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§1. Introduction.

This paper concerns the application of a distributed parameter control model for the
management of diffusive populations, whose growth is governed by logistic terms. The
migration of small mammal species such as beavers, raccoons, and muskrats have been
modeled by parabolic diffusion equations; see the classic work by Skellam on diffusing
populations [16]. It has also been shown that the growth of such mammals follow logistic
growth patterns [8]. Due to environmental heterogeneity and barriers, the diffusion may
be degenerate in some locations. These small mammals are often found in conflict with
human interests due to the damage they inflict on timber and agricultural land [6,13]. Our
model uses a degenerate parabolic partial differential equation (PDE) with logistic growth
terms to characterize the optimal strategy in trapping a proportion of such a nuisance
population in order to minimize damage and trapping costs.

The population density is governed by the following state equation:

(1.1) ze— Y (aij(2)2e;)s; = 2(a — bz — p), in Q7 = Q x (0,T),

ij=1

with boundary conditions z = 0 or no flux boundary conditions. The problem is posed in
Q x (0,T) with @ C R™. For practical applications, the habitat sits in R?, i.e., @ C R
The diffusion coeflicients (a;;j(x)) may be degenerate at some locations. We assume the
initial distribution is known. The proportion p(z,t) of the population to be trapped is the
control in our problem. We can treat zero Dirichlet (z = 0) or Neumann (no flux) boundary
conditions. If the exterior of the domain is completely hostile to the population and the
species go out there anyway, then zero Dirichlet boundary conditions are reasonable [14].
Otherwise if the population does not go out to the boundary, then “no flux” Neumann
boundary conditions are valid.

Choosing controls in an appropriate class, we seek to minimize the cost functional:
—7rt 1 2 2
(1.2) J(p) = e (§ozz + Bp°z)dzdt.
Qr

The the 22 term represents the density dependent damage due the nuisance species. The

amount of the population trapped is pz and the unit trapping cost at level p is Op; these
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two factors multiply to give the cost of trapping in the cost functional. The e~"* term is
included for discounting the value of the future cost accruing over the given finite planning

horizon. We will characterize the optimal control that minimizes the cost functional.

Section 2 gives the precise formulation of the problem in terms of weak solutions of
the state equation. In section 3, we prove existence, uniqueness, and regularity results for
weak solutions of the state equation. The vanishing viscosity method is used to obtain
the existence result. In section 4, the existence of optimal controls is obtained under the
assumption that the set where the diffusion vanishes has measure zero. Also, the optimal
control is characterized in terms of the unique solution of the optimality system, which
consists of the state equation coupled with an adjoint equation. The optimality system is
derived by differentiating the cost functional with respect to control at an optimal control.
Sections 2 through 4 consider the Dirichlet boundary condition case, while section 5 treats

the Neumann boundary condition case.

Background concerning biology and economics behind diffusion population models
with logistic growth terms can be found in the books by Murray [14] and Clark [2]. For
background on control and PDEs, see the books by Fife [4] and Lions [12]. Leung and
Stojanovic [10] have optimal control results for uniformly elliptic PDE with logistic growth
terms, with a different cost functional than that used here. He, Leung, and Stojanovic
[5] considered optimal harvesting control of a periodic parabolic system for a competitive
model with maximization of profit. Bhat and Lenhart [9] treated this wildlife management
problem in the case of constant diffusion. Their work easily generalizes to the nondegen-
erate diffusion case, but not to the degenerate case. They demonstrated their model with
a numerical simulation using beaver population data from the New York State Depart-
ment of Environmental Conservation. The simulation is unusual due the opposite time

orientations of the state and the adjoint equations.

§2. Formulation of the Problem.

In this section, we will formulate our optimal control problem. In what follows, we let

Q2 C IR" be an open set with a smooth boundary 92 and T' > 0 be a fixed constant. For
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any t € [0,T], denote Q; = Q x (0,t). Our state equation is the following:

Z¢ — Z (a'ij(w)zﬁi)%‘ - Z(a' —bz — p)7 in QT7

1, j=1
= 0,

(2.1)

z ‘BQ

z ‘t:OZ z0(@),
where z is the state, z9 and p are the initial state and the control, respectively. We make
the following assumptions:

(A1) Functions a;; : @ — R are C! and the matrix {a;;(z)} is symmetric positive

semidefinite for all z € Q. Moreover,
(2.2) meas {z € ‘ det{a;;(z)} =0} =0,

and there exists a C! function o :  — R"™™", such that

(2.3) {ay(0)}) = *(2)o(), =z

(A2) a and b appearing in (2.1) are nonnegative constants.

We point out that one may let a and b be L>®(Qr) functions. Letting them be
constants is just for simplifying the notation. Also, we may let a;; be time dependent.

Next, let us define H,(f2) to be the completion of C§°(Q) under norm

(2.4) 12l e, ) = {ll2l|Z200) + HUVZH%Z‘(Q)}lﬂ-

Clearly, H,(Q) is a Hilbert space. See [15, p.28] for similar solution spaces. We denote
its dual by H,(Q)*. Then, we see that the embeddings H,(Q2) — L*(Q)— H,(2)* are
continuous. Now, we introduce the following sets:

Zg={z€C(@)|0<z2(z) <K, z€Q, =z|,,=0}, Z= ] Zx,
K>0

Pu={peL>Qr)|0<p(z,t) < M, ae. (z,t)€Qr}, P= U Par.
M>0

(2.5)

The control p is taken from the set P and the initial state zy is taken from Z. In §3, we

will show that under assumptions (A1)—(A2), for any (z9,p) € Z X P, there exists a unique
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solution z in some weak sense, which turns out to be in L>(Q7). We refer to this z as the
state corresponding to the given initial state zy and the control p. Thus, we may define

the following cost functional:

(2.6) J(p) = /Q e_rt(%ozz2 + Bp®2)dzdt.

Here we make the following assumption:

(A3) a, B and r are constants with constraints:
(2.7) a,r >0, B > By > 0.

Again, we may let o, 3 and r be L*°(Qr) functions satisfying (2.7) almost everywhere
on Qr. Clearly, under assumptions (A1)—(A3), for any given zy € Z and p € P, the cost

functional J(p) is well-defined. Our optimal control problem can be stated as follows:

Problem Py pr. Let K,M > 0 and 29 € Zx be given. Find an element p € Py, such
that

2.8 J(p) = inf J(p).

(2.8) (p) it (p)

Any element p € P satisfying (2.8) is called an optimal control and the corresponding

state, denoted by z, is called an optimal state.

63. State Equation.

In this section, we prove the existence and uniqueness of solutions to the state equa-

tion. To start with, let us introduce the following definition which is adapted from [7].

Definition 3.1. Let (zp,p) € Z x P be given. A function z € L*(0,T; H,(f2)) is called a
solution of (2.1) if the following holds:

(3.1) /Q [—2m: + Z A5 2z, M, |drdt :/
3.1 T

ij=1 &

zo(z)n(z,0)dz + / (a — bz — p)zndadt,
Qr

Vn € Wy (Qr) ﬂ L*(0,T; H,(Q)), withp ‘t:T: 0, 0.

n ‘692

Our main result of this section is the following.
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Theorem 3.2. Let assumptions (A1)-(A2) hold. Then, we have the following conclusions:

(i) For any zy € Z and p € P, there exists a unique solution z € L*([0,T]; Hy(£2))
L>=(Qr)NC([0,T]; L*(Q)), with z, € L*(0,T; H,(Q)*), of the state equation (2.1) satis-
fying the following:

1
(3.2) §z0(w)e_“t < z(z,t) < % V|20l L (02) a.e. (z,t) € Qr,

with p = b(g V [|z0ll~()) + [[PllL>(27) — @ and
12¢ll 20,701, 0)) + 12l (o, m22(02)) + 1oV 2|l L2(0r)

(3.3)
< C(1+[lpllren);

with = C(|70 |5
(ii) Let (z0,p),(%0,P) € Z X P and z,7 are corresponding solutions of (2.1). Then,
1(z = 2)ellz2 0,0, 0%y + 12 = Zllco,1i220)) + leV(Z = 2)lL2(00)
< Cllzo = Zollz2() + llp = Pllzren) >
with O = C([[z0][z>(2), 0]l 2= (2))-

(iii) Furthermore, if (29,p) € (Z () H»(2)) x P, then the corresponding solution
z € C([0,T]; Hy(Q)) with z; € L*>(2r) and satisfies the following:

(3.5) 2¢l[z2(2r) + loVzlloqo,mzz ) < loVzollLze) + C,

with ' = C(||zo| 2 (e, [[Pllz2(20))-
(iv) Finally, if (20,p),(Z0,P) € (Z( H-()) x P, then the corresponding solutions z
and Z satisfy
|2¢ = Ztl|L2(r) + [[oV(z = 2)llcqo,1;02(2)
< O(leV(z0 = Z0)llz2() + [[20 = Zollz2(0) + llp = Pllz2()),
with O = C([[z0][z>(2), [Z0]|z (@) [[Pll L~ (2r) A llPllz> (2r))-
Proof. First, we let (zp,p) € (C(Q)NZ) x (C(Qr)(P). For any ¢ > 0, we

consider the following approximating state equation:

n

z; —eAz® — Z (a:5(2)2;, )z; = 2°(a — b2 — p), in Qr,
ij=1
3.7 .
(37) 2 |p0="0,
z€ ‘t:(): zo().




This problem admits a unique classical solution 2°. Similar to [9], we can prove that
. a
(38) 0 S 4 (:B,t) S Z AV HZOHLOO(Q)‘

Next, since zy > 0 in the interior of 2 and vanishes on the boundary 02, we can find a

solution y° € W2'?(Q) to the following problem ([1]):

n

—eAy* — ) (aijys)e; <0,  inQ,
ij=1
(3.9) 1
5250 < yg < zg, in Q7
Yy ‘692 0.

We let p = b(% V ||20]|z= () + |Pllz~ () — @ and let
(3.10) Z°(z,t) = e My°(z), (z,t) € Qr.

By (3.8), we have

n

(= 2%)— eA(FT = 2°) = ) [aii(F — 2%)a,s; < —nl(Z° — 2°), in Qr,
(3.11) b
. (z&_zé‘) ‘BQ: 0,

(Zg — z‘g) ‘t:0< 0.

By maximum principle, we have

~ 1
(3.12) 2°(z,t) > 2°(z,t) = e "y (z) > 56_“tz0(w), (z,t) € Qr.

Now, we let (Zy,p) be another pair of smooth data, and z° be the corresponding solution

of (3.7). Then, the difference w = z° — Zz* satisfies

n

wy — eAw — Z (aij(z)waz, )z,

1,7=1

(3.13) =[a—b(z"+Z°) - plw - (p—P)z°,  in Qr,




Then, multiply the equation by w and integrate it on 2, we have

1d

(3.14) 5 710G DLz + Vet Olzz o) + oVl )1z

< C(llw(, 1) z2c) + P+ 1) = B )llLr(e)-

By Gronwall’s inequality, we have

(3.15) |25 — ?H%’([O,T];LZ(Q)) + el V(2" - ?)H%Z(QT) + oV (2" - ?)H%Z(QT)
< C{ll20 — ZollZ2(0) + P — Bllzr o

with C' = C(]|z0||z~(@)s||Z0||z~ (0)). Next, for any ¢ € C5°(21), we have
(3.16) / Wy = {—eVw -V —oVw- -oVe +[a—b(z° +2°) — plue}.
Qr Qr

Then, by (3.15), it is clear that

(3.17) 1(2° = 2°)ellz20,mm, () < C{llz0 — Zol|Z20) + P — Pllrien b

with a constant similar to (3.15).

Now, multiply the equation in (3.13) by w; and integrate it over Q, we have

ed 1d

lwi(s DlIzz () + 5 1Vl ODlz20) + 5 7 loVwlze

(318) < [at Bl g~ () + IF N omy) + Il cary] N )y llns Do
+ |1Z°]| e o) lp(5 ) = PO D)l 22 (o) lwe(- D) |22 (@)
Then, by Cauchy-Schwartz inequality and Gronwall’s inequality, we obtain
(e E\EH%Z(QT) +¢|[ V(2" - ?E)Hé([o,:r];m(g)) + |loeV(z" - ?E)Hé([o,T];LZ(Q))
(319) < eV —2)3ece) + CIoT (0 — ) e
+llz0 = ZollZ2(q) + lp = BlIZ2(0p))s
with C = C(||z0]|z~ (), |20z @), [Pllz>@r) A |Pllz~(@r))- In particular, if we take
Zo =0, p=01in (3.15) and (3.17), which will imply z* = 0, we have
(3.20) Hsz%Z‘(O,T;H,(Q)*) + Hng%Z’([O,T];LZ(Q)) + SHvngiz(QT) + Havng%Z(QT)
< C{llzollZ2() + IPlzrn )
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with C' = C(]|z0||ze (q)). From (3.19),

(3.21) Hsz%Z‘(QT) + sHvng%’([O,T];LZ‘(Q)) + Havng%’([O,T];LZ‘(Q))
< ‘SHVZUH%Z(Q) + C(HUVZUH%Z(Q) + HZUH%Z(Q) + HPH%Z(QT))7
Now, we let (zg,p) be a pair of smooth data as above and let z° be the corresponding
solution of (3.7). By [3], we may assume that
(3.22) fim [12° — 2l oap) = 0,

e—0

where z € C(Q7) being the unique viscosity solution of (2.1). On the other hand, since
z° satisfies (3.18) and (3.19), and for any n € W20’1(QT) N L?(0,T; H,(Q)) with ‘t:T: 0

and 7 ‘692 0, we have

/ [—zm: +eVe® - Vn+ Z aijzg N, dedt
(3.23) “r ij=1

= / zo(z)n(z,0)dz —I—/ (a — bz° — p)z°ndadt.
Q

Qr

Together with (3.20) and (3.22), we may assume that z € L?*(0,T;H,(Q)) with z, €
L?(0,T; H,(Q)*) and

2° 2z, in L?(Q7) and in L*(0,T; H,(Q)),
(3.24)
28 5 2, in L2(0,T; H,(Q)*).

Pass to the limit in (3.23), we see that z is also a solution of (2.1) in the sense of Definition
3.1. Then, taking limits in (3.12), (3.20) and (3.21), we get (3.2), (3.3) and (3.5) for this
z.

Now, we let (Zp,p) be another pair of smooth data and Z is the corresponding viscosity
solution of (2.1), which is also a solution of (2.1) in the sense of Definition 3.1. Then, due
to (3.15), (3.19) and the smoothness of the initial data and the controls, we see that (3.4)
and (3.6) hold for z and Z.

Next, by density argument, we can show that for any (z9,p) € Z x P, there exists
a solution z € C([0,T); L*(Q)) N L*(0,T; H,()) N L>=(Qr) with z; € L*(0,T; Hy(Q)*)
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satisfying estimates (3.2)—(3.3) and the solutions z and Z of (2.1) corresponding to (zo,p),
(Zo,p) € Z X P obtained by the above limiting process satisfy the estimate (3.4). This
proves (i), except the uniqueness, and (ii). Also, we can prove (iii) and (iv) similarly.

We should note that estimate (3.4) does not implies the uniqueness of the solutions
because it is only satisfied by the solutions obtained by the above vanishing viscosity
method. To prove the uniqueness, we let z and z be two solutions corresponding the pair
(z0,p) € Z9 X P. Set w =% — z. For any t; € [0,T], we define

— fttl w(z,s)ds, for t € [0,%1),
(3.25) n(z,t) =

0, for t € [t1,T.
Clearly, n € L?(0,T; H,()) and g ‘t:T: 0. Also, w = —n;. Now, by the definition of
solutions, we have

(3.26) {(m)* + oVw - eVnldedt = / [a — b(Z + z) — plwndzdt.

Then, it follows that

1
620 Inla + 3loVC Ol < Clndlzzn Il
This gives
(3.28) n4l|Z2 0,y < Cllnlizaa,)-

Now, we let ((z,t) = fot w(z,7)dr. Then, we see that for ¢ € [0,;],
(3.29) (e=w=—n, n(z,t) = ((z,t1) — ((2,1).
On the other hand,
11
330 G =2 [ [ e < G, + 1,

Hence, combining (3.28)—(3.30), we obtain

16220, < Cllnllzaca,,) < ClCC )22 (an,) + CllCHZq,,)

(3.31)
< Cta[I¢(5 1) || T2 ) + CHCH%Z‘(Qtl) < CotlHCtH%Z(Qtl) + CHCH%Z(Qtl)'
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The constant Cy in the above only depends on the bounds of 2z and 2z and is independent

of t; € [0,T]. We now choose t; € (0,T] so that Cot; < 1/2. Then, we see that

(3.32) 16012200y < ClICIE 200095 vt € [0,t].

i From this, we have

(3.33) /Q|C(w,t)|2dw :2/0t/QC(w,s)Ct(w,s)dwds < C/Ot/g ¢ |2 dzdt, t €[0,].

Then, by Gronwall’s inequality, we end up with { = 0 for ¢ € [0,¢1]. This implies z = Z for
t € [0,1]. Continuing this argument on [¢1,2¢;] and so on, we can conclude that z = Z on

Qr. O

Remark 3.3. We should note that in proving the above result, a key step is to obtain
the strong convergence of z° to z. This has been achieved via the notion of viscosity
solutions. Here, we notice that condition (2.2) has not been used. From the result of
§4, we will see that if condition (2.2) holds, which will imply the compactness of certain
embedding, then we do not need the notion of viscosity solutions. See the proof of Theorem

5.2.

Remark 3.4. Conclusion (3.2) means that whenever the initial state zo is strictly
positive in , the state z(z,t) will stay strictly positive in Q for ¢ > 0. This fact is
classical for the case of nondegenerate parabolic equations and for ordinary differential
equations (corresponding to the case with o(z) = 0). Thus it is natural to have positivity
of z(z,t) > 0 (z,t) € Qr in our general case. We should point out that Theorem 3.2 also
holds if z¢ is just nonnegative. To achieve this, we only need to make approximation of z,

from above.

Remark 3.5. If the control p € C(Qr) and zy € C(£), then the state z is in C({7),
by viscosity solution theory ([3]).
64. Optimal Controls.

In this section, we first present an existence of optimal control for our Problem P 7.

The key result is the following
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Lemma 4.1. Let (A1)-(A3) holds. Then, for any q¢ > 2, the following imbedding is

compact:

(4.1) () () Ho(2) = L*(Qr).

Proof. Let {y*,k > 1} be a sequence in L(Q) () H,(R)) with
(42) I8 Iz, IoVetlloae <€, Wk 1.
Without loss of generality, we assume that
(4.3) y* 2o, in L?(Q), (k— ).

We need to show that there exists a subsequence {y*~} which strongly converges to 0 in

L?(Q). To show this, we pick an m > 1. By (2.2), there exists a §,, > 0, such that

1
(4.4) meas {z € Q| {aij(z)} < 6nl} < —.
m
Let us set
(4.5) Qm:{weﬂ‘ {a;j(z)} > b1},

which is an open set. By (4.2), we see that

(4.6) IV ls@m < €, VhZ 1.
Hence, we may also assume that

(4.7) y* 20, in L2(Q™), (k— o).

Then, we have some k,,, with k,, > k,,—1, such that

1
4.8 Fom my < —.
(4.8) 1y"™ [[z2(am) -

Hence, combining (4.4) and (4.8), we end up with

Hyk"’HLZ(Q) < Hyk"’HLz(Qm) + Hyk"’HLz(Q\Qm)

(4.9) 1 1 a2 1 1 g2
< = Bl g (—) 28 < — 4+ C(=) =
< m-l-Hy L (Q)(m) < m‘|‘ (=)

m

12



This completes the proof. O

Our first main result of this section is the following theorem.

Theorem 4.2. Let assumptions (A1)-(A3) hold. Then, for any K, M > 0, Problem Pk

admits at least one optimal control.
Proof. Let {p*,k > 1} C Pa be a minimizing sequence and let z* be the state

corresponding to p*. Then, p* is bounded. Thus, by (3.3), we have that

(410) HszLZ(O,T;H,(Q)*) + szHLz(O,T;H,(Q)) < C. Vk > 1.

Then, we may assume that

P2z, oV B ez, in L*(Qr),
(4.11)

A2z, in 12(0,T; H,(9)°),

for some z € L?(0,T; H,(Q)) with z, € L*(0,T; H,(Q)*) and also,
(4.12) p*=p,  in L*(Qr),

for some p € L%(Q7). On the other hand, by above Lemma 4.1 and [12, p.60, Proposition

4.2], we may also assume that

(4.13) lim ||2" — Z||p2(0,.) = 0.

k— o0

Then we see that Z is the solution of (2.1) corresponding to p. Moreover, by Fatou’s lemma,

we have
(4.14) J(p) < lim J(p*) = inf J(p).
k—oo p€EP
Hence, p is an optimal control. O

Now, let us derive the following optimality conditions for solutions to Problem Px as,
by differentiating the cost functional J(p) and the state function z = z(p) with respect to

the control p at an optimal control.
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Theorem 4.3. Let (A1)-(A3) hold. Let K,M > 0 and z0 € Z. Let p € Py be an
optimal control and Z be the corresponding state for Problem Py pr. Then, there exists a
function A € C([0,T]; L*(Q))( L?*(0,T; H,(Q)) satisfying the adjoint equation

n

— At — Z(aij)‘zi)zj = (a —2bz — 7 — p)A + aZ + Bp°, in Qr,
(4.15) N
‘ A ‘QQ: 0,
A ‘t:T: 0,

such that the optimal control p satisfies

A
(4.16) p = min{M, —}, on Q.
26
Moreover, if
a a
4.17 M>_—e* T VvEK
then,
(4.18) o Q
. D= 23’ on Q.

Proof. Let p € Ppr be an optimal control and z be the corresponding state. Let
h € L°° such that

(4.19) p+ech € Py, for all sufficiently small ¢ > 0.

Let 2° be the state corresponding to $ + eh. Then, by (3.4), we have 2 > z in L?(0,T;
H,(Q)) and the function £¢ = (2° — %) satisfies the following:

e

€& — D (aij€s,)s; = & la—b(2* +2) — p] — h2", in Qr,

1,7=1
£ ‘692 0,

£ ‘t—OZ 0.

(4.20)

By the results of §3, we see that

(4.21) 1€5 120,772, (0)%) + 1€ 22 (00) + 1loVE L2y <O, Ve>0.
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Hence, we may assume that for some ¢ € L?(0,T; H,(Q)) with ¢ € L*(0,T; H,(Q)*),

€5 = ¢, in L*(0, T; H, (),
(4.22)
s =, in L*(0,T; H,(Q)").
Since the equation for £° is linear, passing to the limit in (4.20) shows that £ is the unique

solution of the variational system:

n

= ) (aijs)e; = €la—2bz—p] —hZ,  in Qr,

i j=1
£ ‘692 0,

é‘t:o: 0.

(4.23)

Next, by the optimality of p, we have

e—0 €

= /Q e " (az + BP* )¢ + 2Bzph}dzdt.

(4.24)

We let A be the unique solution of (4.15). The existence and uniqueness of such a solution
follows from a similar argument of §3. Then, substituting from the adjoint equation into

(4.24) and integrating by parts gives (see [9])
(4.25) / e " zh(28p — \)dzdt > 0.
Qr
Now, let us make some observations on the above. First of all, since
(4.26) az 4+ Bp >0,
by maximum principle, we see that
(4.27) A >0.

Next, by definition of Z (see §2), since zy € Z, it is strictly positive in Q. By (3.2),
the optimal state z is strictly positive in Q7. Now, on the set {p = 0}, we may choose

nonnegative h with support contained in this set. Then, (4.25) and (4.27) lead

(4.28) A =0, on {p = 0}.
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On the set {p = M}, we may choose non-positive h with support contained in this set.

Then, (4.25) gives

A
(4.29) M=p< —, on {p =M}
2p
Using h with arbitrary sign, we clearly have that
A _

Thus, combining the above, we obtain (4.16). Next, we let M and K satisfy (4.17). By
(4.15)—(4.16), we see that

(4.31) Bp" — pA = Bp(p — 3) < 0.

™| >

We let A be the solution of the following problem:

N — Z (ai5Az;)z; = (a —7)A + az, in Qr,
ij=1

(4.32)
A ‘BQ =0,

A \t:T: 0.

By maximum principle, we have that
(4.33) 0<A<A,  inQr

On the other hand, we can prove that (note (3.2))

0 < A(z,t) < e(a_r)TOZHEHLoo(QT) < oze(“_’")T(g V|20l L)) < 28M,
(4.34) b
(w,t) € Qr.

Then, it follows that

(4.35) M.

A
— <
28 —
Hence, (4.18) follows. O
Remark 4.4. We see that in proving Theorem 4.4, the condition (2.2) is not needed.
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Now, we let z is an optimal state for the Problem Pg pr with K and M satisfying
(4.17). Let A be the solution of (4.15) with p € Pas being an optimal control satisfying
(4.18). Then, substituting the characterization of the optimal control, (4.18), into (2.1)

and (4.15), we obtain the following coupled two-point boundary value problem:

- A
2t — Z (aijzflli)fllj =az — bz" — %2@
2,7=1
n A2

— X — Z (@i5Ae;)z; = aX —2bzX — 17X — @ + az,
(4.36) =

z ‘BQ A ‘69_ 0,

z ‘t 0 %0

A ‘t:T_ 0

This system is called the optimality system for our Problem Px as. By the “existence of
an optimal control” result, we know that (4.36) admits a solution (z, ). In the rest of this
section, we prove that for T is small, the solution to the above optimality system is unique.
In [9], such a result was proved for nondegenerate case. Let us now state and prove our

result.

Theorem 4.5. Let (A1)-(A3) hold. Then, provided T > 0 is small enough, (4.36) admits

at most one solution.

Proof. Suppose (z,A) and (E,/)\\) are two solutions. Set

w=7z—z, v=A— A,

(4.37)

Then, we see that
(4.38) n(z,T) =0, q(z,0) = 0; e = —w, gt = w.
Using 1 and ¢ as test functions in the equations for w and v, respectively, we obtain

/ [w(=12) + V41 + Qijwa, s, + QijVesds)]
Qr

23
~ 1 =
— 2b(wA + vZ)q — E(A + A)vg + awgq].

(4.39) = /Q [awn — b(Z 4 z)wn — i()\w +vZ)n + (a — r)vg

17



Then,

1 1
H77tH%2(QT) + Hth%Z(QT) + §HUV77('70)H%2(Q) + §HUV‘J(‘7T)H%2(Q)
(4.40) < C{llnellzzcamlmllzear) + gtz cem 2 car)

+ el L2 cemllgllzz ey + llgllzz @ lallzzar) }-
This yields

(4.41) Inel|Z2 (07 + 9l Z2ar) < ClUMNL2 (00 + lalZ2car) }-

Next, we let

4.42 z,t) = w(z,s)ds.
(1.42) (et) = [ ules
Then,
(443) Ct =W = —Th, 77(587t) = C(CB,T) - C(w7t)7
and
T
(4.44) 1€C T T2 () = 2/9/0 (Cedzdt < |ICNIT2(0q) T 11672000

Then, by (4.41) and (4.43), we have
1CelZ2ar) + ll2llZzcar) < CLIMlZ2iam + a0}
< Ol¢C DIz ap + CliCE 20 + Cllalzzan)
< CTIC( T zigy + CUKIZ20r) + 1allZ2(0r)

< CoT|I¢elIZ2 0y + CUKIZ2 (00 + lalZoor))s

(4.45)

with Cy = Cy(T') being nondecreasing in T'. Then, for T sufficiently small, we obtain

(4.46) 16t 2 o) + ot 22 0ry < CUNCN L2000y + a2 o) -

Next, we consider the following:

T 1
mmmﬂz//</g@@@th
QJOo 0
T 1 T2
S// t/ Ct(w,3)2dsdwdt§—HCtH%Z(QT),
QJo 0 2

18
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We have the same thing for ¢q. Thus, (4.46) implies

(4.48) 16t Z2 0y + gt Lo 0ry < CT*{IICeL2 0y + 2|22 01 )

with C = C(T') being nondecreasing in T'. Hence, for small 7', the above yields

(4.49) 1¢I1Z2 ey + lallZzcap) = O
This gives Z = z and X =\ O

Remark 4.6. Due to the opposite orientation of the state equation and the adjoint
equation, we cannot stack the intervals as in the proof of Theorem 3.2 to get uniqueness

of solutions for large T'.

Remark 4.7. Combining the results of Theorems 4.2, 4.3 and 4.5, we see that the
optimal control, the proportion of the nuisance population to be trapped, is uniquely

characterized by the solution of the optimality system.

65. Problems for Neumann Boundary Conditions.

In this section, we will study the problem with Neumann type boundary conditions.
In principle, the results are almost the same. Thus, we will concentrate on the difference
between these two problems.

For convenience, we write down the state equation as follows:

z: — Z (aij(w)zzi)zj = z(a — bz — p), in Qr,

i,j=1
(5-1) Oz
a—l/a ‘BQ

z ‘t:OZ zo(2),

=0,

[i)
Ovg

{a;j(z)}. Namely,

where is the conormal derivative on the boundary 92 compatible with the matrix

Oz
ov,

(5.2) =(c*oVz) v,

with v being the outward normal to 9Q. In studying the above state equation, similar to

§2, we define the space H,(Q2) to be the completion of C°°(2) under norm |||z, (o) defined
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by (2.4). Also, we let H,(Q2)* be the dual of H,(Q). Next, we introduce the following

definition of solutions to the state equation.

Definition 5.1. Let (zp,p) € Z x P be given. A function z € L*(0,T; H,(f2)) is called a
solution of (5.1) if the following holds:

(5.2) /Q [—zm+ ) aijze,ms,;|dedt = /
5.2 r

ij=1 @

zo(z)n(z,0)dz + / (a — bz — p)zndadt,
Qr

¥n e Wyt (Qr) () L*(0,T; Ho(Q)),  with 5 |,_,= 0.
Our result about the well-posedness of the state equation can be stated as follows.

Theorem 5.2. Let (A1)-(A2) hold. Then, the conclusion of Theorem 3.2 holds with
H,(Q) being replaced by H,(f2) and (2.1) being replaced by (5.1).

Sketch of the Proof. Here, we sketch a proof by using condition (2.2) and without using
the notion of viscosity solutions. To this end, we introduce the following approximating
problem:

n

z; —eAz® — Z (a:5(2)2;, )z; = 2°(a — b2 — p), in Qr,

i j=1
{l[(el +*0)V2*] v} ‘692 0,

z° ‘t:(): zo().

Here, we should note that the corresponding boundary condition has been taken as the
natural one (compatible with the differential operator). This problem admits a unique
classical solution z°. Similar to §3, we are able to obtain estimates (3.8), (3.12), (3.15),
(3.17) and (3.19)—(3.21), with H,(Q) being replaced by H, (). Also, (3.23) holds for any
n € Wy (Qr) N L*(0,T; H,(Q)) with n |,_,= 0. Then, by (2.2), Lemma 4.1 and estimates

(3.8) and (3.20), we can assume that

255 2, in L*(Q7),
(5.4)

oVzE 2 oVz, in L*(Qr).
Then, notice that (by (3.20))
(5.5) e||V2|lr2(07) — 0,
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we can pass to the limits in (3.23) to get the existence of a solution. The estimates (3.2)-
(3.6) follow immediately. The proof of the uniqueness is also similar to Theorem 3.2. Thus,

we have completed the sketch. O

We have seen that the major difference is that in the approximating state equation
(5.3), we should choose the boundary condition compatible with the second order operator
to obtain the required estimates for the approximating solution z® of the state equation.

Now, we have that for each (z9,p) € Z X P, there exists a unique corresponding
state z. Thus, we can define the cost functional as (2.6). Then, for each pair (K,M) €
(0,00) x (0,00), we can pose the optimal control problem as in §2. Let us refer to this
problem as Problem Pk pr. Next, similar to Theorem 4.2, we are able to prove the existence
of optimal control for Problem Pk pr. We are not going to repeat it here. Finally, let us

state the following optimality conditions for optimal controls.

Theorem 5.2. Let (A1)-(A3) hold. Let K, M > 0 and z¢Z. Let p € Py be an optimal
control with z being the corresponding state for Problem Pk pr. Then, there exists a

function A € C([0,T]; L*(Q))( L?*(0,T; H,(Q)) satisfying the adjoint equation

n

— At — Z(aij)‘zi)zj = (a —2bz —r — p)A + az + Bp, in Qr,
ij=1
(5.6) A
£ log= 05
A ‘t:T: 0,

such that the optimal control p satisfies

A
(5.7) P = min{M, %}, on Q.

Moreover, if

a

84
. > (a—7)T
(5.8) M_2ﬂe (b\/K),
then,
(5.9) 5o 0
. p—2ﬂ, on Q.
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The proof is the same as that of Theorem 4.3. We also have an analogous result as

Theorem 4.5. We omit the details here.

Remark 5.3. In proving Theorem 5.2, condition (2.2) can be removed. Through the

viscosity solution theory for Neumann problems ([3]), one can obtain the strong conver-

gence of z° to z without using the compactness result, Lemma 4.1, which requires (2.2).
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