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Summary In this paper the balancing domain decomposition

method is extended to nonconforming plate elements. The condi-

tion number of the preconditioned system is shown to be bounded

by C
�
1 + ln(H=h)

�2
, where H measures the diameters of the sub-

domains, h is the mesh size of the triangulation, and the constant

C is independent of H, h and the number of subdomains.
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1. Introduction

Let 
 be a polygonal domain in IR2. The variational form for the plate bending

problem is given by (cf. [14])

(1:1) a(v; w) =

Z



h
�v�w + (1� �)(2vx1x2wx1x2

� vx1x1wx2x2
� vx2x2wx1x1

)
i
dx;

where the Poisson ratio � satis�es 0 < � < 1=2. The theory developed in this paper can

be applied to the plate bending problem with general boundary conditions. However, for

simplicity we only state the results for the clamped plate. The variational problem for the

clamped plate is:

Find u 2 H2
0 (
) such that

(1:2) a(u; v) =

Z



fv dx 8 v 2 H2
0 (
);

where u is the displacement and f 2 L2(
) is the body force.

Some of the simplest plate elements such as the Morley element (cf. [29]), the

Zienkiewicz element (cf. [3]), the Fraeijs de Veubeke element (cf. [22]), the incomplete

biquadratic element (cf. [34]) and the Adini element (cf. [1]) are nonconforming. Overlap-

ping domain decomposition methods for nonconforming plate elements were studied in [9],

* The work of this author was supported in part by the National Science Foundation

under Grant No. DMS-96-00133.
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[10], [11] and [12]. A nonoverlapping BPS-type algorithm for nonconforming plate elements

was developed in [35]. In this paper we will extend Mandel's balancing domain decom-

position (BDD) method (cf. [27], [28], [25], [26], [17], and for related algorithms, [20]),

which is nonoverlapping, to nonconforming plate elements. The results will be presented

in terms of the Morley element, but of course similar results hold for other nonconforming

plate elements. Note that the BDD method for nonconforming �nite elements of Lagrange

type was studied in [16] for second order problems.

Let Th be a quasi-uniform triangulation of 
 (cf. [13]) and h = maxT2Th diamT.

The Morley �nite element space is Mh(
) = fv 2 L2(
) : vjT 2 P2(T ) 8T 2 Th, v is

continuous at the vertices and vanishes at the vertices along @
, the normal derivative of

v is continuous at the midpoints of interelement boundaries and vanishes at the midpoints

along @
g. The discretization of (1.2) using Mh(
) is:

Find uh 2Mh(
) such that

(1:3) ah(uh; v) =

Z



fv dx 8 v 2 Mh(
);

where

(1:4) ah(v; w) =
X
T2Th

Z
T

h
�v�w + (1� �)(2vx1x2wx1x2

� vx1x1wx2x2
� vx2x2wx1x1

)
i
dx;

for all v; w 2 Mh(
). It follows from a simple calculation that

jah(v; w)j � (1 + �)

 X
T2Th

jvj2
H2(T )

!1=2  X
T2Th

jwj2
H2(T )

!1=2

8 v; w 2Mh(
) ;(1:5)

ah(v; v) � (1� �)
X
T2Th

jvj2
H2(T ) 8 v 2 Mh(
) ;(1:6)

where jvj2
H2(T ) =

Z
T

�
(vx1x1)

2 + 2(vx1x2)
2 + (vx2x2)

2
�
dx.

Let 
 be partitioned into nonoverlapping polygonal subdomains 
1, : : :, 
J , which

are aligned with the triangulation Th (cf. Figure 1). The subdomains 
j are assumed to be

shape regular (the precise de�nition is stated in Section 4), and H = max1�j�J diam
j.

On the other hand, the 
j 's do not necessarily form a triangulation of 
. In other words,

some of the cross points (i.e., points in 
 that belong to the boundary of at least three

subdomains) may not be vertices of the subdomains (cf. Figure 1).

Figure 1
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Let �j = @
jn@
, � = [
J

j=1�j,Mh(
n�) be the subspace of members ofMh(
) that

vanish at all of the nodes on �, andMh(�) �Mh(
) be the ah(�; �)-orthogonal complement

ofMh(
n�). We can write uh = _uh+�uh, where _uh 2 Mh(
n�) and �uh 2Mh(�). Problem

(1.3) is equivalent to:

Find _uh 2Mh(
n�) and �uh 2 Mh(�) such that

ah( _uh; v) =

Z



fv dx 8 v 2 Mh(
n�) ;(1:7)

ah(�uh; v) =

Z



fv dx 8 v 2 Mh(�) :(1:8)

Let Mh(
j [ �j) be the restriction of Mh(
) to 
j , Mh(
j) be the subspace of

Mh(
j[�j) whose members vanish at all of the nodes on @
j , andMh(�j) �Mh(
j[�j)

be the ah;j(�; �)-orthogonal complement of Mh(
j), where ah;j(�; �) is the restriction of

ah(�; �) to Mh(
j [ �j) � Mh(
j [ �j). A function v 2 Mh(�j) is called a discrete

biharmonic Morley function and has the following minimum energy property:

(1:9) ah;j(v; v) � ah;j(w;w)

for all w 2Mh(
j [ �j) that share the same nodal values as v on �j .

Since _uh;j = _uhj
j
2 Mh(
j), we can �nd _uh by solving the following problems:

Find _uh;j 2 Mh(
j) such that

(1:10) ah;j( _uh;j ; v) =

Z

j

fv dx 8 v 2Mh(
j):

Note that (1.6) applied to 
j implies that ah;j(�; �) is symmetric positive-de�nite on

Mh(
j).

Since the subdomain problems (1.10) can be solved in parallel, the purpose of a

nonoverlapping domain decomposition method is to provide an e�cient solver for (1.8),

which is the Schur complement of (1.3). Note that the Schur complement is very ill-

conditioned: its condition number grows at a rate of h�3 (cf. Section 7). The BDD method

will produce a preconditioner for (1.8) so that the condition number of the preconditioned

system is bounded by C
�
1 + ln(H=h)

�2
.

The rest of this paper is organized as follows. The BDD algorithm is described in

Section 2. The estimate for the condition number is based on the relation between the

Morley element and the Hsieh-Clough-Tocher element, the equivalence of the nonconform-

ing energy norm and a trace norm on the space Mh(�j), and an extension estimate for

quadratic functions in one variable involving a fractional order Sobolev norm. These are

covered in Sections 3, 4 and 5 respectively. The theorem on the condition number estimate

is given in Section 6, and some numerical results are reported in Section 7.
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2. The BDD Method

By the de�nitions of Mh(�) and Mh(�j), the restriction operator Rj : Mh(
) �!

Mh(
j [ �j) de�ned by

(2:1) Rjv = vj
j

maps Mh(�) into Mh(�j).

Note that the functions in Mh(�j) are uniquely determined by their nodal values on

�j. In fact, for a given v 2 Mh(�j), if w is any function in Mh(
j [ �j) that shares the

same nodal values as v on �j , then v �w 2 Mh(
j) is determined by

(2:2) ah;j(v �w; z) = �ah;j(w; z) 8 z 2 Mh(
j):

Since Rj mapsMh(�) intoMh(�j), functions inMh(�) are also determined by their

nodal values on �. We can therefore de�ne an extension map Ej :Mh(�j) �!Mh(�) as

follows. Given any v 2 Mh(�j), Ejv 2 Mh(�) shares the same values as v at the nodes

on �j and vanishes at all of the nodes on �n�j .

The operators Rj and Ej are related by

(2:3) RjEjv = v 8 v 2 Mh(�j):

Let V be a �nite dimensional vector space and V 0 its dual. We will denote by h�; �i the

canonical bilinear form between V 0 and V , i.e., if F 2 V 0 and v 2 V , then F (v) = hF; vi.

If T : V �! W is a linear map from V to the �nite dimensional vector space W , then

Tt : W 0
�! V 0 is de�ned by

(2:4) hTt�; vi = h�;Tvi 8� 2W 0; v 2 V:

We will identify V 00 (resp. W 00) with V (resp. W ), and hence (Tt)t is identi�ed with T.

If T : V �! V 0 is a linear map, then we say that T is symmetric positive-de�nite if the

following conditions are satis�ed.

hTv1; v2i = hTv2; v1i 8 v1; v2 2 V;(2:5)

hTv; vi > 0 8 v 2 V; v 6= 0:(2:6)

Following this convention, we can introduce the operators S : Mh(�) �! [Mh(�)]
0

and Sj :Mh(�j) �! [Mh(�j)]
0 as follows:

hSv; wi = ah(v; w) 8 v; w 2 Mh(�);(2:7)

hSjv; wi = ah;j(v; w) 8 v; w 2 Mh(�j):(2:8)

Note that S is symmetric positive-de�nite because of (1.6), but Sj is only symmetric

positive semi-de�nite (i.e., the strict inequality in (2.6) is replaced by �) when @
j \@
 =

;. In general, the kernel (null space) of Sj is a subspace of P1(
j).
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Let v; w 2Mh(�). We have, by splitting the integral in (1.4) over the subdomains,

(2:9) ah(v; w) =

JX
j=1

ah;j(Rjv;Rjw):

It follows from (2.7){(2.9) that

(2:10) S =

JX
j=1

Rt

jSjRj :

As was mentioned in the introduction, the goal of a nonoverlapping domain decomposition

method is to �nd a good preconditioner for S. In view of (2.10) and (2.3), it is natural to

use
PJ

j=1EjS
�1
j
Et

j
as a preconditioner for S. Unfortunately, the operator Sj is in general

singular. This di�culty can be overcome by the BDD method.

Let �Mh(�j) be the subspace of Mh(�j) whose members vanish at the cross points of


j and Jj : �Mh(�j) �! Mh(�j) be the natural injection. Note that ah;j(�; �) restricted

to �Mh(�j) is symmetric positive-de�nite, since the only linear polynomial vanishing at all

the cross points of 
j is the zero polynomial. The operator Sj : �Mh(�j) �! [ �Mh(�j)]
0

de�ned by

(2:11) hSjv; wi = ah;j(v; w) 8 v; w 2 �Mh(�j)

is therefore symmetric positive-de�nite, and S�1
j

can be used as part of a preconditioner

for S. However, information is being lost when we restrict to the space �Mh(�j). This

can be compensated for by collecting all the discarded functions into a \coarse grid space"

which also provides global communication among the subdomains.

Let Dj :Mh(�j) �!Mh(�j) be de�ned by (i) (@(Djv)=@n)(m) = (1=2)(@v=@n)(m)

at any midpoints m of Th along �j, (ii) (Djv)(p) = v(p)=2 at any vertex p of Th along �j
that is not a cross point of 
j , (iii) (Djv)(p) = v(p)=np at a cross point p of 
j , where

np is the number of subdomains that have p as a cross point. It is easy to see that the

operators Dj form a partition of unity in the following sense:

(2:12)

JX
j=1

EjDjRj = Id ;

where Id :Mh(�) �!Mh(�) is the identity operator.

Let Zj be the ah;j(�; �)-orthogonal complement of �Mh(�j) in Mh(�j), i.e., Zj = fv 2

Mh(�j) : ah;j(v; w) = 0 8w 2 �Mh(�j)g. (It is clear that KerSj � Zj , and in general

KerSj 6= Zj . The details of the construction of Zj are given below in Remark 2.3.) We

can now de�ne the \coarse grid space"MH to be

(2:13) MH =

JX
j=1

EjDjZj ;
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which is a subspace of Mh(�). The natural injection of MH into Mh(�) is denoted by

I0, and S0 :MH �!M
0
H
is de�ned by

(2:14) hS0v; wi = ah(v; w) 8 v; w 2MH :

Clearly, S0 is symmetric positive-de�nite.

Let P0 :Mh(�) �!Mh(�) be the ah(�; �)-orthogonal projection operator associated

with MH , i.e.,

(2:15) P0 = I0S
�1
0 It0S :

Using the symmetry of S and S0, we have

(2:16) Pt

0 = S I0S
�1
0 It0:

Let Ij : �Mh(�j) �!Mh(�) be de�ned by

(2:17) Ij = (Id�P0)EjDjJj ;

Then the BDD preconditioner B : [Mh(�)]
0
�!Mh(�) for S is de�ned by (cf. [27], [28],

[25], [26], [17])

(2:18) B = I0S
�1
0 It0 +

JX
j=1

IjS
�1
j
It
j
:

Let � 2 [Mh(�)]
0. Using (2.15) and (2.16) we can compute v = B� as follows:

Step 1 Compute w = I0S
�1
0 It0� .

Step 2 Compute � = �� Sw .

Step 3 Set �j = Dt

j
Et

j
� for 1 � j � J .

Step 4 Compute vj = JjS
�1
j

Jt
j
�j for 1 � j � J .

Step 5 Set v̂ =
PJ

j=1EjDjvj .

Step 6 Compute 
 = �� Sv̂ .

Step 7 Compute v0 = I0S
�1
0 It0
 .

Then

v = v0 + v̂:

Remark 2.1. The execution of S in step 2 and step 6 is equivalent to solving plate

bending problems on the 
j 's with essential (Dirichlet) boundary condition on the �j 's,

and the execution of S�1
j

in step 4 is equivalent to solving plate bending problems on the


j 's with natural (Neumann) boundary condition on the �j's. They can both be done in

parallel.

Remark 2.2. Note that the � computed by Steps 1 and 2 is just (Id � P0)
t� and

therefore

(2:19) h�; vi = 0 8 v 2 MH :
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It follows from (2.13) and (2.19) that the �j in Step 3 satis�es

(2:20) h�j; zji = 0 8 zj 2 Zj ;

which is the solvability condition of the equation

(2:21) Sj v̂j = �j :

The vj in Step 4 is the solution of (2.21) in �Mh(�j). Since Steps 5{7 amount to the

computation of I0S
�1
0 It0�+

PJ

j=1(Id�P0)EjDjvj , the �nal output v of the algorithm is

not a�ected by replacing vj with any other solutions of (2.21). Therefore, Step 4 can be

replaced by

Step 4 0 Find vj 2 Mh(�j) such that Sjvj = �j .

Remark 2.3. Let Cj be the set of cross points of 
j that are not on @
. For each

p 2 Cj , we introduce the subspace Vp = fv 2 Mh(�j) : v(q) = 0 8 q 2 Cj n fpgg, and

determine a function zp 2 Vp as follows.

Case 1: dim
�
P1(
j) \ Vp

�
=1.

In this case we take zp to be any basis function of P1(
j) \ Vp.

Case 2: dim
�
P1(
j) \ Vp

�
=0.

In this case we take zp 2 Vp to be the function that satis�es

(2:22) ah;j(zp; v) = v(p) 8 v 2 Vp:

The subspace Zj is spanned by the functions zp where p runs through all the cross points

in Cj .

Remark 2.4. The singularity of Sj can also be overcome by factoring out its kernel. We

can de�ne a preconditionerK by replacing �Mh(�j) with any subspace that is complemen-

tary to the kernel of Sj , and replacing Zj with KerSj in the construction of MH . This

is in fact the BDD preconditioner for second order problems. However, as pointed out by

Le Tallec, Mandel and Vidrascu (cf. [25]), the condition number of KS will grow at the

rate of (H=h)2 for fourth order problems (cf. Remark 6.4). The suppression of the nodal

values at the cross points is crucial for the condition number estimate C
�
1 + ln(H=h)

�2
in

the case of fourth order problems.

The preconditioner B de�ned by (2.18) has the form of an additive Schwarz precon-

ditioner. The operator BS is symmetric with respect to the bilinear form hS�; �i, and the

condition number of BS can be estimated by the following lemma (cf. [19], [23], [31], [32],

[38] and [36]).

Lemma 2.5. Let C1 and C2 be two positive constants such that

(2:23) C1hSv; vi � inf
v=v0+

P
J

j=1
Ijvj

v02MH;vj2
�
Mh(�j)

2
4hS0v0; v0i+ JX

j=1

hSjvj ; vji

3
5 � C2hSv; vi
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for all v 2 Mh(�). Then we have the following estimates on the eigenvalues of BS:

(2:24) �max(BS) � C�11 and �min(BS) � C�12 :

Moreover, if C1 (resp. C2) is the largest (resp. smallest) constant for which (2.23) holds,

then the inequalities in (2.24) become identities.

It turns out that the second inequality in (2.23) holds for C2 = 1. The analysis of the

BDD preconditioner therefore consists mainly of �nding a constant C1 that satis�es the

�rst inequality in (2.23). The condition number estimate for BS will be given in Section

6 after the preparations in the next three sections.

3. Conforming Relatives

Let T be a triangle. The space of shape functions for the Hsieh-Clough-Tocher (HCT)

macro element (cf. [15]) is HCT (T ) = fv 2 C1(T ) : v is piecewise cubic on the three

triangles formed by connecting the vertices of T to its centroidg. A function v in HCT (T )

is completely determined by the values of v and rv at the vertices and @v=@n at the three

midpoints (cf. Figure 3). The HCT �nite element space associated with the triangulation

Th is a subspace of H2(
), i.e., it is conforming for the plate bending problem.

The HCT �nite element is a relative of the Morley �nite element in the sense that

the space of shape functions of the Morley �nite element, namely P2(T ), is a subspace

of HCT (T ) and the nodal variables of the Morley element are also nodal variables of the

HCT element (cf. Figure 2 and Figure 3).

Figure 2 Figure 3

Let D be a polygonal domain with a triangulation Th, and Mh( �D) and HCT h( �D)

be the Morley and Hsieh-Clough-Tocher �nite element spaces associated with Th, without

boundary conditions. The following constructions relate these two �nite element spaces.

Let v 2 Mh( �D). Observe that

(3:1) q0
�
(a+ b)=2

�
=

q(b)� q(a)

b� a
for any quadratic polynomial q.

Hence the gradient rv is well-de�ned at all of the midpoints. We can therefore de�ne

~v 2 HCT h( �D) as follows:

~v(p) = v(p) 8 vertices p;(3:2a) �
@~v

@n

�
(m) =

�
@v

@n

�
(m) 8 midpoints m;(3:2b)

(r~v)(p) = (rv)(mp) 8 vertices p, where mp is an adjacent midpoint.(3:2c)
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We say that mp is an adjacent midpoint of the vertex p if mp and p belong to the same

edge in Th. The choice of mp is of course not unique. This fact can be used later to our

advantage.

Conversely, given w 2 HCT h( �D), we can de�ne ŵ 2 Mh( �D) by

ŵ(p) = w(p) 8 vertices p;(3:3)

@ŵ

@n
(m) =

@w

@n
(m) 8midpoints m:

We can compare v and ~v (w and ŵ) in terms of conforming and nonconforming Sobolev

semi-norms. For any open set G the Sobolev H2 semi-norm is de�ned by

(3:4) jvjH2(G) =

0
@Z

G

2X
i;j=1

(vxixj )
2dx

1
A

1=2

8 v 2 H2(G) ;

and the nonconforming H2-semi-norm associated with Th is de�ned by

(3:5) jvjH2(Th) =

 X
T2Th

jvj2
H2(T )

!1=2

for all functions v such that v
��
T
2 H2(T ) for all T 2 Th.

In order to avoid the proliferation of constants, we will use the notation F <
�

G to

represent the statement that F is bounded by G multiplied by a constant which only

depends on the minimum angle of Th. The statement F � G means F <
�
G and G <

�
F .

Let T 2 Th. By a scaling argument, we have

(3:6) kvk2
L2(T ) � (diamT )2

3X
j=1

[v(pj)]
2 + (diamT )4

3X
j=1

(�
@v

@n
(mj)

�2
+
��(rv)(pj)��2

)

for all v 2 HCT (T ), where p1, p2 and p3 are the vertices of T , and m1, m2, m3 are the

midpoints of the edges of T .

We can now compare v with ~v and w with ŵ.

Lemma 3.1. Let v 2 Mh( �D) and ~v 2 HCT h( �D) be de�ned by (3.2). Then we have

(3:7) j~vjH2(D) <� jvjH2(Th):

Proof. Let T� 2 Th and m1, m2 be two distinct midpoints of T�. Note that on the �nite-

dimensional space P2(T�)=P1(T�), the formula j(rq)(m1)�(rq)(m2)j de�nes a semi-norm,

while jqjH2(T
�
) de�nes a norm. Hence, by a scaling argument, we have

(3:8) j(rq)(m1)� (rq)(m2)j <� jqjH2(T
�
) 8 q 2 P2(T�) :
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Let v� 2 HCT (T�) be related to v
��
T
�

by (3.2), where rv� at a vertex p of T equals rv

at that midpoint of T which precedes p in the counterclockwise sense. Using a standard

inverse estimate (cf. [14], [13]), (3:2c), (3.6) and (3.8), we obtain

jv � ~vj2
H2(T

�
)
<
�
(diamT )�4kv � ~vk2

L2(T
�
)(3:9)

<
�
(diamT )�4kv � v�k

2
L2(T

�
) +

X
T2S(T

�
)

jvj2
H2(T ) ;

where

(3:10) S(T�) = the union of all T 2 Th such that �T \ �T� 6= ;.

Since kv�v�kL2(T
�
) de�nes a semi-norm on the �nite-dimensional space P2(T�)=P1(T�),

we again obtain by a scaling argument that

(3:11) kv � v�kL2(T
�
) <� diam(T )2jvjH2(T ):

The estimate (3.7) follows from (3.9) and (3.11).

A similar but simpler argument gives the next lemma.

Lemma 3.2. Let w 2 HCT h( �D) and ŵ 2Mh( �D) be de�ned by (3.3). Then we have

(3:12) jŵjH2(Th)
<
�
jwjH2(D):

Combining (3.7), (3.12) and the identity ~̂v = v, we have the following corollary.

Corollary 3.3. Let v 2 Mh( �D) and ~v 2 HCT h( �D) be de�ned by (3.2). Then we have

(3:13) j~vjH2(D) � jvjH2(Th) :

Finally we describe the construction of an HCT interpolant v� for a function � 2

H2(D). We assume that a unit normal ne has been chosen for each edge e 2 Th and de�ne

�e;3 2 P3(e) and �e;2 2 P2(e) to be the L
2(e) projection of �

��
e
and (@�=@ne)

��
e
respectively.

We will assign the nodal values of v� 2 HCT h( �D) as follows. Let m be a midpoint of an

edge e in Th. We de�ne

(3:14)

�
@v�

@n

�
(m) = �e;2(m) :

Let p be a vertex in Th and e be an edge in Th with p as an endpoint. We de�ne

(3:15) v�(p) = �e;3(p) ;

and (rv�)(p) to be the vector satisfying

(rv�)(p) � ne = �e;2(p) ;(3:16)

(rv�)(p) � te = � 0e;3(p) ;(3:17)
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where te is a unit tangent vector of e and � 0
e;3 is the derivative of �e;3 in the direction of

te. Note that the choice of the nodal values of v� at a vertex p is not unique, since there

are many edges emanating from p.

Lemma 3.4. It holds that

(3:18) jv� jH2(D) <� j�jH2(D) :

Proof. The following arguments are similar to those in the proof of Lemma 3.1.

Let e1 and e2 be two sides of T� 2 Th and p be the common vertex of e1 and e2.

Suppose v�;e1(p) and (rv�;e1)(p) are de�ned by (3.15){(3.17) using �e1;3 and �e1;2, and

v�;e2(p) and (rv�;e2)(p) are de�ned by (3.15){(3.17) using �e2;3 and �e2;2. It is clear that

v�;e1(p) = v�;e2(p) and (rv�;e1)(p) = (rv�;e2)(p) when � 2 P1(T�). Therefore, by the

Bramble-Hilbert lemma (cf. [7]) and a scaling argument, we have

jv�;e1(p)� v�;e2(p)j <� (diamT�)j�jH2(T
�
) ;(3:19)

j(rv�;e1 )(p)� (rv�;e2)(p)j <� j�jH2(T
�
) :(3:20)

Let v�;T
�

2 HCT (T�) be de�ned by (3.14){(3.17), where the nodal values of v�;T
�

at a

vertex p of T� are de�ned by using �e;3 and �e;2, with e being the edge of T� preceding p

in the counterclockwise sense.

By (3.14){(3.17), (3.19){(3.20), (3.6) and a standard inverse estimate, we have

jv� jH2(T
�
) <� jv�;T

�

jH2(T
�
) + (diamT�)

�2
jv� � v�;T

�

jL2(T
�
)(3:21)

<
�
jv�;T

�

jH2(T
�
) + j�jH2(S(T

�
)) ;

where S(T�) is de�ned in (3.10). On the other hand, a scaling argument yields

(3:22) jv�;T
�

j <
�
j�jH2(T

�
) :

The estimate (3.18) follows from (3.21) and (3.22).

Remark 3.5. The construction of v� is motivated by the idea of Scott and Zhang in [33].

It can be shown that

(3:23) j� � v� jHk(D) <� h2�kj�jH2(D) for k = 0; 1:

But (3.18) is all that we need later.

Remark 3.6. Conforming relatives exist for many other nonconforming plate elements.

For example, a conforming relative for the Zienkiewicz element (cf. [3]) (resp., the Fraeijs

de Veubeke element (cf. [22]), the Adini element (cf. [1]) and the incomplete biquadratic

element (cf. [34])) is the Bell element (cf. [4]) (resp., the sixth degree Argyris element (cf.

[2]), the Bogner-Fox-Schmit element (cf. [6]) and the Fraeijs de Veubeke-Sander element

(cf. [21])).
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4. A Norm Equivalence

One of the key ingredients in the condition number estimate for nonoverlapping do-

main decomposition methods is the equivalence of the energy norm and a certain fractional-

order Sobolev trace norm on the space of discrete harmonic functions (2nd order problems)

or discrete biharmonic functions (4th order problems). We will show in this section how to

modify this norm equivalence for the nonconforming Morley �nite element. Our construc-

tion is based on the concept of conforming relatives developed in the previous section.

We �rst state the precise conditions on the shape regularity of the subdomains 
j .

Recall that H = max1�j�J diam
j . We assume that there exist reference domains Dk,

1 � k � K, with the following properties:

(4:1) diamDk = 1 ;

and for each 
j , there exists a C
2 di�eomorphism Tk;j from �Dk to �
j such that

The absolute values of the `th order derivatives of Tk;j (resp. T
�1
k;j

)(4:2)

are <
�
H` (resp. H�`) for ` = 0; 1; 2.

(Here and in Section 6 the constant in the statement F <
�
G is independent of h, H and

J .) Note that (4.1) and (4.2) imply in particular that diam
j � H for 1 � j � J .

We also need a fractional-order Sobolev semi-norm. Let D be a bounded polygonal

domain. The semi-norm j � jH1=2(@D) is de�ned by (cf. [30])

(4:3) jvjH1=2(@D) =

�Z
@D

Z
@D

jv(x) � v(y)j2

jx� yj2
ds(x) ds(y)

�1=2

8 v 2 H1=2(@D);

where ds is the arc-length di�erential.

Throughout this section we use CD to denote a generic positive constant which only

depends on D.

Lemma 4.1. There exists a constant CD such that

(4:4) jrwj
H1=2(@D) � CD jwjH2(D) 8w 2 H2(D) :

Proof. By the trace theorem (cf. [24]) we have

(4:5) jrwj
H1=2(@D) = jr(w + g)j

H1=2(@D) � CDkw + gkH2(D) 8 g 2 P1(D) :

The estimate (4.4) follows from (4.5) and the Bramble-Hilbert lemma (cf. [7]).

Since the natural injection from H1=2(@D) into L2(@D) is a compact operator (cf.

[30]), the usual norm equivalence argument for Sobolev spaces (cf. [30]) yields

(4:6) kwkL2(@D) � CD

�����
Z
@D

w ds

����+ jwjH1=2(D)

�
8w 2 H1=2(@D) :

12



The next lemma follows from (4.6).

Lemma 4.2. There exists a constant CD such that

(4:7) kwkL2(@D) � CD jwjH1=2(@D)

for all w 2 H1=2(@D) such that

Z
@D

w ds = 0.

Lemma 4.3. There exists a constant CD such that given any w 2 H2(D), we can �nd a

function ~w 2 H2(D) that satis�es

~w
��
@D

= w
��
@D

and r ~w
��
@D

= rw
��
@D

;(4:8)

j ~wjH2(D) � CD jrwjH1=2(@D) :(4:9)

Proof. Let the constants a, b and c be de�ned by

(4:10)

Z
@D

[(@w=@x1)� a] ds =

Z
@D

[(@w=@x2)� b] ds =

Z
@D

[w � (ax1 + bx2 + c)] ds = 0 :

Let g = ax1 + bx2 + c. We have, by (4.10),

(4:11)

Z
@D

(w � g) ds =

Z
@D

�
@(w� g)=@x1

�
ds =

Z
@D

�
@(w � g)=@x2

�
ds = 0 :

It follows from Lemma 4.2 that

(4:12) kw� gkL2(@D)+ kr(w � g)k
L2(@D) � CD jr(w � g)j

H1=2(@D) = CD jrwjH1=2(@D) :

There exists by the trace theorem (cf. [24]) a function w� 2 H2(D) such that

w�
��
@D

= (w � g)
��
@D

and rw�
��
@D

= r(w � g)
��
@D

;(4:13)

jw�jH2(D) � CD

�
kw � gkL2(@D) + kr(w � g)kL2(@D) + jr(w � g)jH1=2(@D)

�
:(4:14)

Let ~w = w� + g. Then ~w 2 H2(D) and (4.8){(4.9) follow from (4.12){(4.14).

We now turn to the construction of the norm equivalence for the space Mh(�j). Let

v 2 Mh(�j) and ~v 2 HCT (�
j) be constructed by (3.2). The functions D1v = (@~v=@x1)
��
@
j

and D2v = (@~v=@x2)
��
@
j

are piecewise quadratic with respect to the triangulation of @
j

induced by Th and are continuous on @
j .

De�nition 4.4. We say that (D1v;D2v) is an HCT trace of rv.

Remark 4.5. (D1v;D2v) can be constructed directly using only the nodal values of v

along @
j and formula (3.2).

We can now prove the result on equivalent norms of the discrete biharmonic Morley

functions.
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Lemma 4.6. Let v 2 Mh(�j) and (D1v;D2v) be an HCT conforming trace of rv.

Then we have

(4:15) jD1vjH1=2(@
j)
+ jD2vjH1=2(@
j)

� jvjH2(Th);

where the nonconforming semi-norm j � jH2(Th) with respect to the triangulation Th is

de�ned as in (3.5).

Proof. Observe �rst that, by (1.5) and (1.6) applied to 
j , we have

(4:16) ah;j(�; �) � j � j
2
H2(Th)

onMh(�j) :

Let ~v 2 HCT (�
j) be constructed by (3.2) so that

(4:17) (D1v;D2v) =
�
(@~v=@x1)

��
@
j

; (@~v=@x2)
��
@
j

�
:

It follows from (4.17), Lemma 4.1 (for the reference domains) and a scaling argument using

(4.1){(4.2) that

(4:18) j@~v=@x1jH1=2(@
j)
+ j@~v=@x2jH1=2(@
j)

<
�
j~vjH2(
j):

Combining (4.17){(4.18) and Corollary 3.3 we have

(4:19) jD1vjH1=2(@
j)
+ jD2vjH1=2(@
j)

<
�
jvjH2(Th):

On the other hand, there exists by Lemma 4.3 (for the reference domains) and a

scaling argument using (4.1){(4.2), a function � 2 H2(D) such that

�
��
@
j

= ~v
��
@
j

and r�
��
@
j

= r~v
��
@
j

;(4:20)

j�jH2(
j)
<
�
jr~vjH1=2(@
j)

:(4:21)

We can choose an HCT interpolant v� of � (cf. Section 3) such that the nodal values of v�
at a vertex p on @
j are de�ned using an edge e on @
j which has p as an endpoint. Note

that (4.20) implies �
��
e
2 P3(e) and (@�=@n)

��
e
2 P2(e) for any edge e on @
j . Therefore it

follows from (3.14){(3.17) that v�
��
@
j

= �
��
@
j

and rv�
��
@
j

= r�
��
@
j

.

By (3.18) and (4.20){(4.21), the function w = v� 2 HCT (�
j) satis�es

w
��
@
j

= ~v
��
@
j

and rw
��
@
j

= r~v
��
@
j

;(4:22)

jwjH2(
j)
<
�
jr~vjH1=2(@
j) :(4:23)

Let ŵ 2 Mh(�
j) be constructed from w using (3.3). Then ŵ shares the same nodal values

as v on @
j by (4.22) and (3.2){(3.3). It follows from (1.9), (3.12) and (4.16) that

(4:24) jvjH2(Th)
<
�
jŵjH2(Th)

<
�
jwjH2(
j):
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Combining (4.17), (4.23) and (4.24) we have

(4:25) jvjH2(Th)
<
�
jD1vjH1=2(@
j)

+ jD2vjH1=2(@
j)
:

Remark 4.7. The construction of w in the proof of Lemma 4.6 is based on the ideas in

the well-known extension theorems of linear elements (cf. [5] and [37]).

Finally we prove a lemma that will justify the extra e�ort involved in the construction

of the coarse grid space MH (cf. Remark 2.4.).

Lemma 4.8. Let w 2 H2(
j) vanish at all of the vertices of 
j . Then we have

(4:26) H� 1
2 kwkL2(@
j) +H

1
2 krwk

L2(@
j)
<
�
H jrwj

H1=2(@
j)
:

Proof. It su�ces to prove (4.26) on a reference domain D for H = 1. There exists by

Lemma 4.5 a function ~w 2 H2(D) which satis�es (4.8){(4.9). Note that (4.8) implies that

~w also vanishes at all the vertices of D. By the trace theorem we have

(4:27) kwkL2(@D) + krwk
L2(@D) � CDk ~wkH2(D) :

Since the natural injection of H2(D) into H1(D) is compact, it follows from the usual

norm equivalence argument for Sobolev spaces (cf. [30]) that

(4:28) kvkH2(D) � CD

0
@jvjH2(D) +

3X
j=1

jv(pj )j

1
A 8 v 2 H2(D) ;

where p1, p2 and p3 are three non-collinear vertices of D.

The estimate (4.26) for D follows from (4.9), (4.27) and (4.28) (applied to ~w).

5. An Extension Estimate

We have shown in the previous section that the nonconforming energy norm of a

discrete biharmonic Morley function v on 
j is equivalent to the j � jH1=2(@
j) semi-norm

of an HCT trace of rv, which is a piecewise quadratic vector-function in one independent

variable. We will establish in this section an extension estimate for such functions in terms

of the 1
2
-order Sobolev semi-norm.

Let : : : < a�1 < a0 = 0 < a1 < a2 < : : : < aN = L < aN+1 < : : : be a quasi-uniform

subdivision of IR, i.e.,

(5:1) jai+1 � aij � h ;

where h is the mesh size of the subdivision. We will denote byQh(I) the space of continuous

piecewise quadratic functions (with respect to the subdivision a0 < a1 < : : : < aN ) on
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the interval I = (0; L). Throughout this section, the constant in the statement F <
�
G is

independent of L and h.

Let q 2 Qh(I). The semi-norm jqjH1=2(I) is de�ned by

(5:2) jqj2
H1=2(I) =

Z
L

0

Z
L

0

jq(x)� q(y)j2

jx� yj2
dx dy:

We have the following discrete Sobolev inequality (cf. [18]).

Lemma 5.1. The following estimate holds:

(5:3) kqkL1(I) <�

�
1 + ln

L

h

�1=2 h
L�

1
2 kqkL2(I) + jqjH1=2(I)

i
8 q 2 Qh(I) :

The following lemma extends a well-known result for piecewise linear functions (cf.

[8]).

Lemma 5.2. Suppose q 2 Qh(I) vanishes at the endpoints of I, and ~q is the extension

of q to IR that vanishes outside the interval I. Then we have

(5:4) j~qj2
H1=2(IR)

<
�

�
1 + ln

L

h

�
kqk2

L1(I) + jqj2
H1=2(I):

Proof. It follows from (5.2) and a straight forward calculation that

j~qj2
H1=2(IR) =

Z
IR

Z
IR

j~q(x)� ~q(y)j2

jx� yj2
dx dy(5:5)

= jqj2
H1=2(I) + 2

Z L

0

q2(x)

x
dx+ 2

Z L

0

q2(x)

L� x
dx:

We can write

Z
L

0

q2(x)

x
dx =

Z
a1

0

q2(x)

x
dx+

Z
L

a1

q2(x)

x
dx. It is clear that the second

integral is bounded by [1 + ln(L=h)] kqk2
L1(I). The �rst integral is bounded by kqk2

L1(I)

by a scaling argument. Similar estimates hold for

Z L

0

q2(x)

L� x
dx. Therefore

(5:6)

Z L

0

q2(x)

x
dx+

Z L

0

q2(x)

L� x
dx <

�

�
1 + ln

L

h

�
kqk2

L1(I):

The estimate (5.4) now follows from (5.5) and (5.6).

We now apply the above two basic lemmas to study the extension of continuous

piecewise quadratic vector-functions. Note that such functions are determined by their

values at the midpoints and endpoints of the subintervals. Given a vector function q =

(q1; q2)
t
2 [Qh(I)]

2 and 2� 2 matrices A` and Ar, we can de�ne the continuous piecewise
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quadratic vector-functions q` and qr as follows. The function q` vanishes outside the

interval (a�1; a1) and q`
��
[a
�1;a1]

is determined by (i) q`(a�1) = q`(a1=2) = q`(a1) = 0, (ii)

q`(0) = q(0), and (iii) [q`(a�1=2)] = A`[q(0)]. Similarly, the function qr vanishes outside

(aN�1; aN+1), and qr
��
[aN�1;aN+1]

is determined by (i) qr(aN�1) = qr
�
(aN�1 + L)=2

�
=

qr(aN+1) = 0, (ii) qr(L) = q(L) and (iii)
�
q`
�
(L+ aN+1)=2

��
= Ar[q(L)].

We assume that

(5:7) kA`k1 + kArk1 <
�
1:

Lemma 5.3. Let q` and qr be the functions de�ned above. Then we have

(5:8) jq`jH1=2(IR) + jqr jH1=2(IR)
<
�
kqkL1(I):

Proof. First observe that we have, by (5.7), kq`kL1((a
�1;a1))

<
�

jq(0)j. Applying

Lemma 5.2 to q` on (a�1; a1) we obtain

(5:9) jq`jH1=2(IR)
<
�
jq(0)j+ jq`j

H1=2

�
(a
�1;a1)

�:
A scaling argument shows that jq`j

H1=2

�
(a
�1;a1)

� <
�
jq(0)j, and hence

(5:10) jq`jH1=2(IR) <� kqkL1(I):

The estimate for jqrjH1=2(IR) is obtained similarly.

The following extension estimate will play a key role in the condition number estimate

(cf. Section 6).

Lemma 5.4. Let q 2 [Qh(I)]
2 and A`, Ar be 2 � 2 matrices satisfying (5.7). Let

~q be a continuous piecewise quadratic extension of q to IR de�ned by (i) ~q vanishes

outside (a�1; aN+1); (ii) ~q
��
[a
�1;0]

is determined by ~q(a�1) = 0,
�
~q(a�1=2)

�
= A`[q(0)] and

~q(0) = q(0); (iii) ~q
��
[L;aN+1]

is determined by ~q(aN+1) = 0,
�
~q
�
(L+aN+1)=2

��
= Ar[q(L)],

and ~q(L) = q(L). Then we have

(5:11) j~qj2
H1=2(IR)

<
�

�
1 + ln

L

h

�2 h
L�1kqk2

L2(I) + jqj2
H1=2(I)

i
:

Proof. Let q` and qr be the functions de�ned in the paragraph before Lemma 5.3, and

the function qm on I be de�ned by

(5:12) qm = q� q`jI � qrjI :

We denote by ~qm the extension of qm to IR that vanishes outside the interval I.
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We can express ~q as

(5:13) ~q = q` + ~qm + qr:

Combining (5.8) and (5.3) we have

(5:14) jqrj
2
H1=2(IR)

+ jq`j
2
H1=2(IR)

<
�

�
1 + ln

L

h

� h
L�1kqk2

L2(I) + jqj2
H1=2(I)

i
:

Since q vanishes at the endpoints of I, it follows from (5.4) that

(5:15) j~qmj
2
H1=2(IR)

<
�

�
1 + ln

L

h

�
kqmk

2
L1(I) + jqmj

2
H1=2(I):

Using (5.12) and the fact that kq`kL1(IR) <� jq(0)j and kqrkL1(IR) <� jq(L)j, we have

(5:16) k qmkL1(I) <� kqkL1(I):

Also, Lemma 5.3 and (5.12) imply that

jqmjH1=2(I)
<
�
jqjH1=2(I) + jq`jH1=2(I) + jqrjH1=2(I)(5:17)

<
�
jqjH1=2(I) + kqkL1(I)

Combining (5.15){(5.17) and (5.3) we obtain

(5:18) j~qmj
2
H1=2(IR)

<
�

�
1 + ln

L

h

�2 h
L�1kqk2

L2(I) + jqj2
H1=2(I)

i
:

The estimate (5.11) now follows from (5.13), (5.14) and (5.18).

6. Condition Number Estimate

First we show that the second inequality in (2.23) holds for C2 = 1.

Lemma 6.1. The following estimate holds.

(6:1) inf
v=v0+

P
J

j=1
Ijvj

v02MH;vj2
�
Mh(�j)

2
4hS0v0; v0i+ JX

j=1

hSjvj ; vji

3
5 � hSv; vi 8 v 2 Mh(�):

Proof. Given any v 2 Mh(�), we de�ne v0 = P0v 2 MH and v̂ = (Id � P0)v. The

functions vj 2 �Mh(�j) are de�ned by

(6:2) ah;j(vj ; w) = ah;j(Rj v̂; w) 8w 2 �Mh(�j):
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It follows easily from (6.2) that

Rj v̂ � vj 2 Zj ;(6:3)

ah;j(vj ; vj) � ah;j(Rj v̂;Rj v̂) :(6:4)

Using (2.12), (2.13), (2.17), (6.3) and the fact that P0 is a projection operator onto MH ,

we obtain the following splitting of v:

v = v0 + (Id�P0)v̂(6:5)

= v0 +

JX
j=1

(Id�P0)EjDjvj + (Id�P0)

JX
j=1

EjDj(Rj v̂ � vj)

= I0v0 +

JX
j=1

Ijvj :

From (2.7){(2.9), (2.11), (2.14), (6.4) and the de�nitions of v0 and v̂, we have

hS0v0; v0i+

JX
j=1

hSjvj ; vji = ah(v0; v0) +

JX
j=1

ah;j(vj ; vj)(6:6)

� ah(v0; v0) +

JX
j=1

ah;j(Rj v̂;Rj v̂)

= ah(v0; v0) + ah(v̂; v̂)

= ah(v0 + v̂; v0 + v̂) = hSv; vi;

which implies (6.1).

Next we estimate the constant C1 in (2.23).

Lemma 6.2. The following estimate holds.

(6:7)

�
1 + ln

H

h

��2
hSv; vi <

�
inf

v=v0+

P
J

j=1
Ijvj

v02MH;vj2
�
Mh(�j)

2
4hS0v0; v0i+ JX

j=1

hSjvj ; vji

3
5 :

Proof. Let v0 2 MH , vj 2 �Mh(�j) for 1 � j � J , and v = v0 +
PJ

j=1 Ijvj = v0 + (Id�

P0)
PJ

j=1EjDjvj . Since P0 is the ah(�; �)-orthogonal projection operator onto MH , we

derive from (2.7), Pythagoras' theorem and the arithmetic-geometric inequality that

hSv; vi = ah(v0; v0) + ah
�
(Id�P0)

JX
j=1

EjDjvj ; (Id�P0)

JX
j=1

EjDjvj
�

(6:8)

� hS0v0; v0i+ ah

� JX
j=1

EjDjvj ;

JX
j=1

EjDjvj

�

<
�
hS0v0; v0i+

JX
j=1

ah(EjDjvj ;EjDjvj):
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Since vj 2 �Mh(�j) vanishes at the cross points of 
j , the function EjDjvj vanishes on

all the subdomains except those 
` such that 
j and 
` share (part of) a side. We

will denote the index set for such subdomains by Nj . Note that the shape regularity

assumptions (4.1){(4.2) imply that jNj j is bounded by a constant independent of H, h

and J , which justi�es the last step in (6.8).

In view of (2.9) we can write

(6:9) ah(EjDjvj ;EjDjvj) =
X
`2Nj

ah;`(R`EjDjvj ;R`EjDjvj) :

It remains only to estimate ah;`(R`EjDjvj ;R`EjDjvj) for each ` 2 Nj .

Recall that functions in �Mh(�j) vanishes at the cross points of 
j and hence

(6:10) Djvj =
vj

2
8 vj 2 �Mh(�j) :

It therefore su�ces to estimate ah;`(R`Ejvj ;R`Ejvj) by ah;j(vj ; vj), and we may assume

` 6= j since the case ` = j is trivial.

Let e be the common side of 
j and 
`, and vj;` = R`Ejvj . Observe that, by the

de�nition of Ej and (3.1), rvj;` vanishes at all the midpoints of @
j that are not on e, since

vj vanishes at the endpoints of e. Using the freedom in choosing the adjacent midpoint in

(3:2c), we can construct HCT conforming traces (D1vj ;D2vj) and (D1vj;`;D2vj;`) for rvj
and rvj;` such that

(6:11) (D1vj
��
e
;D2vj

��
e
) = (D1vj;`

��
e
;D2vj;`

��
e
);

(D1vj;`;D2vj;`) vanishes at all vertices and midpoints that are not on e;(6:12)

except the two midpoints next to the endpoints of e (cf. Figure 4).

Observe that the identity

(6:13) g0
�
(a+ b)=2

�
=

3

2

�
g(b)� g(a)

b� a

�
�

�
g0(a) + g0(b)

4

�

holds for any cubic polynomial. Since vj 2 �Mh(�j) vanishes at the vertices of e, we have

the following consequence of (6.13).

Let m be a midpoint on @
` n e which is next to the vertex p of e (cf. Figure 4).(6:14)

Then
�
D1vj;`

�
(m) and

�
D2vj;`

�
(m) are linear combinations of

�
D1vj

�
(p) and�

D2vj
�
(p), with coe�cients bounded by universal constants.

e

Ω

Ω

p p

m

j

l

1 2

2m1

Figure 4
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Recall thatHCT conforming traces are piecewise quadratic vector-functions. It follows

from (6.11){(6.12), (6.14) and Lemma 5.4 that

jD1vj;`j
2
H1=2(@
`)

<
�

�
1 + ln

H

h

�2 h
jD1vj

2
H1=2(@
j)

+H�1
kD1vk

2
L2(@
j)

i
;(6:15)

jD2vj;`j
2
H1=2(@
`)

<
�

�
1 + ln

H

h

�2 h
jD2vj

2
H1=2(@
j)

+H�1
kD2vk

2
L2(@
j)

i
:(6:16)

Since (D1vj ;D2vj) (resp. (D1vj;`;D2vj;`)) is the restriction of the gradient of a func-

tion in HCT h(�
j) (resp. HCT `(�
`)) which vanishes at all the vertices of 
j (resp. 
`), it

follows from Lemma 4.8 and (6.15){(6.16) that

jD1vj;`j
2
H1=2(@
`)

+ jD2vj;`j
2
H1=2(@
`)

(6:17)

<
�

�
1 + ln

H

h

�2 h
jD1vj

2
H1=2(@
j)

+ jD2vj
2
H1=2(@
j)

i
:

From Lemma 4.6, (4.16) and (6.17) we obtain

(6:18) ah;`(R`Ejvj ;R`Ejvj) <�

�
1 + ln

H

h

�2

ah;j(vj ; vj) :

The estimate (6.7) now follows from (6.8){(6.10), (6.18) and (2.11).

Combining Lemmas 2.5, 6.1 and 6.2, we have the following theorem on the condition

number of the operator BS.

Theorem 6.3. There exists a constant C > 0 independent of h, H, and J , such that

(6:19)
�max(BS)

�min(BS)
� C

�
1 + ln

H

h

�2

:

Remark 6.4. Let the square 
 with vertices (�1;�1), (2;�1), (2; 2) and (�1; 2) be

partitioned into nine unit squares, and Th be a uniform triangulation of 
 with mesh size

h. Let 
1 be the subdomain with vertices (0; 0), (1; 0), (1; 1) and (0; 1), and v be the

discrete biharmonic Morley function on 
1 whose nodal values on @
1 coincide with those

de�ned by the function ~v = x1x2. Clearly ~v is an HCT relative of v and r~v = (x2; x1)

is an HCT trace of rv. Let 
2 be the neighboring subdomain with vertices (0; 1), (1; 1),

(1; 2) and (0; 2). Since v(1; 1) = 1, Lemma 4.6 and the identity (6.13) imply that the

nonconforming j � jH2(Th) semi-norm of the extension of v to 
2 is of order h�1. On the

other hand the nonconforming j � jH2(Th) semi-norm of v on 
1 is of order 1 by Lemma 4.6.

It follows that for this 
 the condition number of KS (cf. Remark 2.4) is of order h�2

(cf. Lemma 2.5). Hence, the condition number of KS can in general grow at the rate of

(H=h)2.

Remark 6.5. The BDD method for nonconforming plate elements can also be applied

to plates where the physical constants have jumps across subdomains. The estimate (6.19)
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is still valid, where C is also independent of the jumps of the physical constants. This is

achieved by choosing appropriate diagonal scaling operators Dj which take into account

such jumps, as in the conforming case (cf. [28], [25], and [26]).

7. Numerical Results

We have carried out three numerical experiments. The �rst two experiments are

performed for a rectangular plate whose vertices are located at (0; 0), (4; 0), (4; 3) and

(0; 3). It is divided into 12 subdomains (cf. Figure 5) for the �rst experiment and 48

subdomains (cf. Figure 6) for the second experiment. The third experiment is performed

for an L-shaped plate whose vertices are located at (0; 0), (0; 2), (�2; 2), (�2;�2), (2;�2)

and (2; 0), and it is divided into 8 subdomains (cf. Figure 7). In all three experiments

the plates are triangulated uniformly by triangles whose sides have slopes 0, �1 and 1,

and the mesh size h is taken to be the length of the horizontal edges of the triangles. The

Poisson ratio � equals 0:3 in all experiments.

Figure 5 Figure 6 Figure 7

The condition numbers �(S), �(KS) and �(BS) are displayed in Table 1, Table 2 and

Table 3, where S is the Schur complement with respect to the skeleton of the subdomains,

K is the preconditioner where the coarse grid space is constructed by using the kernels of

the subdomain Schur complements (cf. Remark 2.4), and B is the BDD preconditioner

de�ned in (2.18). In all three experiments �(S), �(KS) and �(BS) grow at the rates of

h�3, h�2 and j lnhj2 respectively. The results of the �rst two experiments also indicate

that the constant C in (6.19) is indeed independent of the number of subdomains.

h �(S) �(KS) �(BS)

(0:5)0 8:611 � 100 2:262 � 100 1:062 � 100

(0:5)1 3:238 � 101 6:288 � 100 1:657 � 100

(0:5)2 2:046 � 102 2:325 � 101 3:104 � 100

(0:5)3 1:522 � 103 9:211 � 101 5:446 � 100

(0:5)4 1:209 � 104 3:682 � 102 8:323 � 100

Table 1. Rectangular Plate (12 Subdomains)
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h �(S) �(KS) �(BS)

(0:5)1 6:501 � 101 1:595 � 100 1:038 � 100

(0:5)2 3:595 � 102 6:066 � 100 1:761 � 100

(0:5)3 2:849 � 103 2:139 � 101 3:543 � 100

(0:5)4 2:308 � 104 8:228 � 101 6:316 � 100

Table 2. Rectangular Plate (48 Subdomains)

h �(S) �(KS) �(BS)

(0:5)0 6:732 � 100 2:234 � 100 1:015 � 100

(0:5)1 1:538 � 101 5:025 � 100 1:585 � 100

(0:5)2 8:407 � 101 1:828 � 101 2:784 � 100

(0:5)3 5:875 � 102 7:186 � 101 4:645 � 100

(0:5)4 4:547 � 103 2:860 � 102 7:072 � 100

Table 3. L-shaped Plate
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