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Abstract. This paper addresses the issue of a model for the total lifespan survival curve; with partic-
ular interest in the later life or geriatric years. The new model is based upon the basic premise that the
population under study is a mixture of individuals comprising three major subgroups: (1) neonatal deaths,
(2) standard Gompertzian-like survival, (3) geriatric survival. It is demonstrated that a standard mixture
model, mixing three survival distributions, more than adequately describes survival over the entire lifespan
of the population. Further, this newer model has the desireable added virtue that the model parameters
may be interpreted in a biological manner.

Why Make A New Survival Model?. Survival analysis, at the demographic level,
plays an important role in the projection/estimation of healthcare and health maintenance
costs. Routinely, such projections, based upon lifetable analysis, are made as a means
of better understanding the dynamics of age structure changes in the U.S. population.
Witten(1) addressed the issue of modeling the survival distribution for neonatal deaths.
The motivation for addressing this issue may be found in Figures 1-2. The curves in Figure
2 illustrate the changing dynamics of survival in the US population. Witten was able to
demonstrate that, assuming a nonhomogeneous population(two different classes of death;
neonatal death and non—neonatal death), the survival curve—in the neonatal years—could
be made to have a more realistic dynamics. This correction required that we assume that
the neonatal survival distribution was of an exponential form, while the remainder of the
population(the non—neonatal group)survived according to a Gompertzian distribution.

Numerous investigators, Economos(4); E. Masoro and B.P. Yu(personal communica-
tion); and T. Johnson(personal communication) have expressed their dissatisfaction with
the Gompertzian survival distribution as an adequate descriptor for the geriatric portion
of the population(Many investigators prefer to use the Wiebull survival distribution or
other survival distributions. This issue will not be addressed here. It is covered in Wit-
ten(5)). In general, the commonly used Gompertzian and power law survival distributions
have a more rapidly decreasing geriatric tail than does the usual experimental population
that they are intended to model. Issues of information content of such curves are dis-
cussed in Witten(2). While Guess and Witten(3) attempt to address the more complex
question of what underlying individual mortality rates might or might not give rise to the
Gompertzian-like survival distribution.
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The Gompertzian survival curve is a two parameter curve based upon an exponential
mortality rate function, denoted A(t), where

A(t) = hget (1)
The parameters are hgy, the age-independent mortality rate coefficient and v the age-

dependent mortality rate coefficient. Such a mortality rate function gives rise to the Gom-
pertzian survival distribution S(t) given by

S(t) = ex(1=") (2)

Figure 3 illustrates how S(t) changes for various changes in the two mortality parameters.
Figure 1 illustrates a sample comparison of the actual survival versus the Gompertzian
theoretical prediction. It is quite clear that the Gompertzian tail does not adequately
model the geriatric decline in the illustrated population group. Such a behavior is quite
common in biological survival distribution literature.

The Basic Hypotheses. This paper will develop a new quantitative model for the
biological survival distribution; a model which—in particular— more accurately accounts
for the known dynamics of the geriatric tail. Secondly, this model should provide a de-
scription of survival dynamics over the whole lifespan of the population; from neonatal
through geriatric. In order to construct this model, it is postulated that a closed, age—
structured, population is comprised of individuals of three types; a neonatal failure type,
a Gompertzian failure type, and a geriatric failure type (modeled by a shifted exponential
distribution). How or why an individual becomes classified as a component of one of the
three aforementioned groups is to be the subject of a future discussion. It is important to
realize that, while we postulate the existence of these three population subgroups, statisti-
cal analysis must verify the significance of the population(mixture) proportion coefficients.
Should a population proportion coeflicient be statistically insignificant, then this would
imply that the corresponding mixture component of the population is not significant in
contributing to the survival dynamics of the given data set. For example, an insignifi-
cant neonatal coefficient implies that the neonatal component, of the population, does not
contribute, in a significant manner, to the total survival dynamics of the population.

It will also be of interest to augment this model so as to be able to examine how
transitions from the various population subgroups might affect the shape of the survival
curve. One might wish to ask such questions as, given that all of the neonatal deaths dis-
appeared and were equally assigned to the other components of the population, how would
the survival distribution change? Such a question is relevant to discussions concerning
the squaring of the human survival curve and its potential effects upon health care in the
United States. For example, see the discussions of Fries(5) and Brody and Schneider(4).
Hence, as the new survival model is developed, it will be generalized in such a manner so
as to allow the potential for studying such transitions. The allowed transitions, between
the population components, are illustrated in Figure 4 . With these requirements and
assumptions in mind, let me now discuss the new three-group survival model.
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Formulation Of The New Survival Model. We begin the model formulation by
supposing that we are working with a closed population which, at time ¢ = 0 (start time),
is composed of three types of individual; N; the total number of short-lived individuals,
N, the total number of Gompertz-like individuals, and N3 the total number of long-lived
individuals(It should be noted that, for the purposes of discussion, we will use the phrase
“Gompertz—like”, even though Weibull or other survival forms may be used equally well).
It then follows that the total number of individuals in the population(at the start time) is
given by the following equation.

N = NO 4 NO 4 NO (1)

where N;O) is the total number of individuals in the population at time ¢t = 0 (indicated by
the superscript (0)). In terms of the fractions of each group represented in the population,
equation(1l) may then be written as follows.

1=p{” 47" +p{" (20)

where p(-o) =

;= Ni(o)/Né?) i = 1,2,3 is the fraction of the i** group in the population at
time t = 0. Thus, if Fy(t) is the failure distribution for the i** subgroup of the population,
then the total failure distribution F(t) of the population is given by the weighted sum of

the individual failure distributions. That is,
F(t) = prFi(t) + p2F2(t) + ps F3(t) (2b)

(see Witten(1) for a discussion on how one would construct equation(2b)). Remember,
having determined the failure function F(t), the total survival S(t) is given by

S(t) = 1— F(t) (2¢)

It is important to to be able to investigate/determine various effects of transitions, from
group 1 and group 2 to group 3. That is, we wish to determine how subpopulation
transitions might effect the survival curve of the total population. In order to investigate
these transition effects, we shall proceed as follows.

Suppose that, at time ¢t = 1 (which is the assumed next timestep of interest) we begin
with the same total number, of individuals, or fractions of the population, as originally
occurred at time t = 0; N;O ). However, now assume that this new time ¢t = 1 population
is composed of different numbers or proportions of each individual type. That is,

WP = N0 = N9+ D 4 ) ®

where Ni(l) is the number of individuals, in group : = 1,2,3 at time t = 1. From the
transition diagram(see Figure 4 ), observe that the number of individuals in group 2 is
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comprised of those individuals in group 2 at time ¢ = 0, less those that transition out of
group 2(6N2(0)), plus those individuals that transition in from group 1(aN1(0)). Therefore,

the new group 2 population size N2(1) is given by the following equation
NV = N + aN©® — 6N (4a)

Following the transition diagram, and similar arguments, it is possible to observe that the
number of individuals, in the new group 3, is given by

NV = N + N 4 6N50 (4b)
where the transition fractions, given in the transition diagram, are defined as follows:
6 : fraction of Ny that become N3

a : fraction of N; that become N,
p : fraction of N; that become N3

It follows, from these definitions, that A1 — a — 8 must be the fraction of N; that stay in
the N; group of the population. Hence, we have that

N =[1-a- g N (5a)
However, from equation(3), we have that

Nl(l) N N2(l) Nél)
TORITORITO

(50)

Substitution of equations(4a,b) and equation(5a) into equation(5b) leads to the following
relationship for the transition proportions.

1=[(1=a=Bp{”] + [(1 - 6 +ap®] + [pf” + Bp(" + &p{” (5¢)

Equation(5c¢) follows from the fact that, as was previously mentioned, we wish to be able to
examine the effects of transition(changing the proportions in each population component or
survival component), upon the form or shape of the total population survival distribution.
Hence, in order to do this, we will need to make use of the ¢ =0 values of N; as the
baseline values and then examine what happens when transitions occur, from these baseline
values, to the newer values. Within the framework of this construction, it then follows that
the following statements about the new population fractions and their relationship to the
old population fractions are true.

) =(1—a-pg)p” (6a)
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P = (1-6)p + ap{” (60)
P =p” + gp{» + 6p{" (6c)

As the population proportion (at all times) must add up to one, it follows that we can

express the unknown fraction pgl) in terms of the remaining known fractions. That is,

p§) =1+ (8 —1)pi" + (6 — 1)pf”

Making use of the new fractions as described in equations(6), the total failure distribution,
in terms of the new population proportions, would be expressed by the following equation.

F(t) = PR (t) + oV Fa(t) + pSV Fa(8) (7)

Substitution of equations(6a-c) into equation(7) leads to the following equation for the
total failure distribution for our three group population.

F(t) = [(1 - a = 8)p"] Fut)+](1 = 6" +ap{”| Fa(t)+[1 - (8- D + (5 — 1| (1)

(8)
From equation(2c), it follows that our knowledge of the failure function, given equation(8),
implies our knowledge of the associated survival function.

If we now wish to study the survival of a population, comprised of the particular pro-

portions p(-o)

.7, simply set all of the transition fractions a = 8 = v = 0; thereby eliminating

any effects due to transitions between the population subgroups. Then, for a given set of
population proportions, one can determine the total population survival function.

Let us now compare the results of this model with the known biological results.

Comparison With Experimental Data. In the case where p; = 0, in the new
model, the three group model is reduced to the two group model discussed, in detail, in
Witten(1). Briefly, consider the early portion of Figures 1,5-6 . If, instead, p; = 0, we
obtain what is equivalent to most laboratory experiments in which mice or rats are utilized;
namely, the experimentalist waits until the neonatal portion of the population dies out(all
potential neonatal deaths occur), and then he begins the experiment(see Figure 7 ).

Let us now illustrate a variety of comparisons between the pure Gompertz model
and the new model containing both Gompertz and a geriatric term(the neonates will
be ignored for the moment). Figure 8 illustrates the theoretical survival curve set for
the organism C. elegans (data provided by Thomas Johnson). These theoretical curves
are based upon maximum likelihood estimates for the parameters in a pure Gompertz
survival model(details on maximum likelihood estimation may be found in Lee(6)). The
pure Gompertz survival population is indicated by the curve labeled G . The second
population, the Gompertz plus geriatric population, is generated by arbitrarily setting
the remaining model parameters not specified by the Gompertz population. Observe how
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the addition of the geriatric component of the population smooths out the sharpness of
the Gompertzian tail, making it behave more in the manner of the biological populations
illustrated in Figures 1-2 . The similarity of these theoretical curves to actual data is also
seen by comparing Figure 8a,8b to the rotifer data (Lecane inermis) illustrated in Figure
8c . In particular, note how the addition of the theoretical “geriatric” component of the
population gives rise to a dynamics well illustrated by this rotifer data set.

Now consider a simple transition model. Suppose that we begin with all of the popu-
lation (millenia ago)in the neonatal component of the population. That is, suppose that
all of the individuals in the population died very early on in life. Suppose that we then
introduce a variety of measures which extend the lifespan of neonatal individuals such that
some become geriatrics and some live in a Gompertzian manner. Finally, suppose that
there are no longer any neonatal deaths. What would the new survival distribution look
like? Such a scenario is illustrated by the three survival curves illustrated in Figure 9 .
The first curve(most lefthand curve) illustrates the pure exponential(or wild type) survival.
The second curve(middle curve) illustrates what would happen if the population had been
pure Gompertzian. And the third curve(most righthand curve) illustrates the full three
group model. Notice how the introduction of the geriatric component of the population
softens the decrease of the later age portion of the survival curve. This theoretical dy-
namics is well illustrated by the survival curve for the female quail (Coturniz coturniz)
illustrated of Figure 9¢ . Observe the existence of the slight, early, neonatal dip; followed
by the “Gompertzian-like” survival dynamics. Subsequently, there is the softening of the
“Gompertzian” tail.

Closing Thoughts On Quantitative Survival Modeling. As was previously demon-
strated, the Gompertz(or Weibull) distribution has trouble modeling populations with
neonatal failure components and with long-lived components. This paper has constructed
a general total survival model in which the neonatal failure and the geriatric failure, were
included as two component fractions of the total population. Comparison of both the
survival distribution with the known data, for a number of different survival distributions,
shows that the three component population model exhibits significantly more realistic
survival distributions than the Gompertzian or Gompertzian-like distributions alone.

Further, the model has the capability of describing lifespan changes over the whole
range of the population lifespan, thereby making available a general model for describing
the survival of a population over the complete age distribution in the population.
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— LEGENDS FOR TABLES —

[1] An illustration of the model based expected or average lifespan(MTTF) versus the experimental ex-
pected lifespan as calculated from various experimental Drosophila datasets. Data was obtain from R.
Arking. Details may be found in R. Arking, Successful selection for increased longevity in Drosophila:
Analysis of the survival data and presentation of an hypothesis on the genetic regualtion of longevity,
preprint 1986. Column 1 of this table indicates the strain of Drosophila, column 2 the generation, col-
umn 3 the experimental average lifespan, and column 4 the predicted average lifespan based upon the
author’s model computations.



TABLE [1]

STRAIN GENERATION EXPERIMENTAL MODEL BASED
LIFESPAN (MEAN) LIFESPAN (MEAN)

R Fl 50.7 49.7
F5 38.5 36.97

F9 44.7 44.0

F13 48.0 47.8

F17 44.9 45.0
F22 49.0 47.89

DC-E Fl 54.7 54.0
F5 50.8 50.5

F9 34.4 34.8

F13 40.1 39.4

F17 52.9 53.2

F21 52.1 51.7

F26 48.7 46. 4

NDC-E Fl 37.6 36.2
F5 40.4 40.2

F9 35.4 34.5

F13 3.4 34.0

F17 47.8 47.3

F21 52.3 51.7

F25 51.4 50.6

DC-L F1 52.3 52.3
F5 38.5 37.5

F9 53.4 52.9

F13 54.7 54.5

F17 56.8 56.5

F21 59.6 59.3

NDC-L F1 38.2 37.6
F5 37.8 37.0

F9 53.9 53.4

F13 65.7 65.0

F17 66.5 66.6

F21 71.7 71.5

F25 77.0 79.4



(1]
(2]

(3]

(8]
[ 6]

(7]

[ 8a]

— LEGENDS FOR FIGURES —

An illustration of Drosophila survival data from Economos(2). Notice how the theoretical and the data
curves have decidedly different properties in the geriatric portion of the distribution.

An illustration of the variety of survival dynamics illustrated by the U.S. survival of white males and
white females during the years 1840-1960. The data is obtained from Jacobson(7). Notice the clear,
early, neonatal dip and the non-Gompertzian dynamics of the right tail of the survival distribution.
These figures illustrate the effect of varying the two Gompertz mortality rate parameters hy v .In
Figures 3a the parameter « is fixed while hq is varied as follows: hqg = 1027 i=12,...,5
. For Figure 3a.1 v =0.5 , Figure 3a.2 v =1.0 , and Figure 3a.3 + = 2.0 . Notice how, as I change
the value of + , the “linear portion” of the Gompertz curve shifts to the left(or to the right)depending
upon whether I increase or decrease the value of ho . Figures 3b illustrate the effects of keeping Ao
while varying + . Figure 3b.1 illustrates ho = 0.1 for the values ~ = 10%2—7 ji=12,...,5
. Figure 3b.2 illustrates hg = 0.01 for the same values of «

An illustration of the possible allowed transitions in my survival model. In particular, I allow neonates
to become Gompertzian or geriatric, and I allow Gompertzians to become geriatric. The population
proportions are indicated by the variables p; t =1,2,3 . The transition fractions are indicated
by the variables o« , B ,and §

Survivorship curves for 82 males and 45 females of the black widow spider Latrodectes mactans(Fabr)
are illustrated in this figure.

A set of lifespan curves for the pulmonate Limnaea columella at two different population densities. Data
comes from Comfort(8). Observe the similarity of these curves to the dynamics of the full three-group
population model(the non-G curves) in Figures 92,9b .

An illustration of rat survival data from the paper of Yu et al.(10). In survival experiments of this type,
the neonatal component is eliminated by waiting until the neonatal deaths are zero. This is equivalent
to setting p; = 0 in my quantitative model. i

An illustration of a theoretical survival curve generated for a C. elegans dataset(taken from T. Johnson,
with permission). The G curve illustrates a pure Gompertz survival curve, where ho = 0.0005642
and v = 0.306 as based upon maximum likelihood estimates for the survival parameters. The second
curve illustrates the effect of adding a geriatric component to the model. The models missing parameters
have been arbitrarily set.

An illustration of a similar C. elegans dataset where the effect of the geriatric component of the popu-
lation has been purposely magnified for effect.

Survivorship curves for three different types of rotifer(Taken from Comfort(8)). Observe the similarity
of the A and the M curves(amictic female rotifers and unfertilized mictic female rotifers) to the non-
Gompertzian curve illustrated in Figure 8b .

An illustration of the capability of the three group model to adequately model the vast variety of
survival dynamics found in such survival studies. Curve E is the wild or exponential survival curve
in which all of the individuals in the population die very early on in life. Curve G is the pure
Gompertzian survival curve which is meant to provide a standard for comparison. Finally, curve F
is the full three group population model. In this figure, p; =1 , pa=p3=0 , hg and v are
as in Figure 8 , and the transition fractions are givenas a=0.7 , 8=10.3 ,and §=0.0 . Again,
notice the softening of the geriatric tail of the three group population model.

This figure is similar to Figure 9a save that 3 =0.25 . This will generate a stronger neonatal effect
in the earlier population years.

A survival curve for female quail(Coturniz coturniz). The data was taken from Muller et al.(9). Observe
the similarity of the quail survival dynamics to the curve labeled F in Figure 9b . Observer the early
small dip in the curve, the subsequent Gompertzian-like behavior, and the final non—-Gompertzian tail.
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