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ABSTRACT

A previously derived algorithm for the analysis of the Hopf bifurcation in functicnal
differential equations is extended, allowing the elementary approximation of an exis-
tence and stability — determining scalar bifurcation function. With the assistance of
the symbolic manipulation program MACSYMA {5], [9] this algerithm is used to im-
plement the algorithm and to investigate the nature of nongeneric Hopf bifurcations

in scalar delay - difference equations.



L. INTRODUCTION:
The practical application of the now well — understood theory of Hopf bifurca-

tions in fanctional differential equations still poses many significant computational
iesues. The thorough analysis of the bifurcation structures (including questions of
stability and direction of bifurcation) for specific applications often requires a size-
able amount of computation. Fven when a computer - assisted analysis is considered
adequate, the selection of the appropriate technique is an important consideration.

Over the last 15 years, many techniques have heen developed to treat such
problems [10]. Among them, three have been most extensively discussed in the
liturature. Specifically, we refer to the method of averaging {3] {4], the use of the
Poincare normal form [8], and the method of Liapunov-Schmidt [13]. Of course,
cach of these methods must ultimately produce the same result when applied to a
specific equation. However, the ease of application of each of these methods can
vary significantly.

QOur purpese in this paper is to report on the use of symbelic manipulation
software in the implementation of the third of these methods. This method differs
from the other two in that it does not require the approximation of the center
manifold existing near criticality at the equilibrium point under consideration. This
is appears to have an advantage when hand calculations are attempted and, as we
shall see, lends itself to a computationally efficient symbolic implementation, as well.

The specific technique to be considered here was introduced in [13]. A generalized
algorithm appeared in [14], and a FORTRAN - based implementation was developed
in {1], [11], [2]. We consider here the use of symbolic — manipulation software in
the extension of the algorithm of [14], and the application of this algorithm to a
class of scalar delay - difference equations. The material presented on these two
topics is based on the results of [6], where additionally a MACSYMA [5], [9] - based
symbolic manipulation package (BIPACK) was designed for analyzing generic and

third-order nongeneric scalar FDE.



In the section to follow, the specific class of functional differential equations under
consideration, and the technical assumptions required will be presented. Theorems
99 and 2.3 represent extensions of the results in [18] to the case of fifth order non-
generic systems. The need for such results is illustrated in [12] where within the
class of scalar integro-differential equations, elementary necessary and sufficient con-
ditions are derived for ihird order degeneracy. A corollary addresses the important
case of systems with odd nonlinearities. Section 3 is devoted to the application of

these results to scalar delay - difference equations.



II. THE BIFURCATION FUNCTION:
In this section, we begin by making assumptions which remain throughout this
paper. We define C = C([-1,0] : R*), L{er) : C — R, and H{a): C -+ R™ and

conaider the system of equations
yl(t) = Lia)y. + Hot;ye) (2.1)

where I and H are continuous, and @ is a parameter in some (Buclidean) space.

For fixed «, we assume H{a; 1) can be expressed in the following expansion

7
Hiogy) = 3 () + O(I¢1®), (2.2)
=2
where the Hy's, § = 2,...,7 are a-dependent, continnous, symmetric, j-linear forms

taking values in R™. By the term symmetric, we mean that each H; is invariant under
a permutation of its j arguments. More precisely, we assume L and I are continuous
in (e, ), and for fixed e, H{e; %) is at least 9 times continuously differentiable in 4.
As in [14], we assume that for 3 € C with derivatives 90 € 037 = 1,2,...,7, the
functions L{a), H{c; ), and H{a;4) are C7 functions of a. Such assumptions
are not uncommen to applications, where often derivatives of all orders are present.

Observe that y = 0 defines a steady state for (2.1). The linearized equation
¥t} = L{ay (2.3)

has nontrivial solutions of the form y(t) = £ with ¢ € €" if and only there is a

nontrivial £ satisfying the characteristic system
0 = [A = D{e)e™)é = Ale; A)E. (2.4)

Assume for o near oq (2.4) possesses a nonirivial solution with 4 = Ala) such
that Aap) = dw,w 3# 0. As usual, we assume that 3 = #w is a simple root of
detAfeg; A) = 0 and all other roots ( other than +iw ) have negative real parts.
Define £* = £*(a) # 0 to be any solution of £*(c)A(e; A(e)) = 0 for a near ag, and
for A near A(e), let

£ = da;)) = & /(€ A e N8, (2.5)



where A’ = A8, See [13], [14] for details.

Our primary goal is to provide computational means of resolving the siructure
of Hopf bifurcations for (2.1) near criticality. The following proposition, proved in
[13], asserts the existence of a scalar bifurcation function g{e, c) that facilitates such

a study.

FProposition 2.1 For w in & neighborhood af wy there emisis a computable real
valued function g defined and C® in ¢ neighborhaod of (g, 0) whose zeros correspond
in @ I-1 fashion with the small periodic solutions of (2.1} with period near 2w /w.
Under this correspondence, the periodic solulion of (2.1) associated to a root ¢ of

g{a;-) has the form
y(t, oy e,v) = 2Re{é(a)e” e+ O(), (2.6)

(up to phase shift). Moreouer, y(8) is orbitally asymptolically stable (unstable] if and

only if ¢ is stable (unstable) when vicwed as an equilibrium of the scaler eguniion
&= gle; o).

Essential to the application of this result to specific equations is the effective
approximation of the scalar bifurcation function g. This issue is considered in [14],
where an inductive approximation algorithm is derived. It is shown in that reference

that the small periodic solutions of (2.1} with periods 27 /v and o near a, coincide

with those of the (complex) scalar bifurcation equation
0 = Glanc) (2.7)
2w .
= Na)—ivlet g [ eE Hioya)du (28)
2 Ja
= (Ale) — iv)e + Mala; e + Mi(w; v)e + Mo(w;v)c” +---,  (2.9)

where y(t) = 2Re{ew(t)} + T, D) + ... for m < 8, is defined inductively

according to the following algorithm:



1. The expansion y‘“]l[,g:] has the form
y(5) = Apge™™ + Apgoge™ D 4 Ay e,
where I{J; = A[r_j'

2. ¥08) = 2Re{p(f)} = A1 4 Ayge™™, with Ay = f(a) and ¢(s) =
f{ﬂ:}ﬂu{s,

3. Define [§- ] to be the linear map from €" to C given by
Eh=2 4 hy
=1

If, for { > 2, the coefficient of ¢ in
-1

i
S Hifes [Y wi™emP)

=2 m=1

is 3, By j{c; v)e?™, then

AN a; jri}Bios v) for § # %1,

Agilosv) = { : 3 a2 :
(A~ a; vi) — mf{ﬁ- DBp(e;v) forj=1.

The singularity at A = Ale), in

1

AN ey M) — mﬁ[f']

is removable. In particular, for & € C*, and A near A{e), we have the expansion

1

A7 o = gyl Bl =

2 — (68 Ma))ele — 1A (s Ma)EIIE - e

i [e = 68 Mol + 1EA"(es M) (6 (e o))l
- Liga(es Mg + { GiEA (e M@
1 .

— LIEA" s Mol (€ HlE] (4 = Ma)) + (A — X)),



where d € €™ is any soluiion of
Ales A(e))d = h— A'{os X(=))é[¢ - B,
and e £ €™ is any solution of

Alairale = —Aes Mo+ e M)A (s Xe)d
{7 M6+ HIEA" (e eI (e NaE HE-

For details, see {14], where this is derived through order (.

Implimentation of this algorithm is obviously difficult to do by hand. We have
choosen to perform the necessary details with the aid of the symbolic manipulation
soflware MACSYMA [5], [9]; see [6] for complete details. As a result, we obtain the
following the following theorem, which represents an extension of Theorem 2.1 [13],

where the expansion though order b is presented.

Theorem 2.2 Under the abave hypotheses, there are ¢ > 0 and C7 functions
Gl ¢, v) (T -valued), y(t, o5 c,v) (R™-valued and 2= -periodic in t) defined for real
¢l <& lv—w <¢ [la—all <e andi & R such that (1.1) has a Zr/v
_periodic solution y(t) with |y| < e, |v —w| < &, and [la — al| < € if and only if
y(t) = v(t, @2, v) (up o phase shift) and (a,c, v) solves the bifurcation equation:
Gle; ¢, v) = 0. Moreover, y satisfies (2.6), G is odd in c and

Glas e, v) = A —iv]e+ Ma(a; v, ) + Ms(e v, A+ Mq(eg v, X)e” +O(c), (2.10)
where A = Mat), Ma(a;v,2) = €05 ) - Nl v),
Ni(ogv) = 3Ha(?, @) + 2Ha( 5, Ay 26™%) + 2Ha(ip, A20), (2.11)
with @(s) = £(a)e™ for s < 0 and Agz, Asp the unique solutions of

ﬂ(&]zwﬁ]ﬂg?g = Hg[ﬁﬂa],
Ala; M)Az = 2Hs(0,2),



respeciively.

Simalarly, My(egv, M) = (.-1 2} - Ny(o; v), where

Ne(o;v) = 2H(ip, Asa) + 2Ha(@, Ay, 267) 4 2H,( Ag 2™, Azye™™)
+ 2Hy( Ag 2™, Agse™) + 2Hy{ Aao, Azp @)
+ 3H(i0%, Agpe™") + 6 Halp, , Agae™)
+ 3H (P2, Az ae™) + 8 Hs(@, Aa,06™, Az p)
+ 8Hslp, Az 2™, Agge ™) + 3Hs(p, (Az0)")
+12H,(ip, 8%, Az ™) + 12Hy(10%, ¢, Az0)
+ 4H,(°, Ayge ) + 10H(0% ¢°),

with Aaa, Az, Az, Aap the unique solutions g f

Alo; 3vi)Asa = Ha(w®) + 2H,(1p, Ay 26™)

sy = d—[éa’[a;ltandle—?iéa"za;hia)}ewzf

[ M) elf + 1EA"(as Ma)E] [6A"(as Ma))dl¢
= Lignran Mol + { (51EA"es Xe)e))

LA™ M€} Mat | (i = Ma),

MlHF'—|

where d 15 any solution of Ale; Ma))d = Na — (AE)Ms, e is any solution of

BlaiMole = —Aa; Nad+ Ao Nl es Na)d]
+ { LA @))€ + g (on M)A (s M M,

and

= (FAJON) e Ma))ii =

.‘:‘L(CE 2ui .zdl4 5 = EIIZ{"{J,A;; 1B ] -|— QHZ{EF, .’ﬂu;fgﬁsm ) + Eﬂg{flg gE ', Ag_ﬂ]
ﬁﬂa[tp, P, Aﬂ 1“5 :I + SHE{{P !‘{12 D) + 4H4[: ' !F"':]':



ﬂ(ﬂ: ﬂ:‘*‘l‘i,ﬂ = zﬂg[tp. .ﬁ.grlﬂ_p{') + sz[f,E‘, A3.]‘_E“.j —|— .H.Z[:{Azln)gj
4 2Hz{ Az e ﬁz_ze_z"i'} + 3H3[qog, Aglz e_z"i')

o+ 3Ha(%, Azae™) + 6Ha(, 3, Az0) + 8 Ho(0?, &°)-

Finally, Mo(e;v,A) = Ela; \) - Ny(ogv), where at & = oo and v = w
Nelayv) = 2Ha(@, Aﬁjzﬂgﬁlj + 2Hz (e, Aso) + Eﬂ'g[:;lz,ze_z""", A51363"‘.')
+ 2Hy(Agg, Asa€”) + 2Ha( Age™, Ag g™
4 2H, (A e, Agpe®™) + 2Hy(Aaa8”, Agp)
4 2H(Agge= ", Axg€®™) + 2Hy(As 167, Ag pe™)
+ 3 HA @, As g™ ) + 6Ha(P, 0, Asac™)
4 6 Ho(@, Agae ™, Agae™) + 6HuP, Ao, Aa2e™)
+ 6 Hy{ep, Az,zﬁ_zﬂ': A-z.:lﬁzm') + 6Ha(5, ﬂz,zﬁgwsﬂ'i,ﬂ)
+ 6 H3{wp, Agp, Asp) + 6 Ha( Az ge™™%, Agp, Az, ")
+ E.Ha(ﬁg,gﬁ'a’”", ©, Az, ea”"] + ﬁHg(t,Er,ﬁg,le_”{', Aza, 33”"']
+ 3H(@, (Asp ™)) + 6H( Az 6™, As 6™, Az1e™)
+ 3H5((Ag)?, Asae™) + 6H H{Az1e7 0, Ag1€™)
+ 3Hs(Agae™>", (An2e®)) + 6Hs(Agze™, Ago, Aza )
+ 6 Ha( Aaze™ ™", 0, Agpe™) + 8Ha(As 167, 07)
3 &, ((3)°, Auae™) + 12Ha((@), s Aaac™)
+ 12H,(3, 0%, Aso) + 12Ha((9)’; Az, Asse™)
+ 24H( 3,0, Agge ™, Az ™) + 12H,((@), Ay 2e™", Agp€™)
+ 24 H P, 0, A, Asye” )+ 12H (A2 2™ 0%, Aay ")
+12H(@, Agae ™, (Ap2e™ V) + 12Ha(@, (Aa0)’, Az2e™)
+ 24Hy Ap 6™, 0, Apg, Agae™) + 12H,( Ay 2™ 167, Ag ™)

=+ 2‘1:}!4{‘:3 -f‘iﬂ,lgyill t, Aﬂfzezﬁi) + ‘LH,;((P, (Ag_u::lz}



4 12H( Agre™, ()%, dap) + 4Hy(Agpe ™, (9)7)

+ 20H(7", 9, Ass) + 30H(F", 97, Asae™)

+ 10H(3%, (Ag265 ) + 60Hs (@, 0, Az o, Ag ™)

+ 60Hs(3, A p6~2% 0, Appe™) + 30Hs (5, ¢, (A20)")

+ EﬂHg.[ﬂglge_m': @, Ang) + SHE,[ﬂargt:‘S“', ©?)

+ 20 He(3, Ay1e™, %)+ 60H(F°, ¢°, Aaae™)

4 60Hs(@, 0%, Ano) + 60Hs(, 0%, Aage™ ™)+ 35HAF, 7).

In addition, Ass, Asy, Asa Asp, and Agg are unique solutions of

Al dvi)dsy = EHZ(‘F:Aa,aEm'}-I-Ha{{fiz,zﬂﬂy{':'z]
+ Hae?, Az.zezw} + Hy(p"),
ri 1. "
I N N

where f is any selution of Ale; AMa))f = N — (D'E)Ms,

Al 3viddss = 2H(@, Aaae™ ) + 2Halp, As 267%)

+ 2Ha(Ag g, Aase™) + 2Ha( Ao 2™, Az y ™)

+ 6H;(@, v, 443!333“.} + 3H,(¢?, fia.le"i‘]

+ 8Ha{ @, {Az28™)?) + 8 Hs( 0, Agg, A226™ )

+ 12H{ @, 0%, Azge®™) + AHL (0, Aap) + 5Hs(E, ¢ ),
2Hy (3, Asa ) + EH;;[JTIQ,EE_“”"‘, Ag,gez"‘:‘)

¥ 2H,{ Ag gy Agp) + 2Ha(Aage ™, Azae™)
F2H,(Agie™, Agpe”) + 2Ha(Aspe™®, Agpe™)
+ 2H(As1e7", ) + 3Ha(7%, Ay ze™h)

+ 6 Ha( 3,0, A10) + 6Ha(p, Ay g™ P, A 2™ )

Ale; 01As0

It

+ 6Ha(F, Az, As1e"™) + 6Hy(Az 8™ 0, Aaae™)
+ 6Ha{Appe™ ™, Aag, Az2e™) + 6 Ha( Asze™ ", ip, Agze™)
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+ 6Ha(@, Asae™", Arge™) + Ha((A20)°)

+ 6Hs( Azre™", 0, Ago) + 3Ha(Asae™™, %)

+ AH (%, Azae™) + 12Hu(2%, 0, Asae™)

+ 12Ha(@, Az o, Aape™") + 24 Hy(, Ag 25~ 2, 0, Ag36™")

+12Hy(, 0, (As o)) + 12Hi Appe™, 0%, A30)

+ AH(Asae™ ™, %) + 12HA(B, Aane™™, ")

1 WH(F, 1, As2e™") + 30H:(°, 9%, Ao )

+ 20H (5, Asne ™™, 0%) + 20He(F", ¢7),
Alog2vi)Aez = 2Ha(P, Asae™ )+ 2H (0, As18™)

4 2Ho{Agpe ™, Agae™ ) + 2Hy(Ar o, Agae™)

2 Agp €™, Agp) + 2Ha(Agye, Agac™)

T+ Hy({ A1) + 3Ha(F*, Agae™)

+ 6Ha( 3,0, Aaa€®,) + 3Ha(0", Asp)

+ 6Ha(F, Ago, Asze™) + 6Hs{Agae™™ ., Ag 3e™)

L 6Ha(@, Az 2™, Asse”®) + BHa(Arg, @, Azze™)

+ 6Ha(p, Agr ™™, Ag ™) + 3Ha((A20), A226™)

B H{(Ag26® ), Arge™ ™) + 12H (%, ¢, Asse™)

+12H( 5, 0%, Az1€”) + 6H @, (Azae™ ))

24 H (3, @, Agos Ag 2™ + 12Hy( Az ae™, 0%, As 6™)

+ 6Hy (%, (Azo)) + $Hy(Azpe™,¢%)

+ 20H5(2, 0%, Azo) + 30Hs(@%, 0", Az 2657

4 5 (A 267", @) + 1B H(E, ¢").

Assuming Ma) = p(e) + iw(a), the real and imaginary parts of Glaye,v) =0

become

0 = pla)c+ Re{Ms(o;y, A)yed + Re{Ms(a; v, A}
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1 Be{My(a; v, M} + O(c%), (2.12)
v = wla)+ Im{Ms(e; v, )}t + Im{ Ms(ey w, M) }ct
+ Im{ Mo(a; v, M)} + O(c?), (2.13)

for ¢ £ 0.
The following theorem (proved by iteration on equation (2.13) and elimination of
variable v) relates the real bifurcation function ¢ of Proposition 2.1 to the complex

bifurcation function & of the previcus theorem.

Theorem 2.3 The reduced bifurcation equation for higher order bifurcations is glven

by
0 = g{e;6) = pla)e + Kyfa)d® + Ks(a)e” + Ke)e™ + O(c*), {2.14)
wheare
K; = RE{ME[Q?“"(&LA{&DL
5}
Ky = Re{Ms(c;w(a),A(a])}+ RH{E;I:M:][QQ v, A{e)))emw(e) } - W2
K; = Re{Myouw(a), a])}+ RE{;;{ME(HE v, M} hmutay } - w2
+ Re{ (55, M (o) lomater} - 0
+ 3 Ref (M, N(@))mai} - ()
and

e = Im{ﬂ'{:*[a; &{&):A(QDL
wy = Im{Ms(ogw(a),A(e))}

+ Inf (M5, A0)mster} - P (), M)}

The analysis of a particular equation then rests on identifying the critical param-
eter ey and the associated characteristic values and vectors, compuiing the terms
in the expansion of the bifurcation function G in Theorem 2.2, then the evalua-

tion of she expansion of g from the previous theorem. See [6] for a MACSYMA -
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based implemetation of these formulas for scalar functional differential equations.
4 FORTRAN -based approach (numerical evaluation of K3 and K:) for systems
is described in [2]. Only under very special circumstances can one hope to apply
such a lengthy algerithm by hand calculation. However, in some impertant situ-
ations, many of the higher order terms IH; are identically zero causing significant

simplifications. One such situation is that of equations with odd nonlinearities.

Corollary 2.4 Under the above hypotheses, if H s odd there are £ > 0 and C7
functions Ge; 2, v} (€ ~valued), y(t, 00,7 (R*-valued and 2 ~periodic in t) defined
forreal e, jof <&, v —w| < ¢, [la—a <& andit€ R such that (1.1} has a 27 /v
-periodic solution y(t) with |y| < ¢, v — w| < &, and ||~ col] < & if and only 3f
y(t) = y(t, e ¢,v) (up to phase shift] and (a,¢,v) solves the bifurcation equation:
G{a;c,v) = 0. Moreover, relation (2. 6) holds, G is odd in ¢, and

Glaje,v) = [A—ivie+ Ma{a; v, 2)e* + Ms(a; v, A)e’ + Ma(e; v, X)e" +O("), (2.15)
where A = (), Ma{og 1, 3) = &as A} - Na(asv),
Ny(or v) = 3H:(’, @), (2.16)
with (s) = &)™ for s < 0. Simalarly, Ms(c;v,)) = &5 1) - Ns(ev), where
Nyfajv) = 3Hy(y?, Asye™) + 6Ha(e, &, Asee™)
t 3Ha(F°, Az €™} + 10H:(¢%, °),
with Aga, Asy the unigue solutions of
Ale;3vi)Ass = Hs(y?)
Asy = d—(EATes Me))lE — S1EA"(os Ma)EIMst
+ [o— 168 Ae)elé + SIEAT (@ Me))E) [EA s M)l
— LiEn(as Ml + { LA (e X))
- A" (e Ma))e] | Mae] G — A(@))
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where d and e are any solutions of

AleA(a))d = Naz—(AE)M,,
AlosMa)e = —Ae;Ma))d+ Aa; Ma))EEA (e Ma))d]
{2 e + IEA"(os MaD)EJA s M) Mo

and AV = (B A3 (o5 Ma)); i = 1,2, 3. Likewise, Moo, A) = E(e; X) - Moo v),

where at &t == g and ¥ = w

No{ov) = 3Hs(@", Ag 36) + 3Ha( 3,0, Aspe”™)
+ 6Hy Aaze ", 0, Ang, €) + 6Ha(B, Aape™", Az, €™7)
4 3HA(@, (A222°5)) + 6H3(Aaae™ i, Aza€)
+ 3 Aspe™v, %) + 20Hs(@°, ¢, Asa)
+ 30H(E, 0%, A1) 4 BHe( Az e, p*)

+ 20Hx( 1, 4&3.16_“.: '[F'a] -+ 35 Ho [1531 ‘F4}:
Eﬂd
Ale;3vi)Ass = 6H 3(‘?": 0, Agae™")
+ 3H(0?, Asa€”™) + 5Hs(B, 0"),

sy = f-[EA'NE - SUEA"EMst,

where f is any solution of A{a; A{a))f = Ny — (&) M:.
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Example 2.5

The case of integrodifferential equations

§ = an(t)+ e | aluls))dn(s)

where g(y) = ¥ + hay® + hsy® + ... illustrates the type of results obtainable, and
their complexity. Examination of the previous results one seces that Ka{ajw) =
e, whs + eo{e, w)hd, with ¢; and ¢; computable functions of the bifurcation pa-
rameters a = (e, &) and frequency w. (See [12] for an examination of the generic
case in greater detail, and a derivation of conditions under which K3 = 0 for all
choices of hy and ka.) Similarly, one sees that Kg will be a linear combination of the
coefficient combinations ks, Rohy, hzh3, A3, and A3, while K¢ will be a linear com-
bination of the cloven terms hy, hsha, hoh3, hahakas, hahd, B3, h3hE, RS, hshi, A
and Aqhg. These reduce greatly in the case ol odd nonlinearities since hg = by =

J&-ﬁ,ZD.
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il SCATLAR DELAY-DIFFERENCE EQUATIONS In this final section we will

consider the scalar delay difference equation

#t) = flz(2)=(t-1) (3.1)
= az(t) + Bt — 1) h{z(t), z(t — 1))

where h{z,y) = a,5° + b2y + cpy® + aa@® + baaly + cazy® + day® + . . . is assumed to
be smooth. Our goal is to illustrate the results of the previous section and provide
insight inte the nongeneric bifurcation structure for this important equation.

The analysis of the linearized equation (¢} = az(t) + Bz(t — 1) is found in
(7. With Ale, B3A) = X - a— Be* one easily identifies the line a + 8 = 0 to
characterize those parameter values at which A =0isa characteristic root. Similarly,
gubstituting A = 4w into the characteristic equation and separaiing the real and
imaginary parts leads to the parametrization § = Blw) = —w/sin(w); o= alw) =
— (1) cos(w) characterizing those parameter values along which there are (simple)
imaginary root pairs A = +iw; w > 0. The interval 0 < w < 2% generates the
remaining boundary of the region 2. of parameter values at which all characteristic
roots have negative real parts. This region contains the negative half-axis ¢ < 0,5 =
0, and is pictured in Figure 3.1. See Section 2 of [12] for generalizations.

Along the imaginary root curve the usual transversality criteria are easy to venfy,
and at (&(w), B(w)) all chatacteristic roots other that A = tiw have negative real
parts. The representation of the higher order terms R(z(£), z(t — 1)) in terms of
symmetric, multilinear functionals is trivial, allowing one to apply Theorems 2.2 and
2.3 directly. The generic bifurcation constant Ky = Ka(w) with o = &(w), 8 = Aw)

is seen to take the form
Ki(w) = Cagag (W)23 T+ Cazhe(W)@2b2 + b, {0)B2 (3.2)

+Cane [wj'ﬂﬂci + cmﬂ:(w}ci + Chc}{w}bﬂcﬂ

+cg,{w)ag + e (w)bs + co(w)ea + ey ()i
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wherse by direct {but symbolically assisted) computation

Cay(10)
epy{w)
A
cay (@)
Cagas{ W)
Cazta (W)

Choby {W}

CJ;.._,,;!{W}

Ceyen{W)

Cageal &)

where

3 sin{w)(sin(w) — w cos(w))/ Da{w)

sin(w)(8 cos(w) sinfw) — 2w cos(w)’ — w)/ Da(w)

(—3w cos(w) sin(w) — 2 cos(w)* + cos(w)” + 1)/ Ds(w)

3 sin{w)(cos{w) sin(w) — w)/ Da{w)

2(cos{w) + 1)[3(2 cos(w) + 3) sin(w)

—w(cos(w) + 2){4 cos{w} + 1)1/ Dafw)

(cos(w) + 1)[3(2 cos{w) + 3)(8 cos(w) + 1) sin(w)

— (8 cos{w)? -+ 26 cos(w)? + 19 cos(w) + )]/ Da(w)

(cos{ew) + 1Y[(4 cos(w)? + 10 cos(w) + 1) sin(w)

—w(8 cos(w)? + 4 cos(w) + 3)]/ Da(e)

—(cos(w) + 1)}(8 cos(w)" ~ 8 cos(w)®

—32 cos(w)® — 19 cos(w) — 9) sin(w)

—wfdcos{w)® — 20 cos{w)? — 37 cos(w) — )]/ Da(w)
—9(cos(w) + 1)[(4 cos(w)® — 4cos(w)? — 13 cos{w) — 2) sin{w)
~w(2 cos(w)® — 6 cos(w) — 11)]/ Da(w)

9 cos{w) + 1)[3(2 cos{w) + 3) sin{w) — w(8 cos(w) + T)]/ Dafw)

Di(w) = sin(w)® — 2w cos{w) sin(w) 4 w?

Dy(w) = w(4dcos(w)+ 5){sin{w)® — 2w cos(w) sin{w) + w).

Along the curve 0 < w < 2x the scalar equation & = pc+ K3(w)e? completely

characterizes the generic Hopf bifurcation structure of the equation (3.1). For ex-

ample, as the coefficients ¢qy(w) > 0 and ¢z,{w) < 0 for win that interval, increases

in the corresponding coefficients g3 and d; are seen fo have destabilizing and sta-
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bilizing effects, respectively, on the equilibrium z = 0 at criticality, as well as on
nearby Hopf bifurcations.
The special case w = w/2 is of particular importance. With o =1 and § = —=/2

one computes

Ka(w/2) = 2(2(es+3a3)—7l(ba+ 3d3))/ (7% + 4)
—I-fl[-il:‘} - ?r]ag +(2- 31?]153 4 2(4 - ll'ﬁ)cg
(18 — Tx)(azbs + 226z + boca)}/(Br(7” + 4))

This extends Fxample 4.1 of [13]. Again the effects of the coefficients ay, bg, ..., g3
on the stability of Hopf hifurcations can be easily deduced.

Where Ks(w) = 0 (a cone in (a4, b, c;) space), one must compute (ab least)
Ks{w) to fully understand the bifurcation structure for (3.1). This can be accom-
plished symbolically/numerically without serious difficulty. We illustrate this point

by considering the quadratic delay difference equation
#(2) = a(t) + Pa(t ~ 1) + aax’(2) + bor(t)a{t — 1) + ez’ (¢ — 1) (3.3)

For such an equation, one might consider asking an analogue of Hilbert’s 16" Prob-
lem: How many simultaneous periodic orbits can this equation support? While this
question is clearly difficutt, our results of Section 2 shed light on the number of small
periodic orbits that can be created via Hopf bifurcation at z = 0.

Using the quadratic nature of (3.3), we can normalize the coefficients of the
higher order terms as a3 = cos(¢) , by = sin($) sin(#) and ¢; = sin{¢) cos(#), with
0<¢< T 0<8 < 2w nowdefining our parameter space (w fixed). An examination
of the results of the previous section show the Ky and K7 are homogeoneous poly-
nomials of degree 4 and 8, respectively, in the variables ag, ba, €z, the coefficients
of these polynomials again being functions of w. As these polynomials and their
coefficients are quite complicated we will restrict our attention to specific selections

for w, and identify the curves Kz =0, K7 = 0 by numerical evaluation.
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Figure 3.2 depicts the situation at w = 1/2. Bach of the coefficients Ka, Ks, K7
are ohserved to be positive for ¢ = 0 (corresponding fo a; = 1, by =¢z =0). A
careful examination of these curves reveals that there are no simultaneous nontrivial
solutions of Kz = Ks = K7 = 0; thus K3 = Ky = 0 implies Ky # 0. Consequently,
at w = 7/2 the complete Hopf bifurcation structure for (3.1) can be described by
the normal equation é = gc+ Kye® + Kpe® + Koo with p, Ka, Ks & 0; K7 # 0. We

conclude that the equation
(t) = fa(t — 1) + a2?(t) + bpx(t)e(i — 1) + ey (3 —1). (3.4)

for 3 = —1/2 can support at most three small periodic solution families bifurcating
from ¢ = 0.

A similar numerical analysis at other selected values of w suggests this behavior
to be generic for (3.3), However, by an examination of the crossing orders of the
curves K; = 0;j = 3,5, 7 and observing their apparent continuity in w, we are lead
to conclude the existence of at least one value of w in the interval (27/3,3m/4) at
which Ks = K = K7 = 0 nontrivially. At such & value, a complete resolution of the
Hopf bifurcation structure for (3.3) would require (at least) the computation of Hy.
Such a computation, while theoretically within the scope of the alogorithm of [14],
would be a nontrivial task likely requiring carefu! partitioning of the calculations
and hundreds of hours of cpu time on a current SUN or VAX-like workstation.

See [6] where Corollary 2.4 is used to derive analogous computations for Ka, Ks

and Ky for (3.1) when h(x(t),z(t — 1)) is assumed to be odd.
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Zero sets for Kj, j=3,5,7
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