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Abstract

Conditions are given under which a descriptor, or generalized state-space,
gystem can be regularized by output feedback. It is shown that under these
conditions proportional and derivative output feedback controls can be con-
structed such that the closed loop system is regular and has index at most
1. This property ensures the solvability of the resulting system of dynamic-
algebraic equations. A canonical form is given that allows the system prop-
arties as well as the feedback to be determined. The construction procedures
used to establish the theory are based only on orthogonal matrix decompo-
sitions and can therefore be implemented in 2 numerically stable way, A
computational algorithm for improving the ‘conditioning’ of the regularized
closed loop system is derived.



1 Introduction

We examine linear time-invariant (continuous or discrete) dynamical systems
of the form

E# = Bdejdt = Az(t)+ Bu(t), Ez(to) = Ewo (1)
y(t) = Ca(i), (2)
or
Exryr = Azy+ Bug, Ezp piven (3)
¥ = Cezy, (4)

where E, A € ¢**, B ¢ C™, C' € CP", Here z(1) or z;; € C" is the state,
y(t) or ¥ € C? is the output, and u(t) or uy € C™ is the input or control
of the system. Such systems are called deseriptor or genervlized slate-space
systems. In contrast to stendard systems, where E = I, the response of
a descriptor system can have a complicated struciure and can even have
impulsive modes [26,12,13}.
The behaviour of a descriptor system depends critically upon the proper-
ties of the matrix pencil
akl - A, (5)

The pencil (5) and the corresponding system (1)-(2) or (3)-(4) are said to
be regular if
det(a.E — BA) # 0 for some (e, 8) € C. (6)

Regularity of the system guarantees the existence and uniqueness of (clas-
sical) solutions to (1) and (3) [4,28). Most known results on the behaviour
of descriptor control systems depend explicitly on the assumption of reg-
ularity (see, for example, [5,6,7,16,17,18,19,20,22,23,24,26,27,28,29]). This
assumption is unnecessarily strong, however, and it rules out the analysis of
a number of practical physical systems (see [20]}. Many systems which are
not regular can, moreover, be regularized by proportional and/or derivative
feedback. Conversely, systems which are regular can easily be transformed
by linear feedback into closed loop systems which are not regular. It is
important, therefore, to establish conditions which ensure the regularity of
systems under feedback and to develop numerically reliable techniques for
constructing regular closed loop systems.

The pencil (5) and the corresponding system (1)-(2) or (3)-(4) are sald
to have index at most one il the dimension of the largest nilpotent block



(which corresponds to an infinite pole) in the Kronecker canonical form
(KCF) of the pencil aF — $A is less than or equal to 1 (see [11,25] or
[1). A regular system which has index less than or equal to one can be
transformed and separated into a purely dynamical and a purely algebraic
part. The algebraic variables can be eliminated to give a standard system of
(possibly) reduced order. Higher index descriptor systems cannot be reduced
to standard systems, and impulses can arise in the response if the control
is not sufficiently smooth. The system can even lose causality (see [26] or
(1,12,13]). In practice, therefore, it is desirable to find feedback controls that
ensure that the closed loop system is not only regular, but also of index at
most one,

Early results on regularization of descriptor systems using proportional
state feedback are presented in [10] and [15). Algebraic conditions are given
that ensure that a feedback gain matrix exists such that the closed loop
system pencil is regular and of index at most one. Regularity of the open
loop pencil is not assumed. Under these conditions it is shown, furthermore,
that precisely r = rank(E) finite poles can be assigned arbitrarily to the
system, Reliable numerical meithods for assigning the entire eigensiructure
to give a robust closed loop system are also given in [15].

In [1,2] and [3] we have extended the results of {10] and [15] to regular-
lization by derivative and proportional-plus—derivative siate feedback. Al-
gebraic conditions are presented that ensure that the system can be trans-
formed into a regular system of index at most one. If the open loop system
is regular, these conditions correspond to strong controllability, that is, to
controllability of both the finite and infinite poles (impulse controllability)
of the system. Regularity of the apen loop system is not needed, however,
to establish the results. The same conclusions are expressed in geometric
terms in [20]. In [3] numerically reliable algorithms, based only on unitary
matrix transformations, are also given for constructing the required feedback
madtrices.

In [3], furthermore, we identify and exploit the additional freedom pro-
vided by derivative state feedback in order to ensure the optimal 'condi-
tioning' of the closed loop system. Here optimal conditioning is achieved
via singular value assignment. If a regular system of index at most one is
'well-conditioned’, then the system can be reduced to a standard system by
a computationally reliable procedure. Optimally conditioned closed loop
syatems also have improved performance characteristics. In {21], for exam-
ple, derivative feedback is used to obtain a 'well-conditioned’ discrete—time
observer which gives improved state estimates.
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In this paper we establish conditions for regularization by output feedback.
We give preliminary resuits in [1] and {2}, The results presented here indicate
precisely what can be achieved by proportional and/or derivative output
feedback and how closed loop systems with improved conditioning can be
cbtained. A canonical form that displays the controllability /observability
properties of the open loop system is constructed using numerically stable
matrix transformations. No assumption of open loop regularity is required.
Algebraic conditions are derived that ensure that a feedback ¢can be selected
to give a closed loop system that is regular, is strongly controllable and
observable, and has index at most one. A stable computational procedure is
established for constructing the required output feedback so that the closed
loop system is, in addition, 'well-conditioned.’

In the next section of the paper conditions for regularizability of the sys-
tems (1)-(2) and (3)~(4) are given. In Section 3 we derive the ‘canonical
form’ for the control system using unitary matrix transformations, and in
Section 4 we establish the main results. Optimal conditioning is discussed
in Section 5, numerical results are presented in Section § and concluding
remarks are given in Section 7.

2 Regularizability Conditions

We denote descriptor systems (1) and (3) by the triple (E, A, B) and consider
the following conditions.

CO : rank[aE — B4, B] = n, ¥(a,8) € CA{(0,0)};

C1 :rank[AE — A, B] =n, VA€ C;

C2 : rank[F, ASw, B] = n, where the columns ofS,, span N(E}, (M)
the nullspace of E.

Ior systems that are regular, these conditions characterize the controlla-
bility of the system. If ®E — 34 is a regular pencil, then the triple (£, 4, )
and the corresponding descriptor system are said to be completely con-
trollable (C-controllable) if and only if Condition CO holds. A descriptor
system. satisfies Condition CO, i.e. is completely controllable, only if

rank[F,B|=n {(8)

Complete controllability ensures that for any given initial and final states
zg,2; € R® of the system, there exists an admissible control that transfers
the system from x¢ to ; in finite time [28]. Hence, descriptor systems that
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are completely contrallable can be expected to have similar properties to
standard systems.

If - B A is a regular pencil, then the triple (£, A, B) and the correspond-
ing deseriptor system are said to be strongly controllable (S-controllable) if
and only if Conditions C1 and €2 hold. Strong controllability ensures that
the system is completely controllable in a subspace of R" of dimension equal
to rank[E, B].

We remark that C-controllability implies S-comtrollability. Clearly Con-
dition C1 follows from Condition CO0 for 8 # 0 and A = a/8. Condition
C2 follows from (8), but is weaker. In the literature, regular systems which
satisfy Condition C2 are often described as ‘controllable at infinity’ or ‘im-~
pulse controllable’ {6,15,26]. For these systems ‘impulsive modes’ can be
excluded. A descriptor system which has a regular pencil of index less than
or equal to 1 is always controllable at infinity.

Observability conditions for deseriptor systems can be defined as the dual
of the controllability conditions (7). The dual conditions for systems (1)-(2)
and (3)-(4), denoted by the the txiple (B, A,C), are given by

00 :rank | *F 2 P4 | =, Wa,p) € V(0,00
-4 :
O1 : rank | =n, YA € (9)
£
02 :rank TJC{A-;C =n,

where the columns of Tw span N{EX).

If o~ 4 is a regular pencil, then the triple (E, 4,C’) and the correspond-
ing desctriptor system are said to be completely observable {C-observable)
if and only if Condition OO holds. Analogously to (8), a descriptor sysiem
satisfies Condition O, i.e. is completely observable, only if

r&nk[ g ] = 7. (10)

If «E — BA is a regular pencil, then the triple (F, 4,C) and the corre-
sponding descriptor system are said to be strongly observable (S-observable)
if and only if Conditions O1 and O2 heold. Clearly C-observability implies
S-observability.

The controllability and observability conditions arc preserved under cer-
tain transformations of the system. Specifically, Conditiens CO, C1, CZ2,
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Theorem 1 If E,A € C¥", B ¢ C™", C € CP" then there erist unitary
matrices U,V € €, W € C™™, Y € CPP such that

[(2p 0] ¢ By By 01 ¢
oy _ E 1 H _ | Bu B 1
vipy=| ZF 0|8 utEw [Bﬂ . U}n_t],
e G ] 4 z
YICV = { Cy 0 | £, UFAV= { Au ‘i‘”] oo
0 o0 s Ay Ap | n—1h
) (14}
where
[ Apy Aps A 0 0| & Ba | 1o
Asy Az Az Xz O iz R By 15
Aga=| Agp Aga Bag 0 0] 25, Bu=| 0 14
0 Zs; O 0 0| is 0 ts
| 0 0 0 0 0 t{i ] f;g
Ciza=|Ciz Cia 0 0 0 ] 4y (15)
[ Ay | 12
. Aat | ta
Ay =1 Ag | 14 ,412= [ Az Az A A Ase ] i .
As | ts
| Aa1 | s

Here Ayy,Ep are 8 X &y mairices, the row dimensions of the matrices are
as depicted, and the column dimensions are [t1y 82,15, 4,13, 86] for v Ev,
UH AV, YHCV and [ky, ko, ks] for UF BW.

The matrices B g, a5, Ta4, Dss are non-singular diagonal matrices, Bz
has full column rank, Cay has full row rank and the matrices

B .
[ BZI ] e Ch.h, [ Cia,Cis ] € i
3

with ky = t3 + ta and &) = s; + 15 are non-singular.

Proof. The proof is given by construction via Algorithm 1 in Appendix
A 0O

Note that Algorithm 1 uses only unitary transformations and hence gives
a numerically stable procedure for computing this form. The dimensions
4y, iz, fa, 14, f5, . 82, 36 ke, ko, ka, €1, lg, €3 are determined via rank
decisions based on singular value decompositions [14]. This is certainly the
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most stable way to perform these decisions, but the results may still be
misleading, since by arbitrarily small perturbations a matrix can change
tts rank drastically. The usual procedure for determining the rank of a
diagonal matrix ¥ = diag(e1,...,00) with a1 2 a2 > ...>0on 2 0i5t0
neglect all those o; that are smaller than oyeps, where eps is the machine
precision. Precautions have to be taken, however, if the first neglected and
last nonneglected o; are close together, (see [8]).

The canonical form nevertheless gives us the ability to check numerically
the important properties of the system (1)~(2) or (3)-(4). (Most of the
following results are given in [L,2] but with different procfs.) First, we
establish from the canonical form equivalent conditions for the system to be
regnlar and of index at most 1.

Corollary 2 Let E, A be given as in the canonical form (14} with partition-

ing:
g O Ay Ap
E = =] - " .
[U 0]“‘1 [1421 Az (16)

Then, the following are equivalent:

(i) &E — BA is regular and has index al most 1;

(i) Agg is non-singular; o

(iti) 8¢ = t6 = 0, i.e. the last block rows of Az, Az and the last block
columns of Az, Azg are void, (so that g = 89} and Az is non-singular;

(iv) rank [E, ASx] = n;

(v) rank [ n.

E 1 _
THA |~

Proof. The equivalence of (i), (iii), (iv) and (v) follows directly from the
{orm. of Ay, and the fact that

- - Eg O
{E’ASm]z[EEOzéu],[E]: C o | o

0 0 4 THA . ;
% o Ap Amn

We finish the proof by showing that Ay non-singular implies (i) and that
(i) implies (iv).
If Agy is non-singular, then aF — 4 is equivalent to

Y 0O ﬁ11~!i124‘i521<3121 0
”’[ 0 o]'ﬁ[ 0 Il (18)






Proof, Clear from canonical form (14). O
The stronger conditions CO and 00 hold only if rank [E,B] = n and

rank = n. Bquivalent conditions for these properties to hold can also

E

c

be derived from the canonical form. We have the following :

Corollary 4 Let E, A, B,C be given es in the canonical form (14).
(i) rank[E, B] = n if and only if 4 =15 =g = 0, i.e

i [Am 0 0]
271 Agp B 0

it) rank E = n if and only if t, = ta = 86 = 0, L.&.
C

R Az Azz
Agp=1 0 I
0 0

Proof. Clear from canonical form (14). O

In theory it is frequenily assumed that B,C have full rank. From the
canonical form (14} it follows immediately that rank B = m if and only if
ks = 0 and rank C = p if and only if £3 = 0, i.e. the column of zero blocks
in B and the row of zero blocks in ¢ ate void. In general we can determine
the rank deficiency of B and € by Algorithm 1 and eliminate them from the
system by introducing new input and output vectors.

We assume, therefore, in the following that B,C are full rank, and ky =
{3 =0,

In this section we have shown how many of the important indices that
determine the properties of system (1)-(2) or (3)-(4) can be obtained directly
from the canonical form (14).

4 Main Theorem

We now come to our main Theorem, which describes the properties that can
be achieved by proportional and derivative output feedback:

Theorem 5 Let E,A,B,C be as in (1)-(2} or (3)-(4) ond let ¥1,t2,52 be
as in the cenonical form (14). If Conditions C2 and O2 hkold, that is,



E
if rank[E, ASw, B] = n and rank | THA | = n, then for all integers 3,
C
0 < s < ty = 8y, there evist F,G € C™7 such that o B+ BGC)—p(A+BFC)
is regular, has index at most 1 and rank{E + BGC) =t + 8.
(i) If s = g, then this is achieved by derivative feedback alone with F' = 0.
(i) If s = 0, then this is achieved by proportional feedback alone with G =
0. In this case the converse also holds, that is, if there exisis F' € C™P such
that o E — B(A + BFC) is regular and has index at most 1, then conditions
C2 and 02 must hold.

Proof. We may assume that E,A,B,C are already in the canonical form
(14) with ka =0 =63 and that 8g = 1g = 0, s = 2. Let

| Gu 0 A_ | f11 0 _
L P

with

-1 .
0 =1 s
Gn = l: By ] [ 0 0 [ Cia Cus ] € clzHis, z-l-'E.-'p1 (23)

-1 Oﬂ 0 0 i
Iy = [ Lo ] 0 @ 0 [ Cyz Cis ] ! € Clattamtts {24)
0 0 0

B3y
and
_ 0
¢ = Ibz—a - [ ] I!g-—-ﬂ ] A'zﬂ [ Itg—-a ] . (25)
{Mere O, is the s X s zero matrix.) Then we have that
Ay Al 0
BGC = Ao ﬂngm C e Ccmm (2‘!)]

0 0 Gn—-tl—-s

with

-1
By I
Aqgq = ) 181 Aqg = 1 a t1,s
11 = B11GuC € T8, A = Biy [ Bas ] [ 0 ] g CHi, (27)

An=[1 0][Cu On] Cuec® An=L
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and
$yp 0 B3 0

0o @, 0 0
Py 0 Dag ]
0 0 0 @u-—'h—-iz

BFC = e

with
&1, = B FnCyy € CHY,

B 1[0 00
[ 0 $i5 () .311[ “1] 0 & 0| echny,
0 00
0]
0
0

0 0 0 »

o | = |0 @ [ Ciz Cis ] Cyy € Chhifa,
0 0 0

{98 U D O,’ U 0

0 &g 0 = 0 & 0 g Cr—tun—ty
L 0 0 On-ty-ts | 0 0 Onepi-to

It follows that
Ze+ An A 0

0 0 On—t;—a
Computing the Schur-complement, we obtain that
rank(E + BGC) = & + rank(Zg + A1y — AqaAa).

But
Ap — ApgAg = BuiGnCa—

-1
Bnlgﬁl [{;][L U][Cw Cha 1—1011:0-

Hence, rank{E 4+ BGC) = s + i1.
Due to the form of BFC it follows that

A Ayo Az Ala Ags
= (4] 0
Ay [ 03 I ] Az Az 0
A+ BFC = = S,
Az Asaa Asz Aaq Iss
Agt Adz Az X 0
| As 0 Yy 0 0
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with row dimensions [t1,t2,13,14,15] and column dimensions [21,82, 25, 4, T3],

It then follows immediately that the lower right (» —#; — 2+ 8) X (n —
t1 — 1 + 5) principal submatrix of A+ BFC is non-si ngular, By Corollary 2
we therefore have that a(E + BGC) — (A + BFC) is regular and of index
at most 1. Hence, we have proved the main result.

For (i) and (i), it is clear from the construction that il 8 = tg, then F is
empty, while if 3 = 0, then G is void. In the case s = 0, only proportional
feedback is used, and hence the right and left null spaces SoosToo of £ are
not changed. Therefore,

rank|E, ASeo, B] = rank[E,(A + BFC)Se, B] =

E E (34)
rank | THA | =rank | TH(A+ BFC) | =n.
C c

This proves the converse in (ii). 0
An immediate consequence of Theorem 5 is the following Corollary.

Corollary 6 Let B, A,B,C be as in Theorem 5. If conditions Cl and O1,
as well as conditions C2 and O2, hold, then there exist F\G € €™ and a
feedback control

w=Fy—Gy+v orup= Fyp— Gyrer + v (35)

such that the closed loop system, denoted by (E + BGC, A + BIC, B,C)
is strongly controllable and strongly observable, with index at most one and
rank(E + BGC) = s+ t1, where s is given such that 0 < s < 1o,

Proof. By Theorem 5, Conditions C2 and O2 imply that there exist
F,G € €™ such that the pencil a(E+ BGC) — (A4 BFC) is regular with
index at most 1. Hence the closed loop system is controllable and observable
at infinity. Then, since the Conditions C1 and O1 are preserved under
cutput feedback, it follows that the closed loop system is S-contrellable and
S-observable. 0O

If Conditions CO and 00 hold, then we can obtain stronger results. We
Lave the following:

Corollary 7 Let E, A, B,C be as in Theorem 5. Then there exists G € CP™
such that E + BGC is non-singular if and only if

rank[E B]:rank[g}:ﬂ.
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