A FREE BOUNDARY PROBLEM ARISING IN THE MODELING OF
INTERNAL OXIDATION OF BINARY ALLOYS®

BEI HUD ann JIANHUA ZHANG!

Abstract. A one-dimensional free oundary problem arising in the modeling of internal oxidation
of binary alloys is studied in this paper. The free boundaty of this problem is determined Ly the
equation v = 0, where u is the solution of & parabolic FDE with discontinuous coefficients across the
free Loundary, Local existence, nuigueness aud the segularity of the frec beundary are established.
Global existenee is also studied.

1. Introduction. When an alloy is exposed to an oxidizing environment, it may
either develop an external oxide scale, which acts as a barrier, separating the alloy from
corrosion agents of the environment, or become internally oxidized. In the latter case,
the metal cxide forms as small particles dispersed within the alloy. Many theories have
been praoposed to understand the oxidation process, see [4] [7] and references therein.

We asswimne that the alloy 18 composed of metals A and B, and the corrosion is by
oxidation only. We also assume that B has a higher affinity for O than A, so that, in

fact, only oxide of I forms:
B+ ¢ — B0, {oxidation reaction).

In this paper, we shall consider the one-dimensional model. Let x be the real
variable which measures the depth in the alloy; £ = 0 represents the surface of the
alloy. We shall focus our attention te the internal oxidation process. The following

model of internal oxidation is derived in [7]:

{1.1) {1 —kz(z)yey = (DoE(kz(x)ica ). for 0 <e < &{t),1 >0,
(1.2} by = (Dl )y ~ w{E)b, for x> £(t),1 >0,

where z{x) is the concentration of exide BO,, oz, t) is the concentration of oxygen O,
b, ) is the concentration of B and Dp, D4y ave positive constants. The oxide 80, is
present ouly in the region {0 < = < £(#)}, while the pure metal £ is present only in the
region {£(t) < @ < oc}. The equation (1.1} represents the diffusion of oxygen, while

the diffusion cocfficient depends on the concentration of oxide BO,; the first term on
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the right-hand-side of equation (1.2) represents the diffusion of metal particles, while

the seeond term represents the reaction induced advection, namely,
(1.3) v=ADub, onx= &),

where ) is a positive constant, and v(t) is the bulk velocity (in the w-direction). This
advection is caused by an expansion during the reaction owing to the fact that the oxide
B0, occupies more volume than its constituent B atoms. It is assumed here that the
reaction zone is very thin and therefore can be represented by a curve @ = £(1), which
separates the oxidized region and the uncxidized region. By the continuity of b(x.1)

and ofz. 1),
(1.4) b=c=0 onz=E£t),

where the oxidation reaction is in equilibrium {nothing fo react}. The balance of the

axidation reaction gives

(1.5) — Do B(k2)e, = gDpeby  on w = £(1).
Oun the alloy surlface

(1.6) ef0,8) =¢ ford >0

As indicated in [7], Do 3 Dy and Doc® /Dy = O[1).
Finally, in the effective medium theory, we Lave

0 ifkzz=1fp,

1 —phz HWHh:=1
(1.7) E{k:]:{ phe it kz < 1/p

hiere p, the percolation threshold, depends on the shape of the oxide particles. About
this model, more details are presented in [4] and [7].

It is derived in {7] that the concentration z(x} satisfies the equation
df(t
(1.8) z = Dyb, /% on r = £{t).

However, since (1.8) involves the derivative of the free boundary, it scems quite difficult
to study the system (1.1)-{1.6) with equation (1.8). In this paper, we shall investigate a
simplified version by assuming z{z) = zq with 1—kzy > 0, B{kzy) > 0. This may include
some practical cases when internal oxidization ccours, as shown in the examples in [7].

B introducing new scalings if necessary, we may assume withont loss of generality that.
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p=1, E{kz) = 1 and Dy = 1. To simplify our statement, we take Afg = 1 and set
b = Dg: the result will hold for general A/q without any <ifficultics.

Introduce a new function

wlir, 1) = { efx,t) for Oz < E(t) =0

1.9}
(1.9) —gb{z,t) forz = E(f),f >0,

and st

SR
A(w}:{ 1 forw <0

D forw =0,
1 forw =<0
flw} = { 0 forw >0
A direct calculation shows that {1.1}-(1.6) is equivalent to the following
(1.10) w, = (Alw)w, ), — Slw)vitiw, <z < 400, >0,
(1.11) o(l) = —w,(€(t), ), w(E(t), ) =0 t>0.

We find that it is easier to work with the funetion

w  for w <10

Tl
P ’f —_ [ Afsids =
u(z,?) A0 (s)ds { D for w > (.

Set

o) = { e foru<0

1, .
S for u =0,

We now state the problem.
Problem. Find a triple (o(x, ¢, £(£), v({)) such that:

(1.12) {a{t)); = 1y, — F(u)w{thu, for <2 < oc,t >0,
(1.13) o(t) = —(6(1),1), w(E(E)t) =0 fort >0,
(1.14) w0,y =1 fort>0,

(1.15) w(a, 0] = ugl{x) for D < 2 < cc.

Remark 1.1, (1.12)-{1.15) iz an one-dimensional free houndary problem of a
parabolic equation, which involves discontinnous cocfficients.  One dimensional free
boundary problems have been extensively siudied o the terature. ln our probleny,

the free boundary £(#) is determined by the equation w = 0. Tt is different from those
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discussed in [1] [2], and is not in the framework of the general free boundary preblems
treated in [3] as well.

We shall establish the short time existence of a solution in section 2. In section
3, we prove the regularity of the short time solution and the free boundary, where the
transform of the Hodograph type is emploved; uniqueness of such a solution is shown
in section 4. In sections 5 and 6, the global existence and the asymptotic estimates
of the free honndary are studied. Finally, in section 7, internal oxidation with large
oxygen diffusivity is discussed. In particular, the global existence and uniqueness of the

elassical solulions are obtained.

2. Local existence. We begin with the local existence.
THEOREM 2.1. Ascume that the initinl date.uy € CYP[0,00) (F € (0,1)) and

satisfics

(2.1) ug{0) = 1, Jim volz) = —Bp <0,
(2.2) ug(z) < 0 for 0 < 2 < 00, 11‘]12:‘ wplz) =10,

Then there exists T > 0 such that the system (1.12)-(1.15) has « local classical solution
(ulx, t), E(t)) for £ € [0,7). Furthermore, u,(x,f) und {(t) are Holder continuous and

(2.3) — gl Losioony = wadz ) <0 ford<r<oo, t >0

Proof. We first approximate a(u)] and F(n) by smootl functions. Let a.{u) be

simooth functions such that

1
(2.4) afuy=alu)=w foru <0, 5 <af{u} <l for —oco <y <o,
(2.5) af{u) <0 for —oo < u < oo, a:{u) — a{u) uniformly on &',
Let F:(u) be smooth functions such that
_ 1 foru < —¢
(2.6} Bu) = ., Flu) <0 for —ooc < u< oo,
0 forw>10

Lt
X ={veCl0,Th0 < v(t) < K},
where K = ||ugl| gee.

For cach v € X| we consider the following approximaling equalions
(2.7} (e{tw)}, = w,, — G (wiv(the, for0<w <o, >0,
(2.8) wle, ) = ugla) for 0 <o < oo,

(2.9] wil,{) =1 fort >0
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It follows from the standard theory of parabolic equations that there exists a umique

solution w = w., and,

(2.10) ~Byfw(ri) <l for0<e <0, £ 20,

by the maximuwun principle. Diﬁerentiaﬁng the equation in x, we obtain,
(211) @ (wede = (wedon — B4+ (w0 P0(t) = Be - 0E)0 ) — 0l wyamy.

The inequality (2.10) implies that w.(0,) < 0. Therefore we can use the maximum

principle to conclude that
{2.12) welz, ) <0 ford<a<on,tz0,

Notice that hy our choice of ¢, and 3., e{u) = 0 for « £ 0 and F,(u) = 0 for u > 0.
Thus af{u)- . (u) = 0. Using this equality and substituting the last term of (2.11} from
the eguation (2.7}, we obtain,

L

44 ;
(2.13) Gy - 91 — P + Fe - v(thoa + r-j-w,_.:pw = -3 (wo)*(t) > 0,

£

where @(x,1) = w.lz, 1) + K. The function hz) =1 — Kx satisfies

—Np + B U(i,]ha: =—lG v <l ford <o <oot >0,
0) = 1 = w(0,1), Ma)=1— Ka =1 — |jug]eee < ugla) for § < x < .

Therefore by maximum principle {z) < wlz, t) for 0 < » < 0o, { = 0. This implies
that w,(0,4) = ha(0,1) = — K, and 50 @(0,¢) > 0, By maximum principle, ¢{x, 1) = 0
ford<<w<oo, t>0, 18,

(2.14) welz, )2 —K for <o <oo i >0,

In order to obtain Hélder estimates for w and w,, we rewrite the equation as

(2.158) wy = o, . + fla, i),
1 Irj'ﬁ % v

where ¢(x,t) = — and fz,1) = ——v(tjw, satisly
ot !

1 <ofr,t) <D, 0< fla, i) < KD
By the C*%? estimates [or parabolic equations with measurable coefficients [8],

(2.1G) [l eearipocixprn = €
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for some a € (0,1). Differentiating the equation in x, we get, for o = w;,
P = (o), + fe for0<a<oo, £>10,

{0,8) = 0,
Pz, 0) = wplz).

Tt follows from the Hélder's estimates for equations of divergence form {9, Chapter V,
Theorem 1.1] that
2.17} ||‘ﬁb[Ecv-nﬂ(gu,m;x[u,Ti} = |Ew=-i|r:rn-na’?t|ﬂmax[u,'q] <,

where the constants € and o € (0,1) depend only on the given data (they are indepen-
dent of £). .

By (2.12) and the strong maximum principle, wy{x,t) < 0 for all 0 < = < oa,
£ = 0. It is clear that lim,_ . w{x,?) = =By < 0. Therefore we can solve the equation
w(x,t) = 0 to obtain = = £(1) = £(t). The function £{f) is continuous for each £ = (L.

We now define the map A, + X — X as follows:
(2.18) (Mev)(t) = —wa(£(t).1).

Bv {2.12) and {2.14), the map M, maps X Into X itself. In order to show that the
image of M, is precompact, we next derive some estimates on (). Choose ¢ > 0 small
gnough such that
B . B .. i . .
(Eﬂ—t—ljemé“'—"E—u}':lu{r} for) < w < oc, ﬁ—éz—ﬂﬁ}ﬂ.

Then the function ¢z, ) = {22 + 1) 28 — Ba gatisfies
LU N J 2

1 .
e * G = Oz + Fe - v{t)g > (%q + 1) et (E — 62— ﬁfé) > 0

The initial and boundary conditions of g{z, t) clearly majorize those of w(x, t). It follows
that

wlx, i) < gle,t) for 0<a <o, ¢t >0
Notice that glx,t) < 0 for » > -}5- (111 (1 + %ﬂ) -+ Ijl. Thus
(2.19) 1) < (ln (1 L2 ) : T) =Ty forte [0,7T]
. <= o= VT = Ny : LI
! — 4 Ba ’
Sinee —uy = and w{0,1) =1, we also have

(2200 £ty = l lor t > 0.
K
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By assumption,
up(r) < —2c0 <0 for Lo = Ky
and for some ¢g > 0. It follows from (2.17) that
(2.21) wy(z, ) € —cp< 0 for0<a< Ky, 0t < T,

provided T' is taken to be small enough {T' depends only on the given data, and is
independent of £},

Now we have, for {; < ia,

0 = wlé{t1),t1) ~ w({tz),ts)
= w(&(t), t) — w(&{ta), ) + wlélta). 1) — w{flta), ta)
= w(#, 8§00 ) — §(t2)) + w(f{f2). 1) — w(ldz), 12},

where # is between £(#)) and £(#3). Recalling (2.17), we ohtaiu
C .
(2.22) |€(E) = £lt2)] < a”ﬂ —1[*" fort € [0,T].

This proves thal £(¢) is uniformly Hélder continuous. Hence M,X is precompact. It
follows that M. has a fixed point, which gives a solution (af{x,1),£5(¢)) {or the ap-
proximating system. Notles that the estimates in (2,12} (2.14) (2.16) (2.17) (2.19)-
{2.22) are all independent of &, Therefore we can easily pags the limit as ¢ — 0 along a
subsequence of £'s to obtain a solution to the problem {1.12)-(1.15). a

Remark 2.1, Tt is clear that if the solution w{x,1) satisfies the assumprions (2.1)
and {2.2) for t = T, then the solution can be extended to T <t < T + ¢, for some snall
& = 0. Notice that for any T > 0, {(2.1) will always he satisfied for £ = T, It 15 also
clear that i, .. ve(x, T) = 0, as long as the solution exists for t = 7" The estinates
{2.12) (2.14) (2.18) (2.17} {2.19} (2.20) are valid for auny T > 0 (though the constants
C may grow as T grows). The smallness of T was used ouly in the establishment of
(2.21), with (2.22) as its immediate consequences. Therefore if we can establish the a

priorl estiinates
(2.23) u {2, Ty <0 ford < o< o0,

for any T = (0, then the solution exists for all ¢ € (0, 00,
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3. Regularity of the free boundary. It has been established in the previous
section that

(3.1) % < E(t) < Kr, —K < Hpl2,8) T =g <0 for <o < Eﬁij‘? 0 <t<T.

THEOREM 3.1. The free boundary x = £(t) is C° for allt & (0,T}.

Proof. We perform the transform of the Hodograph type 8] in (1.12) near the free
boundary # = £(f). Make a transformation {z,t) — {1,¢) and introduce the function
$(n, 1) by lotting

1= u{z, 1), D, 1) = .

Differentiating the identity ®(u{z,t),?} = x with respect to © and ¢, we obtain the

following system

(3.2 $, = ﬁfbw—i—v[t} for —c<np<0, 0<t<T,
(3.3} }i}{[jr_ = ﬁ{ﬁw for0em<l, 0 <t <T,

(3.4} B0t} = G0+, 1), G (0—,1) = L, (04, 1],
with the initial condition

(3.5) B, 0} = uy () for —c<n<l,

and the free boundary conditions

1
B, {0,£)

(3.6 ©0,8) = £(E), vt} = -

We take the constant ¢ in {3.2) and {3.5) to be small enough so that (3.1) is valid in
the corresponding domain.

Next, we make a reflection along 77 = 0 and define

Dn,t) = B{n,2) forn>0,0<t <7,
'(I’?{Tj?i} =M—n,t) forw=0 0<t<d,

then (B!, $?) satisfies the following parabolic system

(3

i

(3.

—f

) $ =a(n)®. forn>0, 0<t < T,

i

L

1) P} = a(m, )22 4 u(t) forn>0, D<i<T,

:I|I?
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with the initial and boundary conditions
(3.9) S0 =up'lm),  Pm0) =wuy'(-y) forn>0,
(3.10) oU0,¢) — B20,0) =0, S 0, £} +@L0,£) =0 fort>0.

The coeflicients in (3.7)-(3.8) are defined as follows

{3.11) al{n, i) = at(n,t)

1
(23 (&)’

1 1
3.12) wlt =——(:—,—).
(812, ©=" %00\~ #0.0

(@22(n.2)"

By Lemma 2.1, there exists some a € (0,1} such that a',a® € C**E(Qr) and v €
=20, 7], where Qr = {{m1); 0 < < ¢, 0 <t < T} It follows from the theery
of Schauder's type for parabolic systems [10, Chapter IV] that for any € > 0, & ¢
CrHeedf2([n e — ] % [6,T]} (i = 1,2). Hence, &) € C'el+2({0, 0 — ¢] x [, T7)
(1 = 1,2). It follows from the definition of of{z,t) (i = 1,2) and u(t) that a!,4® €
CUretltalf2([ o — ] % [¢,7)) and » € CU¥*I2[= T]. Applying again the estimates
for the parabolic system, we obtain & € C¥red3+a)2([0 ¢ — 2] x [¢,T]) (2 = 1,2),
which implies that, &} € CPT@VE({0, ¢ — &] x [¢,T]} (i = 1,2). This process can be
continued, and, by induction, £ € C=|e, c0) for any ¢ > 0. 1

The regularity also extends to the neighborhood of £ = 0 if we further assuine the
compatibility conditions.

LEMMA 3.2. If we further assume that wy € OO0, &) N CH0[&, 0o), where & is

the zero of upfx), and
(3.13) Dug(€s — 0) = gl + 0} + (1)"{&),  wj(0) =0,
ihen the soletion (w(x, €), (1)) sotisfies

(3.14) £ e ¢, I,
(3.15) yog RN iy 0 < e < EH), 0SS TYN
OB ) < e S M, 02T

Jor any AL = 0.
Proof. Near the free boundary, the proof is the same as in Theorem 3.1, where
initial-bonndary estimates will be emnployed. The estimale away from the free hbonndary

follows from the standard Schauder’s estimates for parabolic equations ([a]). il
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4. Uniqueness. In this section, we prove the unigueness. Suppose that (u,£,v],
{m,&,7) are two solutions. Solving u(z,t) = —cand Wx,1) = —¢, where cis the constant
indicated in section 3, we obtain, by (3.1}, = ¢{t) and 2 = g{#) with ¢(0) = (0.

It is elear that
0 < g(t) <) <ql0)+1=M,
provided that ¢ is small enough, say 0 < ¢ < Tp. Clearly we have
{4.1) —C < ug, T, <oy for {xz,t} e [0,M] x [0,T].
Now we compute |

0 = wig(t),t) —u(qt),t]
w(q(t),1) — w(G(2), £) + u(glt), t] — Wyt), 1)
= u. (0, t)g(t} — qt)) + ulglt). t) — w(g(t). 1)

where # is some number between g{t} and ).

Hence {4.1) implies thai
1 f— e 2l
(4.2] |a(t) — gt)| < z;iu{ff{t},il —wgltht)] for t € [0, 7).
LEMMA 4.1, There holds
~ ¢ = . _
(4.3} lg — @l =100 < ” (1€ = iz + Tollw = Tl oozl »

where C = max [ ||tuzllpe, |[Telire=}.
Proof. Let €n6.(1) = max(&(£), £(¢)), then

G1),T() > Emaalt) Tor 0 < i < T,
if Ty is small enouglh. We also have
(2 = T (Enes (1), 1] < ClE(E) = €L,

where € = miax (|jreg|| =, | Zafl 222 )

In the region {T > £,..(2)}, we have the equalions

(o — %), = (10— Wy — {EN 0 — ), — We{w(d) —B(E)),

{1 — )|z = .






