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Introduction

Consider a linear differential equation y' + p(x)yl—i- q(x)y = 0, L= (d/dx),
with rational coefficients on the Riemann sphere P! or, more generally, a holomorphic
(flat) connection on a rank two complex vector bundle over a Riemann surface (see
[1]). The monodromy group can be viewed as an automorphism group of some
distinguished fiber, and 1is called Ziglin if it preserves a non—constant rational
function on this vector space (see [20]). The determination of which monodromy
groups are Ziglin is crucial in integrability questions for complex analytic Hamiltonian
systems. Here we solve the problem completely for the Fuchsian case on P! and in
more general bundle contexts where symmetries allow reduction to th -~ fi-st case.
The key elements are a classification of Ziglin subgroups of GL(2,{) and an algorithm
of J. Kovacic [10] which determines the nature of the differential Galois group of a
second order equation (as above) on PL



The necessary background in differential Galois theory appears in Section 2, and
its application to determining the Ziglin subgroups of GL(2,C) in Section 3. The
Kovacic algorithm is outlined for the Fuchsian case in Section 4, with applications to
Hamiltonian systems in Section 5. For background in these group theoretical
properties of differential equations we refer to [7,9,11], and especially the surveys
[16,17].

The authors wish to thank Michael Singer for lengthy discussions on differential
Galois theory, for suggesting that such methods would prove useful in Ziglin analysis,
and for communicating a preliminary result which is now subsumed by Theorem
3.5(e). We would also like to thank Alberto Baider for extensive discussions on the
Ziglin group classification problem, and for communicating Corollary 3.4 which
motivated Theorem 3.3. Comments on the second example of Section 5 by Haruo
Yoshida are also gratefully acknowledged. Finally, we would like to thank the
Director and staff of the Institute for Mathematics and Its Applications at the
University of Minnesota, Minneapolis, for their hospitality while this work was carried
out. After this paper was completed the authors became aware of the recent thesis
of Morales [21] which also considers Ziglin analysis in terms of differential Galois
theory, but with a different emphasis, and without Kovacic’s algorithm. We refer
the reader to this work for its many nice examplés and as complementary reading.

1. Motivation

Let X be a Riemann surface and V a connection on a rank two complex vector
bundle Ty E — X. To each loop 7 in X based at x; ¢ X assign the automorphism

of the fiber E, = 7 '({x,}) which results on sending v € E, to the endpoint of the

horizontal lift of 47! issuing from v. Since V is flat this lift depends only on the
homotopy class of v in 7(X,x,), and defines the monodromy representation p:

m(X,xg) — Aut(Ey). The image G, = p(7(X,x,)) is the monodromy group of V at
x,.  Different choices of basepoint give isomorphic monodromy groups, and given a
basis of E, one can identify G, with a subgroup of GL(2,C). In the classical case X

= C\{finite set} and V can be viewed as a linear ordinary differential equation on the



complex plane with possible singularities on this finite set as well as at o (see [4, p.
93]). Then E, is identified with the initial values (and hence germs at x,) of

solutions, and p, and hence GM, are defined by analytic continuation of these

solutions along 7%

Throughout this paper any function said to be an "integral" will be assumed
non—constant.  Thus GM has an integral f, or is a JZiglin group, if there is a

non—constant rational function f on E; which is preserved by the action; that is, g*f
= f for all g ¢ GM. An equivalent condition is the existence of an integral F for V;

that is, a meromorphic function F on E which is rational on fibers and constant
along horizontal lifts of curves in X. Indeed, f = F|E, will be preserved by G,y

hence GM will be Ziglin, and any such f can be uniquely extended to a corresponding

integral F of V through "parallel transport".

1.1 FExample (Ziglin-theory for two degree—of—freedom Hamiltonian systems):

Let M be a complex symplectic 4-manifold and I' a non—equilibrium phase curve,
within an energy surface ¥, of a holomorphic Hamiltonian vector field X}{ on M.

Linearization along I' induces a holomorphic (hence flat) connection V on the normal
bundle N = (TE|TI')/TT of T in %, called the normal variational equation (NVE). By
a result of Ziglin [20] any meromorphic integral of X, independent on a neighborhood

(in M) of ' (but not necessarily on I' itself) will induce an integral for V; hence G,

will be a Ziglin group. Therefore, if G, is not a Ziglin group, X, cannot be

integrable.

When reasonable symmetries are present a connection can be reduced.
Specifically, suppose a finite _:vup G acts WE—equivariantly on E — X, freely and

properly discontinuously on X, and linearly on fibers. Then X/G is again a Riemann

surface and the connection V = (1/]|G|) 3 g*V is preserved by G, thus inducing a
gEG

connection V. on E/G — X/G. We say V is symmetric (w.r.t. G) if ¥ = V.



1.2 Theorem: Let V be symmetric w.r.t. the finite group G which acts on E — X

as above. Then V admits an integral iff this is the case for VG. In particular, the

monodromy group of V is Ziglin iff the monodromy group of VG is Ziglin.

Proof: (a) Assume V admits an integral. It suffices to show that the existence of
an integral F for V implies the existence of a G-invariant integral. We do this by
adapting an argument from [20, p. 186] which deals with a related situation.

*
Let G = {g;}}-; with g, = id, and set f; = g;F. Assume {f,...f,} are the
distinct f;, and let m; be the number of occurrences of f; in {f,,....fy}. Now consider

m .
the G-invariant integrals ¢; = I (f;)" of V. Since
j=t

det Wyt _ (k')[ﬁ m] M (f-f) # 0
oaf,...I) — VL i 1Si<j5kj i

(the last term is a standard Vandermonde determinant), we can solve locally for the
f; as analytic functions of the {¢;}. In particular, we can write F = { locally as an

analytic function of the {4}, and when restricted to a fiber we then have 0 # dF =

Eajd;bj for appropriate 3. We conclude that some ¢j must be non—constant and

hence a symmetric integral for V.

(b) The converse of (a) follows from the fact that the monodromy group of V can
be identified with a subgroup of the monodromy group of Vo (see [4, Proposition 1.1,

p. 94]) and the comments preceding Example 1.1 on the relation between integrals of

the monodromy group and integrals of the connection. Q.E.D.

1.3 Cc vuary: Assume the connection V on N — ' of Example 1.1 is symmetric
w.r.t. a finite group G acting as in Theorem 1.2. If the monodromy group of the
reduced connection Ve is not Ziglin, then X, has no meromorphic integral

independent of H.



We will see an example of Corollary 1.3 in Section 5. We refer to [3] and [4]
for examples of symmetric connections. In particular, [3, Section 4] presents a
general theory concerning when a given connection is symmetric. In examples the
group G is often given as an action on the base space X; Proposition 2.3 in [4]
shows when this can be lifted to a WE—equivariant action on E — X under which V

is symmetric (see also Section 4 of [3]).

In the next few sections we will assume that reduction has transformed V to a
connection VG which can be viewed as a linear ordinary differential equation on P!

When VG is Fuchsian we show that the monodromy group of VG is Ziglin iff the
differential Galois group of VG is Ziglin. We then adapt an algorithm of Kovacic

[10] (see also [5]) in Section 4 to determine if the differential Galois group has this
property.

2. Preliminaries on Differential Galois Theory

In this section we collect some standard results on differential Galois theory
and algebraic subgroups of SL(2,() needed in later sections. Let ((x) denote the
field of rational functions in x with coefficients in € and consider the linear ordinary
differential equation.

(2.1) y =1(x)y, = (d/dx),

on the Riemann sphere P!, where r(x) € €(x). Let A denote the set of poles of r(x),
set X = P\(A U {o}), and fix x, € X.

A will denote the field of germs of meromorphic functions at x;, which we

view as an extension of C(x) by identifying the latter with the germs of such
functions at x;,. V C A will denote the linear space of germs of solutions of (2.1) at

Xy, V' ¢ A the associated derivatives, and E C 4 the extension of €(x) generated

by VU V. E is the Picard—Vessiot estension of €(x) associated to (2.1), and the
differential  Galois group G, = G(E/C(x)) of that equation is the group of



automorphisms of E which fix ((x) and commute with differentiation. Elements of
GD are determined by their action on V, hence GD may be viewed as a subgroup of

Aut(V).

A subgroup of Aut(V) ~ GL(2,0) is (1) reducible (or triangulizable) if it is
conjugate to a (lower) triangular subgroup of GL(2,0); (2) a DP-group if it is
conjugate to a subgroup of {(8 %)} u {(?5 g)} C GL(2,€). (The latter terminology for
"diagonal-permutation" is from [2].) Note that a diagonalizable group is both
reducible and a DP-group.

2.2 Proposition: Let G, be the monodromy group of (2.1) and G its differential

Galois group. Then:

(a) G, is an algebraic unimodular subgroup of Aut(V). In particular, it is

Zariski closed in this space.

(b) Any element of E fixed by all elements of G must be in ((x).

(c) Gy ¢ Gy

Moreover, if (2.1) is Fuchsian we have:

(d) G, =G, ie, G

. D’ is Zariski dense in GD;

N

(e) G, is reducible, diagonalizable, or a DP—group iff G is such; and
.

(f) G, is finite iff G is such, in which case G, = G

Proof: (a) and (b) are standard (e.g., see [9, pp. 36, 38, and 41]).



(c) (Adapted from [18].) Analytic continuation along the inverse of any
loop in X based at x, defines an element of G, and one of G, and .

these are identical when viewed in Aut(V).
(d) This is Proposition III of [18].

(e) and (f) are immediate from (c) and (d).
Q.E.D.

2.3 Proposition: An algebraic subgroup of SL(2,C) is either

Case I: reducible;

Case II: a DP-group;

Case III: a finite group which, if not of Case I or II, must be
projectively (i.e., mod #id) the tetrahedral, octahedral, or
icosahedral group; or

Case IV: SL(2,0).

In particular, the differential Galois group G of (2.1) must have one of these

forms. -
Proof: See [10, pp. 7 and 27]. Q.E.D.
2.4 Proposition: If every element of an algebraic subgroup of GL(n,C) has finite

order, then that group must be finite.
Proof: This is a lemma on p. 1328 of [18]. Q.E.D.

3. Ziglin Subgroups of GL(2.€)

Application of Corollary 1.3 when the group G is not symplectic may yield a



reduced connection V, which is Fuchsian on P! but not of the form (2.1). The
monodromy of V, will then be a subgroup of GL(2,() rather than SL(2,(). The

purpose of this section is to develop relationships (see Theorem 3.5 and Corollary 3.6
below) which allow us to exploit the classification of algebraic subgroups of SL(2,()
given in Proposition 2.3 (which should be compared with Corollary 3.4 below).

Recall from Section 1 that a subgroup Z ¢ GL(2,0) is Ziglin, or a Ziglin group,
if there is a non—constant rational function f: €2 — C preserved by Z; i.e., such that

g*f = f for all g ¢ Z.

3.1 Proposition:

(a) Any conjugate of a Ziglin group Z is again Ziglin.

(b) Any subgroup of a Ziglin group is again Ziglin.

(c) The Zariski closure Z of any Ziglin subgroup Z preserves any rational

function f preserved by Z. In particular, Z must be Ziglin.

(d) A subgroup Z ¢ GL(2,0) is Ziglin iff the Zariski closure Z is Ziglin.
Proof: (a) g*f = f implies (h7'gh)* h*f = h*f for any h € GL(2,().
(b) Obvious.

(¢) Write f = (p/q) where p and q are polynomials and fix w & €2
Then P.(g) = (g*p)(w)-q(w) - p(w)-(g*q)(w) is a polynomial
vanishing on Z, hence Z is contained in the zero set of P_. Since

w was arbitrary the result follows.

(d) By (b) and (c).
Q.E.D.



Now let Z ¢ GL(2,0) be Ziglin and let f = (p/q) be a non—constant rational
function preserved by Z. Then we can assume

r .
(3.2) fxy) = 1 (x - Ay
i=1
where the {);} are distinct and m; e I\{0}. Indeed, g*f = f for g ¢ Z iff (g*p)-q

= p-(g*q), and by comparing lowest (or highest) order terms in this last expression
we see that p and q may be assumed homogeneous. The expression (3.2) then
follows by factoring and, if necessary, conjugating by h = (g (1)) Note that such a

factorization does not generally hold for homogeneous polynomials in three or more
variables (e.g., see [6, pp. 50-51]).

3.3 Theorem: The Ziglin subgroups of GL(2,C) are precisely those that can be

conjugated to a subgroup of one of the following three groups:

(ﬂTmm=wg|wm=+

@>mm=mgwww=qﬂﬁﬂlww:+

(4) the projectively finite groups.

and

Proof: Let Z be a Ziglin subgroup of GL(2,() that fixes the rational function (3.2).
We have three cases.

Case I (r = 1): z then fixes the line x = Ay, hence there is a conjugacy h so
that (h*f)(x,y) = x" (on setting m, = n) and (h'Zh) c T(n). Conversely, (h"'Zh)

C T(n) implies the subgroup Z, preserves (h1)*(x™).
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Case II (r = 2): Each g € Z will preserve or permute the two lines x = /\jy, ]

= 1,2. There is then a conjugacy h so that (h*f)(x,y) = x"y" (on setting m, = m,

)

m, = n) and (h™'Zh) [[8 2]} U {[g g]J If there are no elements of the form

g = [?5 g] in (h"'Zh), then «"F® = 1 implies (h~'Zh) ¢ T(m,n). If there is such an

element g then (g*f)(x,y) = 7"x"y" = x"y" implies m = n and (h™'Zh) c D(n).
Conversely, if (h'Zsh) is a subgroup of (2) or (3) above, then Z, preserves

(h"*(x"y"), with m = n for case (3).

Case III (r > 3): Let K = {c-id|lc e C\{0}}. We must show that the

projectivization PZ = Z/(Z n K) is finite. There is a positive integer n so that for
all g ¢ Z the element g" fixes each of the lines x = A;y (j = 1,..,r). Since r > 3,

this forces g" = c(g)-id where c(g) is a constant dependent on g.

I

() If in (3.2) we have 3 m; # 0, then (g")*f = f implies each c(g) is a
i=1

root of unity. By Proposition 3.1(c) we may replace Z by the algebraic

group Z, hence Z itself must be finite by Proposition 2.4.

I
(b) Now assume 3; m; = 0in (3.2). Then PZ preserves (3.2), and applying

j=1
the last part of the argument in (a) above to the Zariski closure of [PZ U
(-1)PZ] (which we can think of as a subgroup of SL(2,() and which also

preserves f), we see that PZ is finite.

Conversely, any subgroup Z, ¢ GL(2,(), for which the projectivization PZ, is
finite, preserves the rational function fy(x,y) where fy, = (II g*x)/(II g*(x-Ay)) and
the products are taken over g ¢ PZ, One then chooses the parameter A ¢ C\{0} so

that f, is non-trivial (note that one has to be careful on this point since, for
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example, (IIg*x)/(Ilg*y) = 1 for g in the 2-element group {[(1) 2], [(1) (1)]})

Q.E.D.
3.4 Corollary: The Ziglin subgroups of SL(2,C) are precisely those that can be
conjugated to a subgroup of one of the following two groups:
(1) T(x) n SL(2,€),
(2) D(n) n SL(2,0),
and
(3) the finite groups.
Proof: T(m,n) n SL(2,() ¢ T(m-n) n SL(2,€) since «fF = 1.
Q.E.D.

The format of the next theorem follows that in the algorithm due to Kovacic
[10] which we explain in Section 4. The assumption on the {6} in Proposition 3.6

is a natural one for many applications. For the definitions of GN and GM see

Section 2.

k k
3.5 Theorem: For 6, ¢ C\{0} let N = {N;};:; ¢ GL(2,C) and M = {M; = 4N},

generate the respective éroups GN and GM. Then GN and GM are simultaneously

reducible, diagonalizable, or DP—groups. Moreover, they are simultaneously finite iff
all 0, are roots of unity.

Now assume G, C SL(2,C). Then:

(a) 1If G, is reducible, but not diagonalizable, under a conjugacy h for which

RINGh = [’\j 0

], then G is Ziglin iff all 6;A; are roots of unity.
* Aj‘l M



12

(b) If Gy is diagonalizable with h-IN;h = [’\j 0 ] then G, is Ziglin iff all

-1
0 A
g;A; are roots of unity or there are integers m and n such that (g;)m.

(A)™™ = 1 for all j.

(c) If GN is a DP-group, but is not reducible, with h"Njh = [)‘j 0 ] or
0 At
i
[ 0 ], then GM is Ziglin iff all 6; are roots of unity.
(d) If G is finite then G, is Ziglin.

(e) If none of the above cases hold for Gy, then G, is not Ziglin.

Proof: The initial statements concerning reducibility, diagonalizability, the
DP-structure, and finiteness are clear. Statements (a)—(d) follow from the statement
and proof of Theorem 3.3 (in (c) one must use the presence of an element

Lo o)

(e) Assume GM is Ziglin. Then the assumptions on GN imply by Proposition 2.3

that the Zariski closure E}-N = SL(2,0) and by Theorem 3.3 that the projectivization
PGM is finite.  One can then readily construct a homogeneous polynomial that

vanishes on PG, and hence on G, and G, but not on SL(2,C), contradicting the

fact that G, = SL(2,C).
Q.E.D.

k
3.6 _Proposition: If all {6,};- are roots of unity, then Gy is Ziglin iff G is

Ziglin.



13

Proof: There is an integer d so that (Hj)d = 1 for all j. Now raise the

respective polynomials in the proof of Theorem 3.3 to the d—th power.
Q.E.D.

4. The Alpgorithm

Here we show how to determine if the monodromy group GM C GL(2,€) of a

second order Fuchsian equation

(4.1) z + p(x)z + q(x)z =0 = (d/dx),

on P! is a Ziglin group. This is done with the aid of an algorithm due to Kovacic
[10] which decides which of the cases (a) — (e) of Theorem 3.5 holds for (4.1) in its

normal form

"

(4.2) vy =1(x)y, 1(x) = - [a(x) - (1/4)p*(x) - (1/2)p (x)], = (d/dx),
which we note is also Fuchsian. We need to establish some notation.

In (4.1) we have

kA, k B, k ; k
(43) p(x) = , a(x) = X + 3 , LG =0

j=1 (X_aj) j=1 (x_a'j)2 i

This implies that in (4.2) we have

8. kK &
J + E J

2 )

k k
(4.4) i(x) = 3, 2 5 =0,
. - ity

—
~—

k k k
where, on setting A_ = E A;, B_= E (B; + Cja;), and B_ = 5 (B;+6;3),
i=1 =1 =1
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ﬂj = (1/4)[(1‘Aj)2" 4Bj —1],

k i
(45) by = =0 + W4 T ]
B, = (1/4)[(1-A_)* - 4B _-1].

Note that the characteristic exponents of (4.2) are
» { o= (1/2)[L = {1+46;}] = (1/2)[1 = {(1-A)? - 4B;}] at o,
™ = (1/2)[1 = {1+46 1] = (1/2)[1 = {(1-A_)? - 4B_}"] at w.

Let A = {a,...,a;} be the finite poles of p(x) and q(x) as in (4.3), set X =
PA\(A U {=}), and fix x, ¢ X. For each point a; ¢ A let 7; be a positively oriented

loop in X based at x, that encircles only a;; then m(X,x,) is freely generated by
k k

{7}j= Also, let 7, be a corresponding loop around o satisfying [R 7j} 7, = L
.

Then the monodromy representation p,: m(X,x) — GL(2,0) of (4.1) with M; =

k k
py(75), M_ = p, (7, ), satisfies [.H MJ-] M_ =1, and {M;};., generates the monodromy
1=1

group G, of (4.1).

The poles of r(x) in (4.4) are a subset of AU{o}. The monodromy
representation p, of (4.2) has range G, SL(2,€) and is generated by {N; =

k
py(7)}j- Moreover (see [3, Section 6]),

(4.7) M; = §,N;, where 8§, = exp[ (1/2) f p] = exp(m4;).
;!

The algorithm below consists of three successive cases. E.cu case is examined
in turn, and lack of success in determining a solution in all three cases will
correspond to (e) in Theorem 3.5 (with the first case covering both (a) and (b) of
that theorem). Throughout we let G, denote the differential Galois group of (4.2).
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Case I (The Reducible — Diagonalizable Case):

The algorithm is phrased in terms of the "modified" characteristic exponents:

=T # 0] =10 f; =0, 6#0 ;6 =0 f=0=5,
(4.8)[ _ .
mzzr:ifﬁm;&o;uI:onam =1if f_=0.

4.9 Theorem: The following two statements are equivalent:

(a) G,, Gy, and G are simultaneously reducible.

(b) There is a solution of (4.2) of the form y = exp(fd), with § e C(x),
which is necessarily a common eigenvector for GN.

Moreover, there is a solution as in (b) iff

(1) there is a choice s(j) and s(w) of a plus or minus sign so that

k .
d = [a;(m) -y a?‘“] is a non-negative integer;
=1

(2) there is a unique monic, degree d polynomial P (which can be found by
the method of undetermined coefficients) satisfying

" ’ s k «$(j)
P + 2wP + (w + & -1)P =0, where w = ofx) = } ;‘(_a. ; and

3) 8=w+ (P /P)

The above algorithm will generate tw. uistinct 6 ’s iff the three groups in (a)
above are simultaneously diagonalizable. If there are no such solutions these groups
are irreducible.
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Proof: The statement in (a) is just a combination of Proposition 2.2(e) -and the
first part of Theorem 3.5, and similarly for simultaneous diagonalizability of these
groups. For the equivalence of (a) and (b) see [10, pp. 7-8]. The algorithm given
in steps (1)=(3) for finding solutions of the form y = exp(f6) with 6 ¢ ((x) is a
restatement of [10, pp. 11-12] for the Fuchsian case. The remainder of the theorem
can be found in the proof in Kovacic [10, pp. 15-17], with the uniqueness of P in
(2) being shown by calculating the Wronskian of the two solutions.
Q.E.D.

Such reducibility criteria have a long history; for example see [15, pp. 176-178]
which was published in 1897. For the Fuchsian case with three regular singular
points (e.g., the hypergeometric equation), simpler formulations are available (see
Theorem 2.24 of [2]). It should be noted that Kovacic’s algorithm is not restricted
to the Fuchsian case of (4.2).

4.10 _Corollary: Assume the reducibility algorithm implicit in steps (1)—(3) of
Theorem 4.9 has yielded (1) only one solution, (2) two independent solutions of (4.2)
k «5(8)

with the form y = exp(/d) where § = ! + (P /P).
y (/0) ijl (?c;a_jj (P /P)

Then:

(a) In case (1) the monodromy group G, of (4.1) is a Ziglin group iff each of

the numbers [Aj + 2aJ§(j’], j = 1,2,....,k, is rational.

(b) In case (2) G, is a Ziglin group iff there are integers m and n so that
[(m+n)A; + 2(m-n)s$P] is an even integer for j = 1,2,..k. In
particular, G is Ziglin if each of the numbers [A; + 2 SD] = 1,2,

k, is rational.
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Proof: In terms of a basis {4,y} of germs of solutions of (4.2) at x,
j$(3)
we have N = {exP(zm“] ) O - ]
* exp(-2miaiJ) )

The result then follows from (4.7) and Theorem 3.5 (a) and (b) respectively.
Q.E.D.

Case II (The DP-Case):

The algorithm is stated in terms of the following sets:

E, = {2 + e(1+46;) e =0, + 2} n T if §; # 0,
(4.11) E, = {4 if f; =0, 6, #0,
E, = {0} iff; =0=6,

=
Il

{2+e(1+46 ) |e =0, + 2} N T if f_+0,
{0,2,4} if B_=0.

e3]
I

4.13 Theorem: The following two statements are equivalent:

a) G, G, and G_ are irreducible (i.e., Case I does not hold) but are
M N )

simultaneously DP-groups.

(b) There is a solution of (4.2) of the form y = exp(fw), where w is algebraic
over €(x) of degree 2, and Case I does not hold.

Moreover, there is a solution as in (b) iff

(1) there is a choice of e; € E; and e ¢ E_ which are not all even integers

k
so that d = (1/2)[em - 2 ¢l is a non-negative integer; and
=1
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(2) there is a monic, degree d polynomial P (which can be found by the
method of undetermined coefficients) satisfying )

P+ 36 + (362 + 30— 4r)P’ + (6 + 306 + 65— 40 — 2 )P = 0

k e;
where § = (1/2) 3, =nl

=1

Specifically, for P as in (2) let ¢ = 6§ + (P,/P) and choose a solution w of
w? + gw + [(1/2)¢ + (1/2)¢? — 1] = 0; then y = exp(fw) will be a solution of
(4.2) as in (b) above.

Proof: For the equivalence of (a) and (b) see [10, pp. 7-8]. The remainder is a
restatement of [10, p. 18] for the Fuchsian case. Q.E.D.
4.14 Corollary: Assume G is irreducible, but that the DP-algorithm implicit

in (1)=(2) and the final statement of Theorem 4.13 results in a solution of. the
required form. Then the monodromy group GM of (4.1) is Ziglin iff all A, are

rational.

Proof: This follows from (4.7) and Theorem 3.5(c).
Q.E.D.

4.15 Remark: A necessary condition for the algorithm of Theorem 4.13 to give a
solution of the required form is that in (4.4) some f; # 0 (see [10, p. 8]). Thus, if

all ﬁj = 0 one need examine only Cases I and III.

Case III (The Finite Case):

The algorithm is stated in terms of the following sets, where n = 4, 6, or 12:
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and

(4.17)
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F; (n) = {6 + (12¢/n)(1+48,) e =0, +1,.., +(n/2)} n T if §; # 0,
F; (n) = {12} if ;= 0,6 #0,

F; (n) = {0} if ;=0 = ¢,

F (n) = {6 + (12¢/n)(1+44 )¥le = 0, +1,.., +(n/2)} N T,

regardless of whether or not ﬁm = 0.

4.18 Theorem: Assume GD is not reducible and not a DP-group (i.e., Cases I and

IT do not hold). Then the following procedure will determine if G, is finite with all

solutions of (4.2) being algebraic over €(x).

(1)

(2)

Let n = 4 and write down all choices of f; ¢ Fy(n) and f ¢ F (n) for
@ @

k
which d = (n/12)[f - 3 fj] is a non-negative integer;
i=1

k f

for each such choice set § = (n/12) ¥, (;%7 , and with § = II(x-a,)
]

i=t
(where the product is taken over onmly those a; which are poles of r(x))
determine (e.g., by the method of undetermined coefficients) if there is a

monic, degree d polynomial P such that if we set P, = -P and

recursively define
P,, = -SP; + [(n-)S - SOP; — (n-i)(i+1)S%P,,,

for i = n, n-1,..., 0, then P_ = 0;

repeat, if necessary, steps (1) and (2) with n = 6 and then with n = 12;

)

and
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(4) if such a P is found in (2) for n = 4, 6, or 12, then G, is finite.

n SP,
M . . 1 i _ . .
oreover, a solution w to the equation .Eo @ Y 0 will give a
1=

solution y = exp(fw) to (4.2).

Proof: See [10, pp. 7-8 and pp. 22-23] and recall that (4.2) is Fuchsian.

Q.E.D.
4.19 Corollary: Assume GD is irreducible. and not a DP-group, but is finite.
Then GM is Ziglin.
Proof: By Theorem 3.5(d).
Q.E.D.

4.20 Remarks: A success in the algorithm (1)—(4) of Theorem 4.19 implies G, is

finite and projectively the tetrahedral (n = 4), octahedral (n = 6), or iscosahedral
(n = 12) group (see [10, p. 27]). A failure implies that G = SL(2,()

(see [10, p. 7]). Necessary conditions for a success in the algorithm of Theorem 4.19

? and 1': of (4.6) be rational; that is, all

(1+4ﬁj)% and (1+4ﬂm)% are rational (see [10, p. 8]). If this does not hold, only

are that all the characteristic exponents 7

Cases I and II need to bg examined.

5. Applications

(A) Let a(x), b(x), and c(x,y) be arbitrary meromorphic functions on (? =
{(x,y)}, let h e C, and consider the analytic set.

(5.1) 7 = {(xy) € €*] b(x)e(x,y) = h}.

As an example, if b(x) is a separable polynomial of positive degree (2g+1) or
(2g+2), h=1, and c(x,y) = y? then 7 is a punctured algebraic curve of genus g.
Returning to generalities, suppose I' C 7 is a Riemann surface on which a(x)/b(x) is
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finite, and having the property that the projection w(x,y) = x of T into C is
unbounded. Via the embedding (x,y) — (x,0,y,0) we may view
E = {(x&y,m)|(xy) € T} C €4 with projection (x,&,y,m;) — () as a rank two

complex vector bundle over I'. A holomorphic connection V can then be defined on
E through the local coordinate representation

0 1
-4 o)
(5.2) d[n L %%3 o |[52]ax
V is designed so as to be the pullback of

(53) +ide=0, =6 =,

under the projection 7:I' — C (see [2, Section 4]). As a consequence, the
monodromy group M of V embeds into the monodromy group G, of (5.3) (see [4,

Proposition 1.1]). If G is Ziglin, then Proposition 3.1(b) implies that M is Ziglin.

There are simple instances in which one can view the projection 7: I' — C as
a reduction w.r.t. a finite symmetry group G. For example, if I' is invariant under
each mapping

(exp(2mj/n), (x,¥)) — (x, exp(2mj/n)-y) , j = 1,2,..n,

as would be the case if c(x,y) = yin, then Theorem 1.2 can be applied (the group

action on the fibers of E — T being the identity map in the (¢,,7,)—coordinates of

(5.2)).

The algorithm of Section 4 applies directly to (5.3) when r(x) = —[a(x)/b(x)] is
of the form given in (4.4). For exam pic, suppose

_[1 1 11, 1
(5.4) r(x) = [ Tttty it os ]
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Then: (I) there is no choice of the o = (1/2)[1xy5] and « = (1/2)[1 + yI7] which

makes the d of Theorem 4.9(1) a non—negative integer; (II) all E; = {2} = E_so0
@

that there are no choices of the & and e, not all even, with which to construct a

non-negative d as in Theorem 4.13(1); and (III) §; = 1 implies (1+4ﬂ1)% = 5 is

not rational so that Case III does not apply (see the necessary conditions in Remark
4.20). The differential Galois group G, of (5.3)(5.4) is then SL(2,C). Recalling

Proposition 2.2(d), we see that by Proposition 3.1(d) and Corollary 3.4 the
monodromy group G, = G, of (5.3){5.4) cannot be Ziglin. If (5.3)~(5.4) is

achieved from the V of (5.2) by reduction using a finite group (see the previous
paragraph for an example), then by Theorem 1.2 the monodromy group M of V is
also not Ziglin.

To fit the above into a Hamiltonian context, give ! = {(x,x,y,y,)} the
standard symplectic structure w = dxAdy + dx,Ady,, let p(x,y) = a(x)(dc/dy)(x,y)

and q(x,y) = b(x)c(x,y), and consider the Hamiltonian
(5.5) H(x,x,y,,) = a(xy) + (1/2)p(xy)x3 + (1/2)(0a/0y)(x,y)y; + O 5(x3.,)-

The associated vector field X is tangent to the (x,y)-plane, a phase curve I in that

plane of energy h is contained in the set 4 of (5.1), and the normal variational
equation (NVE) along I' may be identified with (5.2) where (&,,7,) are the (global)

linearized variables associated to (x,y,) (see [2, Section 4]). In the context of the

previous paragraphs, conclusions about the non-integrability of XH can be drawn from

Corollary 1.3.
(B) For our second example we illustrate how reduction can be combined with
Kovacic’s algorithm to explicitly compute the monodromy of a holomorphic

connection that arises in a Hamiltonian system.

First consider the Fuchsian equation



23

(5.6) y +p®y +axy=0, = (d/d),

on € with

o) = [+ +HE ],
(5.7) q(x)z[-§2+fl@—l2],

x—1

and the associated normal form

oy - [ )

Applying Case I of Section 4 we find only two choices of the « for which the d in
Theorem 4.9(1) is a non-negative integer:

{c([;, «t, «3} = {7/4, 3/2, 1/4} with d = 0,
{c:u‘;, xj, x,} = {7/4, -1/2, 1/4} with d = 2.

Both cases lead to the single solution
(5.9) - y(x) = x? (x-1)F
of (5.8).

From the proof of Corollary 4.10 we see that the monodromy group G, of (5.8)

-1 0

is genérated by N, = [ —a -1

]anszz[li) _?] Note that a # 0 in N,

since otherwise the distinct eigenvalues of N, would imply that G was

diagonalizable, contrary to the algorithm giving us only the one solution (5.9) in
Case I. Now recall from (4.7) that the monodromy group G, of (5.6) is generated
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by M; = 6N; where §; = exp(7id;), j = 1,2, with the A; defined as in (4.3).
From p(x) in (5.7) we see that A, = 1 and A, = 1/2, and so M, = -N, = [ Lo ]
and M, = iN, = [111)‘1)] .

Equation (5.6) with (5.7) occurs in a Hamiltonian context somewhat as in
Example (A). Using the standard symplectic structure on C* and

(5.10)  H(xy % ¥y ¥2) = (1/2)(v] + ¥3) + (1/2)(x} + x)) + (2/3)x} + xx} ,

the associated vector field XH is tangent to the (x,, y,)-plane, and there is a phase

curve I' within this plane at energy h = 0 contained in the algebraic curve defined
by

(5.11) y? = x [ - (4/3)x, - 1.

The 1, — action (x,, y,) — (x,, —y,) preserves (5.11) and lifts to a symmetry of the

NVE V along I', where V is the pullback of (5.6)—(5.7) under the reduction mapping
(x, y,) — - (4/3)x; = x. (Analogous computations are done in Example C of [4],

pp. 110-112.) This mapping is unbranched over x = 0 and branched with order 2
over x = 1. Since a # 0 and M2 = id, we see that the monodromy group of V is

isomorphic to the infinite-cyclic group generated by M,.

The Hamiltonian (5.10) is but one member of a family that has been
extensively studied using Ziglin analysis (see [8, Theorem 4, p. 472] and [13,
Corollary 1, p. 266]), which in this case fails to detect the non—existence of a second
independent integral. One might have anticipated some degeneracy in the
monodromy of V from the fact that the above Hamiltonian (5.10) and one which is
known to be completely integrable have the same linearized equations about solutions
in the (x,, y,)-plane (see [12, Section 5]). However, the integrability status of (5.10)

is unknown. For another example of a Hamiltonian system which is completely
integrable with infinite cyclic monodromy group for its NVE, see (3, Section 5]. Tor
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other examples in Ziglin analysis we refer to [3,4] and the surveys [14,19].

10.
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