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Consider the Cauchy problem
up = (u")zz —u? " X {u>0} in R-?i-’ (1)
u(z,0) = uo(x) for ¢ € R, (2)

where R} = { (z,t) |z € IR, t > 0 }, where m > 1 and p < m are positive
real numbers, and where 0 < up(2) < My < 400 on IR. Moreover X{u>0}(z,1)

is equal to one if u(z,t) > 0 and it vanishes elsewhere.

Definition. A function u is said to be a weak solution of (1) in R if it is
defined, real, nonnegative bounded and continuous in all nonempty bounded

rectangles of the form P = [z1, z2] X [t1,2] C IRL and if it satisfies the identity

I(u, ¢, P) := /[umqﬁM —u X010+ UX (u>0} 1) dz dt

P
T2

— /[u(x,tz)qﬁ(w,tz) —u(x,t1)4(, t1)]dz (3)

Ty

- / [w™ (22,)¢z(22,) — u™ (21, )ga(e1, )] dt =0

for all ¢(z,t) € C*(P) s.t. ¢(x1,t) = ¢(x2,t) = 0 in [ty, ).



A function u is said to be a weak solution of (1) (2), if it is a weak solution of

(1), if it is continuous as t — 0 and if u(z,0) = ue(z).

Remark 1. This definition requires that the integral [ u™? #X {u>0) dzdt exists,
P

because all the other terms in (3) are finite. We do not (and cannot) exclude
the existence of some physically interesting solutions to (1) for which the said

integral fails to exist.

Existence of solutions

Theorem 1. Suppose that 0 < p < m and that (u(l)/ﬂ)z is uniformly bounded,

where
B .= 2/(m+p) fm<2+p,
11 (m=-1) fm>2+p.

Then there exists a weak solution u to problem (1) (2). Moreover, it is a classical

solution in those points (z,t) in which it is positive.

Remark 2. The question of uniqueness appears to be open for p > 0. Forp <0
and for many results on the case p < 0 we refer to [CMM)] and the references
therein. The distinction between m < 2+ p and m > 2 + p plays also a major

role in the related problem u¢ = (u™)zz +u™? * X {u>0}, see[PV].

To prove Theorem 1 we use some ideas from [A2] [BN] [P] [OKC]. Without loss
of generality we may assume that uo(z) is sufficiently smooth. Otherwise we

can use standard approximation arguments. Let
M =supuo(z)+1=My+1 and ¢ € (0,1). (4)

Our aim is to regularize the singularity. Therefore we set vo(z,€) = uo(z) + ¢
(note that € < vy < M;) and Q. := (—1/¢,1/¢e) x (0,1/¢). Since the solution v
of (5) (6) (7) below depends on €, we shall denote it by v(z,t,¢).

Lemma 1. The first boundary value problem

v .
L(v,€) = —v¢ + (V" )2e — panpwE 0 in Qe, (5)

o



v(z,0,€) = vo(z) for z € (—1/¢,1/¢), (6)
v(£l/e,t,€) = vo(£l/e,€) fort € (0,1/¢) (7

has a unique classical solution in Q.. Moreover, for every fixed positive €

0<e<v(z,te) <M in Q.. (8)

Proof of Lemma 1: Define ¢(r) € C*°(IR) by

r forr > ¢,
H(r)=< 3 for r <0,
increasing on [0, €].
Instead of (5) consider the first boundary value problem for

= v)]™ o m(m — v)]™ 2 ——ﬂ—
v = mlg(0)]" T Vs +mim — DN - s ()

with conditions (6) and (7). Due to known results (see e.g. [LSU]) this problem

has a unique classical solution v with |v] < M;. To see that v > ¢ in @, set
z=2z(t,z,e) = e (v —¢)

with a > 0 to be chosen later. One has
2(z,0,¢) = vo(z,e) —€ >0

z(£1/e,t,€) = e ug(£1l/e) +€ —¢] >0

.

Thus Q. > 0 on the parabolic boundary of Q.. Suppose that z(z,t,¢) attains
negative values in Q.. Then it has to have a negative minimum at some (2o, )

and there z; < 0 and 2z, > 0, which implies z; — m[é(v)]™ 'z, <O0.

But from (9) we have at this point, using that z,(x0,t0) = 0:

He'z +¢)
e H B+ P

2t — m[¢(v)]m—lzxx — —(lZ(JIo,to) i e—at

By definition of ¢ and z we obtain

—at etz +¢) < e ' M,y
e+ [p(erz + )Pt T e+ (g/2)PH!

<1
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and z; — m[¢(v)]™ 12, > 0for a > 0 large enough, a contradiction. Thus v has
to be greater or equal to € in Q., and since (9) and (5) coincide for functions

v > €, the proof of Lemma 1 is complete.
Lemma 2. (Monotonicity lemma)
Ife; > eg then v(z,t,e1) > v(z,t,€2) in Q..
Proof of Lemma 2: We use the comparisons
v(z,0,e1) = uo(z) + €1 > uo(x) + €2 = v(z,0,¢2)
initially and
v(E£1/e1,t,e1) = uo(El/er) + €1 > uo(E£l/er) + e2v(£l/eq, t,e2)
on the boundary as well as the differential equations
L(v(z,t,e1),€1) =0, L(v(z,t,e2),62) =0 in Q.

If we show that L(v(z,t,€2),€1) > 0 in @, then our lemma follows from a
standard comparison principle, see e.g. [F] or [W]. Introducing the notation

v(ei) = v(z,t,€;) for 1 = 1,2 we have

L(vey,€1) = —vi(e2) + (v™(€2))ar — €1 +U[Ej2€1]l’+1
= v(e2) v(€e2)
= L(U62,52) + £y + [U(EQ]I)-H - €1 + [U(62]P+1

= v(62) 511— £2 n 1
[e2 + [v(e2]PH][e1 + [v(e2]?H?]

>0,

and the proof of Lemma 2 is complete.

Now we have a monotone bounded sequence {v(z,t,€)}cs0, whose limit lim

e—0

v(z,t,€) exists at any point in lRi. Let us denote this limit by u(z,t).

To conclude the proof of Theorem 1 we have to show that u is a weak solution of

(1) (2). This will be done in several steps, partly following ideas of Phillips [P].
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Step 1: u_pX{u>0} € L}oc(m?i-)
The functions v(z,t,€) satisfy equation (5) in the classical sense, thus
12 o)
[1mbus 4 vpd dade — [omo)z de - [0l do
p ty T

_ v¢/\/{v>0} )
—-/ W d:l,dt

(10)

P

holds. We can pass to the limit in the left hand side of this equation. So it

follows from Fatou’s Lemma that u™?x (450} € L}OC(IRi), since

- . VX {v>0} )
P

Step 2: usolves (1)in thesenseof distributions, i.e. (3) holdsforany ¢ € C§°(IR3).

To see this, for every 6 > 0 let 55 : Rt — IRT be a smooth, monotone
nondecreasing function which satisfies 7s5(s) = 0 for 0 < s < 6, ns(s) = s — é for
s> 26, n5 <2and ny <2/6.

Then
/ [u™Prr + ugy] dadt = / u™ bpr + ns(w)gy] dadt + g1(6)
R2 R:"'_

= / ['Umﬁbrx + n&(v)¢t] dzdt + .(/2(536)
R2

+
= [ "6 = trs(0))ed] dadt + (6.
i
v m—
= [ lho) o + o™ o (0)or) dadt + 93(6,9)
R2
+

where g;, (1 = 1,2, etc.) are continuous functions which vanish at the origin. If

we send € to zero in the first term of the last line, this term converges uniformly
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on suppé, so that

m up
R2

{ u>6}
+ / mo™ Yoy (v)ved dzdt + g4(6,¢€)
{ 6<v<26 )

If we send § to zero, the first term on the right hand side converges to the desired
quantity, because n5(s) — X{s>0) and because u™"x (4>0} is locally integrable.

Moreover, g3(6,¢€) certainly approaches zero if both € and é go to zero.

To verify that u is a distributional solution of (1), it remains to show that the
term involving n§ vanishes in the limit. Observing that

¢

mv™ i dedt  (12)

[SYRW)

/ mo™ Lo (v)veé dadt <
{ 6<v<26 } { 6<v<26 }

we distinguish now two cases which are dictated by Theorem 2.
If 2+ p > m, Theorem 2 implies,
mv™ 12 < Ms pMt1-2/8 < Myv'?, (13)
and this and Step 1 imply that the right hand side of (12) tends to zero as § — 0.
For 2 + p < m we observe that 1/8 = m — 1 and obtain
mv™ "2 < My v,

Thus the right hand side of (12) is estimated by

My / lve| de,

{6<v<26}nsuppe

a quantity which tends to zero as § — 0, because v has locally finite lap-number,

see [CMM].

Step 3: u is a weak solution of (1) (2). This follows from standard arguments

and is left as an exercise.



Regularity

Theorem 2. Let v(z,t,¢) and u(z,t) = v(x,t,0) be as constructed above and
suppose that 0 < p < m and

8= 2/(m+p) fm<24p,
T 11/(m=1) fm>2+p.

Then for every T > 0 there exists a constant My such that

(W) < My <00 in(r,T) x IR. (14)

Moreover, if (u(l)/ﬂ),,. < M, then (14) is true in [0,T) x IR.

Remark 3. The derivatives in Theorem 2 have to be understood in the sense
of distributions. Inequality (14) implies that u(-,t) € CP(IR). The condition
Bm > 1 makes sure that the flux (u™), is continuous. Notice that the case

m = p = 1 is not covered by Theorem 2, whereas the case p < m < 1 is covered.

Remark 4. In the proof we use the so-called Bernstein method, which was

perfected in [A1], [K]. It is interesting to compare our results with the ones in

[K].

Proof of Theorem 2. 1t is sufficient to derive (14) for the approximating sequence
v = v(z,t,€) as long as the upper bound A/; in (14) does not depend on €. In
fact since the derivatives are taken in the sense of distributions we can pass to

the limit ¢ — 0 in the inequality [v'/?¢, da < M [ ¢ dz for 0 < ¢ € CP(IR).
r

We set b = h(z,t,e) = v'/# ie. v =2f with # > 0 and calculate v, = SRP~1hy,
(v™); = BmhP™ " h, and (v™),r = Bm(Bm—1)EP" 202 4 fmhP™=1h,,. Using

(5) we obtain the following equation for h:

—ht ‘l" mhﬂ(m_l)hzr

h (15)
B(m—-1)—1;2
+ m(fm —1)h hy — Be 1Ay

Following Aronson we define

N, .
fly) = _;3,2?/(4 - Y), where Ny = ]\/Ill/ﬂ.



For y € [0,1] one has

Wo <

4N,
3 3

2 N1
, f"=——1;7(l and <fF) S—-4-. (16)

The function f is invertible and has range [0, Ny] on the unit interval y € [0, 1].

Therefore we may define the function w = w(x,t,€) by
h = f(w)
and derive the following equation for w from (15):

—w¢ + mfﬂ(m_l)w:v:c

1
+ mfﬂ(m_l)f—,lwf. +m(fm — l)f'ﬁ(m_l)_lf'tuz

(17)

1 f _

T Bf e+ fAO4R) T

Differentiate (17) with respect to 2 to obtain
~weg +mfPDwpn +mB(m — 1) P g,
+ muf"i fﬂ(m—l)il_/_ + (Bm — 1)f/3(m—1)—1f/
¥ 0w &

(18)

1,00 g
- 573 [T

n
+ mfﬂ(m—l)%QwIw” + m(pm — 1)j'ﬂ(”"_1)_1f'?,wxw” =0.

Recall that (18) holds in @, and that we want to estimate h, or equivalently
wz. So suppose that w, is "large” in a point x¢ at some time typ > 7. Then let
P=[z9g—-2,20+2] x(0,T) and P; = [zp — 1,29 + 1] X (7, T") be two rectangles
containing (o, o), and let {(z,t) be a smooth cutoff-function with the properties
0<(¢(<1,(=1in P, ( =0 in the neighbourhood of the lines ¢t = 0 and
T =1z9x2, (| + |Cz] + |Caz| < M3 with My independent of €. Now consider
the function g(z,t) = ¢?w? in P. In a maximal point of ¢ one has g, = 0 and

gt — mfﬂ(m_l)gu > 0, and this leads to

CUaWyy = _C.vw?c, (19)
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and, using (19), also to
Cwg(wiz — mfPm Dwg,r) > (¢ + mfP D (=( G — 3¢ Wl (20)

Multiplying (18) by (%*w., applying (19) and (20), one has at the maximum
point of g:

m¢?wt{(Bm — D1 - Bm — D] FFD2 2

+ 4 ampy =g (D))
<CPu? [¢6 = mfPmD(=(Cey - 3¢2)]

~ (G {(mﬂ(m — 1)+ 2m(fm - 1)) FHOD7 4 szf“m—“f—"}

1 3] f
—- 'BC2’LUZ b_w_ |:f/(€ +fﬂ(1+li))}

(21)
Notice that after division by w? we have the factor ¢ = (w2 on the left hand

side of (21), which we want to be bounded.

Now we distinguish two cases. In the first case suppose that 2 + p > m and set
B=2/(m+p). Thenl—FB(m—-1)=2+p—m)/(m+p)>0and fm >1by
assumption. Multiplying (21) by f>~#"=1 and using (16) we can see

a) that the left hand side of (21) is bounded below by a positive constant times

¢?w? (here we have used m > 1 to show that 1 4+ 8 — 2mfA < 0) and

b) that each coefficient of w2 and w3 on the right hand side of (21) is bounded

as long as m > 1 and as long as

f2—ﬁ(m—1)__a__ [ f ]
au) f’(é‘_ + fﬁ(l"l'l’))

is bounded uniformly with respect to ¢ or has the right (positive) sign. But this

term is equal to

fF2-B(m=1) {

The first two terms in { } have the right sign, and so we can drop them.

J f 1 B(1 + p)fF0+P) 29
_(fl)2{€+fﬁ(l+l)) e + fAU+p) B (€+f‘ﬁ(1+p))2 } (22)

The remaining term is bounded with respect to € as ¢ — 0 if and only if

2—-B(m—-1)=-p(1+p)20,ie 2—pB(m+p)>0. This settles the first case.
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Remark 5. If m =1 > p then 8 = 2/(1 + p) and we recover the results of
[Ph,p.257] or [FK,Thm.2.4]. Phillips result for this special m is actually derived
in more than one space dimension, and our method of proof works in the general

n-dimensional case, too.

To complete the proof of Theorem 2 we still have to treat the second case, in
which 2+ p < m and 8 = 1/(m —1). In this case again all coefficients in (21)
are bounded except possibly the last one on the right hand side. We show that
this term has the proper (negative) sign and can thus be dropped. Equivalently,
the quantity in { } of (22) is positive. The first term is positive by definition

of f". The sum of the second and third is

e+ fAUHD) — B(14p) A0
(e + fB(+p))2 -

if and only if 1 — B(1 + p) > 0, i.e. m > 2+ p. This completes the proof of the

first statement in Theorem 2.

To show the last claim of Theorem 2it suffices to choose ((,t) = ((z)independent
of t.

Regularity is Optimal

The following examples show that our results are optimal. Note that in both
examples u™Px 1,50y € L, (IR).
Example 1. Let m > 2 and p = m — 2. Then

u(z,t) = (ot — ;7;):_/("”_”

is a solution of (1) with initial values uo(2) = (—rc)L/(m_l). Here 0 = —(m —

1)+ m/(m—1). In particular for p = 0 and m = 2 one obtains a solution of (23)

Uy = (u2)xr — X{u>0} (23)
with initial data up(z) = (—2)4+. Notice that up is unbounded and not in L' (IR).
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Example 2. This is a variant of the example in [Ke]. Let m > 2, p=m —2 and
ko = 2m(m +1)/(m — 1). Then for any positive constants k and ! the following

function u(z,t) is a solution of (1):

u(z,t) = (kot + k)~1/(m=1)
— 1 2 1/(m—1)
'[c(k,l,m) (Kot + k)*/(mFD - — (%'TL(kOt+k)2 ~ 2
m +

where
(m —1)%k% 4+ 4m??
Am2 2/ (m+1)

c(k,l,m) =

with initial values
uo(a:) — k_—l/(m—l)(l2 _ $2)}|_/(m“1)‘

In particular for p = 0 and m = 2 one obtains a solution of (20) with initial data

ug(z) = k~1(1? — 2%)4 of parabolic shape and with finite support.
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