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by
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A simple model for the time-dependent behavior of semiconductor inverter circuits is used
for an analysis of the dynamics of inverter rings. VLSI applications of inverter rings include
flip-flops and ring oscillators. The analysis concentrates on the construction of periodic
solutions in the form of rotating waves. Three different approaches are used. First, rotating
waves are computed explicitly for a model problem. Second, a Hopf bifurcation theorem
for problems with symmetries is employed which guarantees the local existence of branches
of rotating wave solutions. Third, software for numerical bifurcation and path following is

used to obtain global bifurcation diagrams connecting the different analytical results.

1. Introduction

The microelectronics revolution is now thirty years old and shows little sign of abating.
Engineering and technological advances continue to push costs and physical sizes lower
with simultaneous performance improvements. Mathematical modeling contributes to the
semiconductor industry in essentially three categories: fabrication processes, device physics
and circuit operation (see, for example, [1,5,6,8,9]).

This communication introduces a new topic into the last category of circuit operation.
While most efforts in this area have dealt with the important problem of developing efficient
numerical methods that calculate the transient behavior of large circuits with arbitrary
elements, we have studied a specific circuit by various analytical and numerical methods.
The inverter ring consists of an arbitrary number of inverter circuits connected together in

a particular fashion (see figure 4). The inverter rings of practical interest include those with
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an odd number of elements, called ring oscillators, and those with two inverters, called
flip-flops. The ring oscillator serves two purposes. First, it is commonly employed for
calibration of the intrinsic circuit speed and thus provides a key benchmark for performance
of a new technology. Second, the ring oscillator is a convenient tool for converting an off-
chip constant voltage to an on-chip high frequency signal. The flip-flop is used as a memory
cell in static random access memories.

An example of an individual inverter circuit is shown in figure 1. It performs the
binary and inherently nonlinear function of converting a high input bias to a low output

bias and vice versa. The stationary characteristic function is

Yout = V(in), (1.1)

where V maps the interval [0, Vp] into itself, Vy being the system supply bias. A typical
curve for V is shown in figure 2, where the dashed line would be an ideal inverter and
considered optimal by a circuit designer. In what follows, we shall make the simplifying

assumption that the inverter is symmetric in the sense that

V(Vo —¢) =Vo - V(¥) (1.2)

holds for the characteristic function.

As mentioned, (1.1) represents merely the static inverter characteristicc. When the
input varies with time, the output response will depend in a detailed fashion on the char-
acteristics of the individual field-effect transistors (FETSs) in figure 1. These characteristics
are highly nonlinear and difficult to express in terms of simple equations. Instead, we pro-
pose a simple, yet representative, model of this process. Figure 3 shows the simplification
in which the resistance R and the capacitance C' emerge directly from FET channel re-
sistances and loading capacitances of the inverter structure. With this simplification, the

now time-dependent output bias 1,y4:(t) satisfies

You(t) =V (Win(t)) _

1/.)aut(t) + Oa (13)

where 7 = RC is a relaxation time. Clearly, (1.1) is recovered at steady state.

The equations governing the potentials at the connection of each inverter in an inverter
ring are introduced in section 2. These are an autonomous system of ordinary differential
equations obtained from repeated applications of (1.3). Steady state solutions are found
and their stability analyzed. The main result is that for an even number of inverters,
two stable steady states exists in which the potentials are alternately 0 and V. This

explains the performance of the flip-flop as memory cell. It can store one bit of information
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represented by one of the two stable steady states. For an odd number of inverters, i.e.
the ring oscillator, one stable steady state exists for & = —V'(3Vp) less than a critical
value, a, say. For values greater than a,, one expects a stable periodic solution. These
are of particular interest to a circuit designer and the subsequent sections of this paper
are devoted to establishing the existence of these periodic solutions which take the form
of rotating waves.

In section 3, we consider an idealized problem in which the characteristic inverter func-
tion becomes a step function (as shown by the dashed line in figure 2). This simplification
allows for the explicit construction of trajectories because the equations are decoupled
away from discrete points in time. It is shown that rotating waves exist for every inverter
ring except for n = 2 and n = 4, where n is the number of inverters. The number of
rotating wave solutions is equal to the number of pairs of complex conjugate eigenvalues
of an appropriate linearized problem that cross the imaginary axis as « is increased. This
shows that the same number of periodic solutions emerges from Hopf bifurcations as can
be constructed for the idealized problem.

Section 4 is devoted to a detailed analysis of the bifurcation at @ = a, for ring
oscillators. This is the only one of the above mentioned bifurcations which can create stable
periodic solutions and, thus, it is the one of greatest practical interest. The bifurcation can
be supercritical or subcritical. In the supercritical case, the bifurcating solutions are stable.
Unstable solutions occur in the subcritical case. We derive a simple criterion depending
on the local behavior of the characteristic function V. The standard Hopf theorem does
not provide sufficient information to conclude that the bifurcating solutions are rotating
waves. Therefore we employ an equivariant Hopf theorem [4] using the symmetries of the
problem. This theorem guarantees that the solutions on the bifurcating branch possess
spatial and temporal symmetries typical for rotating waves.

The work discussed in section 5 concerns a numerical study of the periodic solutions
that emerge from the Hopf bifurcations. This study uses AUTO [3], a software package
designed to follow solution branches for autonomous systems of ODEs. The connection is
made between the behavior near the Hopf bifurcation (section 4) and that of the idealized
problem (section 3). This section also serves as a summary of results presented in this

paper.

2. The Inverter Ring and Model Equations
We shall be concerned with the circuit of n inverters as illustrated in figure 4. The
goal is to model the time-dependent potentials 1;(t),---,%n(t) between the inverters.

Since each inverter receives its input from the output of the previous inverter, repeated
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applications of (1.3) generates the following system of n autonomous ordinary differential
equations:

¢j+

i — V(1) .
- =0, J =1,---,n mod(n). (2.1)
Again, we take the function V(1) to be that of figure 2.
We introduce scaled versions of the potentials and the characteristic function by
s 2

¢j— Vo -1, j:‘la"'ana

Vi =gV (Rw+) -1

and measure time with respect to the relaxation time 7. The nondimensionalized version
of (2.1) is then given by

$ij+; —V($j—1) =0,  j=1,---,n mod(n), (2:2)

where the superscript s has been dropped for notational convenience. In the scaled for-
mulation, V' maps the interval [—1,1] into itself, and the symmetry requirement (1.2)
translates to the assumption that V is an odd function.

We begin by searching for steady states of (2.2) and we find it helpful to consider the
discrete dynamical system corresponding to the map V. Obviously, steady states of (2.2)
correspond to periodic orbits of V with period n (and these should not be confused with
the periodic solutions of (2.2) to be discussed later). On the other hand, every periodic
orbit with minimal period k can be used to construct k steady states for an inverter ring
with n being a multiple of k. Since V' is odd, we have V(0) = 0 and thus a trivial periodic
orbit of length 1. Therefore, inverter rings with any number of elements have the trivial
steady state with all potentials equal to zero.

In addition, figure 2 suggests the following assumptions on V:
V(1) = -1, V(¥) < —¢ for ¢ € (0,1). (2.3)

An immediate consequence of the first assumption and the oddness of V' is the existence
of a periodic orbit of the map V with length 2. On this orbit potentials alternately take
the values 1 and —1. Therefore, every inverter ring with an even number of elements (in

particular the flip-flop, but not the ring oscillator) has two more steady states with

d)j = (—1)j+l ] = 1?' cey Ny (24)
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where [ = 0 or 1. With the above assumptions, it can be shown inductively that the k-th
iterate V(¥) of the map V satisfies

V(k)(¢) < = for ¢ € (0,1) and k odd,
V(k)(d)) > for 9 € (0,1) and k even.

It is easy to deduce from these properties that no additional periodic orbits of the map V,

and hence steady states of (2.2), exist.

Having found all possible steady states, we now consider their stability. The inverter

ring system (2.2) can be rewritten in the form
¥ +F(¥) =0, (2.5)

where ¥ = (1,-++,¥,)  and Fj = ¢; — V(¢j_;) for j = 1,---,n mod(n). We denote the
Jacobian of F evaluated at any of the above constructed steady states by A and obtain

1 0 - 0 «
a 1 o --- 0
A=]|0 o . . |, (2.6)
5 o‘ ..' n.. 0
0 - 0 a 1

where @ = —V'(0) (a > 1) for the linearization about the trivial steady state ¥ = 0, and
a = -V'(1) (0 € a < 1) for the linearization about (2.4). The estimates for a follow
from the assumptions (2.3) on V. The double-banded circulant matrix A has different

eigenvalues depending on whether n is even or odd:

(2.7)

\ = 1- ae’:z"(J:‘l)/", for n even,;
I 1 — aei™@i=D/7 - for n odd.

Stability requires that all eigenvalues have positive real part. For evenn, A\; =1 — «
is the eigenvalue with the smallest real part. If we strengthen the assumptions (2.3) a little
bit by requiring V'(0) < 1 and V'(1) > 1, then the trivial steady state is unstable while
the steady states (2.4) are stable. For odd n, we only have to examine the trivial steady
state. Now \; and \,, = )\, are the eigenvalues with the smallest real parts. The condition
for stability is

T
a < oy = sec —.
n

As indicated before, we will be more interested in the case @ > a, in which no stable steady

state exists and the stable solutions are periodic and take the form of rotating waves.
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3. Rotating Waves for an Idealized Problem

We consider (2.2) with the idealized characteristic function

1 foryp <0

v(p)={ =0,

(%) —1 otherwise.
Note that because of the discontinuity of V' standard results for ordinary differential equa-
tions cannot be straightforwardly applied to this problem. However, no problem arises
with the notion of a solution as long as our discussion remains restricted to trajectories,
where solution components pass through the critical value ¢ = 0 with nonzero speed. In

this case solutions are Lipschitz continuous and the j-th potential is given by
pi(t) =1+ (¥j(to) = 1)~ or  ¢;(t) = ~1+ ($;(te) + 1)e™ (3.1)

depending on whether v;_; is negative or positive, respectively. Therefore, the compu-
tation of trajectories can be reduced to a straightforward bookkeeping procedure keeping
track of the zeros of the potentials. We try to construct rotating wave solutions, which
means that the waveforms of the potentials 1; and 1,4, are identical up to a time shift 6

independent of j:
$ip1(t) =vj(t+6) j=1,---,n mod(n)

Engineers refer to 6 as the “delay per stage.” From 9;(t) = ¥j1n(t) = ¥;(t + nb) we
deduce that nf has to be equal to an integer multiple of the period T of the rotating wave,
l.e. LT
0=— with k € {1,---,n - 1}. (3.2)
n
We look for rotating waves with a waveform as indicated in figure 5. Invoking periodicity

and the assumption that the increasing and the decreasing phase are equally long implies

" ~1+4 g2y for0<t < T/2, 5.3
Y;(t) = » 3.3
! 1- 2200 for T/2<t<T.

The time t;, when 1; decreases through zero, satisfies
2e ™t =14 T/2, (3.4)

At this time, ;4 arrives at its minimum value and therefore ¢; + 6 = T/2 holds. This
fact together with (3.2) and (3.4) provide an equation for the period T of the form

2ekT/m = T/% 4 1. (3.5)
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It is easy to show that (3.5) has a unique positive solution for T if and only if n/4 < k < n/2
holds. The number of rotating wave solutions is the number of integers in the open interval
(n/4,n/2) which, in turn, is equal to the number of pairs of complex conjugate eigenvalues
with real parts smaller than one of the matrix A in (2.6). This observation will be of
interest below.

Because of the discontinuity of V', the stability properties of the constructed rotating
waves cannot be checked by linearization of the differential equations. However, it is
possible to explicitly compute smooth Poincaré maps and study the stability properties
of fixed points which correspond to rotating waves. As an illustration, we apply this
method to the unique rotating wave of the ring oscillator with three elements (noting
that 3/4 < k =1 < 3/2). We consider trajectories constructed using (3.1) with initial

conditions

¢1 = 07 1[)2 = x(O) € (_1,0), ¢3 = y(O) € (Oa 1)

When these trajectories return to the plane ¥; = 0 for the second time, the values of 5

and 3 are given in terms of the starting values by

13z(0) — 8y(®)
1 —20z(0) 4 12y(0)°

5y(0) — 84(0)
b=y = (3.6)

=z = = ,
Pa=1 1— 20z + 12y

The right hand sides of (3.6) define a map from the square (—1,0) x (0,1) into itself. Its
fixed point

1-v5 _3-+5
7 YT

corresponds to the rotating wave solution constructed above. The stability of (z,y) can be

Tr =

checked by computing the eigenvalues of the Jacobian of (3.6) evaluated at (z,y). It turns
out that both eigenvalues have moduli smaller than one implying stability of the rotating
wave.

An analogous procedure can be carried out for n > 3, but the necessary algebra is
rather involved. Instead, we defer a further discussion of the stability to sections 4 and 5.
The analysis of section 4 and the numerical examples in section 5 suggest the conjecture
that for even n all rotating wave solutions are unstable, whereas for odd n there is one
stable rotating wave corresponding to k = 251 in the above construction.

4. Rotating Waves from an Equivariant Hopf Theorem

Our aim in this section is to study the bifurcation to rotating waves. From the linear

analysis of section 2, it would appear that a standard Hopf bifurcation (without symme-

tries) is involved here. But the standard Hopf theorem [4] is not rich enough to account
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for rotating waves. It is a phenomenon that involves not only spatial symmetries but
also an interplay of temporal symmetry. Hence, we require the richer Z, x S!-equivariant
Hopf theorem, which takes into consideration the interplay of the cyclic group of spatial
symmetries Z, and phase shifts S!.

We shall restrict our study to symmetric Hopf bifurcations at a. for the ring oscillator
(n odd). A similar analysis holds when n is even and at subsequent bifurcations.

First, we show that (2.5) has the spatial symmetries of the cyclic group Z,; in other

words, (2.5) is Z,-equivariant,
F(¢¥0;0) = ¢¥F(¥;a0)  for any element ¢* € Z,, k € {1,---,n}, (4.1)

where we have now included the bifurcation parameter @ = V'(0) into the definition of F.

The generator ¢ has the symmetry of a regular n-gon, i.e.

é(t/)l? e ”(/)n)t = (1/)2’ o '7¢‘n7¢1)t-

Hence, (4.1) follows because

Fj(§¥;0) = ¥j41 = V(¥;) = Fit1(¥5 ).

Thus, F is Z,-equivariant.

It is not enough to consider only the simple Z,-equivariant Hopf bifurcation [4]. The
very nature of rotating waves requires the interplay of Z,, symmetry and the S! group of
phase shifts.

We consider the following joint action of (¢¥,6) € Z, x S':

(€%,0)0(t) = £XT(t +6). (4.2)

The rotating waves in a ring oscillator can be described as follows: the waveform at inverter

J phase-shifted by 6 = % coincides with the waveform at inverter j + k mod(n). That is,

(V14£(t), - -+, hngr(t)) = (P2(t + 0),- -+, Pu(t + 6)). (4.3)

This is exactly the same symmetries present in the idealized problem of section 3. In terms
of the action (4.2), we write (4.3) as

(€%,0)2(t) = €T (t + ) = T(t — 6 +6) = L(t),

which means that a rotating wave ¥(t) is a fixed point of (4.2).
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We now proceed to describe the Z, x S'-Hopf bifurcation. By the usual equivariant
Lyapunov-Schmidt reduction procedure carried out carefully using invariant complements
the reduced bifurcation equation is Z, x S'-equivariant (cf. [4], pp. 300-308). The periodic
solutions that bifurcate from the trivial branch ¥ = 0 of (2.5) correspond to the nontrivial

zeros of

dovians) =pe + a9 (D) v +ihas) (V). G

in a two-dimensional space with coordinates (z,y). This two-dimensional space is typically
invariant under some isotropy subgroup £ C Z, x S'. (More will be said on this point
later.) The variable s in (4.4) gives the period T = 27/[(1 + s) tan Z] of the bifurcating
solutions. The form of (4.4) in terms of the smooth functions p and ¢, which depend on

(z,y) through the radius z2 + y2, is prescribed by the fact that the reduced equation for
¢ must commute with phase shifts S* [4].

Note that (4.4) implies that ¢ = 0 if and only if one of the following holds:
z=y=0 or p=4q=0.

The first solution corresponds to the trivial branch of solutions ¥ = 0, while the second
corresponds to nonconstant periodic solutions of (2.5) provided z% + y* # 0. Let us define

o = z2 4+ 4?2, and we shall be interested in the case

p(o,a,s) =0, (4.5a)
g(o,a,8) =0. (4.5b)

In order to solve (4.5), we need the usual properties for Hopf bifurcation; namely,

(0, a4, 0) =0, (4.6a)
q(0,a,,0) =0, (4.6b)
ps(0, @y, 0) =0, (4.6¢)
45(0, as, 0) # 0, (4.6d)
Pa(0, a4, 0) # 0, (4.6e)

where a, = sec Z. Properties (4.6a,b,c,d) are established in [4], while (4.6e) is equivalent
to the condition that the eigenvalue pair (A1, A,) from (2.7) cross the imaginary axis with
nonzero speed at o = a,. One solves for s = s(o, a) from (4.5b) using the pair of equations
(4.6b,d) and the implicit function theorem. Upon substitution into (4.5a), we obtain the

final bifurcation equation
r(o,a) = p(o,a, s(o,a)) = 0. (4.7)
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Then, we obtain a = a(c), where a, = a(0), from (4.7) using (4.6e) and the implicit
function theorem.

Whether the Hopf bifurcation is supercritical or subcritical depends on whether Z—g is
positive or negative, respectively. This condition translates to a condition on the sign of
V"'(0), which we will now show. (Recall that the second derivative of V is zero at ¢ =0
since we have assumed that V is an odd function.)

Upon differentiating (4.7) with respect to o and setting o = 0, we find

da r4(0,0.)

do~  ra(0,a,) (48)

From the linear analysis in section 2 and the fact that r,(0, ax) is the rate at which (A1, A,)

cross the imaginary axis, we find

us

ro(0,ay) = —cos —. (4.9)
n

The numerator r,(0,a,) in (4.8) can be computed in terms of the vector field F in (2.5)

(cf. [4], p. 352, modulo suitable changes in scalings and notation) from
ro(0, @) = %Re {Y'F"(X,X,X)}, (4.10)

where F'" denotes the third (Fréchet) derivative of F with respect to ¥ evaluated at
(¥, ) = (0,a4), and X,Y € €7 satisfy

AKX =ipX, X X-=1,
AlY =iy, Yv=1

The real matrix A, is given by (2.6) and p = ImA, both evaluated at o = a.

A straightforward calculation shows that

—1y ..
Xj:(\/lﬁ) elim/n and Y]=(

Also, for any A,B,C € €'

e~ im/n, (4.11)

F"(A,B,C) = V" (0)(AnBuCn, A1 B1Cy, -+, An_1Bn_1Cny)t.  (4.12)

Hence, from (4.10), (4.11) and (4.12), we find

n
VO s .
4n n

r5(0,ax) = (4.13)
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Finally, (4.13) along with (4.9) in (4.8) gives
d_a _ VIII(O)

do 4n

The final result, as indicated before, is that when

v"(0) > 0, the bifurcation is supercritical,

and when

V'"(0) <0, the bifurcation is subcritical.

This result also determines the stability of the bifurcating periodic solutions. Because the
form of the reduced equation ¢ = 0 (4.4) is the same as in the standard Hopf theorem, the
periodic solution is orbitally asymptotically stable if V'(0) > 0 and vice versa.

We are now ready to discuss the symmetries of the bifurcating periodic solutions whose
existence and stability are discussed above. Recall from the beginning of this section that
the nontrivial periodic solutions of (2.5) correspond to the nontrivial zeros of (4.4) in the
two-dimensional fixed point space of some isotropy subgroup ¥ C Z, x S*.

We require the two-dimensional irreducible representations p,, of Z, on the complex

numbers € [7]. Let w = ™/ and let ¢ be a generator of Z,. Then they are

£2 = whz, m:1,2,---,”;1 (4.14)
Consider the Z, x S! action on Cgiven by
(€F,0)z = w™keifz, k={1,---,n}, (4.15)

where the positive angle 6 has been selected by reversing time if necessary. Note that this
action (4.15) corresponds to the action (4.2) of Z, x S! on periodic functions ¥(t).
The only subgroup ¥ C Z, x S with two-dimensional fixed point space is the kernel
of Z, x 81, i.e.
S = {(€%,0) € Zn x S' | w™re? =1},

k:l,---,n},

Thus for each two-dimensional representation p,, (4.14), m = 1,-.., "—2“1, there is a

: 2rmk
Since <£2% 4 6 = 0, we have

2rmk
L = {(fk,_ n )

which is isomorphic to Z,.

unique one-parameter family of periodic solutions with periods close to 27/ tan Z such that
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they are fixed points of ¥, in the action (4.15). In other words, for m =1,---, "T—l, each
family of periodic solutions parametrized by « is made up of unidirectional rotating waves
of type ¥,,. The unidirectional nature comes from the fact that the positive angle 6 was

selected by fixing the direction of time in (4.15).

5. Numerical Path Following of Rotating Waves

We now perform a numerical study of the system of ODEs (2.5) with a specific function
V() in order to illustrate the results of sections 3 and 4. We show that the periodic
solutions for & — oo (section 3) are the limiting solutions along the branches of periodic
solutions that emerge from a sequence of Hopf bifurcations (the first of which having
been examined in section 4). The tool used in this study is the software package AUTO
[3], which employs a numerical continuation procedure to calculate solution branches for
autonomous systems of ODEs and determines limit (or fold) points and bifurcation points
along these branches.

We begin by choosing a specific V(3). Recall from (2.2) that

$i+¥; —V(¥j-1) =0, j=1,---,n mod(n),

where V has the form shown in figure 2, but in our scaled formulation V' maps the interval
[—1,1] into itself and we have assumed that V is odd. We choose

V() = —tanh (mp + (%3 — ﬂ) ¢3> . (5.1)

With this choice, & = V'(0) is the same bifurcation parameter as that used in section 4
vlll(o)
6

subcritical. Also, V approaches the idealized characteristic function (a step function) as

and the sign of 8 =

will control whether the Hopf bifurcations are supercritical or

a — oo. It should be noted that the assumptions (2.3) are not satisfied for all values of
a, 3. Figure 6 shows V versus % for various values of «, 3.

The procedure for calculating the solution branches for a ring oscillator with n in-
verters is the following: we begin on the trivial branch ¥ = 0 with @ = 1 < a, and
some (fixed) value of 8, B = 1 or —1 say. We follow the trivial branch as a increases
and record the sequence of Hopf bifurcations. The number of bifurcations is equal to the
number of eigenvalue pairs (\j, An41—;) given in (2.7) that can cross the imaginary axis
as « increases (as discussed in section 3). At each Hopf bifurcation a branch of periodic
solutions emerges. Each of these branches is followed as «, T' varies, where T is the period.

In figure 7, we show two typical bifurcation diagrams, one for 3 = 1 and the other for

B = —1. In this case, we have chosen n = 7 so that two Hopf bifurcations are anticipated
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along the trivial solution branch. For 8 > 0 (figure 7(a)), the Hopf bifurcations are indeed
supercritical as predicted in section 4. The values of « increase from the two bifurcation
points and continue to increase along each branch (for our choice of V). The periodic
solutions that emerge from the first Hopf bifurcation at a. = sec 7 = 1.11 are stable (as
indicated by the solid curve), whereas the solutions that bifurcate from the second Hopf
bifurcation are unstable (as indicated by the dashed curve). For this second branch of
periodic solutions, the trivial branch has no stability to give away. For 8 < 0 (figure 7(b)),
the Hopf bifurcations are subcritical. The values of a first decrease (only slightly) from the
bifurcation point, then increase upon passage through a limit point, where an exchange of
stability occurs for the first bifurcated branch. Figure 8 is an enlarged view of the curves
in figure 7 near a, that clearly shows the behavior of the solution branches near the first
Hopf bifurcation.

The waveform at various points along the solution branches for 8 = —1 (figure 7(b))
are shown in figure 9. In this plot, we see clearly the approach to the idealized solutions

of section 3 (as shown by the dashed curves).
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Figure Captions

Figure 1 CMOS inverter circuit.

Figure 2 Characteristic inverter output curve.

Figure 3 Simplified inverter circuit.

Figure 4 Inverter ring circuit.

Figure 5 Waveform of rotating waves for idealized inverter rings.
Figure 6 Characteristic function (5.1).

Figure 7 Bifurcation diagram for n = 7: (a) f=1,(b) B =—1.
Figure 8 Behavior near a,.

Figure 9 Waveforms along the solution branches for g =-—1.
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