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Abstract

For two di�erent types of matrices, arrowhead matri-
ces and rank-one perturbations of diagonal matrices,
their eigenvalues are the roots of a function essen-
tially of the form h(x) =

P
i
qi=(x� xi). It is shown

that by using multipole methods to evaluate h(x) we
can speed up the calculation of their eigenvalues. An
improvement is seen for matrices as small as 70� 70.
In addition, multipole methods can be used to e�-
ciently multiply the matrix of eigenvectors by a vec-
tor.

Key Words: Multipole Methods, Symmetric Eigen-
problem, Rank-one Perturbation
AMS Subject Classi�cations: 65F15, 65F,
31C20

1 Introduction

Numerical evaluation of the function h(x) =P
i
qi=(x�xi) is a task that occurs in several di�erent

situations. One example is computing the eigenval-

ues of arrowhead matrices. Arrowhead matrices are
of the form

A =

�
D z

zt �

�
; (1)

where D is an n�n diagonal matrix, z a vector, and
� a scalar. Such matrices occur in the description of
radiationless transitions in isolated molecules [2] and
oscillators vibrationally coupled with a Fermi liquid
[3]. O'Leary and Stewart [1] show that the eigenval-
ues of this matrix are the roots of the secular function

�ah(�) = �� ��
nX

i=1

z2
i

di � �
: (2)

The name is due to Golub [5]. The di are the diagonal
elements of D and zi are the elements of the vector
z. They suggest applying a root-�nding algorithm to
�ah(�) such as bisection as a method of computing

the eigenvalues. They showed that there is exactly
one root in each of the intervals [di; di+1], and the re-
maining two roots are in the intervals [�1; d1] and
[dn;1]. We are assuming here that the di are sorted
in increasing order, so that all these intervals are dis-
joint. We can assume this without loss of generality.

It requires O(n) operations to evaluate �ah(�)
once, and there are n+ 1 eigenvalues, so O(n2r) op-
erations are needed to compute all the eigenvalues of
this matrix, where r is the average number of function
evaluations needed by the root-�nding algorithm.

Another appearance of h(x) is in the divide-and-
conquer parallel algorithm for computing the eigen-
values of symmetric tridiagonal matrices, see Don-
garra and Sorenson [4]. An important part of this is
computing the eigenvalues of matrices of the form

A = D + �zzt; (3)

where the forms of D, z and � are as before. In [4]
it is shown that the eigenvalues of D + �zzt are the
roots of the function

�dc(�) = 1 + �

nX
i=1

z2
i

di � �
: (4)

Dongarra and Sorenson also suggest using a root-
�nding algorithm to calculate the eigenvalues of this
matrix. The roots are bracketed in the same intervals
as in arrowhead matrices, except that if � > 0 there
is a root in [dn;1] and none in [�1; d1], and vice
versa if � < 0.

2 Multipole Methods

The main point of this paper is to point out that h(x)
can be evaluated rapidly using multipole methods,
and since there are only trivial di�erences between
h(x) and the �(�), both of these eigenproblems can
be sped up by using multipole methods. Actually, in
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a note added in the galley proofs of [12], Bini and Pan
noticed the same thing. Here, we explore the idea
in more detail. In section 3, we do some numerical
experiments which show that the multipole method is
faster than the direct summation for reasonably small
values of n. In section 4 we show how to use multipole
methods to rapidly multiply the eigenvector matrix
of A by a vector. This is crucial for the divide-and-
conquer eigenvalue algorithm.
The function h(x) appears in several other situa-

tions, and has been evaluated there using multipole
methods. Examples are approximating the derivative
of a function by polynomial interpolation [6], evalu-
ation of the Riemann zeta function [7], Cauchy sin-
gular integral equations [8], and conformal mapping
[9].
Multipole methods have been described in many

other works, [10] [11] so we will only summarize their
properties here. Fast and slow multipole methods
exploit the idea that, far away from the xi, h(x) is
a smooth, slowly changing function and so can be
approximated by something simpler.

2.1 The Basic Multipole Algorithm

We will begin by describing the simplest version of
multipole. This is a 1-dimensional, non-adaptive,
slow multipole method. We will call each (qi; xi)
a particle, with strength qi and location xi. Sup-
pose that all the particles are in the interval [0; 1].
This is divided into a tree of subintervals. On the
zero-th level there is the one interval [0; 1], and the
intervals on the i-th level of the tree are generated
by cutting each interval on the i � 1-th level into
two equal halves, which are called its children. The
contribution of the particles in each subinterval I is
approximated by a multipole function of the form

m(x) =

pX
k=0

ak

(x� c)k+1
(5)

where c is the center of I, and the coe�cients are
determined by interpolating at x = 1, which gives
[10, Theorem 2.1.1],

ak =
X
zi2I

qi(zi � c)k; (6)

The degree p of the multipole is chosen so that the
approximation is accurate enough for any x which is
not in the subinterval itself or in either of the two
subintervals of the same size which are its nearest
neighbors. The error of the multipole approximation
is approximately

err =
� jxinside� cj
jxoutside� cj

�p
(7)

where xinside is the location of the particle inside the
interval farthest from the center, and xoutside is the
nearest point to c that the multipolewill be evaluated
at. For our simple geometry, this ratio is at least 3,
and so

p = � log3 � (8)

where � is the machine precision. This expression
gives p = 15 for single precision, and p = 33 for
double precision. However, for unknown reasons, we
found that smaller values of p were adequate in our
numerical experiments.
In all of our experiments, we chose imax so that

the number of particles in the smallest intervals was
approximately p. This gives

imax = int(log
n

p
) � logn� log log

1

�
(9)

On the highest level of re�nement, the multipole
functions are constructed by directly summing the
contribution of the particles in the subinterval. If
there are l particles in the interval, this takes pl op-
erations. At coarser levels, the function coe�cients
are generated by fusing together the two multipoles
which are the children of a subinteval. If ak1; ak2; bk
are the child and parent multipole coe�cients, and
c1, c2, cp are the centers of the respective intervals,
then [10, Lemma 2.2.1],

bl =

2X
i=1

lX
k=0

aki(ci � cp)
l�k

�
l

k

�
; (10)

which requires O(p2) operations. Since the smallest
subintervals each contain about p particles, the whole
multipole generation process takes O(np) operations.
To evaluate the function at a point x, the contribu-

tion of the particles which are in the same subinterval
as x are summed directly. The particles in the two
neighboring intervals are also summed directly. The
contribution of all other particles is approximated by
a sum of di�erent multipole functions on di�erent
levels of the tree. The choice of which multipoles to
use in this sum is organized by a concept called an
interaction list. The interaction list of an interval I is
all intervals of the same size which are the children of
the neighbors of I's parents, but are not neighbors of
I. Suppose x is in I. First the multipoles of the inter-
vals on I's interaction list are summed, then those on
the interaction list of I's parent, and I's parents' par-
ent, all the way up to the top of the tree. If nil is the
number of intervals on an interaction list, (3 in one di-
mension, 27 in two), then O(imax nil) multipoles are
required, and so the number of operations required
to evaluate h(x) at n points is O(pn) +O(pn logn).
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The derivative h0(x) can also be rapidly computed
using multipole methods. First the local interaction
function is analytically di�erentiated. Then the mul-
tipole functions m(x) are analytically di�erentiated
and added together. No new multipole coe�cients
need to be generated.

2.2 Variations of the Basic Algorithm

The multipole algorithm we have described here
works well if the particles are distributed evenly in
the interval. Usually they will not be. If that hap-
pens, then some intervals will have many more than
p particles, and some will have few or none. This will
reduce the e�ciency of the algorithm. This is reme-
died by the adaptive multipole algorithm. Instead
of splitting all the subintervals in half imax times,
intervals are split if they contain more than p par-
ticles and not otherwise. So some parts of the tree
go deeper than others. For simplicity, we have not
used this here, but in almost any real application,
adaptive multipole would be necessary.

This process generalizes to two or more dimensions
fairly easily. In two dimensions we have complex
arithmetic; the particles are located in the complex
plane, and they have complex strength. Instead of
intervals we have squares. However then it is less ef-
�cient than in the 1-d case. There are two reasons
for this. One is that in higher dimensions, a cube
has more near neighbors that have to be dealt with
carefully. In d dimensions the number of cubes on
the interaction list of a cube is 6d � 3d. The other
reason is that cubes resemble spheres less and less as
the dimension increases. This degrades the conver-
gence of the multipole expansions. In d dimensions
the error is

err =
� 3p

d

�p
(11)

for a p-th order multipole expansion.
The fast multipole method is a variant which is

able to evaluate h(x) at n points in O(n) time. How-
ever the constant is quite large, and in most applica-
tions it is only competitive with other approaches
if n is very large. It works by constructing local
polynomial approximations to the contribution of all
distant particles. The cost of constructing the local
polynomials is O(npnil). Then the cost of each func-
tion evaluation is only O(p). We have not used this
method, mainly because the programming is quite
complex. In these matrix eigenproblems it would
probably be the fastest algorithm at quite reasonable
values of n.
In most multipole applications, such as trajectories

of vortices in 
uid, the particles (point vortices here)

move with each time step and so the process of gen-
erating all the multipoles must be repeated at each
time step. However our particles do not move and
their strength does not change. If r is the number of
function evaluations required for the root-�nder to
�nd one root, then this means that the cost of the
multipole generation stage is amortized over the rn

function evaluations, rather than n function evalua-
tions as is usual. This makesmultipole methods more
attractive for this problem than it is for most other
applications. It also makes fast multipole methods
particularly attractive.

3 Numerical Results

We constructed random matrices of the form D +
�zzt, where the di were uniformly distributed in the
interval [0,1] and the z2

i
uniformly distributed in

the interval [0:01; 1:01], and with � = 1. We used
Newton's method to �nd the n � 1 interior roots of
the secular function �dc(�). This computation was
performed twice, once computing �dc(�) by the ba-
sic summation, and once using the simple multipole
method described in section 2.1. The CPU time for
these computations for a range of di�erent matrix
sizes is shown in �gures 1 and 2. The degree of the
multipoles used was p = 8 for single precision com-
putations, and p = 21 for double precision. All com-
putations were performed on a Sun Sparcstation 1.

We can see from the �gures that the multipole algo-
rithm is faster than the basic summation algorithm
if the matrix size is bigger than about 70 in single
precision and about 100 for double precision. The
di�erence between single and double precision is pre-
sumably due to the larger value for p. We can also
see from the �gures that the curves corresponding to
the multipole calculations are close to being straight
lines. This suggests that most of the CPU time in
the multipole calculations was spent in the multipole
generation stage and the local particle summation
stage. Both of these operations are O(np).

4 Action of Eigenvectors on a

Vector

This section is about calculating the vector w = Qtv,
where Q is the matrix whose columns are the eigen-
vectors of A = D + �zzt, and v is some prespeci-
�ed vector. This task is required in the divide-and-
conquer parallel eigenvalue algorithm, where v is ei-
ther e1 or en. We will only carry out the derivation
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for the rank-one perturbation matrices, but the pro-
cess is similar for arrowhead matrices.
We want to do this without actually constructing

Q, since that would require O(n2) storage and at
least O(n2) time. Since there only n outputs to this
problem, we would hope to do better than this. We
can, using multipole methods.
Suppose q; � are an eigenpair of A, then

(D + �zzt)q = �q: (12)

If we rearrange terms to get

(D � �I)q = ��(ztq)z; (13)

we can see that the i-th eigenvector q is

qi = �iq0i (14)

where �i = (qt0iq0i)
�

1

2 is a normalizing constant, and

q0i = (D � �iI)
�1z (15)

The divide-and-conquer algorithm requires that we
calculate the �rst or last element of each eigenvector.
We can calculate the lth element of q0i in O(1) oper-
ations. This is

qoi l =
zl

dl � �i
: (16)

Unfortunately the calculation of �i seems to require
calculating all elements of q0i, which would make the
computation of Qtel an O(n2) computation, which
we want to avoid. We can speed this up using multi-
pole methods.

��2
i

= qt0iq0i (17)

= zt(D � �iI)
�t(D � �iI)

�1z (18)

=

nX
i=1

z2
i

(di � �i)2
(19)

But this is just

��2
i

=
1

�

d

d�
�(�i) (20)

and we can compute this rapidly using multipole
methods. So calculating one element of Qtel involves
one evaluation of �0 which takes O(logn) operations,
and O(1) operations to calculate q0i;l. So calculating
all of Qtel takes O(n logn) operations.
To calculate Qtv, where v is an arbitrary vector, is

more complicated, but can also be done in O(n logn)
operations using multipole methods.
Equation (14) is

qi = �i(D � �iI)
�1z (21)

which we multiply by the vector v to get the ith ele-
ment of Qtv:

qt
i
v = �iz

t(D � �iI)
�1v (22)

= �i

nX
j=1

zjvj

dj � �i
: (23)

If we write

�(�) =

nX
j=1

zjvj

dj � �
; (24)

then

Qtv = f�i �(�i)gni=1 (25)

The function �(�) can be rapidly evaluated using
multipole methods, and so Qtv can be computed in
O(n logn) operations. However, unlike computing
�0(�), this requires generating a new set of multipole
coe�cients for �.
It is also possible to e�ciently compute Qv. This

is a linear combination of eigenvectors, i.e.

w = Qv =

nX
i=1

vi�i(D � �iI)
�1z (26)

If we look at the lth element of this we have

wl =

nX
i=1

vi�i
1

dl � �i
zl (27)

= �zl
nX

i=1

vi�i

�i � dl
(28)

and so

w = f�zl �(dl)gnl=1 (29)

where

�(d) =

nX
i=1

vi�i

�i � d
(30)

and this function can be evaluated using multipoles.
In this case we also have to construct new multipole
coe�cients. However this time the particles are lo-
cated at the �i rather than at the di.

5 Generalization to Complex

and Nonsymmetric Problems

The arguments in [1] and [4] that were used to show
that the roots of the secular functions are eigenval-
ues generalize to nonsymmetric and complex matri-
ces rather easily. In the case of Hermitian matrices,
D and � are real, and so the only change is that the
numerators in �(�) change from z2

i
to jzij2. The real
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unsymmetric case is more complex. The eigenvalues
of the matrix

A =

�
D v

ut �

�
(31)

are the roots of the function

�ah(�) = � � ��
nX
i=1

uivi

di � �
(32)

and the eigenvalues of the matrix D + �uvt are the
roots of

�dc(�) = 1� �

nX
i=1

uivi

di � �
: (33)

In both cases, if uivi > 0 8i, then no algorith-
mic changes are needed. However, if some uivi are
negative then the �(�) can still be evaluated using
multipole methods, but some of the roots might be
complex, and so a root-�nding algorithm that works
in the complex plain will be needed. Unfortunately,
the nice root localization that we have in the sym-
metric case is completely lost in the unsymmetric
case. In the symmetric eigenproblem, each interval
[di; di+1] contains exactly one root. But the unsym-
metric eigenproblem, the roots can be anywhere on
the real axis, or in complex conjugate pairs anywhere
in the complex plane. About all we can say is that
if the sign of uivi is the same as the sign of ui+1vi+1
then the interval [di; di+1] has an odd number of real
roots, and if the sign is di�erent then the interval has
an even number of real roots.
If A is complex non-Hermitian, then the particles

lie in the complex plane, and a 2-d multipole routine
is needed. In that case I have no idea how to isolate
the roots.

6 Conclusions

We have shown that at least for symmetric problems,
multipole methods can be e�ectively used to speed
up the calculation of the eigenvalues of two kinds of
matrices. Moreover, the algorithm is faster than the
basic one for matrices that are reasonably small, i.e.
100 � 100 or less. With 2000 � 2000 matrices, ten
times faster execution is possible.
If we had used a fast multipole algorithm, probably

there would have been additional improvement.
In most practical applications, the eigenvalues of

the matrix will not be uniformly distributed over an
interval. Probably they will be clustered together in
some places, and spread thin in others. In such cases
an adaptive version of multipole methods would be
necessary. We have used a non-adaptive code here
only for simplicity.

If an e�ective method could be found for localiz-
ing eigenvalues, this algorithm could be extended to
unsymmetric and complex matrices.
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Figure 1: Performance of basic and multipole algorithms in single precision.
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Figure 2: Performance of basic and multipole algorithms in double precision.
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