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1. INTRODUCTION.

Let g : {0,mM X R — R be a given function satisfying Caratheodory’s conditions and
h : [0,m] — R be a given function in L[0,n]. This paper is devoted to the study of the

boundary value problem
u'(z) + u(z) + g(z,u(z)) = h(z), = € 0,1, (L1)
u(0) = u(m) =0,

when the asymptotic values of u™'g(z,u) cross infinitely many eigen-values of the linear

eigen-value problem

u''(z) + M(z) =0, z €07, (1.2)
u(0) = u(m) =0.
We may note that the boundary value problem (1.1) is at resonance, since the linear

eigen-value problem

u''(z) 4+ u(z) =0, z € 0,7,

u(0) = u(r) =0.

* Part of the work done while visiting the Institute of Mathematics and its Applications at the University
of Minnesota.



has u{z) = A sin z, A € R, as non-trivial solutions. The boundary value problem (1.1}
has recently been studied by several authors, (2], [4], [5], [8] [LO] in case of some resonance
at the second eigen-value A =4, (but not crossing it), for (1.2) under various conditions
on g{z,u) and h(z). Also the author with Mawhin, [3], studied the periodic boundary

value problem

w''(2) + u(z) + f(u(2)u'(2) + 9(z,u(z)) = h(z), z € [0,27],

u(0) — u(27) = u' (0) — u’ (21) =0,

when the asymptotic values of u~'g(z,u) cross infinitely many eigen-values of the linear

periodic boundary value problem

u''{z) + Iu(z) =0, z €[0,27],

u(0) — u(27) = u'(0) — u'(27) = 0.

So, motivated by the results of [3], we obtain the existence of a solution for (1.1) when

h(z) € L1[0,n] satisfy the condition S
T
j('] h(z)sin z dx =0, (1.3)
and g(z,u) satisfies the following supplementary conditions
glzuju 20, (1.4)

for a.e. z € [0,7] and all ¥ € R, and there exists a function I'(z) € L{0,7] with

i
0 < 35757 13
and
lim sup alz) < I(z), (1.6)
u {—+20 u

uniformly for a.e. z € [0,7]. We note that conditions {1.3), (1.6) allow the crossing of



infinitely many eigen-values of the linear eigen-value problem (1.2) by the asymptotic

values of u~lg(z,u).

Our methods use the version of Leray-Schauder continuation theorem as given by

Mawhin in 8], {71, [8] and some of the ideas used earlier by the author in [1].

2. Main Results.

Let X,Y denote the Banach spaces X = C{0,7] and Y = L'[0,#] with their usual

norms. Let Y, be the subspace of Y spanned by the function sin z, i.e.,
Yo={u €Y | u(z)=asinz, ae on [0,7], a €R}, (2.1)

and let ¥ be the subspace of ¥ such that ¥ = Y; @ Y, We note that for u € ¥ we

can write
u(z) = - ~—-f )sin ¢ dt)sin z +(—f u(t)sin ¢ di)sin z, (2.2)
r € [0,7]. We define the canonical projection operators P : ¥ — Y; @ : ¥ — Y, by
) T
Plu)=u(z) ~ (?}; u(t)sin ¢ df)sin z,
2 n
Q{u) = (?jr; u(t)sin ¢ dt)sin z, (2.3)
foru € Y. We note that, for u € Y,
Pully <1 +2) fhelly. (2.4)

Clearly, @ =1 — P, where [ denotes the identity mapping on Y, and the projections P
and @ are continuous. Now let Xo =X N Y, Clearly X, is a closed subspace of X.
Let X, be the closed subspace of X such that X =X, & X, We note that

P(X)C X,, @{X)C X, and the projection P |X : X - X, and Q@ |X : X — X, are



continuous. In the following, X,Y,P,Q will refer to the Banach spaces and the
projections as defined above and we shall not distinguish between P, P |X ({resp.

©Q,Q |X) and depend on the context for proper meaning.

7
Also for u €X,v €Y, let (u,v) =j; u{z)v(z)}dr denote the duality pairing
between X and Y. We note that for u EX,v€Y, so that u = Pu + Qu,

v = Pv + Qu, We.have
(u,v) =(Pu,Pv) +(Qu,Qv). ' {2.5)
Define a linear operator L : D(L) C X — Y by -éétting '
D(L)={ueX | uf(Qj eAIC[O,:rr.}, «(0) = ufr) = 0}, - (26)
and for u € D({L), |
Lu =u' +u.. . : (2.7
(Her AC [0,7] denotes the space of real-valued absolutely continuous functions on [0,7]).

T
Let, now, for h € Yy, ie, h € L[0,7] with j(;h(t)sint dt =0, Kh denote the

unique solution of the problem

u'' () + u(z) = h(=),

u(0) = u(m) =0,
such that j(., u(z)sin zdz = 0. Indeed, for z € (0,7},
(Kh)z) = —(j;) B(t)sin ¢ dt)cos z + (_’l;zh(t)cos t dt)sin z
1 i .
- (jc; h(¢)( 7 — t)cos ¢t dt)sin = (2.8)

Also,



#<h Il < 3l lly, (2.9)
so that
<l < 3. (2.10)
Hence K : Y, — X, is a bounded linear mapping and is such that for
u €Y, KP(u)&D(L) and LKP(u) = P(u). {2.11)

Definition 2.1: ¢ :[0,mM] X R — R satisfles Caratheodory’s conditions if g(z,) is
“continuous for a.e. z € [0,7], g(*,u) is measurable on [0,7] for each u € R, and for each
r €R, r > O0,there is a function o,(z) € L'[0,n] such that [g(z,u)] < a,(z) for ae.

z €07, u €R, |u] <r.

Let g : {07l X R— R be a function satisfying Caratheodory’s conditions. Let

N : X — Y be the nonlinear mapping defined by
(Nu)(z) = g(z,u(z)), = €[0,7], (2.12)
foru € X.
For h(z) € Y = L'[0,n] with f;h (z)sin z dz = 0, the boundary value problem

w'' +u +g(z,u) =h(z), ¢ €07,

now reduces to the functional equation
Lu +Nu =#h, {2.14)
in X, with A € Y, given.

Notation 2.2: We denote by ||P]| the norm of the continuous projection P : Y — Y;

defined in (2.3), so that




P lly

llally

|IP||=sup{ uEY,.u;EO}. (2.15)

Also we denote by |IK|| the norm of the bounded linear mapping K : ¥} — X, defined

in {2.8), so that

WK || = sup {%ll—j:v—- ch €Y, h #0 } (2.16)
We observe from (2.4) and (2.9) that
Pl<i+2, (2.17)
and
K|l < 3. (2.18)
Theorem 2.3: Let [' € L[0,7] be such that
Pl < 1PIF2 - KIS (2.19)

Let g : [0,7A] X R — R be a given function satisfying Caratheodory’s conditions and
(i) g{z,u)u >0forae z €07, v €ER
(i) lirr|1 sup g(z,u) < T(z),

g | = u

uniformly for a.e. z € [0,7].

.
Then, for each h € Y = L'0,n] with j;h(z)sin z dr =0, the boundary vaiue

problem

u'' +u + g(z,u)=h(z), z €[0,7,

u(0) = u{x) =0, (2.

[ 3]
[
=]
——

has at least one solution u in X' = C[0,7].



We need the following lemma in the proof of this theorem.

Lemma 2.4;: Let T, g be as in Theorem 2.3, and let € > 0 be given. Then there exists

constants ¢; 2> 0, ¢y 2> 0 such that for u € Y,

1 2
N > : ¥y — - )
(I uru) = ”F”Lllo,;r] ¥ er IW” ”Y GI IW" “}’ 021 (

[ ]
o
—t
~—

where NV is defined by (2.12).

Proof of lemma: We first have from our assumptions on ¢ that there exists a p >0,

depending on ¢, such that

lg(z,u) | < (T(z) + €) lu(z)] (2.

S
[ &)
[ Bv)
~——

for a.e. z € [0,7], and uv € R with ju | > p.

Now, foru €7,

(Nu,u) f g{z,u{z u(z)dz —fﬂlg(z,u(z).)l lu{z)|dz (2.23)
Zf[u(znzp'g(-’f:”(ﬂ’))[ : |U($)Id1’

2 ey 120 TS )+) lg(z,u(a) Pz,

in view of (2.22). We next note that

dglz (=) ] 1/2
fiu(x)lZP l(aulz)) 1de "fl Mze (T(z) + '/? 2) % 9%

< 1>p_1‘(x)1—+6)' la(z,u(=) Pde)' (], ) 5, (D) + €z}l

1

SUneize Ty g o mE )2 (g + en)'

Using this in (2.23) we then get that



1
”F"leﬂr! + 7

(Nu,u) > a3 o 19(z o8 (@) 1 dz)?

1
>
“F"LI[QJ;;] + €m

; “N“ "12’ - OxllNu "Y - C,

for some constants C'; 2> 0, Cs > 0, depending on T',¢ only.

This completes the proof of the lemma.//.

Proof of Theorem 2.3: As noted above in (2.13), (2.14), the boundary value problem

(2.20) reduces to the functional equation
Lu + Nu =h, (2.24)

in X, with 2 € ¥Y;. Now to solve the functional (2.24) it suffices to solve the system of

equations

Py 4+ KPNu = hy,

QNu =0, (2.25)

u €X, h, = Kh, (note that since h €Y,, Ph =h, Qh =0). Indeed, if v €X is a

solution of {2.25) then © € D(L} and

LPu + LKPNu =Lu + PNu =Lh, =h,

@Nu =0,
which gives on adding that Lu + Nu = h.
Now, (2.25) is clearly equivalent to the single equation
Pu + @QNu + KPNu = hy, (2.26)

which has the form of a compact perturbation of the Fredholm operator P of index zero.

We can, therefore, apply the version given in {6] (Theorem 1, Corollary 1) or [7|



(Theorem IV.4) or [8] of the Leray-Schauder Continuation theorem which ensures the
existence of a solution for (2.26) if the set of all possible solutions of the family of

equations
Pu 4+ (1 —XN)Qu + AQNu + MNKPNu = \h;, (2.27)

X\ €]0,1], is a priori bounded, independantly of A. Notice that (2.27) is then equivalent
to the system of equations
Pu + MKPNu = A,

(1~\)Qu + NONu = 0.

——
o
]
oo

p—

If uy € X is a solution of (2.28) for some X € |0,1|, then uy € D(L) and

(Pus,PNuy) + MKPNuy, PNuy) = Ahy,PNuy),
(=2} Quy, @Nuy) + N QNuy,QNuy) = 0.

Consequently, we have

(PH),P;’V‘U)‘) = —)\(I(PNH)\,PNU)\) + )\(hl,PNU}‘)
S MEPNuy [l - [IPNeslly + Mkl - 1Ayl

SN P IF - INusllF + 12N oyl - Vel
(Quy,@Nuy) <0,

which gives, on adding, that

(Nuy,un) KUK NP P - IV lF + BP - Tyl BVl (2.29)

Let, now, ¢ = 0 be such that
IDllp. + er < WPIF - I (2.30)

Using lemma 2.4 and (2.29) we get that
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1
“F”L’[O,ﬂ + em

— WclE- 1P IR v diF < (€3 + 1P TEHIR ) IVuslly + Co.

Accordingly, there exists a constant Cjg, independent of A € [0,1[, such that
IVurlly < Cs (2.31)
Using (2.31) in the first equation of (2.28) we get

1Pusle < NEH- 1P 1T Vaslly + a4l (2.32)
<K Plcs + bl = O

Note that Oy is a constant, independent of A € |0,1].

It only remains to prove that there is a constant C, independent of A €]0,1{ such

that [|Quylly < €. Let us suppose, on the other hand, that the set
{lQu,llx : un a solution of (2.28), \ €]0,1]} {2.33)
is unbounded.
We, now, have from the first equation in (2.28) that
LPuy + NLKPNuy = A\Lh,,
lLe.
LPu, + \PNuy = Mh,

so that

lLPuslly < MIPNuslly + Mk iy
<P ivuslly + [ia [ly

<lPlics + Ik lly = Cs.

Since, now,
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LPuy = (Pu,)' + Pu,,

WPuxlly < C4 we see that |[[PuyY'[ly is bounded by a constant independent of
A €]0,1[. It, now, follows that there is a constant Cl, independent of X €]0,1], using

UX(O) = U)‘(Tf’) = 0, that

(Pur) |y £ C.

We next use the well-known estimate

v(z)

< T max !
sinz |~ 2 selon o ()1,

for v € X, v(0) = v(7) =0; to get
[(Puy)(z)] < g- Cgsin z, (2.34)
for z € [0,7. Now, by (2.33) we see that there is a sequence {}\, }, N\, €]0,1[, such that
5] T
lQuylly = |—7ﬂ?j; uy (z)sin z dz | — o0, as n — o0.
We may assume, that
n

fo uy, (Z)sin 2 dz — 0o, as n — o0,

so that there is an ng such that

T

2
j;) uy (t)sin ¢t dt > 1;—- Cg for n 2> ng. (

.IO
(%]
ot
e

Now, for n > ng, z € [0,7] we have using (2.34), (2.35) that
uy () = Quy () + Puy (z)

= (%J;.u)\n(t)sin t dt)sin z + Pu, (z)

2}

T . T .

+ Ll Cgsin z —— Cgsin z = 0.
4 2




Since, now, g(z,v)v >0 for ae. z €[0,7], v ER we have g(z,u, (z)) 20 for ae.
r €{0,m, n 2> ny and hence

(QN’U)\H,QU)‘") Zos for n 2 fig.

I+ then follows from the second equation in (2.28) that

(10 @ur, @) = (1=0a) - 2 ([ us (1)sin ¢ de)? <0,

3
for n > ng, a contradiction. Similarly, assuming j(; uy (t)sin t dt — —oo, leads to a

contradiction. Thus the set in (2.33) is, indeed, bounded by a constant independent of
A €10,

This compeltes the proof of the Theorem.//.

Remark 2.5: We notice from {2.17), {2.18) that
492
IPIF - Il < 3(1 + —)*.
Also, it is easy to see that 3(1 + %-)2 < 15-87. So if we assume that

1
”F”Ll[g,ﬂ-l g _'1",'-5'§'7_

then

Il 0, < IPIF2 - I

Thus, theorem 2.3 immediately proves the assertion made in the introduction.
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