>|)/m|x| g
+sup (el futa)l) [ 1ol
/2 N2
< C[([{/ <|x|—(1/2+2/p+0)|80(x)|>p dS} D
I

L 0e(a)
1/2| 9% 3/2
AR Ry MR

Since, by Holder’s inequality,

K < Cu |29l Lon)

for any p < 2/p, the assertion (2.10) follows immediately by duality. O
Remark 2.1. Let A = right-hand side of (2.10). Then, by Theorem 2.2,

/ |z| 7P |p(x)|Pde < CAP.

w

Take () = ¢(cx) as before. Then

1
[ edwpa<t | )Py < CAPer
{1<|z|<4} €7 Jaun{e<|y|<4e}

and, by Lemma 2.1, for |z| = 2,

o)+ Veulw)] < et max lpu(a)] + [Ve(a)]] }

Fon{1<|z|<4}

< cfaerg max lel)l+ Wlvem)l] |-

Tun{e<lyl<de}

Rewriting this in terms of the original variables, we get

pl@)l < CA* P40 max
Lond|z|/2<|yl<2]z|}

[le()1+ 1911V 2(0)]] (2.19)

V(o) < CAla =7 +C  m [y~ )l + Vo)l (2.20)

ax
Lyn{|e|/2<]y|<2|=(}

Later on we shall also need a maximum principle in a domain Q°, shown in Figure 2; it is
bounded by a circle || = 1, acircle I's : [t—(6,0)] = ¢, and a curve: a9 = f(x1), —1 < 21 < 6.
We assume that f(xq) is in C'** for —1 < 2y < §, and that f(0) =0, f'(0) =0
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Fig. 2

Theorem 2.3 Let the foregoing assumptions on Q°, I's hold, and suppose that p € H*(Q°),

Ao =1f inQ°, (2.21)
=0, =0 ondQ\Ts. (2.22)

Then, for any p > 2, o >0, u < 2/p, there exists a constant C = Cp, , > 0 independent of

0 such that
([ tersieras) ™ < e[{ [ (ertremne)asy ™
§

(2.23)
Oele))g 5 2721/ ()l |

+ |72 o

[s

Proof. The proof is similar to that for Theorem 2.2. Denote by u the solution of the

following problem

u e H* (O,
Au=yg inQ  (p>2) (2.24)
u = g—z =0 on 00’ (2.25)

As before, we obtain
1/2
s+ ([ Bleldz) " < Clglas,
Q

From (40) of [11],
[u(e)] < CleP2lgll 1y in (2.26)

where the constant ' is independent of 6.
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Now we proceed as in the derivation of (2.16), (2.17) to derive, for ¢ < é, the inequalities

/ <|$|3/2_1/T+U|D3u($)|>TdS< <C€U[X’>T,
{2e<|z|<3e}nls}

|D?u(x)| < Ce 2K for € {2¢ < || < 3¢} N Ty,

(2.27)

where K is defined as before as above but with Q, replaced by Q°. (The assumption ¢ < 6
is necessary to ensure that the rescaled function satisfies the equation in a domain with

uniformly smooth boundary.) The rest of the proof is the same as in Theorem 2.2. O

Finally, we prove a maximum principle for the domain Q%™ bounded by a circle |z| = 1,

and '™ where m > 26, and
§,m 1 1,m/§
Iom = {(1’171’2) ‘ g(wl,l'z) el },

and T'™/% is a curve consisting of two semi-circles centered at (1,0) and (m/6,0) of radius

1, connected by two line segments, regularized near four points (1,1), (1,—1), (m/é,1),

(m/6,—1) so that I''™/¢ ¢ C®,

Fig. 3

We follow the proof of Theorem 2.2. First, it is clear that the estimates (2.16), (2.17)
are still valid in the region {2¢ < |z| < 3¢} for ¢ < 6. Next, for || > 36, the argument of
Theorem 2.2 leads to

/{2 - <d(:1;)3/2_1/7°+0|D3u(:1;)|>TdS < (cgk)ﬂ (2.28)
eld(x)<3e o™

|D?u(z)| < Cd(x)"?K  for |z| = 36. (2.29)
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where

d(z) = min([z, [z = (m,0)]),  d<e<m,

and K is defined as K but with |2|?/272/ veplaced by d(x)/?72/ and with Q, replaced by
Qs

Now we can take ¢ = ¢; as before to conclude:
Theorem 2.4 Suppose that ¢ € H*(Q5™),

A2p=f in Q5™ (2.30)
©=0,=0 ondQ""\ ", (2.31)

Then, for any p > 2, 0 >0 p > 0, there exists a constant C' = C,,, > 0 independent of 6

and m such that

1/ /2 2/
</ d(:z;)_p“|<p|pd:1;> p< C[{/ <d(x)—(1/2+2/p+cr)|99(x)|>p dg} '
Q6m Fé,ma
_I_/ d(:z;)_l/2 PLT
Tém

(a) \ (2.32)
/= 7d d d
2las+ [ ol
Remark 2.2. Remark 2.1 extends to both Theorems 2.3 and 2.4.

Remark 2.3. Maz’ya and Plameneveskii [17] use a different method to derive a maximum
principle for a conical region: They first establish such a result in an infinite cylinder, and
then, by a local Miranda-Agmon maximum principle (Lemma 10.1 in [17]), for a polycylinder.
Finally, they map a conical region into a polycylinder. Our approach to derive a maximum
principle with integral norms (e. g. Theorem 2.2) is much simpler, and our local Miranda-
Agmon lemma (which is sharper than Lemma 10.1 in [17]) then yields pointwise estimates for
u, Vu as in (2.19), (2.20). We note that the Maz’ya-Plameneveskii estimates are in weighted
sup norms, similar to (2.19), (2.20); however, for our purposes, the integral estimates will
be more convenient. It is also important to note that whereas the conical region in [17]
is assumed to have C'* boundary, our method allows weaker regularity on the parts of the
boundary with zero Dirichlet data. Thus in the case of Theorems 2.3, 2.4, our method

requires only that the curve xzy = f(y) is in C'*2.

3 The stress intensity factors

Throughout sections 3—6 we assume that

p e H (B \T), (3.1)

Ao =0 in B \T, (3.2)

0 = Z—Lp =0 from both sides of T', (3.3)
n
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where By is the unit disc {z] + 23 < 1} and
I'={zy= f(21), —x. <21 <0} (3.4)

is a curve contained in By except for its end point (—x., f(—x.)). We also assume that
fo)y=0, f(0)=0. (3.5)

In this section and in section 4, we also assume that f € C'1*® whereas in section 5 we
shall require that f € C%*+e,

Theorem 3.1 If f € C'**[—x,,0], then (1.13) holds for any n > 0 such that o +n > 1/2.

We shall first prove a weaker result:

o(x) = A1r3/231(0) + A2r3/2B2(0) + O(r?’/Q'M) for some A > 0. (3.6)
Proof of (3.6). Define
p(ex) iy
be(a) = e3/2 0 2| < P (3.7)
then |
lhe(2)| < Cla’? for || < ~ (3.8)
Under this change of variables, I' is changed to
1
Ie: ay= fo(o) = —flexy), (3.9)
€
where f. € C'T* and
f=(0) = fL(0) =0, HszOHa(—lgxlgo) < Ce” (3.10)

Let G = G, be a function defined on Qy, (12, is defined in the previous section; here we take

w = 27) as follows:

G € H*(Qy,),
AQG =0 1in Qgr,
oG
G = 5, = 0 on {0 =+x}, (3.11)
oG oY
G = 1., il v on rest of 9. (3.12)

Setting w = 27 — 2Cec®, we want to apply the Theorem 2.2 to ). — GG in the domain €2,,.
For || < 1/2, GG has an expansion (see §1)

G = Zrk/2+1§k(0) (r>0,—7<6<mr); (3.13)

k=1
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where both Ek and their derivatives are bounded. It follows that

)y < O

G |‘|| <l
bl=n

Since ¢ € C3/% by [14], similar estimates are also valid for 1:

|¢|‘|€|_ < C@Sa/2|$|3/2,

VeIl S Ol
6
It is also clear that a similar estimate is Vahd for . — G on two connecting small smooth
arcs near {|0| =& — Ce®, |z| = 1}.

By Theorem 2.2, for any p > 2,

|10 = Ge|lp(Byinf—rtCeacicr—cen}) < Cpe/?

Since also

[the — Gl < o] +1Ge] S OIfPP2 4 O 2 < Ce P
in By N {0+ 7| < Ce}, we get

[ — Gl zr(my) < Cpe/™. (3.14)

Notice that [t — G| is uniformly in C*/2. By interpolation, for any § < a/2, we can take
p large enough such that

[W(2) — Go(x)] < Ce”  for 2| < 1. (3.15)

Rewriting this in terms of the original variables, we have

plx) q. <§>‘ <O for |z] <. (3.16)

=3/2

1
G.(x) = 7“3/235((9) +O0(r*)  forr = /22 + 22 < 3 (3.17)

where O(r?) means a term which is bounded by C'r? with the constant C' independent of .
Thus

By (3.13),

2
‘c,o(:z;) — TS/QBE(G)‘ < O30 4 053/2<C> for r < %
£
Hence (2) 3/ iy
oz 5 r £
- BE(H)‘ <CeP <;> n C<g> for r < . (3.18)
Setting n = /2, we get
o) BE(G)‘ L CP (P4 02 L CPIt for e L 271 (3.19)

r3/2
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Now take ¢; =277, r = 5;71'11 Then

B.,(0) = B 0)] < 20 p o) 0)] + | B, (0) - #lz)

73/2 r3/2

< 02 B4 _ oz 5/4

It follows that the series

2|8 (0) = B, (0)

is convergent, and

> ‘BEJ(G) - Bsm(@)‘ < cet (3.20)
izk
Setting
B(0) = hn% B, (0),
we then have
‘3(9) - st(e)‘ < o (3.21)
so that, by (3.19),
()
S A B(G)‘ < CpP ] (3.22)

where

A -B(0) = A By(0) + Ay By(0),
A = (A1,A2)7 B(@) = (31(0)732(‘9))7

and Bi(0), By(8) are defined in (1.12). This completes the proof of (3.6). O
Let ', C5 be positive constants such that

1
lelmearn < Cry [[fllese < C2y 0<a <. (3.23)
In order to complete the proof of Theorem 3.1, it suffices to prove:

Lemma 3.2 For any p € (0, min(e, 1)) there exists a constant C' = C,, depending only on
(', Cy such that

lp(x) — |2]*/3(A1By(0) + AyBy(0))] < Cr*/* % in By, (3.24)
Proof. It is sufficient to show that (3.24) holds for all r < 1. Setting
w(x) = p(x) — A1r3/231(0) — A2r3/2B2(0)7

we have, by (3.6),
lw(x)| < Cr3/* for some 0 < A < a. (3.25)
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The proof of (3.25) shows that C' depends only on Cy, Cy. If g < A, then there is nothing to
prove. So we may assume that g > \; consequently, for any 0 < 6 < 1,

()]
T 4 o) <C (3.26)

for all |z| < 1. If C can be chosen to be independent of 6, as well as of Cy, Cy, then (3.24)
follows by taking 6 — 0 in (3.26). So it suffices to show that if such a C does not exist then

we get a contradiction.

Assuming that such a €' does not exists, there exist sequences f,, w,, ¢, and z, such
that

O — sup |wa ()] _ | (,)]
T (e 4 SN RYA(RE 4+ 6ETRY)

if n — oo, where R, = |z, < 1. In view of (3.25), we must then have

Introduce a function G, (€) by
wa(w) = CulSP (R + 67 R)GR(€), o= R

Then

Gn(&,) =1 where &, = R (3.27)

(l

and

|22 (|| + 847 |*)

R (RY + 657 R

RE e + o5 EP
RE 4 50

< EPPR(E + €Y.

|G ()]

< ¢

As n — oo, the curves I',,, defined by & = f,(&1), converge in the &-plane to the ray

So = {(£1,0); —o0 < & <0}

and, for a subsequence,

Gn(§) — G&) (3.28)

uniformly in compact subsets of R? C Sy, and

A*G =0 inR*\ Sy, (3.29)
G = aa—G =0 from both sides of Sp, (3.30)
v
) ) 1
GOI< IEP7e + 161 inR? (0 < A < g < min(a, 5)). (3.31)
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To prove (3.30), we actually need to use sub-Schauder boundary estimates (cf. §9). We first

apply Lemma 9.2 to the function u(z) = =2y, (cx) in a ring 1/2 < |z| < 2 to obtain, for
any 1 € (0,1),
|on ()] d(x) 1+ [Veon(e)] d(z)\"
co(ay® Vel o doy e
EEEANA ELZERNF 532

where d(x) is the distance to the I',,. Similar estimates are valid for |:1;|3/2[A131((9) + A2 By(0)]
with d(x) replaced by |z3]. It follows that

unta)] (el tloaly - Funle)] el oy g gy

RO ] |1/ ]

Since p < «, we can choose 7 sufficiently close to 1 so that an > p. Rewriting (3.33) in

terms of ¢, we then have,

BRI Cx

: 32 ,,

Ga ()] < Ok R S O H for ¢ € Cr, (3.34)
R}%/ZROW 1/2 C(

VoG (6] < Cx Sl CRjepn tergeck,  (335)
CoRY(RE 4+ 647 RY)  C

where Cx = {—K < & <0, |&| < —CRY ) (the constant C' is from (3.10)). Similarly

32/2—532(77—5) Cx
< 29
C.RYP(RE 4+ 647 RY)

[VeGhlese) < (3.36)

provided /3 is taken to be small enough. With these estimates, we can now apply Theo-
rem 9.3 (ii) to G, (£) with the boundary S given by |£3] = —C R%¢; to obtain (3.30). We also

have uniform convergence up to the boundary in (3.28), so that if £, — e = (eq, €2), then
|G(e)] = 1. (3.37)

We now invoke a Liouville theorem (Lemma 3.3 below) to deduce from (3.29)—(3.31) that
G/(£) = 0, which is a contradiction to (3.37). H

Lemma 3.3 [f G is a function satisfying (3.29)—~(3.531), then G = 0.

Proof. From the expansion

Ge) =D I IBu0)  (r=1e) (3.35)
k=1
near £ = 0 and (3.31) (with A > 0) it follows that B; = 0. Recalling that
r? By(0) = c£3, ¢ constant,
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we introduce the function

H(§) = G(£) — c&;.
Then

H(€)] < CIEF? near € =0,

The function 9 8C

®(¢) = o6~ 06

1

is a biharmonic in R?\ Sy and satisfies the same boundary conditions as in (3.30). Since ®

has an expansion similar to (3.38), we deduce that
IVI® ()] < CE)P*717 near € = 0. (3.39)
Next, for [£| large, we have
|G(E)] < 20¢P*H.

By scaling and applying elliptic boundary and interior estimates we deduce that
IVIO()] < ClEf*#717 for [¢] large (3.40)

and 0 < 7 < 3.
Set D = {% < €| < R} \ So. By integration by parts,

0:/ <I>-A2<I>:/ IA®|® — IR,
Dg Dg

where [Ip is a linear combination of integrals

Ar; = / D'®- Do
{lEl=1/R}\So

Br,; = / D'® - D* .
{lEI=R}\So

In view of (3.39), (3.40), we clearly have

C C R
ARl < I |Br,j| < 7

and, since y < 1/2, I — 0if R — oo. It follows that

[ 1aep—o
R2\ S,

so that A® = 0. Since & = 9P/Idv = 0 on Sy, we get & = 0. This means that

0
— (G —¢c£3)=0
afl( 652)
and so G = g(&), ¢ = A%G = 0. Hence (i is a polynomial of degree < 3 in &, and by

invoking (3.30), (3.31) we finally conclude that G = 0. O
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4 A flatness lemma

Let the assumptions of Theorem 3.1 be satisfied and denote by d(x) the distance from x to
I'. In this section we investigate the behavior of ¢(x) as & approaches the tip O while, at

the same time, d(x)/|x| tends to zero.

Theorem 4.1 Under the assumptions of Theorem 3.1

()] < C<|x|2a—|- M) (4.1)

LG |z[*

where C is a constant depending only on the Cy, Cy in (3.23).

-3/2

Remark 4.1. If we apply the sub-Schauder estimates (§9, Lemma 9.2) to e =%/ *p(cx)

in 1/2 < |z| < 2, where ¢ is as in Theorem 3.1, we get

(o)l c(d(x)>1+" Wy > 0. (4.2)

EIREAE]

The estimate (4.1) is an improvement of (4.2) when

;o d
|lz|**" < % < 1 for some n’ > 0.

To prove Theorem 4.1, we shall establish a lemma which is of intrinsic interest.

Let

I'={zy= f(21), =1 <1 < 1},
D={(21,22); =l <1 <1, =1 <ay< f(z1)},

and let v be a subarc of I':
vy =Hxy = flz1), —1/2 <1 < 1/2}.

We assume a bound

| fllcr+a < A 0<a<l, A>0), (4.3)

and the “c-flatness” condition:
|f(z1)| <e (0<e<1/2). (4.4)
Denote by d(x) the distance function
d(z) = dist(x,v), «€ D.
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Lemma 4.2 (Flatness Lemma) If ) € H*(D\T), ||| m2p\r) < C1,

A¥p=0 inD, (4.5)
P = Z_:f =0 onl, (4.6)
] <1 in D, (4.7)
then
[p(2)| < C(P(z) 4+ &%) in D (4.8)

where C' is a constant depending only on A, o and (.

Remark 4.2. By sub-Schauder estimates (see Example 2 following Theorem 9.1)
[P(2)] < Cd*7"(x) Vi >0

(4.8) is an improvement when d(z) > ' for some 7’ > 0.
Proof. We assume that (4.8) is not valid and derive a contradiction. If (4.8) is not true

then there exist sequences
F:an Y= Tn, D:Dnv & = &np, ¢:¢n7
such that, with d,(x) = dist(z,v,),

@) ()]
O =P R 12 Bag) t el

— oo ifn — oo,

where z, € D,; we necessarily have

dy,

do(x,) — 0, e,—0 ifn— oo

for otherwise the sequence C,, will remain bounded (by (4.7)). Denote by ¥, the point on
Y such that d, = |2, — 7,|.
Introduce functions G, (§) by

Yo(z) = Cp(d? + )G, (&) where z — T, = d,¢.
Then

do(x) = dod, (&), (4.9)

Gn(n) =1, fnzx”d_w”, (&) =1, (4.10)

where Jn(f) is the distance from ¢ to the image 7,, of 7, under the mapping * — 7,, = d,.£.

Clearly,
2 2 272 2

(6] < < 4.11
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It is sufficient to consider the following two cases:
Case (1): d,/e, — 0if n — oc.
Case (2): d, > cg, for some ¢ > 0 for all large n.
In case (1), (4.11) clearly implies that

Gl <2 () +1. (1.12)

and in case (2), (4.11) implies that

dy (%)
2

n

Ga(§)] < +1< [P+ 1 (4.13)

As n — oo, the curves 7, in the &-plane converges to the line {{2 = 0} and, by (4.10),

G.(€) = GL&) (4.14)

uniformly in compact subsets of {{; < 0},

A’G(E) =0 in {& <0}, (4.15)
|G(E)] <1 in{& <0} in case (1), (4.16)
GO <€) +1 in{& <0} in case (2). (4.17)
By sub-Schauder estimates (Lemma 9.2) applied to G,(§) we deduce that
oG
G = 5, = 0 on {& =0} (4.18)

We also note that the convergence in (4.10) is uniform near the boundary so that, in partic-

ular, if

£, = — e (e = (e1,e2),e0 <0, [e] =1),

then
|G(e)] = 1im |G, ()] = 1. (4.19)

By a Liouville theorem (Lemma 4.3 below) we conclude from (4.15)—(4.17), (4.18) and
(4.19) that
G&) = K&K #0. (4.20)

This contradicts (4.16) (case (1)).
We shall next derive a contradiction to (4.20) (case (2)). The proof depends on sharp

estimates on the ¢, (x). Since,
[$n(2)] < Culdp(2) +e5)  in Dy
the flatness condition implies that

1
[ (2)| < CCre?  in {|zy] < 3 —de, < 13 < —2e,}. (4.21)
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By interior elliptic estimates we then also have

1
Vb, (2)] < CCre,, on {|ay]| < 1,:1;2 = —3e,}. (4.22)

We need to construct an auxiliary function. For this purpose we first consider the problem

A%p =0 in {zy >0},
99(51?170) = fO(xl)v

0
p. @(1,0) = go(1),
T2

where fo € CT* g0 € C2..

loc

If fo, go are uniformly bounded, then we can write a solution in the form

o = PUR + [ Ploo) = = P(f) (1.23)

where P is the Poisson kernel:

2

PN = 1 [ e,

s

Noting that

i :l = (51?1—51)2—:1?% J
ax2p(f0) 77 /—oo (21— &)* + x%]QfO(fl) &1

we find that
lp(z)] < Clfolre + Clazl(lgolr= + [ folre). (4.24)

Let X(z1) be a C? function such that X(xy) = 1 if |zy| < 1/8, X(ay) = 0 if |z4| > 1/4.

Introduce the functions
0

and denote by @, the biharmonic function in {z; < —3e,} with Dirichlet data fy, go on
x9 = —3¢e,. Using a representation similar to (4.23) (with (x1, x2) replaced by (21, —x2—3¢,))
we get, from (4.24) and (4.21), (4.22), the estimate

1@, (2)] < CCL(e2 + |xalen)  if 2o < —3e,. (4.25)
Consider the function

1
(o=, —®, inQ,={|z|< g,—1 < x9 < =3, ).

It satisfies

A*, =0 inQ,,
¢, 1
Cn =

=0 onxy=—3e,, |$1| < =,

_81'2_ 8
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and

|G(2)| < 1+ CCLhe, = K, in Q,,

by (4.25) and (4.7).
By standard elliptic regularity

1 . 1
EKn(xl,—Sen — Md,)| < C(Md,)* if |z < 6

for any M > 0, and we shall later choose M > 1 (but Md,, 4 3¢,, < 1). Combining this with
(4.25), we get

10 (0, =3e, — Md,)| < CCu(e2 + d,Me,) + (1 + CCre,)C(Md,,)*. (4.26)
On the other hand, by (4.10), (4.14), (4.20),
$u(0, =3, — Md,) = Cod2G (&) ~ Cod? &) = K Cod? |6
where
(0, —E&p — Mdn) - a/:n = dnfn — dn(fnJ?fn,?)
and |§n2| ~ M if M > 1. Comparing this with (4.26) we get
KC,d*M* < CC,Me: +C(1+ CCre,)M*d:.

Since d,, = cg, (¢ > 0), choosing M to be large enough (say KM > 2C'), we get a contra-

diction as we let n — oo. g

Lemma 4.3 IfG(£) is a function satisfying (4.15),(4.17), (4.18), and if |G(£)| < C(1+|£]?)
in {& < 0}, then

G(&) = K& (4.27)
where K is a constant.
Proof. The biharmonic function
PE
H() = —G(¢
(€)= 5610

satisfies the same boundary condition as ¢, and
IVIH(E)] < ClE[ it Je] s large.

By integration by parts,

/ HAH = (AH)? + Iy
HIEI<R,£2<0} HEI<RE2<0}

where I — 0 if R — oo (cf. the proof of Lemma 3.3). If follows that AH = 0 and, by
unique continuation, H = 0. Hence GG = ¢1(&) + ¢2(&2)&1 and this implies (4.27). O

Proof of Theorem 4.1. Applying the flatness lemma to e=3/2¢(cz) for 1/2 < |z| < 2

and arbitrarily small ¢, the assertion (4.1) easily follows. O
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5 Higher order expansion

In this section we assume that f € C'**® and obtain higher order expansion of ¢.

Theorem 5.1 Let ¢ be a solution of (3.1)—(3.5) and assume that f € C*T*[—x,,0] for some
a > 0. Then for any 0 < n < 1/2 such that o +n > 1/2, the expansion (1.14) holds.

The assumptions of Theorem 5.1 imply that
lellzzear) < Crs o || flloz+a < Cs.
For clarity we shall first prove a special case:

Lemma 5.2 Under the assumptions of Theorem 5.1, for any n € (0,1/2) there exists a
constant C' depending only on C, Cy and n such that

|g0($) — TS/Z[AlBl(Q) + AQBQ(G)] - A3T2B3(0)| < CT2+77. (51)
In the sequel we shall need the following interpolation inequality:
IVullie < €l NTul) + ful) 0 <o <1) (5.2

where the norms are taken in a bounded domain €. It suffices to prove (5.2) in dimension 1.

For any x € (), let y, z belong to € such that

y—al=c, |z—a|==.

Then ) (2)
u(y) — u(x -
— = u,(T)
and
ua(2) = up(2) — us(F) + M
Yy —x
Hence

el < Notallors® + 2l
and choosing
e = Jlullzee /(uwlloe + [lullze)
yields the assertion.

In the sequel we shall also use the interpolation inequality

Iclles < C (NGNS + Chi=) (0<0<8<1), (5.3)
which follows from
((z) = ¢ ((z) = ((y —o , 2Ic][z=
| (|x)_y|(€y)| _ | (| ) y|(ﬁ )||$—y|ﬁ 0 < [C]Cﬁ5ﬁ €_|_ H;lL
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by taking & = (||Cl|ze/[ICllce )"/,

Proof of Lemma 5.2. The function

$ula) = rzolea)

is biharmonic in B4(0) \ I'., where
.29 = éf(e:z;l) = fo(xq)
is uniformly C*®. By sub-Schauder estimates (cf. §9, Theorem 9.3),
|D*p.| 4+ [D*.], < C for 1 < |z] < 2.
Rewriting this inequality in terms of p, we get

|D*0(2)] < Cla| ™2, [D*¢loaqmjeren) < Cla| /27

(5.4)

where the constant €' is independent of e. Multiplying by a constant if necessary, we may

assume without loss of generality that

|| < 1, Vi | <1 for |zl <1, 0<e< 1.

Let o = 1. where ¢ will later on be chosen very small but fixed, and denote by Gy the

solution of

G e H*(Bi(0)\ {0 = £r}),
AlG =0 in Bi(0)\ {0 = £x},

G:a—GZO on {6 = £7},
on
G = po, 5 = 3, OO rest of A(B1(0)\ {0 = £x}).

It is clear that
|fo(z1)] = e f(exy)| e,

and

1
| fo(z1)| < §€|$1|2-

Hence, using (5.4),

2
ol + 1Gol < Clal™/2(efer]) < Cal’® om0+ 7] < 2,

Vo] + [VGo| < C|:1:|_1/2<5|:1;1|> < Cele? on |0+ 7| < 2,

Applying Theorem 2.2, we get
|0 — GOHLP(QQ,T_QE) < Ce.
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Notice that both g and G are uniformly C%/2. Tt is clear that if o < 1/4 — /2 (recall that
0 <n < 1/2), then [V(po — Go)]ce < C for some universal constant C' (Actually, ¢q — Gy
is bounded also in the C''/? norm in this first step of the iteration; but we use the C” norm
for the later iterations). Thus by interpolation, for any 3 < 1, if we choose p large enough

we obtain

lpo — Go| < CP for |z] < 1. (5.10)

By (5.2) with u = ¢g — G, we also have
V QQO—GO < C QQO—GO 7/(1+7) \Y% QQO—GO 1/0(1+U)+C€ﬁ < C@ﬁg/(l-l—g) for |z < 1. (5.11
c
Clearly, there is a constant C' and Fy(x) = [7“3/235((9) + 7“255((9)] such that

G — Po| < Cr/% for r < 1/2, (5.12)
IV(Gy — Py)| < Cr®? forr < 1/2. (5.13)

It follows that

lpo — Po| < CP + Cr¥? for r < 1/2,
V(o — Po)| < CeP7 /049 1032 for r < 1/2.

We now fix small constants ¢, A such that
Cef + 0(2)\)5/2 <N ClePo/+o) o 0(2)\)3/2 < A

we can actually take ¢ = A7 for ~ large enough and any A sufficiently small. Since ¢ is now

fixed, we shall simply write P as
Py =r32B%(0) + r* B°(0),

and we then have

loo — Po] < A*T7 0 for |z| < 21, (5.14)
V(po — Po)] < A7 for |x] < 2. (5.15)
Next, we define
1
/= o <¢0(Ax) - PO()\x)> for r < 2. (5.16)
Then
le1] < 1, Vol <1 for r <2, (5.17)

and, by (5.7), (5.8)

1] < CAT27 Az [TV 2 (e X day )2 < CE2NY2|2 P2 for |0+ 7| < 2(X), (5.18)
Vi | < CATT |72 (M Ay |) < CaXY2 2|2 for |0 4 7] < 2(s\). (5.19)
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Finally, since |D?go| + | D*Gyo| < Cla|~V2,
[Vorlon(oeri<aeingrety < CAT A2 T2 (A )77 < Cel 77277 (5.20)
since o < 1/4 —n/2. We claim that
lor(2)| < |2|'T7 if 2] < 2. (5.21)

For clarity of exposition we shall postpone the proof until the end of this section, and in
fact, establish a general result (namely Lemma 5.4) for which (5.21) follows as a special case
(upon taking f;(z1) to be parabolic curves xy = §;27, with —1 < & < 2 < 1; notice that ¢
is biharmonic outside the thin region enclosed by these two parabolic curves).

In view of (5.21), we can apply Theorem 9.3 (ii) to the function

e1(rz)
7-1—|—cr

which (by (5.21)) is bounded in 1/2 < |2| < 2 and whose C''*?-norm is uniformly bounded
in the sector |0 + 7| < 2(e)) (by (5.19), (5.20)). We then have

[Veileo) < C (5.22)
for some universal constant C'. We can now proceed as above (with the same £, \) to derive

lo1 — Pl < AT for |z| < 22, (5.23)
V(pr — P < A7 for 2] < 2 (5.24)

for some Pi(x) = 7“3/231((9) + r2§1(0).

Proceeding by induction, we define

1
() = 1o (w0he) = POW))
k
= ()\—(2+n))k+1 )\k+1 Z —(2+n) ]+1Pk_ ()\]-I—l ).
7=0
Clearly,
|()\—(2+n))k+1¢0()\k+1x)| < C)\—(2-|—77)(k-|—1) |)\k+1$|_1/2 <€)\k+1 |)\k+1$|>2
< C2NB2k 32 for |0 + 7| < 2eNFFL,
and
k 2
Z(}\—(2+n))j+1|Pk_j()\j+1 < CZ —(241) ]+1|)\]+1:1;| 1/2 <€)\k+1|)\]+1 |>
7=0

< 052)\ B/2=mk 2122 for |0 + 7| < 2e AP
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It follows that

lopgr ()] < C2NB2mMEFL 1432 for 10 4+ 7| < 20N+, (5.25)

Similarly,

‘V[ 2+n))k+1¢0()\k+1x)” < C)\—(1+77)(k+1)|)\k+1x|—1/2<€)\k+1|)\k+1x|>

< Ce M2 112 for 10 4 7] < 2e AP+

and

k

Z(}\—(Hn))j-l-l

=0

k
v(Pk_]()\J-I—l >‘ CZ =) L - 1/2< )\k+1|)\j+1x|>
7=0
< Ca V2R Y2 for |0 4 7| < 2N,
It follows that
IVoryr(2)| < Ce /2D 120 for 10 4+ 7| < 20N+, (5.26)
We can apply the same procedure to deduce that

(Vo1 (2)] oo (fosni<asriripngr<ley) < O |z]270. (5.27)

With the estimates (5.25) and (5.26) and (5.27) at hand (where the constants C' are inde-

pendent of ¢, A, k), the same procedure can be used to deduce that

lort1 — Propa ()] < X7 for 2] < 20, (5.28)
IV (pps1 — Prpr(2))] < AT for |o] < 2. (5.29)

We can rewrite the inequality (5.28) in terms of the original variables:
o) = Q)| < (A7 for [a] < 2)F,

where
k

Q) = S8 (57)

i=0

Since P;(x/)\) are bounded by C|az/M|? 4+ Cla /M |*/2, the series converges, and we let

Qle) = Jim Qulr) = Y0P ()

k—o0
7=0

Since Qi(x) are of the form r*/2B*() + r2§*(0), the limit function is also of the same form,
and we denote it by
Q(z) = r*?B(9) + r* B(0).
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We then have

o0

, T 132 |22
|@@—Qawk;§%uWﬂ[;¢ +5| T e{omrEep + (a2,
Therefore,
lpo(z) — Q)] < CAF?FT for |z] < AR (5.30)

For each |z| < A, we choose k such that A*™1 < |z| < A*. Then the above inequality implies
that

[po(x) — Q(a)| < Cla*,
and the proof of Lemma 5.2 is complete. a
Remark 5.1. The above proof also shows that

[V (@o(x) = Q(x))] < ClafF.

Remark 5.2. The iterative argument used in the proof of Lemma 5.2 is similar to the

iterative argument used in the proof of Lemma 2.4 of [12].

Lemma 5.3 Suppose G; is the solution of the following system:

Gj € H'(Bi(0)\ 1),
AQG]‘ =0 in Bl(O) \ F]‘,

G = aan =0 on both sides of I';, (5.31)
n
dG; Oy,
G = ¢, an] = % on rest of I(B1(0)\ '), (5.32)

where I'j : x5 = %f”(()))\jex%, —2 <z <0, and

O <1, el <1 (5.33)
Then, for any small 6 > 0 there exist sufficiently small ¢ and )\ such that the corresponding
G satisfies:

|G(2) — Pj(2)] < =A*0 for |x] < 2), (5.34)

1
2
IVG;(x) = VPi(x)] < A7 for || < 2, (5.35)

[N

where
Pi(a) = 72 (ALBL(0) + ALB,(6) + Aepsr By(0))) + r* A Ba(0)

4 , 3
L5/ <AiB4(9) + A§B5(9)> — r5/2§A§5,ujBl(9)a

forallj>0,0< pu; <1.
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Proof. Under the above assumptions it is clear that
Gl < Clal?, VG < Clel'?, VG, < C.
Let éj be the solution of the following problem

Gy € H*(Biya(0) \ {0 = £7}),
A2 =0 in Byp(0)\ {0 = £x},
G,

G = o = (’)v on {0 =47}, (5.36)
~ oG,  0G;
G; =Gy, a—n] = a—n] on rest of J(By5(0) \ {# = £x}). (5.37)

By scaling and using C*** estimates as before, we get
2|32 G — G| + o] PIV(G — G| < Ce i |0+ 7| < 2e.
Then by maximum principle (Theorem 2.2),
G = GillLrs, ) < Ce.

For any # < 1, we use C*/? regularity and interpolation, and take p to be large enough to

obtain

G = Gl < CeP, V(G = G| < P,
By (1.11), we have

where

P(x) = r*2B(0) + r*B(9) + r*/*B(0).
Notice that the extra terms in P;(x) are of order e. Choosing ¢ and A such that
1 1
Ce’ + C(20)° < 1)\3‘5, Ce’P 4 C(20)* < 1)\2‘5, (5.38)
the proof is now complete. O

Proof of Theorem 5.1. We shall modify the proof of Lemma 5.2 for C? expansion to
obtain C*/2 expansion. The P; will be of the form

Pie) = {r7(ABu0) + 45Ba0) + AieprBah) ) |

, , , 3
+{r2AgBS(9) 432 (AQB4(9) n A§B5(0)> - r5/2§A;gﬂjBl(9)},
= le(:zj) + Pf(:z;)

obtained from Lemma 5.3.

30



Notice that the terms r%/? cos %0 in le and Pf cancel out, and the term r°/2 cos %0 (in

le and Pf) is biharmonic. Thus P; still satisfies the biharmonic equation: A*P; = 0.
We define ¢ inductively as

1
Pr+1 = W(@k()\l') —Pk()\l')>
k
_ ()\—(3—5))k+1 )\k-|—1 Z —(3-9) ]+1P ()\j"'l:z;),
7=0

where py,_; are still to be determined.

Instead of two lines 6 = &(7 — 2e\*), we now use the two ' curves
1
Ik ey = §5A’ff”(0) 4 elro)(Fadk, 2 9 < ay <0,

which are e' ¥ (142)k 22 close to the original curve (instead of just eA*z; close to the original

curve). Then, using (5.4), we find that on I'™, as well as on any arc || =const. in the thin

region connecting Flj_"'l and ¥
|()\—(3—6))k+1¢0()\k+1x)| < Ce 2(1-|—oz))\(k+1)(1/2-|—2a+5)| |3/2 (539)
‘V(()\_(S_(S))chpo()\k"'lx) ‘ < (rplta (kD) (a+6-1/2) E |1/2 (5.40)
V( A~ k+L (kL >] < O+ 1=0) p1/2-0 541
[ ( oA ) ey S (5:41)

provided 0 < 6 < 1/2, a+6 > 1/2, 0 < o < 09, where
a+6—1/2

g = —
24+«
cf. the proof of (5.18)—(5.20).

Next, we estimate the sum

Z()\—(S—é))j+lpk_j()\j+lx) _ Z()\ (3— 5))]+1Pk ]()\]-I—l + Z —(3-9) )]+1Pk ]()\]-I—l )

on the curves I'™! and in the thin region lying between them. The second derivatives of
those terms involving r? and r%/? are bounded. Therefore, we can follow the calculations as
it

in the case for C'? expansion to conclude that on as well as any arc |x| =const. which

lies in the thin region lying between Fk"'l and "1,

‘Z —(3-9) ]+1P2 ()\j""l:z;)
‘v( A_(S_é))j+1P,3_j()\j+lx)>‘ < CNF |2 |V/2, (5.43)

< Ce2\MIH9) 51372 (5.42)

furthermore,

V( A—(B=6))iH1p2  (\iH, >] < Ce=0) \k(5=20) p1/2-0

< 05(1_0)R1/2_07
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provided o < 6/2.
Next, we split P} into two parts.
Pix) = r2ARB(0) + /2 Ak <B2(0) + 5WBQ(9)>
= D(2)+ PP (a).

Since ,
0 0
Bi(9) bmtr %31(0)‘€:ﬂ - wBl(a)‘e:iw =0,
we have 5
Bi(9) = O(|0 £ =), %Bl( ) =0(]0 £ x|?).

Using the computation for C* expansion, we find that the estimates (5.42)—(5.44) are valid
for E()\_(3_5))j+1P,3ij(Aj+1x).
To estimate P}*, notice that —uy = r+ O(r?) on the curve x5 = £ f”(0)], 1 < 0. This

curve can be rewritten in polar coordinates:
1 1 2
(9::|:7r—§f (0)r + O(r®).

We take p; = A f"(0)/2 in order to make the curves ' g'+o\(1+@)k2 ¢lose to the curves
0 = £x — eugr. Since BQ( ) =(0/00)By(0) = 5 COS 3(9 —|— 2 COS 1(9 we have

d? 0?

By(0 :—BH‘ :—B@‘ —0. Z B, — 49
2 )6’::|:7r 00 2 )6’::|:7r 003 2 )6’::|:7r 0, 00?2 2 )6’::|:7r +2,
and

By(0) + gﬂkrBQ(a)‘e_i =0,

9 .

e <BQ(0) + 5/%7“32(0))‘ = +2epugr,

0? .

2 (i enco) -2

0? .

B,(6 By(6 ‘ < Cepip

803< 2( )—I_glukr 2( )> |6£7|<2e g C{‘:ﬂk

Therefore
) 1
By(0) + epxr B2 (0) s = £(2epr)(—eppr) + 5'(i2) (—epr)? 4+ O(leper]?)
=tr—cpupr
= O(lemer|*),

9 .
= |Ba(0) + e B (0)] = 2eppr £ 2A—eper) + O(ler]?) = O(leur]?),
80 O=drm—eurr
0 . .
5[32(9)%#”32(9)] e = emBO)| = emO(fem).
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Rewriting these estimates in terms of P!?, we have

|P,32(x)|‘ < Oy, (5.45)

O=trm—curr

|VP,}2(:1;)|‘ < Ceulr®2, (5.46)

O=drm—eurr

From the definition of Pk12 it is clear that
|D*P ()| < Clz|™Y? for |z] < 2. (5.47)

Recall that I'% is e?ToX1+9%:2 ¢lose to the curve § = 47 — cppr. Using (5.45)—(5.47), we
can then derive the estimates (similarly to (5.39)—(5.41))

‘Z —(3-9) ]+1P12 ()\]4-1 )
‘V( )\ (3— 5))]+1P12 N+ )>‘ < Ol N1 +i=1/2) 172,

V( \—(3-9) L2 (\itl, >] < 1) (1=0) p1/2-0
[ Z( ) ( ) Co (T n{|z|<R}) ©

< O\ FDO/248) 1372

in the thin region bounded by I'}*!.

Combining all these estimates, we find that

k(@] 0 S Ce?, |Ver(a)] e SO [Vernloorin) < Ce'™. (5.48)
+ +
By Theorem 2.2, we then have
[er+1 = Grarllris) < Ce, (5.49)

where (/11 is given in Lemma 5.3. From this, we can argue in the same way as before (using
Lemma 5.4 below in deriving Holder estimates for V(¢g11 — Giq1)) to conclude that, for
any 3 < 1,

|S‘Qk+1 - Gk+1| < Ce
IV (prir — Grar)| < CP7/04),

Combining this with Lemma 5.3, we conclude that

| prs1 — Prgr| < A7,
[V(prs1 — Peyr)] < )\2 °.

We now proceed as in the proof of (5.28)-(5.30) (with A2*7 replaced by A\*>7%) to establish

the estimate
eole) = (A Bi(0) + A2Bu(0)) + 12 Ay By (0)

-|-r5/2 [A4B4((9) + AsBs(Q) — 2A25f”(0) COS %9 4 O(r3_5)7
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which, when written in terms of the original variables, becomes

o(z) = r3/2<A1B1(0)—|—A2B2(0)>—|—r2A3B3(0)

1
‘|‘r5/2 [A4B4((9) + AsB5((9) _ 2A2f”(0) COoS 50 + O(r?)—é)7

with different coefficients As, A4, As. This completes the proof of (1.14) (with n = §). O

Remark 5.3. Theorem 5.1 is new even if I' is a parabola x3 = 7.

Remark 5.4. If f/(0) # 0 then, in Theorem 5.1, the second derivative f”(0) should be
replaced by the curvature £ at 0 and B;(6) should be replaced by B;(0—0,), where 6, = f'(0).

Remark 5.5. As in the case of Remark 5.1, the proof of Theorem 5.1 shows that (1.14)
can be differentiated, with

V(O(r*™)) = O(r*™").

The same remark applies to (1.13), with V(O(r*=7)) = O(r'~") and the proof can be given
by the method of §3 using (2.20).

The next lemma establishes (as a special case) the estimate (5.21) which was needed in

the proot of Lemma 5.2.
Lemma 5.4 Let 0 < o <1, and let f; = f[(21) (j = 1,2) be curves satisfying:

£i(0) = £1(0) =0, [filoap-20 < 1, (5.50)
1 < fi(er) < fa(az) < =121 for —2 <11 <0,
where 0 < 7 < 1. Let p € H*(By \ {fi(z1) < 22 < fa(xz2), 21 < 0}) salisfy

Ao =0 in By\ {fi(71) < 29 < fo22), 71 < 0},
©(0) =0, V¢(0)=0,

[Velor(ualg—re1n{lel<,o<op) < 1.

Then, for any o < 1/2,
o(x)] < Claf'*, (5.55)

where the constant C' depends only on o and «, but not on the f; and 7.
Proof. From (5.52) and (5.53) we deduce that
lo(x)] < |x]  in Bs. (5.56)
Next, (5.53) and (5.54) imply that
IVo(a)] < |2|7 for oz < =721, 21 <0 and |z| < 2, (5.57)

34



and therefore

lo(x)] < |z'*7 for [za] < =771, 21 <0 and |z| < 2.

Consider the function

p(e)
Z =—T V6 > 0.
(0) = e+ ol -
By (5.56), sup |Zs(x)| < +oo for any 6 > 0. We claim that

lz|<1

sup |Zs(x)| < C
|z|<1

(5.58)

(5.59)

(5.60)

for some constant C' independent of 6, 7 and f;; once this is proved, we can then finish the

proof of the lemma by letting 6 — 0.

Suppose (5.60) is not true. Then there exist sequences ¢ = @,, f; = f.; (1 = 1,2),

6, — 0, ,, = 0, 7, (7, may go to 0) such that

Cy = sup | Zs,(2)| = | Zs,(x,)| — oc.

lz|<1

Define G, (§) by:

on(x) = Cn(R}["U +6,R,)GL(E) where x =R, R, = |,

Then ) )
oule)l_ SR + 8,0¢lR,

G < <
OIS G+ 68 S (B 56, R,)
and, from (5.58), (5.57) and (5.54) we also have

Rt 1
Ga(8)] < - L gt f —7aby, €] <
Gu(EN < ey T S gl for fal < it I
R 1
VGn g—n 1/2<_ 1/2 f —7, <
VGO < e 7 S g I for fel <~

and, for any K > 0,
R 1

T

VeGyloo —r DS S pe LA S A
[VeGoloo({les)<—méynilel<K) ColRe +60) S G,

The curve x3 = fj(x1) (j = 1,2) under the change of variables © — £ becomes

1 2
L = R_nfj(Rnfl)a & <& <.

(l

Under the assumptions of the lemma, we have, for any K > 1,

1 1

(G h(BE) <& < g R(RE) | N e < K) € {6l < ~RIE"6),
1 1

{R—nﬁ(ﬁ’n&) <& < R_nfz(R”&)} C{l&| < —méi}
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Therefore, for 3, = min( R K®, 7,), we have
1 1
(g h6) < & < rhlRa) (el < K) € {l6] < ~B.6)

Just as in the proof of Lemma 3.2, we can now apply Theorem 9.3 (ii) with boundary
given by the rays |&] = — 3,61 (|€] < K) to conclude that (for a subsequence and any K > 1)
Ga(€) — G(&), where G(&) satisfies

A*G =0 inR*\ Sy, (5.61)

G = aa—G =0 from both sides of Sy, (5.62)
v

GOI < [ +1¢] - in R?, (5.63)

|Gi(e)] =1 where e = limx—n, (5.64)

(l

and where Sy = {(&,0); & < 0}. This is a contradiction to the Liouville theorem stated in

the following lemma. O

Lemma 5.5 If G satisfies (5.61)~(5.63), then G(&) = 0.

Proof. The proof is similar to that of Lemma 3.3. Let Gc H?*(By \ So) be a solution of

A2é =0 in B1 \ So,

G = a—G =0 from both sides of Sy,
v

~ oG oG

G == G, % == % on 8B1

Then |é — G| < CJ¢| and |V(é — ()| < C near £ = 0. Applying the maximum principle
(Theorem 2.3) to G — G in the domain Bi\ (S0 U B.) and then letting ¢ — 0 we conclude

that G — G = 0. Since G has an expansion at the origin, this expansion is valid also for

i)
GO = S B0) (=) (5.65)
near ¢ = 0. Tntroduce the function -
HE) = GIE) — By (0) - r* By(0).
Then
[H(E)] < CIEP? mear £ =0, |G(E) = r?PBi(0)] < CIEP? near € = oo

Since r?By(8) = c£3, 0/3&1[r* B2(0)] = 0. The function

oH 9G  9

_ - 7 T3/2
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is biharmonic in R?\ Sy and satisfies the same zero boundary conditions. It follows that
[VIR(E)] < CEP*T7 near £ =0, j=0,1,2,3,

and

IVIB(E)] < CIEPP near E =00 j=0,1,2,3.

Now we can follow the proof of Lemma 3.3 to conclude that & = 0, which immediately
implies that G = 0. H

Remark 5.7. The preceding Liouville theorem does not follow from a general theorem

of Kondratév [13; Theorem 11] since one of the assumptions he makes,

/ / |G Prdrdfd < oo,

is not satisfies for any ~, in our case.

Remark 5.8. The proof of Lemma 5.2 can be extended to the case where f € C'1T to
yield a different (although more complicated) proof of Theorem 3.1. In (5.16) we need to
replace A7 by A+ and (5.7), (5.8) need to be modified by using the fact that ¢q is C°/?
and applying (5.2) to ( = Vi with § = 0 < 1/2. Finally, (5.9) follows from Lemma 5.4
with fi(xy) = 6|z [T, —1 << 6 < 1.

6 The crack propagation model

In this section we introduce a model of crack propagation. Let © be a domain in RZ
representing a homogeneous elastic body. Let v = (u;), ¢ = (¢;;) and s = (oy;) denote
the displacement vector, the strain tensor and the stress tensor, respectively. The linear

elasticity equations for homogeneous isotropic material consist of the constitutive law

b <.,_|_ v 5.,> (6.1)
TUT T\ T T gy T '
and the equilibrium conditions
0
=0, 6.2
8:1;j0] ( )

provided there are no body forces. Here E is the Young modulus, v is the Poisson ratio, and

the strain-displacement relations are given by

1
§(um —|— um), um‘ = 8]u2 (63)

Suppose there is initially a crack in {2, given by a non-intersecting curve I’y with initial

i =

point on 9 and terminal point (the “crack tip”) Xo = (2o, o) inside 2. Under external
forces the crack tip will generally propagate, and we shall denote it by X(#). The crack
propagation problem consists of finding the displacement v and path X (¢) such that

055 = 0 mn Q \ F(t) (64)
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where
I'(t)=ToU{X = X(5),0 < s <}, (6.5)
oyn; =0 on Fi(t) (no traction on Fi(t)) (6.6)
I'£(#) means both sides of I'(¢), (n;) is the normal to the curve,
u; = 3;  on 0, oiin; =g; on 08} (6.7)

where 9 is a disjoint union of 91§, 052, and an appropriate dynamical equation for X(?).
Based on [7] [10] [19] [20] [21], Friedman and Liu [9] introduced the following dynamics:
v(t) Voo — v(1)

Ry = T I () (6.8)

where

v(t) = |X(1)], X(0) = X,. (6.9)

Here 79, ve are positive constants and J(X(¢)) is described in terms of the J-integral

JW:/(W-ﬁ—s*-Du)dl

~

where |
W = 50'2']‘62']‘

is the strain energy density and
§ = (si1) = (oijn;)

is the traction vector; v is a curve in Q \ I'(?), initiating at ¥ and terminating at X, 7 is a
normal to v, and d[ is the arc element. It is well known [11] that J. is independent of the
path connecting ¥ to X. Denote by S.(X) the circle with center X and radius e, and set
A(X (1) = S:(X(t)) N Q. By the path-independence property of the J-integral it follows
that

J(X (1)) =lim (W7 — 8- Du)dl (6.10)

O A (x (1)
is well defined, and this is the function we use in (6.8); here 71 is the outward normal to the
circles S.(X(?)). Taking the absolute value in (6.8) we get

v — | X(1)]
S R T(X (1)),

or

[X(1)] = vee

(WX )] = 0)+
TXE) ]+

Hence (6.8) can also be written in the form
X(t) = h(IT(X (1)) I(X (1)) (6.11)
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where

his) = %” % (6.12)

Note that the crack cannot propagate unless |J(X(¢))] is larger than vo. In particular, if
|J(X(0))| < 70, then the crack does not propagate, and I'(t) = I'g. Hence in the sequel we
shall always assume that |J(X(0))] > 7o.

As in [9] we can express the stress components in terms of the stress function ¢ (which
is determined up to an additive linear function):

0% 0% 0%

o1 = 2 = P22, O12 = " 920y = T, In = on = A

Then the system (6.1)—(6.6) becomes:

Alp =0 inQ\T(4), (6.13)

e =0, g_tp =0 on I'(t), from both sides, (6.14)
n

I'(t) =ToU{X(s),0<s <t} (6.15)

For definiteness we take boundary conditions (cf. [9])

® =g, g—:j = on Jf). (6.16)

We finally recall that
JX (1)) = (LX), J2(X(1)))

can be computed in the form

Ti(X (1)) = lim [(Ac,o)zni — 98- &, dl, (6.17)
2B =0 Jx (x(0)

where
S$1 = (P21 — Y12M2, Sz = —E12N1 + P1172,

By = (A, (Ap)7), &y = (—(Ag)%, Ap)

and (Ag)° is the harmonic conjugate of Ag determined up to an additive constant (the

(6.18)

constant disappears in the limit in (6.17).

Definition. The crack problem, Problem (C), is the problem of solving the system
(6.13)~(6.18).
7 Reformulation of the crack propagation problem

In this section we reformulate the crack problem by first replacing the dynamic formulation

(6.11) by a geometric condition, and then replacing the latter by the condition (1.17).
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We assume that (i, ') form a solution to problem (C) with T' in C''** and write
J() = (Ni(t), Ja(1) = (X (1)), (X (1)),
For simplicity we shall always assume that
7(0) = f/(0) = 0. (7.1)

Lemma 7.1 a )
™ — VUV
3(0) = T (36A§ 4442, 24A1A2>, (7.2)

Proof. Consider first the case of the tip X(0). By Theorem 3.1,
3 1 3 1
o(x) = A1r3/2 < cos 50 + 3 cos 50) + A2r3/2 < sin 50 + sin 50) + G =r2A. B(#)+ G, (7.3)
where

G = O(r3/*+H) (for any 0 < g < %)

Since A?G = 0, by interior elliptic estimates

|D*G| = O(r~'/7th),
Since |Ag| = O(r~'/%), we also have

(Ap)| =002,

as can be seen by writing (Ap)® as a line integral of ((Ap),, —(Ap).).

Similarly
(AG) | = O(r12Hn).

From the above estimates we easily conclude that we can take G = 0 in the calculation of

4

the J-integral. Using complex variables z = x; + izy = re'’, we have

1 1
o = A1r3/2<cos g@ + 3 cos 50) + A2r3/2<sin g@ + sin 50),
= O 4 CF? 4 D2z'? 4+ D2z,

where

1 1
Then (cf. [8; pp. 275-276])

1 1 _
Ap = 6A1r_1/2 cos 50 + 2A2r_1/2 sin 50 — 2Dz V2 4 2D2_1/2,

1 1 _
(Ap)® = —6A,r" 2 sin 50 + 24572 cos 50 = %Dz Y2y ZiDi_l/z,
1 1 _
%(Acp) = —3A,r Y?sin 50 + Ayr2 cos 50 = Dz Y24 iDE_l/Q,
1 1 _
%(Acp)c = —3A;r "2 cos 50 — Ayr~Y%sin 50 = —Dz Y2 _ D12
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It follows that
/A(M)indl = /A[2DE‘1/2+2EZ—1/2]2%(62'9_I_e—ie)dl
= 27(2D*+2D%) = 187 A2 — 27 A2

where A is the circle r = ¢, —7 < 8 < 7, traced counterclockwise. Similarly

— 21 ) )
Jiaepmat = [ oozt e 2De ) e 4 e

4

m . 121 .
~ / [2De"/2 4+ 2D e=12] S (e )b

4

= 27i(2D? —2D°) = 127 A, A,.

To evaluate s, we compute

§ = (p2n1 — @12n2, —12n1 + P1102),
9% 2 20 9%
- 0— ing, — 0+ 2% 9)
<6:1;§ o8 0x10x, Y 0x10x, cos 0+ 2 Sl

(o))
Next we compute dp/dxy and dp/0x;.

99 _ O Oy
x4 FERNE

_ . 1/
= 5(021/2_'_051/2) L DE/2 L D2 g §<D2‘1/2§—|—D§‘1/22>,

dp <8<,9 899)

O, 09z 0z

Jdz 0z

— — 1 /—
= 5@ <021/2 . 051/2> 4 Z<D§1/2 . D21/2> T §i<DZ_1/2§— D§_1/22>.

By integration by parts (both d¢/dx1 and d¢/0xy vanishes on § = +7) we then get

5 b= [ (2(20),-2(22)) - e derin
- [W<_§_27§_£> <089A“°’ aae(A“Q) >d9

[T dy 0 dy 0 . o .,
- /_r<_a—x2%A -|-ax180(A<,o)>d0 = K+ K,

(7.4)

(7.5)

Substituting the formulas obtained above into the various expression which appears in the

integrand of Ky, we get
T3 : . : .
K = —/ {Gi(Cer? —Te ) 1i(pemiol2 — Der?)

41



—|—%i<ﬁe‘2 30/2 _ e 239/2>} ) <_ iDe=i0/2 4 iDew/?)dH

Similarly
K, = /W {2(0629/2 + Ce _”/2> + <De‘”/2 + Fe””)
+%<F S04 pet i) L (= el — D) d
= o|-2eD-Jp - -7

It follows that
Ky + Ky =67(CD + CD) = —37(34] + A3),

and, together with (7.4),

7(1

—v?) 5 5 . . —v?) 2 2
Jy = < [(187‘(’141 — 21 A2) — 2(K; + Ixz)] = ——— (3647 +443).

2K

In a similar way we compute

[odati= [ (5(52) 5 (52)) - ((aer. a0

W<—a—“° a_¢> ( 9 Ay 8A¢>d0

/_ﬁ Dy’ Oy 96' =" 99
where
Ky = /W {3@<cef9/2 C —29/2> i @<De—w/z ) w/z>
1%i<ﬁe_i W2 De! 39/2)} : < — D2 Ee—i€/2> J0
= 2r EED - gi(]ﬁ— iD* +iD’|,
and

It follows that
[’;’1 + [’;’2 == 67T(Z€D — ZCE) == —67TA1A2,
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and, together with (7.5),

(1 — 1/2)
28

(1 —v?)

S = ok

124, Ay — 2(K;y + Ky)| = (24A:4,). O (7.9)

Remark 7.1. We denote by 0p the angle from the positive z-axis to X(t) If we
rotate the coordinate system by an angle 6p, then the formula in Lemma 7.1 is valid in the
new coordinate system. Therefore we expect the formula for J = (Ji,.J2) in the original

coordinate system to be:

2

Jy = % [(36/13 +4A2) cos Op — 244, A, sin ep], o)

7.10
1 — 2

Jy = % [(36/13 + 4A2) sin Op + 244, A, cos ep].

We shall now verify (7.10) directly. From the computations in Lemma 7.1, we get,
9 c. 9
J = /ﬁ (Ap)? — 2/ <6_<,o7 8_@) ae(aA‘P) v 839A<P .
Oxy Oz, —5 00, S(Ap)
Under the new coordinate system z{ = cosf@pzy + sinfpxy, v, = —sinfpxy + cosfpxy, we
have
n = (cosf,sinf)
= <cos(0 —0p)cosp —sin(f — O0p)sin Op, cos(6 — Op) sin fp + sin(f — Op) cos (9p>,
_ <Cos((9 — 0p), sin(0 — ep)> cosfp, sinfp
—sinfp, cosfp
dp OdoN [0y dy . dy . dp
<6—:1;17 8—:1;2> = <6:1;’1 cosOp — Jar sin fp, 6—:1;’1 sin p + Jar cos (9p>
B <6<,9 8(,9) cosfp, sinfp
 \g2! 9, —sinfp, cosfp

Clearly

cosfp, sinfp %(Acp)c, %Acp

—sinfp, cosfp _%A% %(Acp)c

_ Z(Ap)e,  HAp cosfp, sinfp
— DA, 2(Ap) )\ —sinbp, coslp |

and the 2 matrix with the Ay is invariant under the above change of coordinates. Substi-

tuting these relations into J, we get (7.10).
Set
FS = FO U {1’1 = f(l'z), 0 < T2 < S} (711)
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for any 0 < s < sg and consider (6.13)—(6.16) with Q\ I'(¢) replaced by Q\ I'y and with (6.8)
replaced by

F'(s) = (7.12)

where

We shall refer to this problem as Problem (Cy).
Lemma 7.2 Problems (C) and (Cy) are equivalent.

Proof. For a solution (¢, X(t)) to problem (C), we have

Xo(t) _ Ja(X(1))
ORI (7.13)

If we write X1(1) = s, Xa(t) = f(s), then

with xy = f(s) defined by f(s) = X3(X;'(s)), which shows that (¢, f(s)) forms a solution
to problem (Cg).

Conversely, let (¢, I's) be a solution to problem (Cy) and define X(¢) = (X1(¢), X2(t)) by
X(t) = h(J3 (1)) (1) (7.14)

where J(t) = J(X(¢)). Writing X;(t) = s or t = X[ '(s), we introduce a function X, = ]?(5)
by
[(s) = Xa(X7'(s)).

Thus ]
) Bl J(5)

Xl(t) Jl(Svf(S))
which implies that f’ at X1(t) agrees with f" at s, i.e., fand f define the same curve with
different parameterizations. It follows that the J(¢) in (7.14) is the J-integral for the tip
X (1) of the curve defined by f(s), 0 < s < Xi(t); hence (¢, X(#)) is a solution to problem
(C). O

F(s)

We proceed to consider problem (Cyp), and denote by Aq(s), Az(s), - -+ the coefficients in
the asymptotic expansion of the solution about the tip X(s) = (x, f(s)).

From Lemma 7.1, it is clear that

ﬁ _ tanfp + g(Ay/ Ay)
Jl N 1 —taﬂep g(AQ/Al)

(7.15)
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where 6 1
u , — 6u
9+ ul’ g (u) (9 + u2)2 (7 6)
If the curve in problem (Cy) is given by (s, f(s)), then, at s,
tan Op = f'(s).

Substituting this into (7.15) we conclude that (7.12) is equivalent to
Ay
2
g < A1>

either Ay =0 or A, =0.

g(u)

or, by (7.16),

We shall henceforce assume that
Ay(0) = 0. (7.17)
Since |J(0)| > vo, A1(0) is necessarily # 0 and by continuity (assuming that |J(s)| > yo) we
get that
Ay(s) =0, Aq(s) #0. (7.18)

In particular:

Theorem 7.3 (¢, f(s)) is a solution to problem (Cy) if and only if
Ay(s) = 0. (7.19)

Thus the crack problem is equivalent to the following:

Problem (C;). Find a pair (¢, f(s)) such that ¢ satisfies (6.13)—(6.16) with Q \ I’
replaced by Q\ 'y, I'; as in (7.11), with (7.12) replaced by (7.19).

Condition (7.19) implies that

o =P Ay (s)Bi(0 — 0p) + O™ (0 < A < 1/2)

in a neighborhood of the tip P = (s, f(s)). Consequently, as we approach P from Q \ T,
along the tangent 7 to 'y at P,
o~ (K #0), =0
Tp
where n is the direction normal to 7, or, in terms of the stress o,
K
R

(K £0), 0. — 0. (7.20)

O-TLTL ~

This local behavior is used by some authors (e.g. [7; p. 433] [4]) to model the propagation of
cracks developed by traction (and commonly called mode I, or opening mode ([16; p. 24]).

Since, conversely, (7.20) implies (7.19), we have thus obtained a very interesting physical

result:

Theorem 7.4 In the modeling of the crack propagation problem, the conditions (7.13) and
(7.20) are equivalent (assuming the crack is in C'T).
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8 Remarks on problem (Cj)

The results of §§3, 5 can be used to study the regularity of the coefficients A;(s).

As an

example, we shall establish in this section the Holder continuity of A(s) = (A1(s), Az(s)).

We assume that
Is: aa=f(s),-1<s<7(r>0)

is a C''* curve initiating on dQ and contained in £, with

f(0)y=0, f'(0)=0,
and set O, = Q\ I's. Let ¢(x,s) be the solution of

e H*(Q,),
A% =0 inQ,,
o

= — =0 from both sides of I';.
on

¢:g,a—¢:h on 0N
on

where ¢, h are independent of s.
By Theorem 3.1, if X(s) = (s, f(s)),0< s <7,
O(,s) = |z = X(s)2A(s) - B(0 — arctan f'(s)) + O(|x — X(s)[*7")

for any n such that o + 17 > 1/2.

Set
w(x,s) =(x,s) —P(x,0) for s> 0.

Lemma 8.1 For any sufficiently large p,

1/p
< |w(:1;,3)|pd:1;> < Cps.
Qo
Proof. It is clear that, for any s > 0,
(. 5)| < Cle = (s, f(s)%,
[Vatb(a, ) < Cla — (s, f(s))['*.
It follows that
lw(z, s)] < Cs¥? for |z —(s,0)] < 2s,
IVaw(z,s)| < Cs? for ¢ — (s,0)] < 2s.

(8.1)

(8.2)

(8.7)

(8.8)

Applying Theorem 2.3 in the domain Qo N {|z—(s,0)| > s} with I's replaced by {|x—(s,0)| =

s}, we obtain the assertion (8.8). O

We shall use Lemma 8.1 and (8.7) to prove the following:
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Theorem 8.2 Let
[fller < Fryo [flles < Fig

for0 < a<1/4. Then A(s) is Holder continuous:
IA(X(s)) = AXG)| <CO(s—3)F (0<5<s<T) (8.9)
for any 0 < i < a/4 where C depends only on o, Fy, Fi,.
Proof. It suffices to take §= 0. Note that in (8.7),
O(|z = X(s)"7")] < Cla = X(s)]*7"

where C' depends on Fy, Fi, but is independent of s. It is also clear that |X(s)| < Cs.
Therefore, for /s < |z| < 24/s,

ZT;)Q = A(X(0)) - B(0) — A(X(s)) - B(0 — arctan f'(s)) + O(s"), u = %(% - n) (8.10)

We substitute (8.10) into (8.8) and then integrate over the region {\/s < |z| < 2/s}. By
choosing p to be sufficiently large, we conclude that, for any @ € (0, u/2),

r—Cs2/? " i
</_ \Cafz |A(X(s)) - B(# — arctan f'(s)) — A(0) - B(9)|Pd9> / < O (8.11)

Since p can be chosen arbitrarily close to (but smaller than) a/2, i can be chosen arbitrarily
close to (but smaller than) «/4. Noting that |B(6 — arctan f'(s)) — B(8)] < C[f'].s", (8.9)
easily follows. O

A simple approach to solving problem (C}) is to introduce a family of curves

v ={/s)

£(0) = £/(0) = 03[ onioue) < M|

where 0 < a < 1/4.
For any f(s) €Y, let p(x,s) denote the solution of (6.13)—(6.16) with Q\ I'(¢) replaced

by és, where (i is defined as in (7.11) with f replaced by f. Writing
Bw,s) = i | Dus) B0 = 0p) + Aals) Bo(0 = 0p)] + OG*)

(where 0 < A < «), we introduce the functional

~ 50, 2
M(f):/ <A2(5)> ds, (8.12)
0
and consider the minimization problem:
winM(f) = M(f), JeY, (5.13)
fey
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Since the EQ(S) are uniformly Holder continuous (by Theorem 8.2), a minimizing sequence
(ﬁ,;{;g’n) has a uniformly convergent subsequence to a limit (f, Ay). If the minimum in
(8.13) is equal to zero, then A; = 0 and so f is a solution to problem (Cp). Thus we may
view (8.13) as a relaxation of the crack propagation problem.

It is not clear how to prove that the minimum in (8.13) is equal to zero. In a future
paper, currently under preparation, we shall use the results obtained in the previous sections
in order to rewrite the condition Ay(s) = 0 as a relation between the curvature x(s) at X(s)
and leading coefficients in the expansions near X (s) of ¢(x, s) and its tangential derivative.

This relation should enable us to establish the existence of a solution of problem (Cj).

9 Appendix: sub-Schauder estimates

Let © be a 2-dimensional bounded domain containing the origin, and I'; (j = 1,---,m)

be C''** arcs initiating at the origin and contained in Q. Set I' = U I';. For any small r
=1

denote by w(r) the largest arc on the circle |x| = r which is contained in Q@ \ I', and set

© = infocrcr, w(r) for some small rg > 0, max(7,0) < © < 27. It is easy to verify that there

is a unique solution 6 = 6(&) of

sin®(068) = §%sin*&  such that 0 < &6(&) < 7, §(@) = %
Now let u be a solution of
Aw=f nQ\I, weH*Q\D), (9.1)
u = Z_Z =0 from both sides of T, (9.2)

where

/Q|f| < Co. (9.3)

Theorem 9.1 (Kondratév-Oleinik[14],[15]) If ||u||gz@\r) < C1, then the solution u be-
longs to C'+*@) in ro-neighborhood of the origin, and
jula)] < Cla] o), (9.4
Vu(z)| < Claf’™), (9-5)

where the constant C depends only on Cy, Cy and €.

Example 1. T consists of a single C*** arc with one endpoint at the origin. Theorem
9.1 is then valid with 6(&) = 1/2.

Example 2. T' is a C'*t* curve passing through the origin (and I' = T'y UT;). In this
case, & can be taken arbitrarily close to = (if r¢ is small enough). Hence §(&) can be taken

arbitrarily close to 1 and, in particular, for any ¢ > 0,

lulloa=laf<roy < € (9.6)
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if 7o is small enough; €' depends only on the C'** norm of T' restricted to {|x| < ro} and on
bounds on fQ |f| and ||u|[g2o\r)-

We shall establish a local version of this theorem whereby ||u||g2(q\ry is not assumed to
be (uniformly) bounded by a constant Cy but, instead, |[u|/ze(q) is (uniformly) bounded by
a constant ;. Let € is a 2-dimensional bounded domain, S an open C'*® subarc of 9§

containing the origin in its interior, and

Aw=f inQ, u € H*(9), (9.7)
Ju
u = e 0 onS, (9.8)
Jui<ce < e 9.9)
Q

Let Qg be any subdomain of  such that Qo C QU S.
Lemma 9.2 If (9.7)<(9.9) hold, then
[wllzr200) < Ca (9.10)

where Cy is a constant depending only on Qo,Q, S, Cy and Cy, and the estimates (9.4) (9.5)
hold for any 6(%&) arbitrarily close to 1.

Proof. For simplicity we may assume that the curve S is given by
Stag=g(x1), —-1<a3<1, g(0) =0,

and Q = {z € By; x> g(x1)} and Qo = By, N Q. For any 0 < r < 1/4, let ( be a cutoff

function such that

C C
(=1 for|z]<1—="2r, (=0 forlz|>1—r, V(| < —, |D2C|<—2.

r r

Since u € H?*(Q), Theorem 9.1 implies that for any 0 < ¢ < 1, u = O(d*™), Du = O(d* %)
(and then also D*u = O(d™°) and D?*u = O(d™'7¢) for || < 1 —r where d = d(z) =
dist(x, ). We can therefore integrate by parts

wf = Ay = A(Ctu)Au
[ ¢ [ )

B

= C4|Au|2—|—/ uAuAC4—|—2/ AuVu -V
B1 B, B

= C4|Au|2—|—/ uAu(12C2|VC|2—I—4C3AC)—I—2/ AuVu - (4C°V()
B B By
1

> 5 [ claal - [ wr2vep +acac? - [ Ivupsve
B B B
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Notice that

CNAuf? = Crugiug;
= E / Ctugjui; + E / uuAC G — E / wiui A
;L B1 .- B1 s B
Y 2% 1,7
1
> 5 | (D% = [VuPCVEP
2 Bl B1

Combining these two inequalities, and using also the fact that |u| < C;, we obtain

P < Cc? / o (CIVCP 4080 + 0 / VuP Vel
Bi_:\Bi1_2r B

1—r

B
cc:  Cr
+ -

~
3 2
r r Bi_,

C
/ [Vul* < 6/ | D*ul* + —/ u?,
Bl—r B1—r € Bl—r

where the constant C' is independent of e. Taking ¢ = r/(32C*), we get

C**(02 _I_ 02) 1
/ |D2u|2 < C4|D2u|2< 13 2 —I_E
Bi_or B r

|Vu|2 + 0100.

By embedding

1
/ |D*ul?* V0 <r< -,
Bl—r 4

which implies that

[0 16C7(C +C3)
Bl—r

3
Taking r = 1/4 the proof of (9.10) is complete. The conclusions (9.4), (9.5) now follows from
Theorem 9.1 (example 2) with I' = 5. |:|

Remark 9.1. The proof of Lemma 9.2 extends to the case where S is replaced by T’
as defined at the beginning of this section; i. e., Theorem 9.1 is valid if the assumption
|u|l52@\ry < Cy is replaced by the assumption |u| < Cy in Q.

The estimate (9.6) is a sub-Schauder estimates for C''** boundary. The next sub-

Schauder estimates are for C?T® boundary.

Theorem 9.3 Let Q be a bounded domain and let Qo be a subdomain of Q with Qo C QU S
where S is a C*T subarc of 0. Let u be a solution of

ANu=f inQ, uec H* ),

u=gq, g—:j =h onS.
(i) (C*T estimate) If
1
[9llcztas) < o0, |[hllcrtacs) < oo, / [flfde < oo (p>1—),
o _
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then
lullozsaany < € (lgllozreis) + 1Allorsacs) + 1l + collullz= );

(ii) (C'*T* estimate) If
HgHCH'a(S) < 00, HhHCa(S) < 00, /§;|f|dl' < 00,

then
lullorsaay < € (lglloras) + IAllcas + / [Flda + eol[ulli=(an )

if Qo = Q then the constant co can be taken to be zero in both cases (i) and (ii).

If S € C*** then the result is a consequence of [3; §9] (which is valid also for n-dimensional
domains).

Proof. By subtracting the special solution (2.4), we may assume without loss of gener-
ality that f(x) = 0. Let y = ®(x) be the conformal mapping which flattens the boundary
S. Under our assumptions, ® € C'**® up to the boundary.

Setting w(y) = u(z), the equation A%*u = 0 becomes

A, [k(y)A,w(y)] = 0 (9.11)

where k(y) = |V,.®(x)]* is in C'*® up to the boundary. Now apply [3; §9] to immediately
conclude both (i) and (ii). O
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