MULTI-LAYER LOCAL MINIMUM SOLUTIONS OF THE
BISTABLE EQUATION IN AN INFINITE TUBE

XTAOFENG REN

ABSTRACT. We construct local minimum solutions of the semilinear bistable
equation by minimizing the corresponding functional near some approximate
solutions, assuming that some global minimum solutions are isolated. The key
step is to prove with the help of a characterization of Palais-Smale sequences
that the functional takes higher values away from the approximate solutions
than it does near the approximate solutions.

1. INTRODUCTION

In this note we continue to study the problem posed in [1]. Consider the semi-
linear elliptic equation

—Au+ f(u) =01in Q
() 6_u =0 on 09
ov

where f is a bistable function, and Q is an unbounded tube-shaped domain in R?.
(1) is the Euler-Lagrange equation of the functional F defined by

(2) E(u) = /ﬂ[%|VU|2 + W (u)]dz

u

where W(u) = / fw)dw, and W is a double well potential function of equal
-1
depth. The domain of the functional F is taken to be the class

(3) A={ue L], (Q): Vue (L*Q)* W(u) e LY D)}

Here L} () is the space of measurable functions that belong to L'(K) for every
compact subset K of €.

We present an alternative approach to the construction of multi-layer solutions of
(1) by minimizing E near some proper approximate solutions. The solutions being
local minima of E reflects the advantage of this approach since in Theorem 4.4 [1]
solutions are found through an indirect deformation argument and they are only
known as critical points of (2). The hypothesis here that guarantees the existence
of the solutions is also weaker than that in [1] (see Remark 2).

The precise conditions on f, W and Q are given as follows.
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H-1: W is a C? function that has exactly two global minima at —1 and 1
where W(—=1) = W(1) =0, W"(-1) > 0, and W"(1) > 0.
H-2: There exists © > 0 such that W (u) = ©Ou? for all |u| > 2.
H-3: Qisasmooth infinite tube periodic in z!-direction, i.e., 2 = (2!, 2') €
R!'x R&1 = R%isin Q if and only if z 4 (1,0,...,0) is in Q and 2’ lies in
a bounded subset of R4~1.
Note that H-2 is more or less of technical nature. Indeed for each W satisfying H-1
and W/ (u) > 0 for |u| > 1, the maximum principle implies that bounded solutions
of (1) lie between —1 and 1, so one can always modify W to satisfy H-2 without
affecting bounded solutions.
As a consequence of H-1 and H-2 there exists C' > 0 such that for all v« € R!

(4) F2(u) < OW(w).
Define a segment S(z!,t), 2t and t € R, of Q by
(5) St t) ={(y',y) €Q: |y — x| <1},
For every u € A (defined in (3)) define a continuous function @ : R* — R! by
1
u

6 i) = ———— u(y)dy, =t € R
© ) = St 172 Sy "

where |S(z!,1/2)| denotes the Lebesgue measure of S(z!,1/2) in R%.
Corollary 2.2 [1] states that for every u € A, lim u(z') and lim @(z') exist

rl——0co rl—oo

and equal —1 or 1. Setting
(7) Al ={ue A: lim a(zhy=¢, lim a(z') =9}, ¢,ne{-1,1},

we decompose A = AT1 UAL, UATT U AL
Ifue AZ, then Lemma 2.3 [1] states that every v € L], () isin AZ if and only if
v—u € WH%(Q). Therefore each subclass .AZ is a complete affine space, a translate
of W1H2(Q2), where the tangent space at each point is W12(£), the distance of u, v €
AZ is [Ju —v[|wi2(q). In AZ we use B(u,r) to denote {v € AZ u—=vllwrz) < 7}
Lemma 2.5 [1] states that £ : A7 — R*! belongs to C'Z(.AZ,Rl) where

E'(u) = /Q[Vu Vo + F(wolde, u€ AL, 6 € WHA(Q),

E (u)(¢, ) = /ﬂ[ws VY + f(u)dd)de, we AL ¢, ¢ € WHH(Q).

We use || E'(u)|] (J|E(w)|], respectively) to denote the norm of the liner (bilinear,
respectively) form E’(u) (E"(u), respectively). Tt is clear from H-1 and H-2 that
[|[E”(u)|| is bounded uniformly in w.

u is a critical point of E if u € A and for every ¢ € W1H2(Q)

/Q[Vu Vo + fu)pldz = 0.

A critical point of F is a classical solution of (1) by the standard elliptic regularity
theory. The set of all critical points in A is denoted K.
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The global minima —1 in .Aj and 1 in .A% are 1solated critical points in the
sense of Lemma 2.6 [1] which states that there exists Ag > 0 such that for every
ue A5 NK, u#0, we have [ju — Olwr2(q) > Ao-

Theorem 3.2 [1] asserts that in each .AZ, there is a global minimum of F| i.e.,
there exists u € AZ such that

E(u) = inf E(v).
vEAZ

We now take U; € AL, Us € ATY, .., Uy € AE:RXJH to be M global minima of
FE in their own subclasses. We say that Uy, Us,...,.Ups are isolated global minima if
there exists pg > 0 such that for every u € B(Us, po)\{U; } and every i = 1,2,..., M,
we have E(u) > E(U;). The U;’s being isolated implies that the domain Q can not
be a cylinder, ie., Q # R' x ' where Q' C R*!, since in a cylinder no global
minimum in AL, or A7 is isolated due to the translational invariance.

Two important operators are defined on A. Let k be an integer, and define the
shift operator 73 :.AZ — .AZ for (,n e {—1,1} by

(8) mru(e) = u(z — (k,0,...,0)), z € Q.

Define the paste operator 7 : .Ag x Ay — .AZ for (,0,n € {—1,1} by
(9) m(u,v) =u+v—0.

A recursive use of (9) extend 7 to 7 : ./422 X Azz X oo X Azk — .AZ by

(10) m(uy, oy .., up) = w(ug, m(ug, 7(., T(Uup—1, ug))))-

These two operators are often used together. If there is no danger of confusion, we
write mju for (75, w1, T, us, .., T Uk).

The main result in this paper is the following existence theorem, which improves
Theorem 4.4 [1].

Theorem 1. Let Uy € AL, Us € ATY,... .Uy € AE:RXH be isolated global min-

ima in their own subclasses. Then for each v € (0, min{pg, Ao, 24/|5(0,1/2)|}) there
exists L > 0 such thatl as long as min{js — j1,js — jo, ..., jasr — jm—1} > L there

exists V € B(m;U,r/2) with
E(V)= inf  E(u),
( ) u€B(7;U,r) ( )
. . . . (—HM+1
i.e., there is a local minimum of E in B(w;U,r) C A} .
Recall that ;U = w(7;,Ur, 73,Us, ..., 75, Unr), fto measures how isolated the U;’s
are, Ag measures how isolated —1 and 1 are, and |S(0, 1/2)| is the Lebesgue measure

of S(0,1/2).

Remark 2. In Theorem 4.4 [1] the U;’s are assumed isolaled as critical points,
while here they are merely isolated as global minima.

Remark 3. Fach U; can be regarded as a single layer and m;U as a function of k
layers. Since the local minimum V s close to m;U, V s a k-layer solution.
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2. PROOF oF THEOREM 1

To make the proof of Theorem 1 more readable; we assume M = 2. The general
case can be handled along the same line. We use C', (1, Cs,... to denote generic
constants that may vary from line to line. We often do not mention passing to a
subsequence when we do so.

Let Uy € ./41_1 and U, € .,41_1 be two isolated global minima of F, and pg
be the radius of the balls around U; and Us; in which there is no other global
minima. Take two integers j; and js, j1 < jo2, and look for a local minimum of
E in B(m;U,r) C A7 for some r € (0, min{uqg, Ao, 2,/]5(0, 1/2)[}). Here ;U =
m(7;, U, 7,Us) serves as an approximate solution.

We first show that E(u) is large for all v € B(m; U, r)\B(7; U, r/2).

Lemma 4. Fiz r € (0, min{pg, Ao, 21/]5(0,1/2)|}). There exist L > 0 and € > 0
such that for every pair of integers (j1,j2) with jo —j1 > L

F > inf E
(U) - UEBI(I;]'U,T) (U) te

for all w € B(m; U, v)\B(7;U, r/2).

Remark 5. L s a lower bound of the distance between the layers. In general the
larger r 1s, the smaller L can be.

We postpone the proof of Lemma 4 to next section. Take u,, € B(w;U,r) such
that

(11) lim E(u,) =

mn
n—00 veB(m;U,r)

E(v).

Because of Lemma 4, we can safely assume u, € B(7; U, r/2).

We now show that {u, } is a Palais-Smale sequence. Recall that a sequence {g,}
is a Palais-Smale sequence if E(g,) — ¢ € R* and ||E'(gn)|| — 0 as n — oo. If
{un} is not a Palais-Smale sequence, then we can assume [|E'(up)|| — é > 0 as
n — co. Find ¢, € WH3(Q) with |6nllwr2q) = 1 such that E'(un)én > 6/2.
Then consider for ¢t € (0,r/2)

E(un - t¢n) = E(un) - tE/(un)¢n + (tz/Q)E//(un - tn¢n)(¢na ¢n)
< B(up) — (6/2)t + Ct? < Bi(nfU )E(v) +o(1) — (8/2)t + Ct*
vVE w;U,r

where t,, € (0,1) is guaranteed by the Taylor expansion formula and the constant C'
comes from the fact that E' is bounded. o(1) stands for a quantity that approaches
0 as n — 00. Choosing n sufficient large and ¢ sufficiently small, we deduce

FElu, —to,) < inf  FEv

( d) ) veB(w;U,r) ( )
which is impossible since u,, — t¢,, € B(w; U, 7). This proves that {u,} is a Palais-
Smale sequence.
We quote a characterization of Palais-Smale sequences from [1].
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Proposition 3.1 [1]. Let {u,} be a Palais-Smale sequence in .AZ, ¢ and n €
{=1,1}. If lim E(u,) =0, then Al = A§ for some 6 € {—1,1} and

nli»nolo ||Un - 9||W1)2(Q) =0.
If lim E(u,) > 0, then there exist wy,wq,..,wp € K\{-1,1}, &k > 1, w; €
AS:“, 61 = ¢ and 0,41 = n, and k integral sequences {l n}, {lon}, .. {lpn} with
lim (liy1n — lin) =00 for each i = 1,2, ... k—1 such that

lim ||w, — 7(7, , w1, 7, wa, ..., le)nwk)HWlﬂ(Q) =0,
n— 00

lim E(up) = E(w1) + E(ws2) + ... + E(wy)

n—oQ

along a subsequence of {u,}.

Applying Proposition 3.1 [1] to u, we find k integral sequences {l1 »}, {l2n}, ..,
{lk,n}, and k nontrivial critical points wy, wa,...,wy such that ||u, — 7, w||lwi2(q) =
o(1). Then ||m;U — m, wllwi2() < /24 o(1). If one of the I; ,,’s approaches —oco
or oo, say I , — 00, as n — 00, then

7“/2 > ||7T]'U — 7Tlnw||W1,2(Q) + 0(1) > ||wk + 1||W1,2(Q) + 0(1) > Ao+ 0(1)

by Lemma 2.6 [1], which is inconsistent with the assumption on r. Therefore k = 1
and li , is bounded in n. We can select a proper subsequence of {l1 ,} and shift
wy to assume {1 , = 0. Then with the help of (11)

e =l =0, Blwn) = Jim Bluwn) = nf, E(v),

and wy € B(w;U,7/2), 1.e., wy is a local minimum of E in B(w;U, ). The proof of
Theorem 1 is complete after we set V' = w;.
3. Proor or LEMMA 4
Suppose the lemma is not true. Then there exist r satisfying

0 < r < min{po, Ao, 20/IS(0, 1/2)]},

a sequence of pairs of integers (ji n,Jj2n), With jo, — j1,n» — o0, and a sequence

{tun} C B(7w;, U, »)\B(m;, U, 7/2) such that

(12) E(up) — vEB(EleU,r)E(U) =o(1)

as n — oo.
We can find a constant C independent of n such that

(13) E(u)<C
for all v € B(7;,U, 7). To see (13) we estimate for each v € B(w;, U, r)
|E(u) = E(7;,U)

1 1
L / V(4= 73, 1) + Vg, U — & / IV U+ / W () — W, U]
2 Q 2 Q Q
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= I3 [ V=m0 + [ V=, 0)-Tm,0 4 [ W) = Wm0

< SV =75, D)l|Zaq) + IV (= 75, Dl 2@V 7, Ullz2a)

N | —

HIF g, Dz lle = 75, Ullz2e) + Cllu = 75, U7 2(q
< CL(IV 75, Ul + 1 (7, Ul z2ga))lle = 75, Ullwrzgay + Callu = 75, Ullj2q)

< O/ E(my, U)llu = 75, Ulwrzga) + Collu = 71, Ullf.2(q)-
The last inequality follows from (4). The last line is bounded independent of n
since F(m;, U) = E(U1) + E(Usz) + o(1) and [Ju — 75, Ul|lw1.2(q) < r. This proves
(13).
If we write Q@ = U3Z_ . S(k,1/2), we can find a sequence {m, } of integers with

(14) lim (m, — j1,,) = lm (jo n, —m,) =0
and

1
(15) lim [=|Vun|* + W(u,)] =0

n—o0 S(mn,1) 2
by (13). (14) and (15) actually imply
(16) lim [V (up — D) + [un — 1] = 0.
T JS(ma,1/2)
To see (16) we use Lemma 2.1 [1] to obtain

lim sup |t (2) — 0] = 0
=0 ple(me—1/2,mp+1/2)

for some 6 € {—1,1}. In particular,
(17) Un(mp) — 0 = o(1).
Consider

/ (9 (ttn — O] + | — 6]
S(mn,1/2)

From (15) we know

(18) / o T O = o),

About (u, — 0)? we set
Gp ={x € S(my,1/2) : Juy(z) — 0] < 8}, By = S(my, 1/2)\G,,

where § is so small that for all u € (6 — 6,0 + §), e1(u — 0)? < W(u) < ca(u — 0)?
for some positive ¢; and ¢z. The reader may think G, as a good set and B,, as a

bad set. On the good set G, by (15) we find

(19) /G |y, — 0]? < c/Gn W (un) = o(1).

n
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On the bad set B,, we note that |u,(z) — 0] < 2|un(x) — up(my)| if we choose n
large enough because of (17). Therefore with the help of the Poincaré inequality

(20) / lup — 0]? < 4/ |ty — T (mn)|? < C [Vu|? = o(1)
B S

n (mn,1/2) S(man,1/2)

by (15). Then (18), (19) and (20) imply
Lo 1= 0P 4 — 0] = 1),
S(man,1/2)
We need to show # = 1. Assume 6 = —1. Then 1t follows

2 = w3 Ul 2 [ (¥ = w3, D + o — 73, UF)
S(mp,1/2)

= /5( 1/2)(—1 — 1)2 +0(1) = 4]5(0,1/2)| + o(1)

with the help of (14). This is inconsistent with our assumption on r, and (16) is
proved.
We then truncate u, at S(my,, 1/2) to define

[ un(e) if ¢ S(m,,1/2)
(21) Un—{ (un(x)—l)f(l‘—mn)+1 if xES(mn,l/Q)

where ¢ 1s a smooth function such that

[0 if 2te[-1/4,1/4]
5(90)—{ Loif et g [-1/2,1/2]

It follows from (16) and (21)

(22) E(vn) = E(un) = o(1), and [Jvy — un|lwi2(a) = o(1).
We set
_f ova(z) i 2 <my, 1 if z' <m,
vin(x) = 1 if z'>m, "’ van(r) = vo(z) if 2t >my,

Clearly v1,, € AL, va,, € ./41_1, vp = (V1 n, V2,) and
(23) E(vy) = E(v10) + E(va ).
From E(vi,) > E(U1), E(van) > E(Us), (12), (22) and (23) we deduce

(24) sl F) 2 B + B(U2) +o(1).

On the other hand by (14)
E(r;, U) = E(U) + E(Uz) 4 o(1),
which implies

(25) inf  E(v) < E(U1) + E(Us) + o(1).

i
veB(m;,Ur)
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Combing (24) and (25) we deduce

inf E(v)=F E 1
el B = B0 + E(U) +o(1)

and
(26) E(vin) = E(U1) +o(l), E(van) = E(Us) +o(1).

We turn our attention to the distance between vy , and 73, , Uy, and the distance
between vs , and 75, ,Us. Clearly

o1 = 750 Utllwiz) + Jvan — 7, Usllwzq)

> ||vn — 75, Ullwrz) > r/2 +o(1)
by the triangle inequality and (22). Then either

(27) ||Ul,n — le,nU1||W1)2(Q) Z 7“/4—1— 0(1)
or
(28) ||UZ,n — sz,nUZHWl)Q(Q) Z 7“/4 —|— 0(1)

Assume without the loss of generality that the former occurs. We look for an upper
bound for [Jvi n — 75, , Ui|lw1.2(q). Consider, with the help of (14),

/ Vv, —Va; UI* > / Vv, — Va;, Ul
Q zl<my
:/ (Vo1 = V75, U1) + V75, Us|*
zl<my

zu/' nan—v@Lthﬂz—q/ A AC T
zl<my,

zl<my,
(29) =1 Vo = T O o)
zl<my
Also note
/ Vv, — V1, Ui = / Vo1, =V, Ui + / V7, U1
Q rl<my, zl>my
(30) = / Vo1, — YV, Ur]* + o(1)
zl<my

again by (14). Then we deduce from (29) and (30)
/ |Vv17n — Vle)nU1|2 < / |an — Vﬂ']'nU|2 + 0(1)

Q Q

A similar argument shows
J 1ot = 0,0 < [ on = 73,0 + 000,
Q ’ Q

We then find, with the help of (22),
(31) 1,0 = 75, . Utllwre) < (Jvn — 75, Ullwrzq) +o(1) < r4o(1).
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We shift vy , back by —j1, to consider 7_;,  v1,. From (27) and (31) we deduce
(32) r/4+o(1) < |lr—j, 0
Note that (26) implies

E(vin) — E(U1) = enjlfl E(v)

)

n — U1||W1,2(Q) S T —|— 0(1)

as n — oo, i.e., {v1,} is a global minimizing sequence of £ in AL;. As in the
proof of Theorem 1, {vi,} (as well as {7_;, ,v1,}) is a Palais-Smale sequence.
Applying Proposition 3.1 [1] to {7—;, ,v1n}, we find k integral sequences {l1,},
{lz.n},---{lk,n}, and k nontrivial critical points wi, wa,...,wy satisfying ||7_;, ,v1 n—
T, w||lwi2(q) — 0 as n — oo, which implies with the help of (32)

(33) r/4+o(1) < ||Up = m,w|lwieq) < 7+ o(1).
If one of the I; s approaches —oco or 0o as n — o0, say I , — 0o, then (33) implies
r 2 ||Ur = m, wllwrzie) 4+ o(1) 2 [lwe 4+ 1lw2a) + o(1) > Ao 4 o(1),

which is again inconsistent with the assumption on r. We conclude that £ = 1 and
l1 » is bounded in n. By passing to a subsequence of {1 »} and shifting w; we can
assume l; , = 0. Then we deduce with the help of (33)

I17=jrn 01,0 — willwraiq) = o(1), r/4 <||Us — willwizg) <7

Since {7_j, ,v1n} Is a minimizing sequence in AL, we find F(wy) = E(U;) and
r/4 < ||Ur — wilwr2(q) < 7 < pro. This is inconsistent with the assumption that
Uy is the only minimum in B(Uy, pg). The proof of Lemma 4 is complete.
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