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RAPIDLY STRETCHING PLASTIC JETS:

THE LINEARIZED PROBLEM
By FERNANDO REITICH}

Introduction. When studying the stability of rapidly stretchting plastic jets, one is
faced with a free boundary problem for a nonlinear system of differential equations. In
this paper we study the linearized version of this problem which constitutes a nonstandard
system of linear differential equé.tions. Our purpose is to prove existence and uniqueness,
and to establish some properties of the solution.

A typical example of a rapidly stretching jet is furnished by the jet produced by a
shaped-charge [1]{2][9][13]. A shaped-charge consists of an explosive with a conical cavity
lined with a thin metal sheet (see F.ig.l). The explosion will cause the metal to collapse
toward the axis where an extremely high velocity jet will instantly be formed. The velocity
of the particles in these jets increases linearly with the distance from the rear end, so that

the jet experiences significant stretching.

EXPLOSIVE
— METAL SHEET

Fig.1

However, beyond a certain distance the jet breaks into a series of segments, The

instability leading to the breakup of the jet is similar to that arising in the necking of
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bars [10]; but, if these results were applied to these jets, the conclusion would be that the
breaking takes place long before it actually does.

In a recent paper Romero [15] analyzes the stability.of these jets using the Levy-von
Mises equations for an incompressible perfectly plastic material (see Section 1 below). He
finds that a rapidly stretching plastic jet can be initially stable due to inertial effects, a
result that had been anticipated by Frankel and Weihs [4] based on their study of the
stability of a capillary jet of an ideal fluid (see also e.g. Rayleigh [14], Weber [16], Levich
[12], Goldin et al. [8], Bogy [3]).

Assuming that the surface of the jet is stress-free, Romero finds a particular solution
(“the undisturbed flow”), for which the axial velocity is linearly increasing. He then
linearizes the equations about it, introducing scaled space variables (0,£) (0 < 0 < 1,

—o00 < € < oc) and a scaled time variable s (0<s<TD), to reduce this linear system to:

08, ,0h 06\  ,0%
o 5ot (G5 () - ')
& .. OA )
02 5 W= T o
d¢ 10
(0.3) £ + -;—o_(ad;) =0

for (s,0,¢) € {0,T] x (0,1] x R (T > 0), and

oy 10¢ 2 3 m2 _
(0.4) (8 +25E)_PA+ZQP =0 at o =1 ,
3(}5 261!) 239 _
(0.5) + 3 = 3a B ato=1 |,
of
(0.6) '(—9;-=”¢' atc=1 |,




(0.7) ¥ is finite as o approaches zero.

Here a and I' are functions of s given by a(s)? = a(0)2e~22, I'(5)® = TI'(0)2¢~3¢, and
é,%, A, are the unknown functions to be found, which correspond to scaled versions
of the perturbations in the axial velocity, radial velocity, pressure and radius of the jet,
respectively. The problem is three-dimensional: £ is the variable along the axis of the jet
and o is the distance from the axis,i.e. o = \/:1:2_+_y—2

While the main purpose of [15] is to study the stability of (0.1)-(0.7) (where this is
done assuming a dependence in £ of the form e** for the unknown functions and studying
the resulting system), the main result of the present paper is an existence and uniqueness

theorem for (0.1)-(0.7); we need, of course, to impose initial conditions, namely

(0.8&) ¢(0:0" E) = ¢0(‘71 E) >

(0.8b) | 0(0,0) = Qy

where {30, ¢ are given. More precisely, we show that if ¢o(z, ¥, ) = do((z? + ¥2)M2,6) is
C**e in (z,y) (for some ,0 < a < 1) and if ¢o(z,y,.) extends to an entire function of
€ in the complex plane of order 1 and sufficiently small type, then there exists a unique
solution of (0.1)-(0.8).

In Section 1 we briefly describe the linearization procedure that leads to (0.1)-(0.7).
In Section 2 we write down a system which is shown to be equivalent to (0.1)-(0.7) but is
easier to study; in particular ¢ and Q will not appear in the new system. In Section 3 we
state the main existence and uniqueness result (Theorem 3.1) and we prove a preliminary
lemma (Lemma 3.2). Section 4 is devoted to the proof of Theorem 3.1. Finally, in Section

o we establish properties of the solution regarding periodicity and growth (in £).

Section 1: The linearized system. We shall assume that the flow obeys the laws

for an incompressible perfectly plastic material satisfying the Levy-von Mises equations
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and that the surface of the jet is stress-free. The Levy-von Mises equations are

(1.1) p (-gt—ﬁ + E.Vﬁ) = —Vp + divT
(1.2) V.a=0

where p is the constant material density, p is the pressure and 7 is the deviatoric stress.

In Cartesian coordinates 7T is given by

(1.3) Tij = 2ué;;
where ¢;; is the rate of strain tensor,

(1.4) €ij = % (g% + g—j:)
 is the effective viscosity,

(1.5) =Y (2ériért)"1/?

and Y is the yield stress of the material.

Assuming axial symmetry we can write (1.1) and (1.2) in cylindrical coordinates as

(1.6) P (% + uéti 'U?"E) —_ @ + aT‘-‘:z + aTrz + Trz

ot dz + r ]~ oz oz ar r

0 v i) Trr rr Trr_T
,,(_v L v) Op 0T  OTpe . (Ter = Too)

(1) %)= et e T e ;
Ju 138
(1.8) Bz + ;E(rv) =0

where (z,r) are the cylindrical coordinates and (u, v) their corresponding velocities. Equa-

tions (1.3)-(1.5) remain valid (with i = 1,2, 3 replaced by ¢ = r, 8, z) provided we set

. Ov
(19) €ryr = 5
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) v
(1.10) €00 = 7
. Ou
(1.11) oz = 5=
, 1/0u Ov
(1.12) €ar =3 ('5; +§) .

We shall now write the boundary conditions that express the fact that the surface of the jet
is stress-free and the relation of the time rate of change of the free surface to the velocity

field at the boundary. These are given by

(1.13) (Tve, Tor —p).(—-%?, 1)=0 onr=R(z,),
(1.14) (Tee = 2, L) (22, 1) = 0  onr=RG1),
(1.15) i?— = %R u%% =v  onr=R(z,¢)
Following [15] define

(1.16) wo(z, ) = %

(1.17) vo(a, rt) = Iﬂ-‘ii-’"

(118) Po(a,m,t) = SpB(HR( - Ro(t)?) - Si,
(1.19) Ro(z,t) = ﬁf)—?




where a¢(0) is the initial radius of the jet, 5(0) is the initial strain rate, A(t) = 8(0)/q(%)
and ¢(t) = A(0)}¢t + 1.
It is easily checked that (ug,vq, po, Ro) is a solution of (1.6)-(1.8) subject to the bound-

ary conditions (1.13)-(1.15). To linearize about this solution we set

(1.20a) u{z,r,t) = uo(z,r,t) + Su(z,r,t)
(1.20b) v(z,rt) = vo(z, 7, t) + bv(z,r, 1)
(1.20¢) p(z,r,t) = po(z, 1) + 6p(z, . 1)
(1.20d) R(z,t) = Ry(z,t) + 6R(z,1)

with du, év,6p, 6 R “small”. From equations (1.20) one can obtain the perturbations to the
deviatoric stress tensor; we then substitute these expressions into (1.6)-(1.8) and (1.13)-
(1.15) thus obtaining, after dropping quadratically small terms, the equations for the

evolution of small disturbances:

dbu dbu bu Oug\ _  9ép 2 82 6u

(1.21) p(@t +u06$ +v06r +_§ua$)-— B +,uV6u—2,ua

dév Jbv dév o\ _  9ép 3*év
(1:22) p(@t +u033 % Or +6v6r)_ or +ﬁ3£2

déu 190
(123) 'é; ——(r&v) =0
with boundary conditions
dév 1 3 Bpo — _

(1.24) 2“(3 +23 )-61) JRa 0 at r = Ry,
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Obu  Obv\ 1/24,O8R _
(1.25) p(a—r"i-am) 3 Ya at r = Ry,

(1.26) %STR + xﬂ(t)-a—é-{z- = §v — —ﬂ(t)ﬁR at r = Ry.

Finally we must require
(1.27) év is finite as r approaches 0.

The final step in the derivation of the linearized system as done in [15] is to rescale the

variables in order to obtain system (0.1)-(0.7).

All axial lengths will be scaled according to

(1.28) I(t) = EEO)) 4(t)L(0)

where the parameter L(0) is the initial length scale, and all radial lengths will be scaled

according to

(1.29) Rolt) = 2500

This means that we shall work with spatial coordinates (£, o) given by

z
(1.31) €= z-(t—)
1.32 =
( ) Ru(t) b
We also introduce a new variable s by
(1.30) ' s =In(q(t))
and we set
du
1.33 =
(1.33) 7 Or0)
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v

(1.34) Y= m@ae

op

(1.35) = SR B

R

(1.36) ‘ obxot

Equations (1.21)-(1.27) now become (0.1)-(0.7) where a(0)? = (ag(0)/L(0))* and T'(0)2 =
31/2 pa(0)2B(0)? /Y.

Notice that (0.1)-(0.7) have the advantage that there is no explicit dependence on the

axial coordinate.

Section 2: An equivalent linear system. The purpose of this section is to derive
a system equivalent to (0.1)-(0.8) which is easier to work with. The new system will not
involve Q and 7 and it will be amenable to the theory of elliptic and parabolic differential
equations.

The first step is to notice that if (¢,%, A, Q) is a solution of (0.1)-(0.8), then (¢, %, A +
(3/4)(wo — Q0), 2 + wo — Q) is a solution of (0.1)-(0.8a) satisfying §(0,0) = w,. Thus,

without loss of generality, we may assume that

1
2.1) Q(0,0) = ..l 3¢°(r 0)dr.
LEMMA 2.1. Assume that
2.2) 3"5"(1 £)=0 teR.

Then, (¢,%,A,Q) is a solution of (0.1)-(0.8a) satisfying (2.1) if and only if

(i) (¢, A) satisfy

3¢ . ,0A 10, 8¢, ,0%
(2.32) 5 TO= g T (0'30'( 30) "¢ 652)
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1/8 ., 0A a [0¢ 3¢ _2@
(2.3b) P (%(a'é;)) = 5 (35) 3&- o’T aes

for (s,0,€) € [0,T] x (0,1] x R, with initial-boundary conditions given by

2
(2.4) - / / 9 ¢(t r,€) drdt — a 52 00 £) dr
+ a? 352(3 yry &) dr ato =1,
1
(2.5) =-—// (t r,€) dr dt—r-2g§-—i 6"'?5"( &) dr

+2I"’2/ —(s,r,£)dr ato =1,
[ rgetmo

(2.6) $(0,9,£) = do(0,§)

and

(ii) ¥ and §) are given by

(2.7) Y(s,0,8) = ——/ ra—f(s r,€)dr,
s »l 1
28) 20 =- [ [ rgEenedaa-3 [ 2o

Proof. Suppose that ($,,A,Q) is a solution of (0.1)-(0.8a) satisfying (2.1).

Multiplying (0.3) by & and integrating with respect to o we get
1 g ¢
#o1,0) - ov(a,.6) = = [ (s, e)dr
Using (0.7) we conclude that

1
$(s,1,6) = — /0 r‘g—‘;(s,r,f)dr ,
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so that

1 1 3
—azﬁ(s,a,{):-ﬁ/a Tg—?(s,r,f)dr-l—/o r-a—?(s,r,g)dr

= A rg—?(s,r,(j)dr ,

and (2.7) follows.

Now multiply (0.2) by o and differentiate with respect to o to obtain (using (0.3))

¢ & 8 oA 33¢
s (3£)+2§ 5?("53) 7 e

é 6 18 [ 0A 6345
(85)*25 aaa(ﬁ&') ‘o6

which gives (2.3b). Here ¢ = a(s)?T'(s)~% = a0(0)2 (L(0)[(0)) ™% > 0.

or, equivalently,

Using (0.6) and (2.7) we have
(2.9) (s, €) = ﬁ T 1,6) de + (0, ¢)

& pl ?2
—/o /(; r e (B &) drdt +0(0,¢).

On the other hand, specializing equation (0.5) at s = 0 and using (2.7)

13¢o

which, due to (2.2), is

1 2
(210) 5%00=-3 [ 520 0a
But (2.1) and (2.10) imply

1
(2.11) 20,6 =3 [+ ar

which, together with (2.9), gives (2.8).
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Since (2.3a) is exactly (0.1), it only remains to show that (2.4) and (2.5) hold.
First notice that with the aid of (2.7) and (2.8) we can rewrite the boundary condition

(0.5) as

_g_g _ az 1 62 —(s,7,&)dr = —3a? / j 5e2 =—(t,r, &) drdt
1 52
2 ¢0

352 - () ato=1 ,

-

which is (2.4).

Finally, using (0.3) we can rewrite (0.4) as

__45 l_a_d’ — T2 E 2 =1
2(—1/)— §+23§) FA+4QI" =0 at o = s

or

3¢

(2.12) -5

—T2A+ 91“2—0 ato=1

and (2.5) follows from (2.7),(2.8) and (2.12).

From the above computations it is clear how to proceed in proving the converse
statement, that is: if ¢,A satisfy (2.3)-(2.6) and ¢, are given by (2.7) and (2.8) then
(#,%, A, Q) is a solution of (0.1)-(0.8a) satisfying(2.1).

This completes the proof of lemma 2.1. [J

It will be convenient to rewrite the system in Cartesian coordinates. Taking o to be

the radial variable;

(2.13a) 3¢ —TI'(s)"2A¢ + 3‘52 + ¢ =—a(s )2 in G,
9¢ 9 & .

(2.13b) AA = (35) - 2—6—E c5§—3 in G,

(2.130) QS(O’ z,Y, E) ‘_"_¢'0(x5y: E)
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and , onl’g,

(2.13d)
2
% "‘(3) f / &¢ o 984 oy, &) dodydt
0(3)2 o(s)? [ o
=5 352 (s,2,9,¢) dedy — —- > (z,y,€)dzdy
2 345
(2.13¢) / / — (1, z,y,f) drdydt - T'(s)* =
1 3460 O 3¢'
5 ), e Odedy+ =2 [ Zso.y,6 dody
d? g
where: A = == 4 =, By =unit discin R?, G =[0,T] x B, xR, T, = [0,T] x 8B; x R,
oz  Oy?
v =exterior unit normal to B; and ¢ = a(s)?I'(s)~% = (_L(GOL)(FO(%S) (¢ 2 0).

Section 3: A preliminary result. Before stating our main result, which will be

proved in the next section, we need to define the class of “admissible” initial data.

DEFINITION. A function f : By x R — R is said to belong to the class Ay (O<eac<

1,0 < n) if f satisfies the following conditions:

(i) For each (z,y) € By, f(z,y,.) extends to an entire function in C.

(ii) For each z € C, f(.,z) € C*+*(B;).

(iti) For each e > 0, there exists a constant ¢, > 0 such that

(3.1) 12 ppas S ™9l Ve,

(iv) 8, f(z,y,2) = 0 for (z,y) € 8B,z € C.

Examples of functions in AJ can be constructed as follows:

1. Let h € C?***(B;) with 8,h = 0 on 8By, and let g(z) be an entire function of order
1 and type . Then f(z,y, z) = h(z,y)g(z) € Ag.
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2.Let ¢ : By x R — R satisfy:
(a) v =0 (z,y) € 8B.
(b) |le(.s p)ll2+a S M for {p| £ n/(27), for some constant M > 0.

(c) e(z,y,4) =0  for || > n/(2r).

Then, if we set

¢(z,9,8) = o(z,y,.Y (£) = fa e(z,y, ple 2" H gy

we have f € Ap.

THEOREM 3.1. Let T > 0, 0 < a < 1. Then, there exists a number ny < 1 such that,
for every ¢o € Ay, there exists a unique solution (¢,A) of (2.13) satisfying:

(1) ¢ = o at s =0.

(ii) For each (z,y) € B, s€ [0,T], é(s,z,y,.) and A(s,z,y,.) extend to entire func-

tions in C.
(iii)
¢(.,2) € Ca4a([0,T] x B1), z€C.
A(,2) e C([0,T) x By), zeC.
A(s,.,z) €C***(By), z€C, se0,T),

where C34a, Cq are the parabolic Holder spaces (see e.g. Friedman [6], pp. 61-63).

(iv) For every € > 0, there exists ¢, > 0 such that
4 (3.2)

190 Matago. s AL Mago, it 28 140512y 37 S cce™HOH, Wz e €

REMARK. It will be evident from the proof of Theorem 3.1 that, for each « fixed,

ng — 0asT — oo.

NOTATION. We shall write

“f||2+a,B_1 = ”f”g-l-d )
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“g”2+a,[0,Tj xB, — llgllz+a

and

130l fo,77x5 + —r 1B Mlzqa,37 = IRl

The underlying approach for proving Theorem 3.1 is by superposition: we expand the
initial data into a power series in £, ¢o(z,y,£) = § an(z,y)E™, solve the problem with
initial data ¢§(z,y, &) = an(z,y)E", and then sum g\::r n. In order to solve for ¢7 we take
the Fourier transform in the ¢ variable, solve the resulting problem (using a fixed point
argument) and then take the inverse transform. Finally, using the growth condition for
o, we shall show that the resulting series actually converges to a solution of (2.13).

By Fourier transforming (2.13) in £ and setting é(s,z,y,.)(u) = u(s,z,y,u),

A(S,z,y,.)h(,u) = v(s,7,y, 1), bo(z, Y, ) (p) = uo(x,y,p), we are led to the following

system:

au -2 a 2 2 - .
(3.3a) e ™ Au+ c(27ip)* + u = —a*2mipy  in G,

. Ou . . 3 .

(3.3b) Av = 27rz,ua - 2(2mip)u — ¢(2rip)°u  in G,
(330) U(O, L, Y, Ju) = 'U.o(x, Y, I"')
and, on I'g,
(3.3d)

au 3052 . \2 i
5 = —-2?(2'“;1) /U. ]31 u(t,z,y, 1) dedydt

Cad 2
+g—-(27rz'u)2/ u(s,x,y,p)dxdy-—-g—(%riu)?/ uo{z,y, u) dzdy
i3 B, 2T B,

3 . 8
(3.33) v = _(2ﬂ3ﬂ)f / u(t’ T,Y, 'U) dwdydt . I\—Z(zﬂ_z“)u
8w o Ja,
271 r-2
_ ;”#) / uo(z, y, 1) dedy + —(27ip) / u(s,z,y, it) dzdy.
m B, 27 B,
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Replacing iu by u (and iug by ug) we may rewrite (3.3) as

du

(3.4a) B I 2Au + (1 —4nx%cu®)u = o®27pv  in G,
S
Fu 3,3 :
(3.4b) Av = 2“‘”5 + (87 cy® —4mp)u  in G,
(3.4¢) u(0, z,y, 4) = uo(z,y, u)

and, on I'y,

4
(3.4d) @=6wa2u2ff u-—27ra2p2f u+27ra2u2/ ug
Ov ¢ JB, B, B

(3.4e) v= —ép// u—I‘_221r,uu—ﬁ/ uo-i-r"z,uf u.
4" Jo JB, 4 J/p, By

We shall now give the proof of existence and uniqueness of a solution for a a particular
case of (3.4); namely, the case where ug is independent of u. In fact, this constitutes the

main step towards proving theorem 3.1. We state it in the following

LEMMA 3.2. Let ug : By — R satisfy

(3.5) ug € C**(By)
(3.6) %t—:;g =0 on 8B;.

Then, there exists a unique solution of (3.4) satisfying:
u(s, z,y,.),v(s,2,¥,.) € C¥(R), & u(., i) € Cayol[0,T] x By), ALv(., u) € Co([0,T] x
By), 8vu(s,.,u) € C**+*(By), and 8,0L(s,.,p) € C*He(BYNCB;) (I1=0).

Furthermore, for each 1 > 0, ‘we have

'y " 0
(3.7) ""5;_1('30)||2+a Sacullgra
d'v
(3.8) lll‘é“;;i(-’oﬂﬂ < erch ! fjuo|94a

for some constants cy,cz > 0.

Proof. We shall use ¢, to denote a generic constant (not always the same), depending

only on p. We divide the proof into five steps.
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STEP 1. (Transformation of the system)

First we transform (3.4) into a more convenient form. Using (3.4a), we may replace
(3.4b) by
Av —dr?plaly = 2rul 2 Au + 2r (87l ep? — 3)u

and setting w = v — 2rul' "2y, we are led to

(3.9a) % —TI2Au +(1 - 8r2cp®)u =a?2rpw  in G,

(3.9b) Aw —4rta?yw = (243 cp® ~ 6ru)u  in G,
with initial-boundary conditions given by

(3.96) u({)’ T, Y, :u) = uﬂ(ws y) on By,

(3.9d) QE=6wa2y2ff u—2wa2p2] u
Ov 0 /B, B,

+ 271‘0:2;1.2/ % on[0,7]x 8B, xR,
By

(3.9¢) w= —Ep[ ] u— T2 4rpu
4 0 JBy

--E‘/ uo+1"—2y/ v on {0,T] x 8B, xR.
4 Jp, B,

Finally, we want to write the right hand side of (3.9d) in terms of uo and w.

Integrating (3.9a) over B; we get

(3.10) F(8)+ (1=8r2eu?)f(s) ~T22r 22 = (o)

where

f(s)“——j udzrdy, g(s)=27r012/ w dzdy,
B B,
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and using (3.9d) we can replace dyu in (3.10), to get

(3.11) Fl(8) + (1 — 4n2eu?) f(s) — 127r2c:,ut.2 /DS f(¥)dt - anley? /B. ug = Q(s).

1

Since f(0) = fBl uo(z,y) dzdy, we may solve (3.11) for f in terms of uo and w. Replacing
in (3.9d), we see that, on 9B, '

Ou

. = EZ(UO, w)

ov
where Ep(uo,w) is an expression in (up,w) (which can be explicitly written) depending
only on s and with the property that, if w € C4([0, T] x B;) and ue € C2+%(B;), we have
85 Ea(ug, w) € Cof[0, T} x By).

Thus, if we set

El(ug,u)=—§yfo L u—I‘_24ﬁ'pu'—-§fB Ug —}‘-'I‘"Z,LLV/B u
1 1 1

then we need to study system (3.9a,b,c) subject to the boundary conditions

8
(3.12a) a—‘: = Ey(ug,w)  on 0B,

(3.12b) w = EI(U{),H) on 331

STEP II. (Local existence)

We now show that there exists a solution of (3.92,b,c),(3.12) if T is small enough.

Fiz y € R. Given F € Catq such that F(z,y,0) = uo(z,y), let RF = L be the unique

solution of

(3.13a) AL — 4n?a?p? L = (2473 cy® — 6mp) F on By x [0,'T],

< (3.13b) L =Ey(u,F) ondB; x[0,7].
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It is then clear that L = RF satisfies:
L(.,s) € C**%(By), 8,L € C***(B;) and L € Ch.
Furthermore:
If Fy, F; € Copay Fi(,y,0) = Fi(2,9,0) = ug(z,y), and L; = RF; (i = 1,2), then,

for some constant ¢, we have
(3.14) L1 = Lafla < cullFy - FellE

where

Oh ah &?h
%z = llAlleo,n + | 5=lleo,p + I35 o0 + 57z lleo,

Indeed this is a straightforward consequence of the maximum principle and the follow-

ing result

LEMMA 3.3. Let U, W € C?**(B,;), V e CY**(B) satisfy

{ AU—A2U=V on B]_ (B]_ CRZ)

U=W on 0B;.
Then
IVUlle < 6[[V]lz + 22([W]lo + W2
o%h
here ||h|lx = 77— |lco,B;-
where ” ”k IO'IESk ” dzo1 Py ” B

(See e.g. Gilbarg-Trudinger [7], p. 48).

Now, given L € C, let SL = F be the unique solution of

(3.15a) g—f —T2AF + (1 — 87%cu®)F = a®27ul  on B; x [0, 7],

18



(315b) %§ = EQ(UQ,L) on 3B1 X [0, T], ‘

(3.15¢) F(z,y,0) = uo(z,y) on By.

Notice that, from the hypotheses on ug ((3.5) and (3.6)), the compaitibility condition

(3.16) % = Ea(uo,L) on 8By at s =0

is satisfied. Thus, F = SL € Cj4, and the parabolic Schauder estimates (see e.g.

LadyZenskaja-Solonnikov-Ural’ceva [11)], pp. 320-321) imply that:

IfL,L,€Cq F;=8L;(i=1,2), then
(3.17) IF1 = Faliz+a < eullla — Lala-
Let @ = SR; then, combining the abéve results we obtain
(3.18) 1Q(F1) = QF2)24a < uT?|Fy = Fa|lz4a

for every Fy,Fy € Ca44 such that Fi(z,y,0) = uo{z,y) (i = 1,2). (Notice that (RFy —
RE)(z,y,0)=0).

Let X = {F € Ca1a | F(z,9,0) = ug(z,y)} C Cata. Then, choosing T = Ty = Tp(u)
small enough, we may apply the Contraction Mapping Theofem to conclude that there
exists a unique F; € X such that Q(F}) = Fy. Hence, if we set L, = RF}, then (F1, L)

satisfy:
OF -2 2,2 2
(3.193.) —é;— ~I'™AF + (1 — 81 cy )F]_ =a“2rul; on By X [O,Tg],
(3.19b) AL, — 4rx?a® Ly = (24n3cp® — 6xp)Fy  on B; x [0, Ty
and
(3.19¢) Fi(z,y,0) = u(z,y) on By,

19



(3.19d) % = Ey(ug,L;) on 8By x {0, To},

(3198) Ll = El(uo,Fl) on 3}31 X [0, Tg]

with Fi € Cy4q, L1 € Ca, L1(.,8) € C?**(B7) and 8,Ly(.,s) € C**+*(B,) N C°(By).

Now let us show that

(3.20) IFill24a < culluoll34a
(3.21) sup [|Li( )94a < cullwolldra
3€|0,Ty
and
oL oL
(3.22) 155 llo = 155 oo Brwto .oy < eulluof3sa-

Using the elliptic Schauder estimates and the maximum principle (in (3.13)), (3.21) and
(3.22) easily follow from (3.20). Thus, it remains to show that (3.20) holds.

Let Gi(z,y,s) = Ex{uo, L1)(s) (z? + y?) + ug(z,y). Then, G; € Cata and

0F1 _ BGI

Fi(z,9,0) = Gi(=,9,0).

It is clear that

OF;
Sz (:Olo-

IFlE < To || Fillata + fluolfSre + | o
Also, from (3.19),

19

(200 < eullluollz+a + NL1(0lo) < cplluoliS+a-

Thus,
1File < T 1 Fillzte + calltolSie »
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and applying the parabolic Schauder estimates to (3.19a,c¢,d)

IFille < caT3 (1 lla + [Gillz+a) + culluoll3 4o

< e, T || Ly | o + eulltto]|34a-

But | L1]la < || L1llo + 118 L1llo + |8y Lallo + Tol_an”a,Ll”o so that, using the maximum

principle and lemma 3.3, we have

IZ1]le < cu(IFrll5 + [luoll240)

SO
af?2
IFllE < T8 | Full e + culluollpa-
Hence
(3.23) IFilE < culluolSsa

and therefore also

(3.24) IZ1]le < culluollzsa-
Finally, since || F1]j24a < cu(|lL1}a + Jjuol|3+4), using (3.24) we get

[Fillz+a < culluoll24a
which is (3.20).
STEP II1. (Global existence and uniqueness)

In order to prove global existence of a solution on [0,7] x B; we just need to write

To
’U.l(:l?,‘y) = UO(:B, y) +3 Fl(ma yvt) dt
0
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and repeat the above argument for the system

(3.25a) %g ~T7?AF + (1 —8r%cu®)F = ®27ul  on By x [T}, 2Ty},
(3.25b) AL - 4r?0®y?L = (24n3cy® — 6np)F  on By x [Ty, 2Th]

with initial-boundary conditions

(3.25¢) F(z,y,Tp) = Fi(z,y,T;) on By,
(3.25d) Z—F = 6#&2;52/. F—=27a%u®> | F
v Tov B,y B

+ 27ra2,u2/ uy  for (z,y) € 8By,
By

(3.25€) r=-3, / F —T~24nuF
4" Jr,JB,

_E/ u1+1""2,u/ F for (z,y) € 8B;.
4 Bl Bl

(Here we use the fact that the size of the time interval for local existence depends only on

¢, not on the initial data).

Thus, we have proved that there there exists a solution (u,v) of (3.4) satisfying:

u(., ) € Capo(B1 x [0,T)), v(., 1) € Co(By x [0,TY), v(s,., u) € C'z"'“(ﬁlh)_ and v €
C**e(B;)n C°(By).

Also

[l i)llz+a + o )l < eulfuollya-

The uniqueness of the solution (u,v) easily follows from (3.9),(3.12) and the uniqueness
statement in the Contraction Mapping Theorem.
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STEP IV. (Regularity of the solution)

We want to show:
(a) u(t,z,y,.),v(t,z,y,.) € C°(R).
(b) 8Lu(., ) € C244([0,T) x Br), 8v(-, 1) € Co([0, T) x B1), BLv(s, ., ) € C**°(By),
8,04 v(s, ., 1) € C?**(B,) N C°(B,) for each [ > 0.
Fix po € R and let Up(z,y,3) = u(s,z,y, o), Un(z,y,8) = u(s, z,y, po + k), Vo(z,y,s) =
v(s,z,y, po) and Vi(z,y,s) = v(s,z,y,40 + k) (R €R).

Then, from (3.4) we see that

O (Un—Us\ 2 Un—Us 2 o {Un—Up
(3.262) - (—h ) y A(—h )+(1-—-4w ond) (22

Vi — Vi
= a?27py (%) + (47%c(2p0 + R)Un + 27a®Vy)  on By x [0,T],

Vh—VG _ E Uh—UO 3 3 Uh—UB
(3.26b) A ( 7 ) = 21 pg EP ( 5 ) + (8™ cpg — 4mpg) —

+ [Un(87%c(3u3 + 3poh + h%) — 27)]  on By x [0, 7],

(3.26¢)

(Uh;UO) ($1y10) =0,

(3.26d)

(555 oo [ ] (255) - | (275)

+ {611'&2(2,119 + h)/ Up - 27ra2(2pg + h) U
1] By

B,

+ 2ma®(2pg + h)] uo} on 8B; x [0,T),
By

(3.26e).

Vh—%)_~ 3 f"] (Uh—Uo —2 Un = Uo
( h — it B, h )_P 211-“0( h )
- Uh—Uo 1
e (5o e et [ Lo
o . 5 ) Bluo . r—2rl U,

+ 1"_2/ Uh} on 8By x [0,T].
By

23



Now, proceeding as before, we can prove that, for h small,

H(252) b+ (B2 ) 1 <

Cuo{[Tnllzte + NVl + [uoll24a) < cpollzol|fsq-

Thus we may conclude that u(s,z,y,.) and v(s,z,y,.) are differentiable at po and that
Bf,u(.,ug),aflv(.,pg) satisfy (b) for I = 1.

Furthermore, we have

dou __,, 0u 9 2, 0U
(3.27a) asap—r Aa + (1 ~4n c,u(,)a—“

= a22'rrpg—z- + (8n%cuu + 2ra®v) on [0,T] x By xR,

dv d Ou Ou
(3.27b) Aa = 21r,u6 o + (8m3eu® 411-“)—8;
+ [u(24r®cp? —27)]  on [0,7] x By xR,
‘ Ou
(3.27(‘.) '6—“(0,32,'_!], ,u) = 0,
0 0u _ oro?? ou 2 [ Ou
(3.27d) 5 3 6ra’y / —2ra?y . P

B1
+{121ra ,u// u—47m:2,uf u
0 JBy By

+ 41ra2pf uo} on [0,T} x 8B; x R,
B,

v 3 [ Ou Ou
3.97 _— = — T2
(38.27¢) Op 4“]0 /}31 Ou Iem o

Ou 1 ®
+172 f _+{_._/ u _,_]f —2xT 2
* s, Bu 4 g, 0T a y Sy, BT

-+ I‘_2/ u} on [0,T] x 8B, xR.
By

By repeating this procedure we may conclude that (a) and (b) hold.
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STEP V. (Bounds on the p-derivatives at u = 0).

Consider the system (3.9) and let (for [ > 0)

1 8'u
F'l(l" y,s) = EE?(_S’:BV% 0) ’

10'w
Liz,y,s) = ﬁa_,ul(s’ z,y,0).

It is then clear that, for [ > 0,

OF;

(3.28a) %5 " I2AF; + Fy = a*27L;_) + 47%cFj.; on B, x [0,T),
(3.28b) ALy =27%0°Li_g + 4m3cFj_3 —6xF;_; on B; x [0,T],
(3'28C) F((-’E, ¥, 0) = Flo(w, y) on By,
L]
(3.28d) of _ 3ma? f Fi,—-ma? [ Fi_,
al'/ o B, By
+ ma? FP, on 8B, x [0,T],
By
L}
(3.28¢) L= —i—/ Fi_1-T"24zxF_, — % F,
0 JB B,
+ 2 F_, on 9B; x [0,T),
B,
where
uo(z,y), ifl=0
(3.29) R = { |
0, if1£0.

First we notice that (3.28),(3.29) imply that

F2k+1 = L2k =0 (k > 0).
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On the other hand, for { > 0,

(3.30a) | Fillz+a < | Licalle + | Ficzllzga + |F WS4 a + IF21340)

(3.30b) IZtalll < (N Zizs [l + | Fizzll2+a + I Fill+a + [1FP134)

for some constants i, vs.

But then, from (3.30) we may conclude that

lLeadll < v2(NZa-alll + I Fi-zllz40 + 1 FP1[310)

+m (|1 Le-lff + | Fi-2llz+a + [F7 1240 + | Fi=2 ]340 )-
so that
(3.31) IZeralll < vs(l1Ze=alll + 1 Fr-2ll24a + 1 F 340 + [Fi=2]l94a)

for some constant ;.

Let ai = || Fil|2+a + [||L141]l}; then, from (3.30a) and (3.31) we get
a1 £ ¥(ar-2 + | F7 340 + 1 Fall40)

for some constant ~.
In particular, for £ > 2

G2k < Yag(k—1)
so that
(3.32) azk < v¥a,.
But,
az < (a0 + |55 l5+a)
S AONE Wy + 1S B40)

< (v +1)uoll3 4o
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Hence, there exists a constant vy such that

(3.33) a1 < Yolluoll2a-

Finally, since v = w + I'"227uu, from (3.33) we conclude that (3.7) and (3.8) hold.

Thus, the proof of lemma 3.2 is complete. ]

Section 4: Existence and Uniqueness. Having proved lemma 3.2 we proceed to

establish theorem 3.1.
EXISTENCE.

Write ¢o(z,y,£) = E an(z,y)6". Then, using the fact that ¢ € Ay and Cauchy’s

n=0

Formula, we get that a, € Cy4.(B1) and, for every € > 0

forn>1.

n.n
(41) fanlBsa < e LTI

Now let (An(s,z,¥, 1), Ba(s,z,y, 1)) be the solution of (3.4) given by lemma 3.2 when ug
is replaced by a,,.

Finally set

(4.2a) #(s,z,y,€) = Z (27”)" Z( )(mg) = (s z,y,0)

n=0

(43b)  Aszu6) = Z NI )erie) 2252 s,2,0,0).

We claim:

If no is small enough, then (4, A) defined by (4.2) is a solution of (2.13) satisfying
(i)-(iv) of theorem 3.1.

Proof. We have

160> Olara < 3 o

n=0

o 2 () D I G Ol
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But from (3.7) we know that

an--kA e

s Olarar < 16§ (n = B ol
so that
(4.3) 18(>E)r4a S e 3 Z' 2 a2y

n=0 k=0

Thus, using (4.1),

= i k e)Pen
16Ol < e (Z R Sl RIS

n=1 k=1 n®
oo (UO + E)nen
TR,
+ ; —— +1
and changing the order of summation,
+ € n_pnle®
(44) 16 &)llata < crce (ZM S (ealno + &))"+
k= n>k

+ 2(02(710 + E))n ) .

By using the estimate

(4.5) ”; < <ant? |
we get
10, )z < crcsee (z 0+ N 5y 70 4 eyt s2
k=1 n>k
+ i(%(no +¢))"*nt/? + 1)
that is "~
(4.6) 16(+ Ollz+a < & (Zl [(—"“—i-%]— g(c 2(m0 + €))"(n + k)17

+ 2(02(770 +¢)"n!/? + 1) (€ = c1c3¢e).

n=1
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Therefore, if no < 1/cz and 0 < € < 1/cz — 1o, then (4.6) implies
(4.7a) [6Cs Mlz+a < (L + [EelmHIlk,

for some constant é,.

In a similar way, but using (3.8) instead of (3.7), we can prove that

(4.7b) A Ol < Ee(1 + [€])eme+lél,

Since (4.7) clearly implies (3.2) we see that (@, A) satisfies (ii)-(iv) of theorem 3.1, and it
only remains to show that (¢, A) is a solution of (2.13).

First we check (2.13¢); we have

n

o0 n n—kan
#(0,2,9,¢) = Z @7};);; Z (k)(%iﬁ)k a#n_k

-y oy i an(z:)

n=0

= (}50(.'8, Y, 6)

(z,y)

Now set Ap i =" A4,(.,0), Bny= 877%By(.,0). Then from (3.4) we have

(4.8a)
An,k

Aot — T2 Adn i + Ak = dn’c(n = K)(n — k — 1)An 242

+27a*(n —k)Bpger  on [0,T] x By,

(4.8b)

aAn Jk+1

ABp i =2r(n—k)—2= +8r’c(n —k)(n—k—-1)(n—k —2)An k+3

—4r(n — k)An,kH on [0,T] x By

and, on [0,T] x 8B,

(4.8¢)
aAn
5 k =6ra*(n - k)n—k —1)/ / nk+2

—2ra?(n—k)(n~k— 1)/ An itz +2ma(n — k) (n ~ k — 1)6g,n—2 / n
B By
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2 . s r. 1
(4.8d) Bni=—=(n-— k)/ / An k1 — 0k n—1 f an
4 0 B1 4 Bl

—T721(n — k)Anpt1 + T2 n—k) | Apis1.
B,

Using (4.8a),

% -T?Aé+¢
Z (2m)n (Z) (2mif) [OAn : T2 AAnk + An i)
n=0 k=0
oo . 1 n n
= ,,Z={:) @miy & (k (2mit) [dnic(n — k)(n — k — 1)An 2qe + 27a?(n — k)Bp k41]
o0 n—2
- _C’; (21rz)" = k) @mi)***(n — k)(n — k — 1)An 428"

o0 .

)(2m)'~'+1 %(n ~ k) Bapp16*

[
[~]
)
RS
et
M
3 N
o 3

e o
- _cg (2:¢)n ,; (j . 2) (2miY(n —j+2)(n — j + 1)An ;672
‘“22 o JZ:; (- o=+ DB

- 2 o ,___Z; (7) mitists - ver-24,

-3 > (amrses.,

and therefore (2.13a) is satisfied.

Similarly, using (4.8d) we see that, on Ty,

A=Yt (zm)n Z (Z) (2mi€)* By s

n=0

— Z (2?”)“ Z( )(27&'36) -——(n el k)f An,k+1
- %6];,“_1 fBl Uy — I“227r(n - k)Aﬂ,k.H + F—.z(n - k) /Bl An k4]
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Hence,

v [ (Eam & Qetmeio- i)
- 81« B, (n}; (2:2')" Zn: (Z) (2’”)k+1‘5k5"’"'1““)

=0

o (Z @iy & i (Z) (2mi) g4 ’°>A"”‘“)
(z i (1) D

-2
/ 1 3¢>o _p-29¢ dé LI T 0¢
31

8 Jp, OF a " or Jp, B¢
so that (2.13e) also holds.

In a similar way we can show that (2.13b) and (2.13d) are satisfied, thus completing

the existence proof for theorem 3.1. ]
UNIQUENESS.

Let (4, A) be a solution of (2.13) satisfying (i)-(iv) of theorem 3.1 for ¢o = 0. We wish
to show that ¢ = A = 0.
Write ¢(s, z,y,£) = Zﬂ ¢"(2,y,5)"/nl and A(s, z,y,€) = T A™(z,y,s)E" /nl.
n= i - n=0
Then, for each n > 0,

(4.9a) 6—(,;2—— —T72A¢™ + ¢™ = —a? A" — gnt2 op B, x[0,7),
3¢"+1
(4.9b) AA™ = 5 2¢"* — 4™+ on By x [0, T},
(4.9¢) ¢"(z,y,0) =0
a n 3 2 3 2
(4.94) aﬁ = —% fa i o™t 1 ;—W i $"*?  on 8B, x [0, ),
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n o __ 3 ° n+1 -2 sn4l E:i f n41
(4.9¢) A" = 8#/0 . ¢ F=#¢™* + 2 I, ¢ on 8B, x [0,T].
Using (4.9a,c,d) together with the parabolic Schauder estimates we get

(4.10) 6" l2+e < R (A" + 1167 [l244)

for some constant k;.

Also, using (4.9b,e) and the maximum principle
HA™ I < k2(16™ 240 + 1167+ ||24a)
and using (4.10) ‘
(4.11) A" < Ea (A + 167 la40)

for some constant k3.

For n 2 0 set 74 = ||¢"(|24.a + [||A" |||, where A~! = 0. Then, (4.10) and (4.11) give
(4.12) T S koYny2z, n20

for some constant k.

On the other hand, using Cauchy’s Formula and part (iv) of theorem 3.1 we see that,

form>2

+ m_m m—1_m~-1
,(7?0 mi)i € +(m_1)! (n0+6) € ]

Tm < eefm (m ~ 1m-1

and from (4.5)
(4.13) Tm S é(no +€)™m? fore>0,m>2.
Fix n > 0; then from (4.12)

(4.14) Yo < By Yng2r, VI20
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so that from (4.13),(4.14) we obtain

(4.15) o < Eckb(no + )" (n+ 2012, 1>1.

Thus, for every [ > 1

(4.16) Tn < E(no + €)"[((m0 + €7 ko)(n + 21)'/7).

Hence, if o < (1/k0)*/? and 0 < € < (1/ko)"/? — 5o, letting I — co in (4.16) we get
=0, ¥Yn2=0

and therefore

p=A=0.

Thus, the proof of theorem 3.1 is complete, provided we choose 7y < min(1/e;,(1/ ko)),
(Recall that ¢, is the constant in (3.7),(3.8)). O

REMARK. The analyticity assumption on ¢g as a functioﬁ of ¢ is very restrictive.
However, since part of system (2.13) displays the features of a backward parabolic equation
it seems quite natural to make this assumption. In fact, we can produce examples for the
system (2.13a,b,c), although with somewhat different (and simpler) boundary conditions,
for which the analyticity assumption on ¢ in £ cannot be dropped. For example, consider

the boundary conditions

% __1 [ %

(4.17a) 3 — "o > for (z,y) € 8B,,
A 3 3% 24
(4.17b) -55 = 1—:—-;5("6? +¢)—T 3_52 for (z,y) € 0B,.

It is easy to check that the proof of theorem 3.1 implies that given ¢y € A with 5 small

enough, ¢ and J;A are uniquely determined among the functions satisfying properties

(i)-(iv) of this theorem.
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Now assume that ¢y is given as the (unique) rapidly decaying solution of

i)

Ado + = ez

=0 (an)EBlﬁ €€Rs

po=g9() (z,y)€0B;, E€R

where g is an even function in &, the Schwartz class, and let uo(z,y, 1) = do(z,y,.) ().

If we Fourier transform (2.13a,b) we get (3.3a,b) (see Section 3), and then we can easily

derive the following equation for u(s, z,y, 1) = ¢(s,z,y,.) (&)

(4.18) 9sAu~T2A%y — 4n?ep®Au + Au

= —o?(2mip)[(2mip)Byu — dmipu — (2min)3ul.
If we look for a solution u of the form u(s, z,y, ) = us(z,y, u)K(s, u), we find, using the
fact that Aug = 472u2ug, that K must satisfy

1
ol

(4.19) &K = (4m?p? T2 4 dnlep® + dnca’y? — 1 — 20)K.

If we assume that a?(s) < 1 then

(4.20)
K(o) = eap{ [ Tlrs ar T2 0) + a4 areal (i — 1 - 202(1)) it |

= Z aza(8)u®"

n=0

where the a,’s are the coeficients in the power series expansion of K(s,.), and we get

u(sr T, Y, ﬂ') = ug(:‘ﬂ, Y, “)K(sv Ju)' ‘

Finally, notice that
azn(s n
K(s, 0 = Y 22 o

n=0
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where ép is the Dirac delta, so that

(421) (}5(3,.’17,'!.}, f) = Z (3_2:71(-23))’1 (62,160 3 ¢0($7 u, C - 5))

n=0

a2n(8) a2
Z 0" ¢o(2, 1, £).
2 ?
n=0 ( —4m )ﬂ
But in order for the series in (4.21) to converge we must require that ¢o be entire in { (see

e.g. Friedman [5], pp. 158-159).

Section 5: Properties of the solution.

THEOREM 5.1. Let ¢¢ € Ay, where 0 < a < 1 and no is as in theorem 3.1. Let (4, A)
be the solution of (2.13) given in theorem 3.1. Then:

(a) If ¢g is periodic in £ (i.e. ¢o(.,€ +p) = do(.,€) for some p € R and all £ € R) then
also ¢ and A are periodic in €, with the same period p.

_(b) Let m > 2 and assume that

Co
(5.1) [60(s 540 < AT

for some constant cq > 0 (£ € R). Then

(52) 160+ &)lla+e+ NAG Ol = o((1 + [¢1)*~™) a5 € — oo.

THEOREM 5.2. Let ¢o, ¢ and A be as in theorem 5.1. If we further assume that

¢’0(‘Ta Y, 5) = QS{](:B, Y, _‘f) and

(5.3) f = %o 10 ”2+or df < o0

then,

(54) ¢(3,$ay= E) = ¢(s,z,y, _f)v A(S, x:yaf) = _"A(Sé I, Y, "”5)
and

(5.5) 560 Ellzsa + g )l = o(1) as & — co

In order to prove theorems 5.1 and 5.2 we shall use the following

35



THEOREM (PALEY-WIENER). Let K be a compact, convex and balanced subset of .
R", and let Ix(n) = sup,cx |(n, x}} (where |{n, )| = 5.z = 221 % ).
=

Let T € §8' (i.e. T is a tempered distribution). Then the following are equivalent:
(i) suppT C K.

(1) T has an entire holomorphic extension to C" so that, for some m > 0

[T(z) < e(1+ |z|)mezp Ix (S(2)).

(Actually m can be taken to be the order of T'.)

(For a proof see e.g. [5], pp. 145-146).

Proof of theorem 5.1. Notice that (a) follows immediately from the uniqueness of
solutions: in fact, if we set &(s,a:,y, £) = #(s,z,y4,& + p), f&(s,a:,y,.f) = A(s,z,y,€ + p)
it is clear that (4,A) is a solution of (2.13) satisfying (i)-(iv) of theorem 3.1, so that, by
uniqueness, we must have ¢ = é, A=A,

We now turn to the proof of (b). Clearly, uo(z,y, 1) = do(z,y,.) (1) satisfies

(5.6a) uo(., 1) € Ca4a(B1) ,
(5.6b) uo(z,y,.) € C™ %(R).

Also, an application of the Paley-Wiener theorem shows that uo(z,y,.) is compactly sup-
ported and that, for each (z,y) € B,

(5-60) suppuo(z,y, JC L= {p [ | < no }-

We may then consider the Fourier transformed system (3.3) with initial data ue(z,y, ).

Following the proof of lemma 3.2 we see that there exists a solution (u,v) of (3.3) satisfying:

u(s, z,9,.), v(s,2,9,.) € C3**(R),
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g—;(.,p) € C24a([0,T] x By) A (0gism~2),
o'y C B 0<i< 2
a—M(.,p)eCa([O,T] xB) (0£1€m=-2),
d'v 2403
-é-;(s,.,,u) GC (Bl) (OSlSm“z),
204
ds ap!

Furthermore, for each (z,y) € By, s € [0,7]]

(s,.,p) € C**¥(B;)N C'O(fi"_l') | (0<1<m—2).

(5.7) suppu(s,z,y,.) C Iy and suppv(s,z,y,.) C L.
Then, if we set
é(sama Y, E) = "u(s,:v_, Y, )V(E) and -f\(ss T, Y, 5) = 'U(sa T,Y, )V(‘f)

we see that (¢, A) is a solution of (2.13) satisfyiﬁg {5.2). But yet another application of
the Paley-Wiener theorem (using (5.7)) implies that ($, A) satisfy (i)-(iv). of theorem 3.1.
Thus, by uniqueness, (¢, A) = (¢, A), and this completes the proof of (b). O

Proof of theorem 5.2. If ¢o(z,y, &) = do(z,y, —£), set (s, z,y,£) = ¢(s,z,y, —&) and
A(s,z,y,€) = —A(s,2,y,~E€). It is easily checked then that ($,A) is a solution of (2.13)
satisfying (i)-(iv) of theorem 3.1 and hence, by uniqueness, we obtain ¢ = ¢ and A = A.
This proves (5.4).

Finally, (5.5) may be proved using an argument similar to that used for proving (5.2). 0
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