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0. Introduction. The purpose of this paper is to study positive radial solutions of
the equation

Aw—%wa+f@0=0inIW, (0.1)

where n > 1, f(w) = Aw —w™#, A > 0 and 8 > 1. Equation (0.1) arises in the study of
the quenching behavior of the solution of problem

1
(1—uy
u(z,t) =0 for z€0Q,t>0,
u(z,0)=0 for z€Q,

ug — Au = if ze,t>0,

(0.2)

where Q = Bg(0) is a ball of radius R with center zero in R". We say that u quenches if
u reaches 1 in finite time. Given a fixed constant # > 1, by a result of Acker and Walter
[1], there is a positive constant R, = R,(8) such that the solution u of (0.2) quenches at
finite time T if R > R.. By introducing the variables

T

T —+t

y= s=—In(T —1), w(y,s)=[1-u(z)|(T-1)"7,

w(y, s) satisfies the equation

1
ws—(Aw—§y-Vw+f(w))=O, (0.3)
in the set W = {(y,$);|y] < Re*/?,s > sg = —InT} with A = v = ﬁ Set £ = |z| and

r = |y|. Recall that the solution u of (0.2) is radially symmetric and strictly decreasing
in £, hence w(y, s) is also radially symmetric and strictly increasing in r(cf. [7]). We say
that w(r) is a positive radial solution or simply radial solution of (0.1) if there exists an
n > 0 such that w(0) = n,w'(0) = 0, and that w satifies the equation

w,,+(n—1

-gyw+fmo:mr>a (0.4)

r
Hereafter the prime will represent the derivative with respect to r. For convenience, we let
- \- _ 1
k=AY v=57,
F(w) = [ f(t)dt,w >0,
r2 n—
p(r) =exp(—7), o(r)=r"""p(r).



Notice that k is the only positive zero of f(w). Also,
F>0,F(w)~w? if w— oo,
F(w) ~w'™? if w—0,
p'(’r‘) = _12: ,0(7'),
o'(r) = (27 = §) o(r).

This paper is organized as follows. In §1, we study radial solutions of (0.1) and prove
that every non-constant radial solution w(r) of (0.1) must be strictly increasing for all r
sufficiently large. Moreover, w(r) — oo as r — oo. In §2, we apply the method of [4] to
study the asymptotic behavior of radial solutions of (0.1) as r — oo. We prove that any
non-constant radial solution w(r) of (0.1) grows either exponentially or polynomially and
we obtain a precise asymptotic expansion of w(r) at r = co. In §3, we use the results
obtained in §2 to prove some uniqueness results. We show that every non-constant radial
solution of (0.1) must grow exponentially, ifn =1, > 3,and A = 4. Forn > 2 and A = v,
we apply a method in [2] to prove that every non-constant radial solution of (0.1) with
n < k must intersect a certain singular solution at least twice. Finally, in §4, we apply the

results of §§1-3 to study the quenching rate of the solution u of (0.2) near the quenching
point = = 0.

§1. Preliminaries. Let n > 1,8 > 1,A > 0 be three real parameters. The following
lemma is motivated by [9].

LEMMA 1.1. For any 1 > 0, there is a unique positive global solution w(r) = w(r;n)
of (0.4) with w(0) =7 and w'(0) = 0.

Proof. Since r = 0 is a regular singular point and f(w) is real analytic at w = 7 the
local existence and uniqueness follow. Let [0,a) be the maximal interval on which w is
defined. Multiplying the equation (0.4) by p? w’, we obtain

2,12
prwe,, n-—
() +

Integrating (1.1) over the interval [0, r], where r < a, we obtain

CE D 222 e ueds+ [ f6) Pl ds =0 (12)

Integrating the last integral in (1.2) by parts gives

p(r) w'z(r) /

1
p?w' + p? F(w)' = 0. (1.1)

Rl () w(s) ds+ / s p*(s) F(w(s)) ds+p2(r) F(w(r))— F(n) = 0.
Hence we get .
3 P (w'(r)* + p*(r) F(w(r)) < F(n). (1.3)

From (1.3) and the standard continuation theorem it follows that a = co. Moreover, by

(1.3),w>0forallr>0.0



LEMMA 1.2. Any critical point rq of a radial solution w of (0.1) is a local maximal
point if w(rg) > k, and a local minimal point if w(ry) < k. Moreover, there cannot exist
a point r with w(r) = k and w'(r) = 0 except when w = k.

Proof. From the uniqueness of the initial value problem for ordinary differential equa-
tions it follows that there cannot exist a point r with w(r) = k and w'(r) = 0 except when
w = k. Since at any critical point we have w'" = — f(w), the lemma follows. [J

LEMMA 1.3. Any non-constant radial solution w of (0.1) which takes the value k

only finitely many times must be strictly increasing for all r sufficiently large. Moreover,
w(r) — 0o as r — 0.

Proof. If w is a non-constant radial solution of (0.1) which takes the value k only
finitely many times, then there exists a number 7 > 0 such that either w(r) > k, or
w(r) < k for all r > 7. Suppose that w(r) > k,Vr > 7. We claim that w is monotone for
all r sufficiently large. If w is not monotone for all r sufficiently large, then there exist
a local maximum and a local minimum which are both greater than k. This contradicts
to Lemma 1.2. Hence w must be monotone for all r sufficiently large. The other case
is similar. Applying Lemma 1.2, it is easily seen that there is ry > 7 such that either
w'(r) > 0 or w'(r) <0 for all r > ry. We claim that the second case cannot happen.

Suppose that w'(r) < 0,Vr > rg. Then the limit lim, ,o w(r) = [ exists. We shall
show that [ < k. Indeed, if | > k, then w(r) > k,Vr > ry. Then

(cw') = —0o f(w) <0,Vr > rg. (1.4)

It follows that the limit lim, oo(0w’)(r) = I; exists and I; < 0. If [; < 0 then w' is
unbounded and hence w is also unbounded which is a contradiction. It follows that I; = 0.
Now, we integrate (1.4) from r¢ to 0o to obtain

/00 o f(w) = a(ro)w'(re) <0,

To

which is a contradiction, since o f(w) > 0,Vr > ry. Therefore, [ < k.
Following the idea in [9], we rewrite equation (0.4) as

w"! n—1 1

L (B - w = f(w) (15)

r r?

Since fr? w'(r)dr =1 — w(ro), which is finite, there exists a sequence r; — oo such that
w'(r;j) — 0 as j — oo. Integrating (1.5) from ry to rj, we get

Tj wll T n — 1
/ —dr + / ( 5
To r 7o r

—%)w'dr: —[i %f(w)dr- (1.6)

0
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The first integral in (1.6) can be computed as

/Tj w_" g — /"J’(%})dr N w'(rj) _ w’(f'o),
o T 7o ]

1"] To

which is finite as j — oo. The second integral in (1.6) is also finite. On the other hand,
since | < k, there is a positive number R such that w(r) < w(R) < k,Vr > R. Thus we get

il i dr .
[ 2 sy < fo@) [F 0o as joe

a contradiction. Hence w must be strictly increasing for all r > r¢ and the limit,

lim w(r) =1,

exists. Moreover, | = co by a similar reasoning as above. []
Consider the phase plane of the system
w' =v

. 1.7
LYo~ fw). 4o

(T _
v—(2 r

We have the following positively invariant lemma (cf. [4]).

LEMMA 1.4. For any a > 0, there exists a number R = R(a,\) such that if ry > R
and (w(ry),v(r1)) € Aq = {(w,v);w > k,v > aw}, then (w(r),v(r)) € Aq,Vr > ry.

Proof. Choose R = R(a, A) so that 7R -2l =a+ % In the phase plane of the system
(1.7), we have

w' >0,
, r n-—1 A
= (- — > —
v=gmmvz(et v>o, (1.8)
v’ r n-—1 A
2 (1 _ > 2
w! 2 r )_(a+a)>a,

on the line {w = k,v > aw} and for r > R. Also, on the line {w > k,v = aw}, we have

w' >0,

, r n-—1 2

— (= — - >
v 5 . Yaw — f(w) > a”w > 0, (1.9)
v_’_(r n—l) A w P

) r a v >

if r > R. Hence the lemma follows from (1.8) and (1.9). 0

We say that a non-constant radial solution w of (0.1) is oscillatory about k if w takes
the value k infinitely many times.



LEMMA 1.5. There does not exist a non-constant radial solution which is oscillatory
about k.

Proof. Let w be a non-constant radial solution of (0.1). We rewrite equation (0.4) as

12 -1

(wT + F(w)) = (g . "T)w”. (1.10)

If r > Ry = v/2(n — 1), then the right-hand side of (1.10) is non-negative, hence the limit,

2
i (G + F) =1

exists and [ > 0, since F' > 0. We shall claim that [ = oo.

If I =0, then w'(r) = 0 and w(r) — k as r — oo. Integrating (1.10) from r to oo, we

obtain

w'(r)? n—

- - Fr) = [ G-
for r > Ry. Since the right-hand side of (1.11) is non-negative, the left-hand side of (1.11)

is non-positive, and r is arbitrary, we conclude that w' = 0 and w = k. This contradiction
leads to the conclution [ > 0.

1)1,1)'(3)2 ds, (1.11)

S

Suppose that | € (0,00). Then w must be oscillatory about k£ by Lemma 1.3. For any
sequence of extremal points r,, — 00, we have

F(w(ry)) =1 as m — oo. (1.12)
In particular, for any sequence of maximal points r,, — oo, we have
w(rm) = F1()Nn{w >k} as m — oo,

hence w is bounded from above. Similarly, we can prove that w is bounded from below
and away from zero. That is,

0<ci Sw<ey <oo,Vr >0, (1.13)

for some constants ¢; and c;.

Let v = w'. Then v satisfies the equation

"Ny Ll _n—1
2)v + (A 5

n—1

U"+(

+Bw PNy =0. (1.14)

r r?

Define u(7) = v(r), where 7 = 7(r) = [/ %, for r > 1. Notice that 7 strictly increases
to oo as r increases to co. Then u satisfies the equation

T -5 -

n—1

+Bw P HYu=0,7r>0. (1.15)

d T2 r2

5



Applying L’Hopital’s rule, we get

2
(7 )

Aot =l | oy
=0.

Since (A — 1 — 251 + Bw™#~1) is bounded by (1.13), we conclude that

lim 7'202(7')()\—%— n_1

—-B-1y _
= + Bw )=0.
Applying a non-oscillatory criterion of Hartman (cf. [11, p.362]), we see that v can only

have finitely many zeros. This contradicts the fact that w is oscillatory about k. Conse-

quently, [ = oo, i.e.,
) wzz
rlingo(? + F(w)) = oo. (1.16)

Suppose now w is oscillatory about k. We can choose R,, — oo so that w(Rn,) = k
and w'(Ry,) > 0. Thus, by (1.16), w'(R,,) — c0 as m — oo. Given a > 0, choose m,
so large that R,,, > R(a, ) and w'(Rm,) > a k. Then we obtain (w(Rm, ), ?(Rm,)) € Aa-
So, by Lemma 1.4, (w(r),v(r)) € Aa,Vr > Ry, In particular, we have w'(r) > 0, for all
r > Ry, a contradiction. Hence the lemma is proved. [J

As a corollary of the previous lemmas, we have the following theorem.

THEOREM 1.6. Every non-constant radial solution w of (0.1) must be strictly increas-
ing for all r sufficiently large, and w(r) — co asr — oo.

COROLLARY 1.7. The only radial solution of (0.1) which is bounded from above is the
constant solution w = k.

§2. Asymptotic behavior of w(r) as r — co. In this section we apply the method
used in [4] which is based on using L’Hopital’s rule to study the asymptotic behavior of
w as r — 00, where w is a radial solution of (0.1). The results of this section are quite
similar to the results in [4]. First, we shall prove a lemma analogous to Lemma 7 in [4].

LEMMA 2.1. The limit, o = lim,_, %’(7;)2’ exists and a € {0,00}.

Proof. Let

! !
oy = liminf et (T),ag = lim sup M
r—oo  w(r) r—ooo  W(T)



Then we have 0 < a; < ay < co. Suppose that a3 < az. Then, for a € (a3, a2), there is
a sequence r,, — 00 as m — 00, such that
w'(rm)
w(rm)

>a forall m.

Choose my so large that w(rm,,) > k and rm, > R(a,A). Then, by Lemma 1.4, %f)l >

a,VYr > 7y, Thus we obtain that liminf, %(%2 > a > a1, a contradiction. Therefore,

the limit, @ = lim, %’(ri)).’ exists and is non-negative by Theorem 1.6.

Suppose that a € (0,00). Then w'(r) — oo as r — oo, since w(r) — oo as r — oo.
Applying L’Hopital’s rule, we get

n
a = lim w(r)
A W)

Z-2=v-Idwt+w?’

= lim
T™—00 v
1 .. A

== lim r — —,
2 r—oo o

a contradiction. Hence a must be either 0 or oco. ]

In the sequel, we use the following definition which is similar to a definition in [4].

DEFINITION 2.2. A non-constant radial solution w(r) of (0.1) is called a fast orbit if
a = 0o, and is called a slow orbit if « = 0.

Starting with Lemma 2.1, we can prove the following theorems on asymptotic behavior
of w at r = co. The proofs are almost the same as the proofs in [4] and hence will not be
repeated here.

THEOREM 2.3. If A\ > v and w is a slow orbit, then
w(r) = A1 M1 =222 A +n—2)r"2 4 o(r7 %))
as r — oo for some positive constant A;.

THEOREM 2.4. If A <« and w is a slow orbit, then
_ 22 A4 -6 -6
w(r) = Agr* 1 — <" + o(r™°)]
asr — oo, where 6 =2 A(f + 1) and A3 and A, are some positive constants.

THEOREM 2.5. Let w be a fast orbit. Then there exists a positive constant A such
that

w(r) = A exp (g) r~ (2N L o(n 4+ 20) (A + 1)r 2 4 o(r72))

7



asr — O0.

§3. Uniqueness results. In this section, we restrict our attention to the case when
A = . Hence we have k =4~ and f(w) = yw —w™?.

3.1. The case when n = 1. We shall prove that every non-constant radial solution

of (0.1) must be a fast orbit, if 3 > 3. In fact, we have the following slightly more general
theorem.

THEOREM 3.1. If %’l’—i < %, then every non-constant orbit must be a fast orbit.
Theorem 3.1 will follow from the following identity of Pohozaev’s type.

LEMMA 3.2. If w is a slow orbit, then

(1—%%—_—1—;) /Oooa(w’)2+ (2([3—1_1—)+i) /Ooor2a(w')2 =0. (3.1)

Proof. Multiplying the equation (0.4) by ¢ w, r? 0 w and r o w' respectively and inte-

grating from 0 to oo, we obtain, using Theorem 2.4, the following identities

/ a(w’)z—fy/ aw2—|—/ cw'™? =0, (3.2)
0 0 0

oo oo 1 oo oo
/ rza(w')2—n/ 0w2+(——’y)/ r2aw2+/ rlow!=f =0, (3.3)
0 0 2 0 0

(1-— / O'w'2+—/ r2o w'2+—/ awz——/ r? o w?
5 [Cowr et [Trowr st [Towr -1 |

n o0 1 o0
+ / ow' ™ - ——— / riow!=f =0.
B—-1 J 2(6-1) Jo

Then the lemma follows by taking

(3.2) x ( ﬁ__" 1) +(3.3) x (-2—(71_—1)) +(3.4) = 0.

(3.4)

Remark 3.3. For n = 1, the condition on 8 in Theorem 3.1 is equivalent to § > 3.
Since B > 1, we see that Theorem 3.1 is only true for n < 2 and for some /.

3.2. The case when n > 2. We shall prove the following theorem which is similar
to a result in [2].



THEOREM 3.4. Let
d(r)=Kr*", K=[2y(2y+n-2)]7". (3.5)

Then the only radial solution w = w(r;n) of (0.1) with n < k, which intersects ¢ exactly
once, is w = k.

The proof of this theorem is based on the idea of [2] which is called the Wronskion
argument in [5]. Note that ¢ is a singular solution of the equation

n—1

wll+(

—g)w'+7w—w_ﬂ:0,r>0. (3.6)

T

In fact, ¢ satisfies
1 n—1 -
7¢:§T¢,, ¢”+T¢1_¢ﬂ: )

for r > 0. For any radial solution w of (0.1), we define

1 -1
g(r)=yw—=rw', h(r)=w"+ .
2 r
For convenience, we set
(r) = n—1 r
pry== 2
By a simple computation,
g"+pg =Buw fg. (3.7)
Using the identity » = w™# — ¢, we obtain
W+ ph' = BB+ 1w w4 fu= B f —put fg. (3.8)

LEMMA 3.5. g must have a zero for any fast orbit or any slow orbit with n < k.

Proof. Note that for a given fast orbit w, by Theorem 2.5, we have ¢g(r) — —oo as

r — o0o. Then g must have a zero, since ¢(0) = yvn > 0. This proves the lemma for the
case of fast orbit.

The proof for the other case is more difficult. Given any slow orbit w with n < k, we

define
W(r) = g(r)R'(r) — ¢'(r) h(r).
It follows from (3.7) and (3.8) that
W +pW =B (B+1)w P+ (w')?g. (3.9)

9



Note that W(0) = 0, g(0) > 0, and h(0) = —f(n), which is positive since n < k. From
(3.9), we obtain

W(r)=o7"(r) /Or o(t) B (B+1)w™FHD () [w'(1)]? g(t) dt.

Hence W(r) > 0 if g > 0 in the interval (0,r). Notice that

hy W
(5) =57 (3.10)
Therefore, we have 0 0
h(0 TW(t
h(r) = m g(r)+ g(r) ATk (3.11)

Suppose that g does not have any zeros. Then ¢(r) > 0 for all r > 0, since g(0) > 0.

Case 1. liminf,_ g(r) > 0, i.e., there exists § > 0 such that g(r) > é for all » > 0.
By (3.11),
h(0)

h(r)y> —=6=c>0,Vr > 0.
()‘9(0)

Hence
(rmt w'(r))' >cr™ 1 Vr > 0.

Therefore, we get
w'(r) > ZrVr >0,
n

which is a contradiction, since w' — 0 as r — 0o by Theorem 2.4.

Case 2. liminf,_,o g(r) = 0. Note that g cannot be nondecreasing for all r sufficiently
large. Otherwise, g is bounded below and away from zero, which is not the case. First, we
claim that ¢'(r) < 0 for all r sufficiently large. If not, then there exists a sequence {rm}
such that r,, — co as m — oo, and ¢ takes a local maximum at the point r,, for each m.
Recall that ¢ satisfies the equation

g"+pg =By —w By, (3.12)

and w — o0 as r — oo. Then ¢"(rp) > 0, if m is sufficiently large. This is impossible,
since ¢"(rm) < 0 for all m. Therefore, there exists a 7o > 0 such that ¢'(r) < 0 for all
r > ro. Hence, by choosing r; > ro such that w(r) > k for all » > rq, we get ¢’ < 0 for all
r > ry. Otherwise, if there exists a r > rq such that ¢'(r) = 0, then ¢"(r) > 0 by (3.12),
which is a contradiction. Consequently, g(r) — 0 as r — oo, and limsup,_,., ¢'(r) = 0.

Next, we claim that ¢’ — 0 as r — co. Otherwise, we have liminf,_, o ¢'(r) < 0. Then
there exist r,, = oo and § > 0 such that

g'(rm) < -6, ¢"(rm)=0, Vm.

10



Hence, by (3.12),
P(rm)g'(rm) = By — w™ P ()] g(rm). (3.13)

This is impossible, since the left-hand side of (3.13) is unbounded and the right-hand side
of (3.13) tends to zero as m — oco. Hence we conclude that ¢'(r) — 0 as r — oo.

Now, using (3.11) and applying L’Hopital’s rule, we obtain

lim h(r) = Jim [g(r) [ 2 al

g%(t)
m W(r)
r—co g'(r)

This is impossible, since w is a slow orbit. Hence g must have a zero. [J

Theorem 3.4 will follow from the following lemma.

LEMMA 3.6. For any fast orbit w or any slow orbit w with n < k, w intersects ¢ at
least twice.

Proof. Let
W(r) = w(r)¢'(r) — w'(r) é(r).
Then W satisfies the equation

W(r)=2Kr*"1g(r) for r>0. (3.14)
Also, W — oo as r — 0 and W satisfies

W +pW =we[p~FtD) —p=B+D] for > 0. (3.15)

First, we claim that w intersects ¢ at least once. Otherwise, we have w > ¢ for all
r > 0. It follows from (3.15) that (¢ W)'(r) > 0 for all » > 0. Hence W > 0 for all r > 0.
Therefore, by (3.14), g > 0 for all r > 0, which is a contradiction to Lemma 3.5.

Let w be a fast orbit. If w only intersects ¢ at one point rg, then w > ¢ for all r # rg,
since w > ¢ for all r sufficiently large by Theorem 2.5. This is impossible by the same
reasoning as above. Hence w intersects ¢ at least twice.

Next, let w be a slow orbit with n < k. If w only intersects ¢ at the point 7o, then we
have

w<@dVr>ryg and w > @,Vr < rg. (3.16)
Let ry be the first zero of g. Then g(r) > 0 for all r < ry. Thus, by (3.14), we have

W(r)>0,Vr <ry, and W(ry)=0. (3.17)

11



It follows from (3.17) that
Wi(r) <0. (3.18)

We claim that r; > ro and W'(ry) < 0. Suppose that 1y < rg. Then, by (3.15)-(3.18),
W'(ry) =0 and w(ry) = ¢(r1). Hence, by the definition of W, we have w'(ry) = ¢'(ry). It
follows from the uniqueness of the initial value problem for ordinary differential equations
that w = ¢, which is a contradiction. Therefore, we must have ry > ryg. Moreover, by

(3.15)-(3.17), we have W'(ry) < 0.
Now, let ro > ry such that W(rz) < 0. By (3.15) and (3.16), we obtain that (¢ W)'(r) <

0 for all r > ry. Hence we have

(e W)(r) < (e W)(rs) <0, Vr>rs.

(2) o=t

¢(r) o $(r2)
w(r) ~ w( 2) o(t)wi(t) wz(t)
for all r > ry. Since w is a slow orbit, by Theorem 2.4, we see that the second term in

the right-hand side of (3.19) tends to —oo as 1 — co. Consequently, ¢(r) < w(r) for some
r > re, which is a contradiction to (3.16). Therefore, w must intersect ¢ at least twice. []

Since

we get

+ (e W)(r2) / (3.19)

§4. Application. In this section, we shall always assume that R > R,. Hence the
solution u of (0.2) quenches at time T' < co. By the strong maximum principle, we have

uy >0

in Qr = Q2 x (0,T). We say that z is a quenching point for u, if there are sequences
Ty — z and ¢, T T as m — oo such that u(zm,,t,) — 1 as m — oo. We shall use the
method of blow-up to prove that the solution u of (0.2) quenches only at the point z =0
and to study the quenching rate of u at this point.

4.1. One point quenching. Let v = . Then v satisfies

2
—AU+2ﬂ—v2+ﬁ:0 in QT,
v
v(z,t) =1 for z€0N,t>0, (4.1)

v(z,0)=1 for z € Q.

12



Since v is radial, we see that v = v(§,t) satisfies

n—1
; 4.2
v(€t)=1 for £=R,t>0, (4.2)

v(£,0)=1 for 0<E<R,

2
) .
Vg — Vg — v5+2%—v2+ﬂ:0 in Qr,

8% v

where f = |:L'|, Ve = %—g, and Vge = '@

We say that v blows up at time T if max|;<pv(z,t) = coast T T. Also, a is a
blow-up point for v if there exists a sequence {(z,,t,)} with z, — a and ¢,, T T such that
v(zp,tn) = 00 as n — oo (see [6]). Note that u quenches at time T if and only if v blows
up at time T'; a is a quenching point for u if and only if a is a blow-up point for v.

LEMMA 4.1. For any positive constant § such that § < min(R,T), we have
ve < —1(€ = 6)*v?
in Qr N {6 < |z| < R,t > 8} for some positive constant n = n(é, R).
Proof. Comparing the solution u(z,t) with the solution ¥(z,t) of
bo-Ap=0 in Qrnit>e}
P(z,t) =0 for z € 0N,t>6,
Y(z,6) =u(z,6) for z€Q,
we obtain that u > ¢ > 0in  x (8,T). Therefore, there is a constant a > 0 such that
ug < e < —a
on 0% x (6,T). Since vg = ug on 0 x (6,T), we obtain that
ve < —«
on 0 x (6,T).
Following (6], we consider the function
J(&,1) = ve(€,1) +0(€ = 6)*v*(§,t) in (§R)x (6,T),
where the positive constant n = n(6, R) is chosen so small that J(£,t) < 0 on the parabolic
boundary of (6, R) x (6,T). Since
n—1
£

= —pBn(§ = 8)* v —2mv® —n(n - 1) [2 (6—26) - (%)2} v’

Ji — Jee —

Je-l—leg-i-sz

<0

for some functions b; and by, we conclude from the maximum principle that J < 0 in the

set (6, R) x (6,T). Hence the lemma follows. []
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THEOREM 4.2. The solution u of (0.2) quenches only at z = 0.

Proof. Since u(0,t) — 1 ast T T, u quenches at £ = 0. Suppose that u quenches
at some point zo # 0. Let £y = |zg|. Then v blows up in |z| < £, since v is radially
decreasing. Let 6 = min(§,/2,T/2). By Lemma 4.1, there exists a constant n = n(é, R)
such that

ve(6t)

v?(§,t)
for 6 < ¢ < Randt > 6. Integrating (4.3) from é to £ € (36/2, R), we obtain

< —n(€ - 6)? (4.3)

1 1 1
(6. 1) > §’7(§ -6 > ﬁ’?fsg'

for any ¢t > 6. This shows that v cannot blow up at &g, a contradiction. [J

4.2. Quenching rate. We shall follow the method used in [10] to obtain the quenching
rate of u at £ = 0. The proof of the following estimate is the same as the proof of Lemma 3.1
in [10] and we omit it.

LEMMA 4.3. We have the estimate
v(z,t) < B(T-t)~" (4.4)

in Q7 for some positive constant B.

Notice that the partial differential equation in (4.1) is invariant under the transforma-
tion
V(z,t) = X2Tv(z+ Az, T — A2 (T — t)),
where A = 1/2(T —t)/T and (zZ,1) is given. Applying an argument as Proposition 1 in [§]

(see also [10, Lemma 3.2]), we can obtain the following estimates.

LEMMA 4.4. There exists a positive constant M such that

|D, v(z,t)| < M (T —t)~(r+1/2)
|D%v(z,t)| < M (T —¢)~OFD)
ve(z, )| < M (T —¢)=O+D

hold for |t| < R and 0 < t < T, where D, = (8/0z1,---,08/0z,) and D2 = (8% /0z;0z;).

Set z(y,s) = v(z,t)(T — t)?. Note that 2(y,s) = 1/w(y,s). Then z satisfies the
equation

1 Vz|®
zs—(Az—§y~Vz—2| 2|

—yz4+ 22 =0 in W (4.5)
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Recall that z is radially symmetric and strictly decreasing in r. Hence z satisfies the

equation

-1 1 2
zs—(zrr+n——z,——7‘z,—2zr
r 2

in the set {(r,s);r < Re*/%,s > so} = W.

As a result of Lemmas 4.3 and 4.4, we have the following estimates
e 7 <zy,s)<B in W, (4.7)

1 .
Dy 2| < M, |Dyz| S M,|z,| SM(L+ 5[y +7B in W, (4.8)

where B is the constant in Lemma 4.3 and M is the constant in Lemma 4.4.

Since v(0,1) is a global maximum for each ¢, we have
v4(0,t) < v2P(0,t) or v~ A (0,1)v,(0,t) < 1.
Integrating the last inequality from ¢ to T, we obtain
v(0,t) > k™1 (T — )77,

and hence

2(0,s) >1/k or w(0,s)<k. (4.9)
The following lemma can be proved in the same way as Lemma 3.4 in [10].
LEMMA 4.5. There exists a constant t, € (0,T') such that for any t, € (to,T), we have
SIVuP S H@) in Q= {(atle] < Rt <t}

where
1 1 1

-1 [(1 —u(0,£,))F"1 (1 - u)ﬂ—ll’

H(u) =

COROLLARY 4.6. There is a constant C' depending only on the constants B and
such that

Vw|<C in W. (4.10)
By (4.9), (4.10) and the mean value theorem, we obtain
w(r,s) <Cr+k in W, (4.11)

or equivalently,

z(r,s) > (Cr+k)™' in W (4.12)

15



We rewrite equation (4.6) as

and define the energy of z over the interval (0, L), where L < Re*/?, at time s by
L 2 L L
r 1 2
Ep[z)(s) = / olz—ldr—*y / o—dr — —— / oz 1dr. (4.13)
0 z 0 0

4.2.1. The case when n = 1. The proof of the following theorem is similar to the
proof of Theorem 3.10 in [10] and will not be repeated here; it uses the estimates (4.7),
(4.8), (4.12), and Theorem 3.1( note that the energy function is given by (4.13) ).

THEOREM 4.7. If 8 > 3, then

ltlTI;Fl[l —u(z, )| (T—-t)" "=k

uniformly for |z| < C'+/T —t for any positive constant C.

4.2.2. The case when n > 2. Recall that
¢p(r)=Kr*", K=[2y2v+n-2)]77,

is a singular solution of (3.6).

THEOREM 4.8. If R > 24 (2v+n — 2), then

ltiTr%[l —u(z, )| (T—-t)" "=k

uniformly for |z| < C+/T —t for any positive constant C.

In order to prove Theorem 4.8, we need the following lemma which is similar to a result
in [2].

LEMMA 4.9. Under the assumption of Theorem 4.8, w(r,s) intersects ¢(r) exactly
once for each s > s.

Proof. Set
D(T’S) = w(r, S) - ¢(T)

Since w > 0, we have D(0,s) > 0 for all s > so. By assumption, D(Re*/2,s) < 0. Hence,
for each s > sg, there exists a first point r1(s) € (0, Re*/?) such that D(r,s) > 0, for all

16



-

r < r1(s) and D(ri(s),s) = 0. Notice that ri(s) is a C! curve (cf. [2]). By a comparison
principle, we obtain that

D(r,s)<0 in Q={(r,s);ri(s) <r < Re*’? 5> s0}.

Hence the lemma follows. []

Theorem 4.8 can now be proved by using (4.7), (4.8), (4.12), Lemma 4.9, and Theo-

rem 3.4, where the energy function is given by (4.13). The details can be found in [2,10]
and we omit it here.
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